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Abstract: The theoretical analysis of the contrast problem in NMR imaging is mainly reduced, thanks to
the Maximum Principle, to the analysis of the so-called singular trajectories of the control system modeling
the problem: a coupling of two Bloch equations representing the evolution of the magnetization vector of each
spin particle. They are solutions of a constrained Hamiltonian equation. In this article we describe feedback
invariants related to the singular flow to distinguish the different cases occurring in physical experiments.
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Introduction

The contrast problem in magnetic resonance imaging was recently analyzed from theoretical,
numerical and experimental points of view, using techniques of optimal control, see the series
of articles [3], [4], [5], [6], [11]. In particular geometric optimal control is used to compute
the optimal control field which produces a maximum contrast between two substances, e.g.
oxygenated and deoxygenated blood, by saturation of the first spin 1/2 magnetization vector
based on [10]. Details about the NMR imaging application can be found in [6] and [11].

The model is a single-input control system, and the Pontryagin Maximum Principle states
that in this case the optimal solution is a concatenation of bang arcs, where the amplitude
of the control is maximum, and singular arcs. Based on the aforementioned articles, the
optimal problem can be mainly reduced to the analysis of the singular flow. This flow
depends on the physical parameters and in this article our focus is the understanding of the
role of those parameters in the behavior of the singular arcs, e.g. stability properties. Such
an analysis uses the concept of feedback classification [2].

The mathematical model is given by coupling two Bloch equations [13]
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where M* = (M}, M,,M?), i = 1,2, is the magnetization vector representing each spin
particle, M is the equilibrium, 7} and T§ are the longitudinal and transverse relaxation
rates, w is the resonance offset and (w,, w,,) represent the components of the control magnetic
field.

Assuming the spin 1/2 particles are in resonance, w = 0, and the applied control field
only tuned in amplitude one has w, = 0 and using appropriate normalizations the control

system is reduced to a four-dimensional system
d
== F(@)+uGlg), [ul <2m

where ¢ = (q1, ¢2) represents the magnetization vector of the couple and each ¢; is described
by the dynamics (up to a time reparametrization)

dy;
g —Liyi —uzzi
dt
o (1.2)
dtZ = %i(1 — 2;) + uzys,

i = 1,2, where |u,| < 27 and the parameters A; = (y;,[';) are related to the relaxation
times and satisfy 2T"; > +; so the Bloch ball |¢;| < 1 is invariant for the dynamics.

The various contrast problems in magnetic resonance imaging which differ mainly by the
boundary conditions are defined by a Mayer problem: given a transfer time 7', minimize
a cost function ¢ at a final time, min,.)c(q(T)), subject to ¢ = F(q) + uG(q) and the
boundary conditions ¢(0) = ((0,1),(0,1)) (the equilibrium point of free motion) with the
final constraint ¢g(q(T)) = 0.

For instance, in the contrast by saturation problem we have

e ¢1(T) = 0 (saturation of the first spin)
e c(q(T)) = —|q2(T)|?, and |q2(T)| is the final contrast.
The candidates as minimizers are parameterized by the Maximum Principle [15].

Proposition 1.1 (Maximum Principle). Let u*(-) be an optimal control whose associated
trajectory q*(+) is optimal for the contrast problem. Denoting H(q,p,u) = (p, F(q) + uG(q))
as the pseudo-Hamiltonian, there exists p*(-) and a constant p§ such that for almost every
te[0,7],

dq”* * ok ok dp™ * ok ok
(1> (gt :%(q 7pau)7 d?; :_%(q ap,u)

(2) H(q*,p*,u*) = max),j<or H(q",p*,u) (mavimization condition)
and additionally we have the following boundary conditions,
(3) 9(g*(T)) =0

(4) p*(T) = pgg—;(q*(T)) + Zle Uigzz (¢*(T)), 0 = (01,...,0k), Py < 0 (transversality
condition)

Definition 1.2. Triples (g, p, w) which are solutions of the first two conditions of Proposition
1.1 are called extremals and if they satisfy the boundary conditions they are called BC-
extremals. An extremal subarc on [0, 7] is called regular if u(t) = 2w sgn(p(t), G(q(t))) and
singular if (p(t), G(q(t))) = 0.
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We use the following notation. If X is a vector field, Hx = (p, X) is the Hamiltonian
lift. The Lie bracket of two vector fields is computed by the convention [X1, Xs](¢) =

8521 (9)X2(q) — 88)512 (¢9)X1(q) and the Poisson bracket of two Hamiltonians is {H;, Ho} =

dHl(ﬁg). Singular extremals can be easily computed. Deriving Hg(2(t)) = 0, z = (q,p),
one gets

He={Hg Hp} =0
{{Hg,Hp}, Hp} + u{{Hg, Hr},Hg} = 0.

Denoting ¥ : Hg = 0, ¥ : Hs = {Hg,Hr} =0, S : {{Hg,Hr},Hg} = 0, and
H, = Hp + usHg, one gets the following proposition.

Proposition 1.3. Qutside S, the singular extremals are solutions of the Hamiltonian vector
field ﬁs, restricted to the surface X'.

Most of the properties of the optimal solutions of the contrast problem are coded in the
pair (H 4, Y'). In particular in the contrast problem, the four sets of parameters given below

are important in the classification.

Physical parameter relaxation times (in seconds) [9]

(1) Py: water: Ty = Ty = 2.5; cerebrospinal fluid: 77 = 2, T, = 0.3.

(2) Po: deoxygenated blood: T7 = 1.35, T» = 0.05; oxygenated blood: Ty = 1.35, T = 0.2.

(3) P3: gray cerebral matter: Ty = 0.92, T = 0.1; white cerebral matter: 77 = 0.780,
T = 0.09.

(4) Py: water: Ty = Ty = 2.5; fat tissue: 77 = 0.2, To = 0.1.

The aim of this article is to present a brief analysis of the relations between the relaxation

parameters and the classification of (ﬁs, 3"). The adapted concept is the one of feedback
classification.

Singular trajectories and the feedback classification pairs

Feedback classification

First of all, we need some standard concepts from geometric invariant theory [7, 14].

Definition 2.1. Let E and F be two R-vector spaces and let G be a group acting linearly
on E and F. A homomorphism x : § — R\ {0} is called a character. A semi-invariant of
weight y is a map A : E — R such that for all g € G and all x € E, A(g.z) = x(g9)\(x); it is
an invariant if x = 1. A map A : £ — F is a semi-covariant of weight y if for all g € G and
for all z € E, M(g.2) = x(g9)g-A(x); it is called a covariant if y = 1.

Next, we introduce the feedback group, reducing our presentation to the single-input
case. We denote by C the set {F, G} of such (smooth) systems on the state space V' = R".

Definition 2.2. Let (F,G), (F’,G’) be two elements in C. They are called feedback equiv-
alent if there exists a smooth diffeomorphism ¢ of R” and a feedback u = a(q) + B(q)v,
where o and 8 are smooth, § invertible such that
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(i) F/ = o* F+¢* (Ga)

(ii) &' = (GP)

where ¢ x Z is the vector field image defined by ¢ x Z = 3:;;1 (Z o).

Definition 2.3. Let (F,G) € C and A1 be the map which associates the constrained Hamil-
tonian vector field (H 4, ¥') (see the introduction for the definition). We define the action

of (p,a,B) € G on (H,, X') to be the action of the sympletic change of coordinates (on
Hamiltonian vector fields and surfaces)

Ot

Fiqg=¢@Q), p=P 90

in particular the feedback acts trivially.
Our classification relies on the general theorem.
Theorem 2.4 (see [2]). The mapping A1 is a covariant.
In order to analyze our classification in the contrast problem, we shall restrict ourselves
to a subset of singular trajectories.
Exceptional trajectories and the feedback classification
Definition 2.5. A singular extremal (g, p) is called exceptional if Hp = (p, F(q)) = 0.
According to the Maximum Principle they are associated to an optimal control problem
where the transfer time T is free.
Application

In the contrast problem, the state space V = R*. Using the additional constraint Hp = 0,
in the exceptional case the singular control is given by the feedback

where

D = det(F, G, [G, F),[[G, F],G))
D' = det(F,G, |G, F),[[G, F], F])

which leads us to introduce the vector field X defined by

dq D'
—=F-—G
dt D
which can be desingularized using the reparameterization ds = dt/D(q(t)) and this gives
the smooth vector field
X¢=DF - D'G.

This leads to the following reduced action of the feedback group.
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Notation

Let ¢ be a diffeomorphism of V. Then ¢ acts on the mapping f : V — R according to
w.f = foyw and on vector fields as v.X = ¢ x X (image of X by ¢).
According to this action, we have the following lemma.

Lemma 2.6. We have that

° DF+0¢G,,6G — 64DF’G
° D/F-&-aGﬁG — ﬂ?’(D/F’G + aDF’G)

. DW*F,¢*G(Q) = det, (%;71) DF’G(<P(Q))

N D’S"*F"P*G(q) = det (%j_l> D,F’G(‘p(Q))'

From this, we deduce the following proposition, where the weights are associated to

and det ( ag;l ) .

Proposition 2.7. We have the following.
o )\2 :

— X° 1s a covariant.

o )\3: — D is a semi-covariant.

(F.G)
(F.G)
e \y: (F,G) = D =D'is a semi-covariant.
o Xs5: (F.G)

— X¢ = DF — D'G is a semi-covariant.

Application and geometric interpretation

The action of diffeomorphisms on X¢ can be used to classify the set of systems (F,G). In
the contrast problem we can construct a set of invariants related to the problem and in
particular relate the properties of the optimal solution to the experimental parameters. The
geometric interpretation of the invariants in connection with the above covariants is the
following.

e Invariants can be found in the dynamical properties of the dynamical system X¢:
equilibrium points, periodic solutions, stability analysis, and integrability properties
of the set of solutions.

e The surface D = 0 encodes the set of points where the singular control explodes and
is preceded by the saturation of the constraint |u| < 2, while the surface D = D' =0
encodes the set of points where the singular control can cross the set D = 0. This
describes the main singularities of X¢, but the analysis is intricate since it is related
to the classification of the behavior of solutions near non-isolated singularities, see
[16, 17] for such recent studies.

Classification results

We shall make a short description of the classification in relation with the experimental
parameters.
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Preliminary results

The physical relaxation parameters T}, T4 corresponding to the spin signatures of the sub-
stances are given in the introduction. The introduction of the parameters A = (A1, A2) in
relation with the control bound in the experiments is

2T 2T

yi=——s, Ti= :
wmalez wmaxTQZ

where wmax = 32.3 Hz is taken in the experiments [11].

We shall identify the set of parameters in A up to a scalar, taking the projective space IP3 :
A/R and only rational invariants will be obtained. They are related to the one-dimensional
foliation X? obtained by reparameterizing the singular trajectories and the quartic surface
D =0.

Both X? and D can be compactified by standard techniques, that is,

e the polynomial vector field X¢ in R* is extended to R® using the Poincaré vector
field compactification: X¢ — FX¢ = HX,‘fa% + 06%0, where # X¢ is the quadratic

homogeneous vector field such that 7 X¢ = X¢ for ¢o = 1;

e similarly the quartic D in R* can be replaced by the homogeneous quartic in dimension
five: D — 2D, defined by HD|qO:1 =D.

Clearly even the classification of D is a complicated problem.
To extract the invariants we shall use mainly two physical invariants of the problem
which are described below.

e The point O1 = ((0,1),(0,1)). Each point (0,1) corresponds to the north pole of the
Bloch ball of each spin and (0, 1) is the globally attractive, stable equilibrium point of
the uncontrolled Bloch equation. In the imaging process the experiment is repeated
many times, letting the system relax to the equilibrium point before restarting the
next trial.

e The point Oy = ((0,0),(0,0)). The point (0,0) of each spin corresponds to the center
of the Bloch ball and in image processing it corresponds to the saturation of the spin,
giving the color black in imaging.

We have the following straightforward but important result.

Proposition 3.1. Both points O1 and Oz are equilibrium points of X and moreover the
zi-azes are line solutions along which the singular control is zero, connecting the singularities
02 — 01.

This gives the first (topological) information about the flow.
Next we introduce the following, see [12].

Quadratic differential equations
Consider a quadratic differential equation in R,
dl‘i

n
1 .
P g a;pTiTE, t=1,....n
k=1

in which a;k = a};j, written as & = Q(z). Such an equation is identified to a (1,2) tensor
whose linear classification is analyzed by introducing the following.



FEEDBACK EQUIVALENCE AND THE CONTRAST PROBLEM IN NMR IMAGING 641

Definition 3.2. Let (e;) be the canonical basis of R™ and endow R™ with the multipli-
cation defined by ej.e, = >0, agkei. The associated commutative algebra (in general
non-associative) is denoted by A.

The relation with Lie brackets is given by the following lemma.
Lemma 3.3. Let v1,v3 € R™. Then [Q,v1](v2) = [v2, [v1, Q)] = 2v1.v2.

Clearly two quadratic differential equations are (linearly) isomorphic if and only if their
associated algebras are isomorphic and the classification relies on the following.

Proposition 3.4. (1) & is a subalgebra of A if and only if £ is an invariant vector space
for the solutions of © = Q(x) and one can define the restriction of the equation to &.

(2) A subalgebra I of A is an ideal if and only if = Q(x) can be projected on the quotient
A/T.

Ray solutions

One-dimensional subalgebras are called ray solutions of & = Q(x). They correspond to lines
Ro such that Q(v) = Av for some A € R. Geometrically they correspond to

e lines of non-isolated equilibrium points of & = Q(z) if A = 0, and

e true ray solutions if A # 0 and Rv is a solution on which the dynamics are reduced to
: 2
Y1 =191

Blowing-up of the equation

To analyze a quadratic differential equation & = Q(z) we can introduce the differential
equation on the sphere S"~! defined by

0 =Q(v) = (v,Q(v))v

and the associated vector field will be denoted Q™. Ray solutions are in correspondence with
equilibrium points of Q™ and eigenvalues and eigenspaces of the linearized system y = Ay
of a singular point gy of Q™ : A = %(yo) are obtained as follows.

Find linear coordinates (yo,y) € R x R"~! such that i = Q(z) takes the form

Yo =My + -
¥ = yoBy + o(y)

where the ray is identified to Ryyp.

Denoting o(B) = {A1,...,A\n—1} as the spectrum of B, one can use a change of co-
ordinates to get B in Jordan normal form. The following straightforward computation is
crucial.

Using projective coordinates u1 = y1/Yo, - -+, Un—1 = Yn—1/Yo, the ray solution Ryg cor-
responds to the singular point u; = -+ = u,—1 = 0 of Q™, giving the following proposition.

Proposition 3.5. The eigenvalues of A = %(yo) are given by o(A) = {A1—A, ..., dp1—
A} and for the classification problem only the ratio of two eigenvalues have invariant mean-
mg.

This allows us to define the following two blowing-ups.
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e Blowing-up at O;. This is a singular point of X¢ whose linear part, A;q, is A; =

axe
dq

(O1) = 0 and whose quadratic part is the homogeneous quadratic vector field

Hy(q) = h1(q)F(q) — h5(q9)G'(q)

where identifying O; to zero we have

hi(q) = (I't = I'2)[2(211 — 71)22 — 71 (212 — y2) 1]
hy(q) = (U1 = T2)[72(2T1 — 1) (T2 = (71 — T'1))y1 22
=722 —2)(I'1 — (72 — I'2))2192]

where G’ denotes the constant vector field fai - ai’ approximating G near Oj.

Observe also that at O the quartic D is regular 1if I't / T'y and 2T') — 73 or 2T’y — 5
is nonzero, and is approximated by the linear mapping h;.

Blowing-up at Oy. Similarly at the equilibrium Oy of X, we have a zero linear part

Asq, As = aa); - (O2) = 0, and whose quadratic part is the homogeneous quadratic
vector field - - -
Ha(q) = h2(0)F"(q) — h1(9)G(q)

where O, is zero and we have
ha = vapy; — niv2(p + p2)yryz + Vipeys
+vemzt — e (m + me)z 22 + Vine2s,

with n; = 2T'; — ~; and p; = 2v; — I';, and 7; > 0 and p; can be positive, negative, or
zero (it is zero in the case of fat tissue),

Ry =173 (2 — m)ya + 52 (m — m2)ye

and

0
F'(g) = v — —
(q) m 82’1 + 2 82’2

is the constant vector field approximating F'(q) while

Go .0 0 0 0
B 18y1 o (92’1 23y2 Y2 62’2

is the (unmodified) control vector field.

Observe that in the formulas corresponding to O; and Os the role of F' and G are

exchanged, but this will not lead to a similar analysis: in particular F' is a stable vector field
while G' corresponds to a rotation. Also at Oy, D is approximated by a linear form h;(q)
but at Oy the approximation is the quadratic form hs. In particular we have the following
lemma.

Lemma 3.6. The quartic form D is singular at Oy for every set of parameters.

The remainder of this article is devoted to the analysis of the two blowing-ups, in relation

with the classification problem.
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Analysis of the quadratic vector field Hy(q)

First of all, we have the following lemma.

Lemma 3.7. Assume I'y —T'y # 0 and n; # 0, then the set of singular points hy = hl, =0
1s the union of two planes Fy and Ey given by

0E1221:,ZQ:0

o Ey: ([ —62)y2 = (T2 — 61)y1, YoM ze = M1zt
with 6i =% — Fi.

At any point of Ei, the eigenvalues of H] are zero, H] denoting the projection of Ho
on the sphere S3, but the second set of equilibrium points is less degenerated. The analysis
is described next.

Denoting q = (y1,21,Y2, 22)", © = (71, %2, 73, 74)" is related by ¢ = Pz where P is the
transition matrix

'y — o9 0 0 0

_ 0 y2m 0 0
P= I'y — 4y 0 1 0
0 Y172 0 1

so that F5 is identified to x3 = x4 = 0, one gets the system
& = hy(Pz)(P~'FP)x — hl(Pz)P~'G’

and computing

QP 'Hyo P

L
! ox

|z3=m4=0

which represents the linearized system at a point of Es, we have

0 0 —Y1Y2M172T2 —my2(71 — T2)z1
0 0 0 —Y17Y211 T2
L;={Ty-T
=M= —nyemie(n = y2)z2 =m0 = L) (n + 11 =22 = T2)z
0 0 0 Y1Y2mn2(71 — Y2) T2

and we have the following lemma.

Lemma 3.8. If v; # 72, at a point of E5 the eigenvalues of Ly are of the form (0,0, —X, \)
with =X\ = x2(T1 — Ta)y1y2amnz2(v2 — 71) and the eigenspace associated to —\ is RG’, the
vector field G' being tangent to hy = 0.

Introducing the projective coordinates w; = x1/xo,us = 3/xa, and ug = x4/22 to
represent the projection of the system on $2 and making the time reparameterization ds =
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xodt we get the system

' (T —09) —T'9(T'y — 6 It -T
U1 = (I — Ta)yomiua { 1T = %) 2(Is 1)U1 + (N 2)@63]
T2 — M Y2 — M
+ (I'1 = Ta)yiyemuiug
[o(Ty — d2) — T (T'2 — d1)
Y2 — 71

R )

i3 = (I'1 — T2)yem [71712(72 — Y1)us + usuy [ + (T2—61)+m

Gy = (U1 = T2)yamug [yimz(v1 — 72) + (11 — 72)ua) -

The analysis of the system in those coordinates is intricate: the singularities are non-
isolated and the results in [16] cannot be used to find an invariant two-dimensional foliation.
We can observe that uy can be integrated from the equations above.

Nevertheless the blood case, with 7, = 75, deserves a specific analysis, especially from
the integrability point of view.

Special case: 7, =

In this case, we have A = 0. The analysis is as follows. Denoting the transition matrix by

Q,

10 00
om0 0
QilOlO

07]201

and in the a-coordinates ¢ = Qz, introducing the projective coordinates u; = x1/x2, uz =
x3/x2, and uy = x4/22 and making the time reparameterization, we get

1 = =71 (1 = Ta)(T1 — d2)mmnaus + (1 — T2)yTeniuiug
i3 = (1 = T2)yim[(T1 — Pa)urug + (71 — Pa)uzuy]
uy = 0.

From the last equation u4 is a constant and the first two equations form a linear system
which can be easily solved, giving the following lemma.

Lemma 3.9. In the case 1 = 72 the dynamics of the quadratic approximation of the system
reduces to a linear system as follows. Introducing uy = ¢ and a = y1(I'y — T'a)n1, we have

iLl = a[Fgcul — (Fl — 62)77211,3]

i3 = a[(T'1 — T2)eus + (71 — T2)cus].

Physical application: Blood case

In this case, we have 71 = 72, and the numerical values of the linear system are

1) _ (0.00200c —0.00279 Uuq (3.1)
43/ \0.0060lc —0.00171c) \us '
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Figure 1: Classification of the flow of Hs (north pole) in the blood case, given in Lemma
3.10

and the eigenvalues are given by Ay = « + /8 where a = 0.000148¢ and 8 = (—16.7c +
3.44¢?) - 1075, Since 21,2 belong to the translated Bloch ball it imposes constraints on
the constant ¢ = %771 — 72, namely ¢ € [—0.287,+00). We obtain a foliation of the phase
portraits by linear planes for the linear system above with respect to ¢, and the behavior is
completely described in the following lemma, and is illustrated in Figure 1.

Lemma 3.10. We conclude that:
(1) For c € [—0.287,0), Ay and A_ have opposite sign. It is a saddle.

(2) Forc € (0,4.87), the eigenvalues are complex with a positive real part. It is an unstable
focus.

(3) Forc e [4.87,4.89), both eingenvalues are positive Ay > A_ > 0. It is an unstable node.
(4) For ¢ > 4.89, Ay and A_ have opposite sign. It is a saddle.

More invariants are found along the z;-axis which are true ray solutions contained in
hy # 0. The analysis goes as follows.

Eigenvalues corresponding to the true ray solution z;-axis: y; =y, =21 =0
Let us introduce the coordinates x = (z1, ©2, 3, 4) = (22, Y1, 21, ¥2) and the system becomes

P S

y:'TlAy+"‘

with y = (29,23, 24), A = —y3m (1 — I'2) and

Yo (T2 — 1) 0 0
A= (T —-Ty) 0 —Y17Y2m 0
Yy (e — 61) 0 —v2lam

and the eigenvalues of A are
A =72 (le =) (T = T2), A2 =—yyem((T —T2), Az = —ylm(l1 —T).
Denoting o; = A\; — A, i =1,2,3, and I; = 0y41/01, i = 1,2, we have

or=vm(2+T2—7)(T1 —T2), o2="n(r2—7)T1—T2), o03="n(1 —TIs),
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and 5
Y2 — M1 2
L=———"— lLb=—FF-—.
Y2t+T2—m Y2+l —m
One can check that the numerical values are different for the four sets of experimental
parameters, which gives the following classification theorem.

Theorem 3.11. (1) The eigenvalues of the linearized system correspond to the zs-axis true
ray solution projected on the sphere S® are oy, 02, and o3.

(2) I and Iy are two independent rational invariants.

(3) Computing along the z1 axis amounts to exchanging the indices in the computation, and
allows us to define four rational invariants and a choice of three of them separates the
generic orbits in the feedback classification problem.

Concerning the analysis of the integrability of the flow, we have the following partial
result.
Introducing the projective coordinates uy = za/x1, us = x3/x1, and us = x4/x1 and
making a time reparameterization, one gets the system
iy = (I'y = T2)[vam (T2 — v1 + v2)ur +y1m2 (L1 — v2)urug — y1m2(I'r — d2)uous]
iy = (T'1 —T2)(v2 — 71) yamug — y1m2u3)
i3 = (I'1 = T2)[y2mdous + y2m (L2 — 61)ur — y1m2l1uzus]

where the second equation is integrable. Hence the analysis in the general case amounts to
integrating a time-dependent, two-dimensional system.

Remark 3.1. In this case, the hyperbolic singularity is isolated and the Hartman-Grobman
theorem applies [8]. The singularity is unstable. More results about integrability can be
obtained using the work of Poincaré-Siegel [1].

Analysis of the quadratic vector field H;(q)

Reduction of h,

The only invariants are the index of hy and next we compute the Gauss normal form. Let
us write ho = q1(y) + g2(2), where

@1(y) = v2myi — nv2(pa + p2)yrys + 77 pays
a2(2) = vomzt — 1v2 (1 + m2) 2122 + V223,
Introducing the linear forms
T1 = Y2Y1 — 71Y2
T2 = H172Y1 — H271Y2
T3 = Y221 — Y122

T4 = M7221 — N27122,
Proposition 3.12. In the new coordinates, we have
(1) hi =m72(n2 —m)a

(2) }_7,2 = T1T2 —+ T3X4
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Analysis of the projection of the system on the sphere S3

We express Ha(q) in the coordinates @ = (x1, 22,23, 74), ¢ = Px where ¢ = (y1, 92, 21, 22)

and the transition matrix is defined by (3.2).
This implies that

0
! _ —1 /!
F'(x) = P F = y172(m — ?72)7ax4

and moreover G(z) = P~!APx where

0 0 -1 0
0 0 KLamz—p2mni K2 —H1
P_lAP = m—nz n—n2
1 0 0 0
#1”2:#2771 771:7]2 0 0
H1— 2 H1—H2

Lemma 3.13. We have the following,

(1) There are no ray solutions for Ha(q).

(2) The singular lines are contained in the union of planes {x : x1 =0 and (x3 =0 or x4 =

0)}.

Proof. The singular points belong to h) = h} = 0. Solving in Gauss coordinates, one gets if
N — N2 jé 0 that 1 = 0 and either 2 = 0 or x3 = 0. We therefore have the following two

planes B : 21 =29 =0, Fy : 21 = 23 = 0. -
Let R¢ be a ray, then there exists A # 0 such that H2(¢) = A¢. This is written as

A = R
Ao =y1he — WGy
Az = hily

A = Y2ho — By (3

for some A € R\ {0}. -
Assume (7 is nonzero, then A} # 0, {2 # 0 and from (3.3) we deduce that

G
Plugging back into (3.5) one gets with k] # 0 the relation
C1Cs = C2C3.
Substituting A into (3.4) and (3.6), we obtain
R} -
17@(2 =y1hy — MG
G
R .
21(2 (1= 12h2 — PG5

and this leads to the equations

RY GG = yihaly — RYCE
R} Cals = Y2haCh — R1C3Gh.

~ o~ o~
S U R W
NSNS AN NG/

(3.7)
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— n Ll 2
From (3.8) and since (s # 0, we can write hj(s = Mzﬁ% and substitute in (3.9) to
obtain

Y1haCils — (¢ = Y2haCilo — R (3Ci16o

which using relation (3.7) is equivalent to v1(y = Y2(2 since hy = 0 would imply (2 = —(?.
Both relations (1¢4 = (25 and 71{4y = 72(2 imply that h] = 0 which is a contradiction.
Assume now that ¢; = 0. In that case we have from (3.3) that either hf =0 or (o = 0. If

R = 0, it implies from (3.4) that A = “’2—?2 By plugging into (3.6) we obtain 71 (4he = y2(2hs
which forces hs to be zero (indeed, ’le47: Y2(2 and ﬁ’l = 0 imply he = 0) which provides a
contradiction. If (s = 0, it again forces ho = 0 and is a contradiction. O

Theorem 3.14. The eigenvalues of the linearized system are given by:

(1) At By = {z1 = x5 = 0} the eigenvalues are given by {0,0,\, —\) where A = ~y1vy2(n1 —
12)Ts.

(2) At By = {z; = 23 = 0} the eigenvalues are zero.

Proof. We have

—x1T3
~ (pain2—pom)z1es+(pe—p1)z12s
Hy(x) = v1y2(n — n2) m:;%m
L129 + Tady + (mnz—uzmlzalci:gm—nz)wlxz
and
—T3 0 —x1 0
O (pim2—poni)e3+(p2 —p1) e 0 fana—pam o p2=p
2 — m—n2 m—"n2 1 n—nz 1
Ox 211 0 0 0 ’
To + 2(#1772*#2211)_$L;L(ﬂ1*?72)$2 T+ Z;Zi I T4 T3
modulo the constant v17y2(n; — 72). Then
—T3 0 0 0
aﬁQ (H1n2—pom)zs+(H2—p1)Ta 0 0 0
_— e —() = — m—"n2
o |21 =22=0 = 7172(M — 72) 0 0 0 o
0 0 Ty T3
which has eigenvalues {0, 0,v1v2(n1 — n2)x3, —y172(m — n2)23}-
Also
0 0 0 O
OH, Ba—p1q, 0 0 O
%|I1:$3:0 = 7172(771 - 772) n 82 0 0 0
T2 + 21:222 i) 0 Ty 0
which has eigenvalues {0, 0,0, 0}. O

Remark 3.2. Again [16] cannot be used to find an invariant integral, but the case 'y —T'y =
Y2 — 71 is integrable by quadratures.
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Conclusion

As a conclusion we present in Fig. 2 partial results about the phase portrait of the vector
field X¢. Those results are valid only for the quadratic approximation near the north pole
and the origin. A first step in the analysis of the equilibrium points of X¢ is presented in
[3] where the authors analyze the difficult problem of parametrizing this set using Grobner
basis. Also additional feedback invariants related to optimality properties of the singular
arcs are described in [3]. Connected work is ongoing on the analysis of the singular flow in
the bi-input case where both the amplitude and the phase of the radio-frequency field are
controlled.

ray solutions

AN

}" N, “' 5o

N

D=D =0 D=D =0
non-isolated non-isolated
singularities singularities
O Oy
blowing-up at origin blowing-up at north pole

Figure 2: Partial phase portrait of the vector field X¢.
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