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Abstract: The purpose of this paper is to propose an inexact coordinate descent (ICD) method for solving a
class of weighted [1-regularized convex optimization problem with a box constraint. The proposed algorithm
solves a one dimensional subproblem inexactly at each iteration. We give some criteria of the inexactness
under which the sequence generated by the proposed method converges to an optimal solution. We further
show that the convergence rate of the generated sequence is at least R-linear without assuming the uniqueness
of solutions.
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Introduction

We consider the following weighted [;-regularized convex optimization problem:

minimize F(z):= g(Az) + (b,z) + Zn|xl| L.1)
i=1 :

subject to | < x <,

where g : R™ — (—o00,00] is a strictly convex function on domg, A € R™*"™ and b € R".
Moreover, 7, | and u are n-dimensional vectors such that I; € [—00, ), u; € (—00, 0], 7; €

[0,00) and I; < w; for each ¢ = 1,...,n. The nonnegative scalar constant 7; is called the
n

weight and the term ZTA@\ is called the [;-regularization function. For convenience, we
i=1
denote the differentiable term of F' by f, that is, f(z) := g(Az) + (b, x).

The problem (1.1) contains many well-known problems as its special cases [9, 19, 22].
When 7; = 0 for all index 4, the problem (1.1) is reduced to a differentiable convex problem
with a box constraint. When [; = —oco and u; = oo for each i, it is reduced to an uncon-
strained [;-regularized convex problem. When 7; is fixed at a positive constant 7 for all 7,
b =0 and g(y) = %|ly — z||* with some z € R™, it becomes the l1-l> problem. Another
important special case is the [i-regularized logistic regression problem where g is given by
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m

Z (1 4+ exp(—y;)). Each special case has wide applications in the real life such

as the compressed sensing [19], the feature selection in the data classification [9], the data
mining [11], geophysics [2] and so on. Typically, the scales of these weighted I;-regularized
convex optimization problems are very large and the objective functions are not differen-
tiable everywhere due to the regularization function. Moreover, the optimal solutions are
possibly not unique because the matrix A may not have the full column rank. Thus the
Newton-type methods such as the interior point method cannot be applied directly.

In the past, the coordinate descent (CD) method is verified to be one of the feasible
methods for the large scale optimization problems [5, 13, 18, 22]. In the CD method,
the objective function is minimized with respect to only one variable while all the others
are fixed at each iteration. The idea of this method is very simple and the storage of
calculations is little. In some special cases, it can be implemented in parallel. Luo and
Tseng [22] proved its global and linear convergence for a smooth problem, that is, 7; = 0
for all ¢. Note that the problem (1.1) can be reformulated as a smooth problem (see the
problem (2.6) in Section 2). However, the reformulated problem has twice variables. In 2001,
Tseng [13] showed the global convergence of a block coordinate descent (BCD) method for
minimizing a nondifferentiable function with certain separability. But the exact minimizers
of the subproblem must be found on each iteration in [13, 22]. It is possible for the [;-lo
problem, while usually it is hard for the general [;-regularized convex problem.

To get around this difficulty, some variants of the CD method, such as the inexact block
coordinate descent method [17], the coordinate gradient descent (CGD) method [14] and the
coordinate proximal point method [21] have been proposed. The CGD method is executed
with one step of the gradient method for the subproblem, while the method [21] exploits
the proximal point method to find an approximate solution. Thus they are regarded as the
inexact CD methods. Bonettini [17] proposed an inexact version of the CD method. He
gave some appropriate conditions about the inexactness of the solution for the subproblem,
and has shown that the proposed method with these conditions has global convergence.
However, he only focused on a smooth optimization problem, i.e., 7; = 0, for all 4, and did
not show the rate of convergence of the method.

In this paper, we present an inexact CD method with another inexactness description for
the subproblem solutions. It is an extension of the results of Luo and Tseng [22]. Roughly
speaking, we extend in the following three aspects:

e The smooth convex problem is extended to that with the /;-regularized function.

e On each iteration step, we accept an inexact solution of the subproblem instead of the
exact solution.

e The linear convergence rate is proved for the nonsmooth problem.

In this paper, under the same basic assumptions as in [22], we show that the proposed ICD
method is not only globally convergent but also with at least R-linear convergence rate under
the almost cycle rule (see its definition in Section 3).

This paper is organized as follows. In Section 2, we derive optimality conditions for the
problem (1.1) and also define e-optimality conditions which are related to an inexact solution.
In Section 3, we present a framework of the ICD method and make some assumptions for
the “inexact solutions”. The global convergence and linear convergence rate are established
in Section 4. In section 5, we report some numerical experiments for the proposed 1ICD
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method and show the comparison with the CGD method. Finally, we conclude this paper
in Section 6.

Throughout this paper, we use the following notations. For a differentiable function h,
Vh denotes the gradient of h and V2h denotes the Hessian matrix of h. V;h denotes the
ith coordinate of the gradient vector Vh. If h is convex and nondifferentiable, Oh denotes
the subdifferential of h. For any real number z, |z| denotes the absolute value of z, and |z]
denotes the largest integer not greater than x. For a given vector x € R", we denote by z;
the ith coordinate of z. We denote the 2-norm of z by ||z||. For any matrix A, AT denotes
the transpose of A and A; denotes the jth column. For the function F' : R" — R and a
vector € R™, we sometimes use the notation F'(z1,...,x,) instead of F(z).

Preliminaries

Throughout the paper, we make the following basic assumptions for the problem (1.1).
Assumption 2.1. For the problem (1.1), we assume that
(a) A, is a nonzero vector for all j € {1,2,...,n}.

(b) l; <0< wuy; forallie{l,2,...,n}.

(¢) The set of the optimal solutions, denoted by X*, is nonempty.

g is twice continuously differentiable on dom g.

)
)
(d) The effective domain of g, denoted by dom g, is nonempty and open.
e)
Y

(
(f) V2g(Az*) is positive definite for every optimal solution x* € X*.

We make a few remarks on these assumptions. In Part (a), if A; is zero, then z
of the optimal solution z* can be easily determined. Thus we can remove z; from the
problem (1.1). Part (b) is just for simplification. If both I; and w; are positive for some
i € {1,2,...,n}, we may replace x;, l; and u; by Z; + l”%, l“_T“T and % Then the
problem (1.1) is reformulated into the case without /;-regularized term for the index i. If
g is strongly convex and twice differentiable on dom g, then Parts (e) and (f) are satisfied
automatically. For example, a quadratic function, an exponential function, and even some
complicate functions in the [;-regularized logistic regression problem satisfy (e) and (f).
Note that we do not assume the boundness of the optimal solution set X*.

Next, we present some properties under Assumption 2.1 that are used in the subsequent
sections. From Assumption 2.1(e) and (f), there exists a sufficiently small closed neighbor-
hood B(Az*) of Az* such that B(Az*) C domg and V?g is positive definite in B(Az*).
Furthermore, it implies that g is strongly convex in B(Ax*), i.e., there exists a scalar ¢ > 0
such that

9(y) — 9(2) = (Vg(2),y — z) > ally — 2|1*, ¥y, » € B(Az"). (2.1)

Optimality conditions

The KKT conditions [15] for the problem (1.1) are described as follows.
Vif(z) + 70|z — pi +v3 20,
szluNzZOvﬂz(%—lz):Oa 7’:177na (22)
z; < i,y > 0,v(u; — a;) =0,
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where 9| - | is the subdifferential of the absolute value function. Since the problem (1.1) is
convex, z satisfying (2.2) is an optimal solution of the problem (1.1). The KKT conditions
(2.2) can be rewritten as follows.

Lemma 2.2. A vector z is an optimal solution of the problem (1.1) if and only if one of
the following statements holds for eachi=1,... n.

() Vif(z) > 7 and z; = ;.
(i) Vif(z) =7 andl; < ; < 0.
(iii) |Vif(z)| <7 and ; = 0.

(iv)
)

Next, we represent these conditions as a fixed point of some operator. To this end, we
first define a mapping 7, : R" — R as

T ()i i= (|| = 7i) 4 sgn(s), (2:3)

where the scalar function (a)4 is defined by (a)+ := max(0,a), and sgn(a) is a sign function
defined as follows:

Vif(z) =—71; and 0 < x; < u,.
Vif

if(x) < —7; and z; = ;.

-1 ifa<0,
sgn(a) :=<0 ifa=0,
1 if a > 0.

It can be verified that T is nonexpensive, i.e., |[T-(y) — T-(2)|| < |ly — z||, for any y,z €
dom F'.

Let [x][Jlru] denote the orthogonal projection of a vector x onto the box [I, u]. This projec-

tion is also nonexpensive and its ith coordinate can be written as [mz][t wi] = mid{z;,l;,u;},
where mid{z;,l;,u;} is defined by mid{z;,{;, u;} := max{l;, min{wu;, z;}}.
By using the mappings 7% and [-][Jlr’u], we define a mapping P;;,(z) : R™ — R" by

Priu(z) = [Tr(z = V()] - (2.4)
Since [x]ﬁu] and T, are nonexpensive, we have that

1Priu(y) = Praw(2)l < lly = 2=V f(y) + VI(2)l, Vy, 2 € dom I (2.5)
Now, the optimal solutions can be described as a fixed point of the mapping Py .

Theorem 2.3. For the problem (1.1), a vector x belongs to the optimal solution set X* if
and only if x = Py (), i.e., X* ={z| x € domg,z = P, ;,(z)}.

Proof. This theorem is a direct consequence of Theorem 2.9 that will be shown in Subsection
2.2. O

Since the solution set X* is not necessarily bounded, the level set of F' may be not
bounded. Nevertheless, as an extension of [22, Lemma 3.3|, we can show the compactness
of the set Q(() :={t| t = Az, F(z) < {,z € [l,u]}.

Lemma 2.4. For a given constant value ¢, the set (C) is a compact subset of dom g.
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Proof. The l;-regularized convex problem (1.1) can be transformed into a smooth optimiza-
tion problem with box constraints:

n
minimize F(zT,27) = g(Az™ — Az™) + (b,zT —27) + ZTZ((EZJr +x;)
T, z-€R"

; i=1 2.6
subject to Oijgui,izl,...,n, (2:6)

0<a; <|li=1,...,n.

Note that if (zT,27) is feasible for the problem (2.6), then z = 2% — 2~ is also feasible
for the problem (1.1) due to [ <z < u.
Let (¢) be defined as follows.

QQ) ={Aat — Az~ | F(zF,27) < (ot €[0,u], 2™ € [0, 1]}

={Az|z=at —a~,F(zt,27) < (2T € [0,u],z~ €0, l]]},

where |I] = (|l1],-..,|ln])T. Then ©(¢) is a compact set of dom g from Appendix in [22].

In the rest part, we only need to show Q(¢) = Q(¢). In fact, for every t € Q((),
there exists (z,2#7,27) such that t = Az,x = 2t — 27, F(z¥,27) < (,2t € [0,u], and
v~ € [0,]l]]. Then we have x € [l,u] and ¢ > F(z*,27) > F(z). It further implies
t € Q(C), i.e., Q(¢) C Q(C). Conversely, for every t € Q(¢), there exists a vector  such that

t = Az, F(z) < (, and = € [l,u]. Let zj := max{x;,0} and z; := max{—z;,0} for each

i=1,...,n. Then we have 2 € [0,u], 2~ € [0,[I]], z = 2* — 2™, and F(z",27) = F(x).
Therefore, we deduce that ¢t € Q(¢), which implies that Q(¢) € ©(¢). Consequently, the
relation 2(¢) = Q(¢) holds. O

Next, we show that Vg is Lipschitz continuous on some compact set including €(¢). For
this purpose, we define a set Q(¢) + B(eg) as Q(¢) + Bl(eo) :={p+v| p € Q), |v|l < e},
where € is a positive constant. It is easy to see that the set Q(() + B(eo) is compact.

Lemma 2.5. There exist constants L > 0 and ey > 0 such that Q(¢) + B(ep) € domg and
IVg(y) = Vg(2)| < Llly = 2|| for ally, z € Q(C) + Bleo)-

Proof. Since Q(¢) is closed from Lemma 2.4 and domg is open, there exists a positive
constant € such that Q(¢) + B(eg) € domg. Furthermore, since g is twice continuously
differentiable on dom g, and Q(¢) + B(eg) is compact, V2g(z) is bounded in Q(¢) + B(eo),
that is, there exists a constant L > 0 such that ||[V3g(z)|| < L for all z € Q(¢) + B(eo).
Then, this lemma holds from the mean value theorem. O]

Similar to [23, Lemma 2.1], we can prove the following invariant property of the optimal
solution set X*. For simplicity, we omit the proof here.

Lemma 2.6. For any z*,y* € X*, we have Ax* = Ay*.

e-optimality conditions

In this subsection, we give a definition of the relaxed optimality conditions, and show a
relation between the conditions and the mapping Pr ;.

Definition 2.7. We say that the e-optimality conditions for the problem (1.1) hold at z if
one of the following statements holds for each 1.

(i) Vif(z) =7 > — and |z; — ;| <e.
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(ii) |Vif(z) —7i|<ecand l; —e < w; <e.
(ili) |Vif(z)] <7 +eand |z <e.

(iv) |Vif(x) + 7| <eand —e < z; <wu; +e.
(v) Vif(@)+ 7 <eand |z; —u| <e.

Definition 2.8. We say that z is an e-approximate solution of the problem (1.1) if the
e-optimality conditions hold at x.

Note that the optimality conditions in Lemma 2.3 can be obtained by Definition 2.7 with
e=0.
For convenience, we define the following five index sets:

Ji(@,e) ={i| Vif(z) =i = —e,|vi — li| < ek
Jg(l‘,&‘) = {’L| |vlf(.73) — Til < &‘,li —e< ZT; < E};
Ja(x,e) = {il [Vif(2)| < 7 + & || < e}
Jy(zye) :={i| |Vif(x)+ 7| <e,—e <ax; <wu;+ e}
Js(z,e) = {i| Vif(z) + 7 < e, |z —wi < e}
5
Then the e-optimality conditions hold at « if and only if U Ji(z,e) ={1,2,...,n}.
i=1
Throughout the paper, for simplicity, we assume that
1.
€< §m1n{—li,ui}. (2.7)

The next theorem gives an equivalent description of the e-optimality conditions, which
will be used for constructing an inexact CD method and investigating its convergence prop-
erties.

Theorem 2.9. The e-optimality conditions hold at = if and only if |z; — Pryu(z);] < e
holds for each i.

Proof. By the definitions of T;(x) and P:;,(x) in (2.3) and (2.4), we have that

|zi — Pryw(x)i| = |z — mid{l;, u;, max {0, |x; — V, f(x)| — 7 }sgn(z; — Vif(x))}

|z; — U] if &, — V;f(z) € (—o0,l; — 7],

\Vif(x) — 7| ifx; —V,f(zx) e (li — 1, —7), (2.8)
= q |l if 2; — Vif(z) € (-7, 7,

\Vif(z) + 7| if 2 — Vif(x) € (75, u + 74,

|z — uil if z; = Vif(z) € (u; + 7, 00)

We firstly consider the “ if 7 part of this theorem. It is sufficient to show that if |z; —
P u(x);] < € holds for each i € {1,2,...,n}, then for each i € {1,2,...,n} there exists a
j€{1,2,...,5} such that ¢ € J;(z,e). We can prove this according to the distinct cases in
(2.8). If x; — V;f(x) € (—00,1l; — 73], then it follows from |z; — Pr ;. (z);| < e and (2.8) that
|2 —Pr i w(x)i| = |x;—1;| < e, thatis, z;—1; > —e. Moreover, since x;—V; f(x) € (—o0,l;—;]
implies that V; f(z) — 7, > x; — l;, we have V; f(x) — 7; > —e. Therefore, i € J;(z,¢) holds.



AN INEXACT CD METHOD FOR {;-REGULARIZED OPTIMIZATION 573

Similarly, we can show that if z; — V; f(z) is located in other intervals, the corresponding
results also hold.

Conversely, suppose that z is an e-approximate solution, i.e., for each ¢ € {1,2,...,n},
there exists a j € {1,2,...,5} such that ¢ € J;(z,¢). Thus, it is sufficient to show that for
each i and j such that i € J;(z,¢), the inequality |x; — Pr ;. (2);| < € holds.

Case 1: ¢ € Jy(z,€) or i € Js5(x,e). First suppose that ¢ € Jy1(z,e). Then we have
V,f(x) —T; Z —E& and |Il — l1| S g. (29)

They imply that z; — V; f(z) < I;—7;+2¢. It then follows from (2.7) that z; —V; f(x) €
(=00, —7;). Thus, we focus on (2.8) in two intervals (—oco,l; — 7] and (I; — 7;, —7;]. If
xz; — Vi f(z) € (—o0,l; — 7], it follows from (2.8) that |z; — Pr;u(2)i| = |2; —l;|. Then
the inequality |z; — Pry(x);| < € holds due to (2.9). If z; — V,;f(z) € (I; — 74, —74],
then we have V,; f(z) —7; < x; —1; and |x; — Pryu(2):] = |Vif(x) — 74| , which together
with (2.9) imply |z; — Py ()] < e. A symmetric argument can prove the case with
1€ J5($,E).

Case 2: i € Jy(z,¢) or i € Jy(x,e). First suppose that i € Jy(z,e). Then we have
IVif(x) = 7| <eandlj —e < <e. (2.10)

We obtain —7; — e < =V, f(z) < e — 7; from the first inequality. Adding these
inequalities and the second inequalities of (2.10), we have I; — 7, —2e < x; — V; f(x) <
2e —7;. With the assumption (2.7) on €, we have z; —V, f(x) € [l;—7; —2¢,u;). Now we
show |z; — Pr o(x);| < e from (2.8) and (2.10) by dividing the interval [l; — 7; — 2¢, u;)
into [ll — T; — 2€7li - Ti], (ll — T, _7—7,']7 (—Ti,Ti] and (Ti7ui)-

(1) fa; —Vif(zx) € (i — i — 2e,1; — 73], it follows from (2.8) that |z; — Pr . (z);] =
|x; — I;]. Meanwhile, we obtain x; — I; < V,;f(x) — 7;. Then we have z; — [; < ¢
from the first inequality in (2.10). On the other hand, we have z; — [; > —¢ from
the inequalities [; —¢ < x; < e in (2.10). Hence, the inequality |x; — Py (2):] < e
holds.

(i) If x; — Vif(x) € (l; — 74, —7;], then the inequality |x; — Pr ;. (x);] < & holds due
to (2.8) and (2.10).

(i) If z; —V,f(x) € (—7;, 7], then we have |x; — P (2);] = |z;| by (2.8). Moreover,
it yields z; > V, f(z) — 7;. It then follows from the inequality |V,f(z) — 7| < e
in (2.10) that ; > —e. Furthermore, we have z; < ¢ from (2.10). Hence,
|z; — Prpw(x)i| = |z <e.

(iv) Ifz; =V, f(x) € [m,u;], we have |x; — Prj o (x);| = |Vif(x)+7] from (2.8). Thus,
|z; — Pryu(z)i] < e is equivalent to —7; —e < V,;f(z) < e — 7;. First, we have
Vif(z) < x; —1; < e—7;, where the first inequality follows from the assumption
x; — Vif(x) € [, u;], and the second inequality follows from (2.10). Next, we
obtain V,; f(x) > —e+7; > —e — 7, where the first inequality follows from (2.10),
and the second inequality holds due to 7; > 0.

In the case where i € Jy(x, ), a similar analysis shows |z; — Pr . (x);| <e.
Case 3: i € J3(z,¢). Then we have

IVif(z)| <T1i+e and |z;| <e. (2.11)
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These inequalities imply —7; —2¢ < x; — V,; f(x) < 7; 4+ 2¢. Moreover, we have by (2.7)
that l; — 7, < z; — V;f(z) < w; + 7;. Then we prove |z; — Pr; ,(x);| < ¢ by dividing
the interval (I; — 7, u; + 7;) into the following three intervals: (I; — 7, — 73], (=74, 7i]
and (7, u; + 75).

(i) Il —7 <z —V,;f(x) < —7, then we have |z; — Py, ()| = |Vif(z) — 7| from
(2.8). Thus, |z; — Pr ()| < e is equivalent to 7, —e < V,; f(z) < 7;4+¢. We first
have 7, — e < V; f(z) from (2.11) and the ineqaulity x; — V, f(z) < —7;. Next,
we have V, f(z) < 7; + ¢ since the inequality |V, f(z)| < 7; + ¢ in (2.11) holds.

(ii) If —1; < @; —V,;f(z) <7, then we have |z; — Py (x);| = |z;| from (2.8). It then
follows from (2.11) that |z; — Pr . (2)i] <e.

(il) ¥ <x; — V;f(z) <7 + u;, then we have |z; — Py, (z);| = |Vif(z) + 7| from
(2.8). Meanwhile, V; f(x) < z; — 7; holds. Then the inequality V,f(z) <e —7;
holds due to z; < ¢ in (2.11). Moreover, we have V; f(z) > —1;, — e by (2.11).
Hence the inequality |z; — Pr ;. (z);] < ¢ holds.

Upon the preceding proof, the necessary condition of this theorem is confirmed. O

Inexact Coordinate Descent (ICD) Method

In this section, we first present a framework for the ICD method, and then give some
assumptions for the “inexact solutions”.
A general framework of the ICD method can be described as follows.

Inexact coordinate descent (ICD) method:

Step 0: Choose an initial point 2° € [I,u] and let 7 := 0.

Step 1: If some termination condition holds, then stop.

Step 2: Choose an index i(r) € {1,...,n}, and get an approximate solution x:(t)l of the
following one dimensional subproblem:

I M T T T T T
minimize F(ay,xh,... s i) =15 Ti(r)s Ti(r) 10 - - - ,Z). (3.1)
@i () €{li(r) ST (r) SUi(r)

Step 3: Set m;H := a7 for all j € {1,...,n} such that j # i(r), and let 7 := r + 1. Go to
Step 1.

Note that the exact solution of the subproblem (3.1) is unique from Assumption 2.1(a)
and the strict convexity of g. We use the notation i(r) for the index chosen at the rth
iteration. For simplicity, we use ¢ instead of i(r) when i(r) is clear from the context.

For the global convergence of the ICD method, it is important to define the inexactness
of the approximate solutions of the subproblem (3.1) and to choose an appropriate index
i(r) in Step 2.

For the inexactness, we require the following assumptions:

Assumption 3.1. We assume that the following statements hold:

: ro.T r r+1 _r r : o r T r
(i) Flat, 2y, 2y, 2) " aly,..,2p) < min F(af,ag,... 200, 2,20 ,,...,@
z;€{l;,0,u,x]}

(i) 7t is feasible, i.e., 27T € [I;, u;].

(iif) 27T is an e"t!-approximate solution of the subproblem (3.1).

nl):
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(iv) Conditions on e"t1: ¢"*! < min{4,, o, |7 ™! — 27|,e"}, where {8, } is a monotoni-

cally decreasing sequence such that lim 4, = 0, and a, € [0, @] holds with a positive
r—00

constant a.

omin || A
J

(v) Conditions on «a,: a, < holds for sufficiently large r, where o is

pnax [ 4,7+ 1
J

a positive constant defined in (2.1), and L is the Lipschitz constant of Vg given in

Lemma 2.5.

Here we make a simple explanation. Part (i) enforces not only that { F/(2")} is decreasing
but also that {F (2" ')} is less than F(a7, a5, ..., @]_y, 25,2 4, ...,2]) at the point where
F is nonsmooth. This condition is easy to check when computing. It also plays a key role for
the convergence of {"} when the objective function is not differentiable. In Part (iii), recall
that the e-optimality conditions for the one dimensional subproblem (3.1) is that one of
(i)-(v) in Definition 2.7 holds at 2;,y. The assumptions (i)-(iv) are necessary for the global
convergence while the assumption (v) on «,. is used to guarantee the linear convergence rate
of {z"}.

Note that if we obtain the exact solution of the subproblem (3.1) on each iteration, then
the sequence {2} satisfies Assumption 3.1 automatically. Hence, the classical CD method
is a special case of the ICD method.

For the choice of the coordinate i(r) in Step 2, we adopt the following “almost cycle rule”,
which is also called “generalized Gauss-Seidel rule” in [14, 16]. This rule is an extension of
the classical cyclic rule in [4].

Almost cyclic rule:
There exists an integer B > n, such that every coordinate is iterated upon at least once
every B successive iterations.

In the next section, we will show the ICD method with the almost cycle rule converges
R-linearly to a solution under Assumptions 2.1 and 3.1.

Global and Linear Convergence

In this section, we show the global and linear convergence of the ICD method. Compared
with the classical exact CD method, the ICD method has many “inexact” factors. Thus we
need some preparations.

First of all, we illustrate a brief outline of the proof.

(1) lim {z"*' — 2"} = 0. (Lemma 4.3)

r—00

(2) Az" — Ax*, where z* is one of the optimal solutions. (Theorem 4.8)

(3) Sufficient decreasing: F(x") — F(z"+1) > n|ja” — 2" 1| for some positive constant .
(Lemma 4.9)

(4) Error bound: ||Az" — Az*|| < k||a” — Prju(27)|| for some k. (Lemma 4.10)

(5) Linear convergence. (Theorems 4.12 and 4.13)
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Note that since it is not necessary for the matrix A to have full column rank, Az" — Az*
(Theorem 4.8) does not imply =" — x*.
For convenience, we define two vectors Z™+! and 2" t! as follows.

~r+1 . ro_r r ~r+1 r r
X = (ml,x27...7.'L'i(r)71,$i(7‘),xi(,’,)+1’...’.Tn), (41)

and
r+1.__

T = (m’i,x&...7:13;'“)71,96:;;)1,90;&)“,...,x;), (4.2)

where ] (Jr )1 and ic:(t )1 are an " Tl-approximate solution and the exact solution of the sub-

problem (3.1), respectively.
In the first part of this section, we show lim {F(#") — F(2")} = 0and lim {z" ™! — 2"} =
r—00 r—00
0. To this end, we need the following function h; : R™ x R™ — R and Lemma 4.1.

hi(y, z) == Vif(2)(yi — 2zi) + 7ilys| — |2il)

( f(2) + 1) (yi — =) if y; > 0,2 >0,
_ (z)(yz Zi ) + 7i(yi + Zt) ify; >0,2 <0, (4'3)
- if (2)(yi — Z)+Tz( yi —2i) ify; <0,z >0,

( if(2) — 1) (yi — 2i) ify; <0,2; <0.

r+1 ~r+1

Lemma 4.1. There exists a positive constant M such that |a:l(7 T3 \ < ”A i for all r.

Proof. By lemma 2.4, we have that the set Q(F(2°)) is compact. Since {Az" 1}, {AF" 1} C
Q(F(2°)) holds, we further obtain that {Az"*!} and {AZ"*1} are bounded, that is, there
exists a constant M > 0 such that ||Az"*1||, ||Az"|| < M for all r. Then we deduce

i 2t} — &0 = [ Aa™" — A&+ < Ax™1 | + ]| A"+ < 2M
which implies the conclusion since A; is nonzero for all i. O

Lemma 4.2. lim {F(z") — F(z")} = 0.

T—00

Proof. Since i:(t )1 is the exact solution of the subproblem (3.1), the inequality

FEh - F(™) <0 (4.4)
always holds. On the other hand, by the convexity of f, we have

F@™h) = F@™) 2 Vi F@" )@ = 2iey) + 70 (1T | = l2iiy )

(4.5)
*hz(T)( r+1 7‘+1).

Let index sets Z4 and Z” be defined by
74 = {r |j§(r) - 17;(1«)| <&} ARS {r |57§(r) - x;(r)| >e"},

respectively. First we consider the subsequence {x"71} 4 of {2"}. Since {Az"} is bounded,
{Vf(z")} is also bounded from the continuity of Vg. It then follows from (4.4), (4.5) and
g™ — 0 that  lim {F( T~ Fa"h} = 0.

r—00, rE
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Next we consider the subsequence {21} ;5. We will show the following inequality
Rigry (8T, 2™t > —Pe™ ! Vr + 1€ ZP (4.6)

holds, where P= 2427, 4271 Then it is easy toshow  lim  {F(z"*!) — F(2"™")}

1Al r—so0, r€ZB
=0 from (4.4), (4.5), (4.6) and " — 0.

Recall that x:(t )1 is an e"*tl-approximate solution of the subproblem (3.1), i.e., there
exists a j € {1,2,...,5} such that i(r) € J;(z""!,e"*!). Suppose that r+1 € ZZ. In
the rest part, we show that (4.6) holds for i(r) € Jj(z" ™1 ™), j € {1,2,...,5}. For
simplicity, we only show the cases i(r) € J;(z" 1, &™), j € {1,2,3}. The cases j € {4,5}
can be deduced in a similar way.

Case 1: i(r) € Jy(z" ™', e™). We have V(. f(a"!) — 75y > —"! and |x:(t)1 — Ly <
ertl,

1
Since ™! < 3 min{—/;(,), ()}, the inequality x:’(t)l < 0 holds.

(a) If ;%:(J;)l > 0, then it follows from (4.3), Lemma 4.1 and V() f (2" 1) =75y > —™
that

higy (F Y 21 = (Vi f27F1) + Ti(r)):i':(t)l — (Vi &™) = Ti(r))i[,':(t)l

> (27 — e HEEL — (et

> - at o)

> — 5T+172M .

- [[Aigr
(b) If :E:(t)l < 0, then 9?::;;)1 - J::(J;)l > 0 holds by |x:(t)1 —ligy| <e"tandr+1€ Z5.
We further have h;(y (2", 2™+1) = (V) f(2" 1) —Ti(,«))(i':(t)l —x:(t)l) > —5’""‘1”2%]24)”

from (4.3), V() f(2"') — 75y = —€"*! and Lemma 4.1. Therefore, the inequality
(4.6) holds when i(r) € Jy(z" 1 "),

Case 2: i(r) € Jo(z" ™!, e™). We have |V, f(z") = 7| < &7 and I — et <
xT+)1 < g™l Now,

i(r
hi(r) (.’errl, $T+1) = (Vi(r)f(iﬂdrl) — TZ(T))(ZZ':(_‘;)l — x:(t)l) —+ T(Z’:(t)l, .’z:(tl, Ti(r)), (47)

where

Tl 2 i) 1= i (830 + 12050 = 23 = [t )

i(r) i(r)
0 if 770 <0, 27} <0,
~r+1 . ~r+1 r41
B 2Ti(r)x’i(r) if 0 < Ty Tigr) <0, (4.8)
— —QTi(r)wz(t)l if 57:;;)1 <0,0< x:(t)l7
FrHl L) ~r41 r+1
2Ti(r) (wi(r) - xi(r)) if0< Tir > 0< i

Suppose first that one of .%:(t )1 and x:(t )1 is nonpositive. It is easy to see that
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T(x:;;)l,i:(t)l,n(r)) is no less than —27'1‘(,’,)67"4-1. It then follows from \Vi(r)f(xrﬂ) _
Timy| < €1, Lemma 4.1 and (4.7) that

2M
[Aim

higry (@11, 271) > _€r+1( +or, T))

Next suppose that both f;(t )1 and xz(r) are positive. Then

hz(r)( T+1 T+1) = (vi(r)f(‘rT+1) + Ti(r)) :(t)l - x:(t)l( i(r)f(xT+1> + Ti(r))

> (27 —™F) — @) @iy + €7

2M
-~ 5r-s-1( + mr+1)
[Aigll ~ 75

_ (ﬂ
[[Ai |
where the first inequality follows from [V f(2" 1) — 75| < "1, JNUT(J'_ 1'> 0 and

:(t)l > 0, the second inequality follows from x’”(t )1 > 0 and Lemma 4.1, and the last

2y @rin +7)

+ QTi(r) + 2€T+1)ET+1,

inequality follows from 0 < m;(’: )1 < e™!. Thus, the inequality (4.6) is confirmed.

Case 3: i(r) € Js(z" ™', &™), We have |V f(z")| < 7 + €™ and \xr(tﬂ < et
Moreover, we deduce V. f (2" ) +7;(y € [—e™, 27, +"1] from the first inequality.

Next we only show that the inequality (4.6) holds when 0 < a:’(+ )1 < et A symmetric
argument can prove the case —e"+! < xl{” )1 <0.

(a) Suppose that :E:(Jr)l > 0. If Vif(z"™) + 74y € [—€""1,0), then we have from
Lemma 4.1 that

hi(r) (i,r-&-l’xr—i-l) — (vi(r)f(xr-‘rl) + Ti(r))( :(J;)l _ xr(t)l)

> — Vi f(@™) + 12505 — 25|
> _Er+1 2M .
[ Al

If Vif(z™™) + 7y € (0,27 + "7, then i:(t)l(vimf(xr“) + Ti(ry) = 0. Since
0< J;:(‘")l < ™1, we have
hz(r)( T+1 T+l) = ‘%:(t)l( i(r)f(xr+1) + Ti(r)) - x:(t)l(vv(r)f(xr—i_l) + Ti(r))

2 o T+1(5T+1+27—i(7"))~

(b) Suppose that 3:7;“)1 < 0. Then it follows from |V f(a"th)| < 7y + ™1,

0< m:("r)l < ™1 and Lemma 4.1 that

higy (@27 = (Vi f (@) = i) Zy — 25y (Vif (@) + i)

THx:(t)l — x:(t)l(QTi(T) +emth

" E Gy — o)) -

_ ( 2M
[l Aicrl

| \/

r+1
2Ti(r) T3y

+ 2Ti(r)>-
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It is clear that h; (2", 2"™!) in both cases (a) and (b) satisfies (4.6). O

Using the above lemmas, we can show that {z"+! — 2"} converges to 0.

Lemma 4.3. For the sequence {z"} generated by the ICD method, we have 1i_>m {a"tt — 2"}
=0.

Proof. We argue it by contradiction. Suppose that z"t! — 2" — 0. Then there exist at
least one coordinate i € {1,2,...,n}, a scalar v > 0 and an infinite subset Z of nonnegative
integers such that |z7™' — 27| > « for all 7 € Z. Since y > 0, the index 7 is the index i(r)
chosen in Step 2 of the ICD method at the rth step. Therefore, for any j # i(r), we have

z§+1 =z, which together with the assumption |x:(t )1 — :c%,)\ > ~ implies that

1A@™ = ")l = 1A 2}y = 25| > [ Ain Iy, Vr e Z. (4.9)

Since {Az"} is bounded, there exist t°°, $*°° € R™ and an infinite set H C Z such that

lim  Az" =t"°,  lim  Az"tt =, (4.10)

r—oo, r€H r—o0, re€H

Note that t1:°° # t%°° due to (4.9). It then follows from the continuity of g on Q(F(z°))
and (4.10) that

lim  g(Az") = g(t">®), lim g(Az"t1) = g(t>*). (4.11)

r—oo, r€H r—oo, reH

Since F'(z") is monotonically decreasing from Assumption 3.1(i) and F'(z") > F(z*)
holds for any optimal solution x*, the sequence {F'(2")} is convergent. Let F'*° be its limit.
Then we have

lim  F(z")=F>®, lim F(z"")=F>, (4.12)

r—oo, TeH r—oo, TeEH
Moreover, by Lemma 4.2 and (4.12), we obtain

lim  F@E™) = lim  F@E™)—  lim  (F@™) - F@E™) = F>, (4.13)

r—oo, re€H r—oo, Te€H r—oo, TeEH

where " is defined in (4.1). Since F is convex and F(z"t!) < F(z"+!) < F(z") hold, we
have

r r+1 1 1
FGEY < F <$+2“””> < SF@) + 5F@™") < Fla).
Taking a limit on these inequalities, we obtain

r+1 r
lim F <M> = . (4.14)

r—o0, r€H 2
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On the other hand,

r+1 r
lim F(u)

r—oo, reH 2

Az 4 AT 2t T n xl(r)l + 2y
(B g ()
= oeren? 2 - T—lglosllepﬂ 2 i ;T( : 2

tl > + t2 o T - T
< g( ) — limsup {(b,z )+ ZTi(T)|xi(r)|}
'l"~>oo reH i=1
- hmsup { ™)+ Ti(r)|T }
7’~>oo reH Z ( | 1(7’)|
tl %) + t2 [e%s) r 1 . r+1 r+1
= ( ) 5 limsup {F(2") — g(A2")} + 5 limsup {F(2""") — g(Az""")}
'r—)oo reH 2T—>°O’ reH
tl [e's) + t2 oo oo 1 oo 50
= (R0 4 SR — gt + S (P — (7))
1 1
< §(g(t1’°°) +g(t3%)) + 5(F” = g(t">)) + 5 (F* — g(t*>))

where the second inequality follows from the continuity of g and (4.10), the first equality
follows from the definition of F, the second equality follows from (4.11) and (4.12), and the
third inequality follows from the strict convexity of g and ¢%>° # ¢>°°. But this inequality
contradicts (4.14). Thus Tlirgo{zr+1 —z"}=0. O

In the second part of this section, we will show the convergence of {Az"}. Since {Ax"}

is bounded, there exist t>° € R™ and an infinite set X such that

lim Az" =t>. (4.15)

r—oo, reX
Then with the continuity of Vg, we have
lim  Vf(z") =d>, (4.16)

r—o0, TEX
where
d> = ATVg(t=) +b. (4.17)

For the set X, we have the following result with Lemma 4.3, which provides an interesting
property associated with {V f(z")}.
Lemma 4.4. For any s € {0,1,...,B — 1}, where B is the integer defined in the almost
cycle rule, we have  lim  Vf(ax"™%) =d*>.

r—oo, TeX
Proof. For any s € {0,1,...,B— 1}, we have Aa" % = ZA(:BT_SH“ — "SR L AT Tt

then follows from Lemma 4.3 and (4.15) that

lim Az °*= lim z:A(xr_SHC — xr_s'*'k'*'l) +  lim Az" =t*.

r—oo, reX r—oo, reX r—oo,reX
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From the continuity of Vg, we have  lim Vf(z" %) = lim ATVg(Az""%) +b =
r—oo, TeEX r—oo, TeEX
ATV g(t>) 4 b, which together with (4.17) shows this lemma. O

Lemma 4.4 implies that for each ¢ € {1,2,...,n}, and s € {0,1,..., B — 1}, we have

lim  V,f(z""%) = d°. (4.18)

r—oo, reX

For a fixed coordinate i, let (r,4) denote the largest integer 7, which does not exceed r,
such that the ith coordinate of x is iterated upon at the 7th iteration, that is, for all r € X,
we have

Since the coordinate is chosen by the almost cycle rule, the relation r — B+ 1 < ¢(r,i) <r
holds for all r € X. From (4.18), we further obtain

lim __V; FafD)y = d. (4.20)

r—00, €
Now we define the following six index sets associated with d$° as

Jo =i d° > Tk
J3° =i d° < -7}
J37 =il || < mi;
J = {i| d° =1, ™ > 0};
I3 = Ai| di¥ = —7i, 7 > 0}
Jg° = {i| d° =0, 7, = 0}.
6
Note that U J* ={1,2,...,n}. Next two lemmas give sufficient conditions under which

i=1
{z]}x is fixed or lies in some interval.

Lemma 4.5. Suppose that Assumption 3.1(i) and (iii) hold. Let L and g be the constants
given in Lemma 2.5. If ¥ < gy, then the following statements hold for any fized i:

(1) If Vif (2%"D) — 7, > L|| A% and xf(r’i) < &9 11, hold, then xf(r’i) =1,.
(ii) If Vi f(x?TD) + 73 < —L|| A |29 and u; — 99 < a:f(m) hold, then l’f(r’i) = ;.
(iii) If Vif (29")) 4+ 75 > L|| A 29D and |25 | < £29) hold, then 27" < 0.

(iv) If Vif(x?9)) — 1, < —L|| A2 and |xf(r’i)| < &9 hold, then mf(m) > 0.

Proof. Here, we only show (i) and (iii). The rest can be obtained similarly.

To show (i), we argue by contradiction. If it is not true, then we have I; < xf(r’i) <
e?(m) 4 1, by Assumption 3.1(ii). From the Lipschitz continuity of Vg in
Lemma 2.5, we obtain that [V £ (2°(0) =V, f (z#T))| < L|| A |||l;—2f ", where &#() =
(a7, ..., 20, b, 2l ..., 2h). We further can ensure V,; f(29(")) — 7; > —L||4;|?e#™) +
Vif(x‘/’(”)) — 7; > 0 with the assumptions [; < xf(r’i) < g?(ri) 41, and Vif(x“’(”)) — T >
L||A;||?€#). Tt then follows from the KKT conditions in Lemma 2.2 that I; is the exact
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solution of the subproblem (3.1). Since the solution of the subproblem (3.1) is unique, we
have F(z#(™9)) — F(i#™")) > 0, which contradicts Assumption 3.1(i). Therefore, we have
e(ri)

x i

For (iii), we also prove by contradiction. Suppose that the contray holds, i.e., xf(r’i) €
(0,e#(D]. Let #¢(9) = (27,...,27_,,0,27,,...,27). Then, by Lemma 2.5 and the as-
sumption xf(r’i) € (0,&9()], we have
Vi f@07) = Vi f(2#0D)] < L4210 — afT0] < L]| Ay |2e# ),
which implies
—L|| A2 4 v, f(2fD) < v, f(89D),
By the convexity of f, 0 < a:f(r’i) < () and V,f(2?")) + 1, > L||A;||?€2), we
further have that
F(a#0)) — F(@#r)) > v, f(##00) (2" — 0) + 7af " > 0, (4.21)
which contradicts Assumption 3.1(i). O
Lemma 4.6. Suppose that Assumption 3.1 holds. Then, for sufficiently large v, we have
{x:}x =1;,Vi € Jloo, (
{zf}x = u;, Vi € J5°; (
{z]}x =0,Yi € J5°; (4.24
li < {ai}tx <0,Vie J (
Proof. Here we only show (4.22) and (4.25). Since the rest part can be shown in a similar
way, we omit the proof.
Case 1: ¢ € J°. To show (4.22), it is sufficient to show
2w =1, (4.28)
since z] = xf(r’i) holds by (4.19). From (4.20), we have that for & = 4o,
1 € J7°, there exists a nonnegative integer © such that
d® — & < V;f(af)) <d® + & Vr > FreX.
It is easy to see that d° — 7; — € is positive. Then we have
Vif(@?D) — 7 > d® — 7, — & > max{1, L|| 4;||*}#("9) > g#(mD) (4.29)

for sufficiently large r, since €” — 0 and V, f (a:‘P(T’i)) — d$° hold. Furthermore, we
ensure i € J;(z#") (D)) since mf(r’i)
subproblem (3.1). It implies that |xf(r’i) — ;] < ). Then by the Assumption
3.1(ii) and (2.7), we have

is an e?(")_approximate solution of the

I <) < g2t g <. (4.30)

Thus, the equality (4.28) follows from (4.29), (4.30) and Lemma 4.5(i), and hence
(4.22) holds.
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Case 2: i € Jy. In this case, we have dj° = 7; and 7; > 0. Let £ = 3. It then follows from

(4.20) that there exists an 7, such that %Ti < Vif(x?h)) < %Ti hold for all r € X,
r > 7. Then for sufficiently large r, the inequalities

) 3 - -
Vif(x?™D) 47 > 57 > max{l, L||A;][21e () > go(rd) (4.31)
3 . .
hold due to e — 0. We further obtain i € U J;j(x#9) e2(9)) from Definition 2.7.
j=1

Therefore, we have

xf(r’i) € [l;,e?m). (4.32)

It finally follows from (4.31), (4.32) and Lemma 4.5(iii) that 2" € [;,0]. (4.25)
holds form (4.19).

O

Next, we will show that Az" — Az™, where x* is an arbitrary optimal solution of the
problem (1.1). For this purpose, we recall Hoffman’s error bound [3].

Lemma 4.7. Let B € RF*X", C € RF*" and e € RF, d € RF. Suppose that the linear
system By = e,Cy < d is consistent. Then there exists a scalar § > 0 depending only
on B and C such that, for any T € [l,u], |, u € R"™, there is a point § € R"™ satisfying
By=re,Cy<dand || —y| <0(]|Bz —e| + |[(CZ — d)+]), where (x;)+ := max{0,x;} .

Theorem 4.8. Let x* be an optimal solution of the problem (1.1). Then we have lim Az" =
T—00
Ax*.

Proof. In the first step, we show that Az" — Ax* holds for r € X, where X is an infinite
set given in (4.15). To this end, we consider the following linear system of y:

Ay=Az", yi=a] (i € J;PUJPUJS®), v, <0 (i€ J©), andy; >0 (i € J5°), y € [l,ul.

It follows from (4.22)-(4.27) that 2" is a solution of this system for sufficiently large r,
that is, the system is consistent. For any fixed point Z in [l, u], by Lemma 4.7, there exist a
solution y" € [I,u] of the above system and a constant 6, which is independent of «”, such
that

ly" — 2| < 0<||Af A+ Y JE -t Y max{0,z;} + Y max{o, fg-;i}).

1€J1UJaUJ3 1€Jy i€Js

From the boundness of {Az"} and (4.22)-(4.24), we further have that the right-hand side of
this inequality is bounded. It implies that {y"}x is also bounded, and hence it has at least
one accumulation point. We denote it by y°°. Furthermore, from (4.15) and Lemma 4.6, we
have that y°° satisfies the following system:

Ayoo = too7 yloo = ll (’L € Jl)a yfo = U; (IL € J2)a y?o =0 (Z € J3)a

I <y <0G €dy), 0<y <wu; (i €Js5), 1 <y° < (i € Jg).
It then follows from (4.17) that V f(y>°) = ATV g(Ay>)+b = d*°. Moreover, the relation

y>° = Pr;.,(y>™) holds from the above system and Lemma 2.2. Thus, y* is an optimal
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solution of the problem (1.1) by Lemma 2.3. From Lemma 2.6, we have Ay> = Ax*, i.e.,
t>° = Ax*.

In the second step, we show lim Az" = Az™*. Since {Az"} is bounded, it is sufficient to
T—>00

show that any accumulation point of {Az"} is Az*. Let X be any subset of nonnegative
integers such that {Az"} is convergent, and let £ be a limit of {A4z"} ;. Then we can show
that £ = Az* holds for the set X as Lemmas 4.4-4.6. Moreover, the first step of the current
proof, i.e., {Az"} y — Az* holds. Thus, {Az"} — Az* holds for r — oc. O

Theorem 4.8 implies that there exists a scalar ¥ > 0, such that Az" € B(Az*) for any
r > 7, where B(Az*) is the closed ball defined before (2.1). Note that g is strongly convex
on B(Ax™*).

In the third part of this section, we show the sufficient decreasing of {F(z")} for suffi-
ciently large r.

Lemma 4.9. Under Assumption 3.1, there exists a scalarn > 0 such that F(z")—F (2" 1) >
nllz” — z"*t|? holds for sufficiently large r.

Proof. Note that Az", Az"*1 € B(Ax*) holds for sufficiently large r. It then follows from
Assumption 2.1 that g is strongly convex in B(Az*). Furthermore, we have

F(z") = F(a"*") = g(A2") — g(Aa""!) — (ATVg(Az"),2" —a™)
+ (V™) 2" — 2" Ti) [T | — Ti(r)|1‘:(+r)1|
> of|A(z" = a2+ (Vi f (a7 25 — i) + Tagr) (|m§(r)| - |x:(+r)1|)
= ol Ain P|25y — i) P + gy (a7, 27 )
= omin 1A 2 [la" = 2™ Y2 + Ry (27, 27,

where h;(,y is defined in (4.3), and i(r) denotes the index chosen on the rth step.
Next, we show the inequality

hz('r) (xr’ errl) > _a7'[~’(x;‘n(r) - ‘r;(-:)l)27 (433)

where L := max{1, L||A;||*}, and «, is given in Assumption 3.1(v). Note that L > 1.
J

We show it by considering 6 cases: i(r) € J°, j = 1,2,...,6. First, we have from
Lemma 4.6 that

3
higy (", 2™ =0, Vi(r) € ] J;°.
j=1

Hence, (4.33) holds for i(r) € J2°, j = 1,2,3. Then, we only need to consider the other
three cases i € J°, i € J£° and i € J§°. Here, for simplicity, we only show the case ¢ € Jg°.
The rest two cases can be obtained in a similar way.

If i(r) € Jg°, then it follows from Lemma 4.6 that for the sufficiently large r, T3 (s :C:(t)l €
(li(r),0] holds. Then we have

hi(r) (xr7 errl)

= (Vi f(@™) = Tigy, @y — 2505)
+1|

) ) (4.34)
— Vi (@) = iy — a3l |-

Y

3
From the proof of (4.25) in Lemma 4.6, we have i(r) € U Jj(z" Tt ™). Thus we show
j=1
(4.33) by considering the following three distinct cases.
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Case 1: i(r) € Jy(z" 1, "), We have by Assumption 3.1(ii) that

Vi(T)f(l‘H_l) = Ti(r) = —e™ and li(r) < m:(t)l < li(r) + et (4.35)
The first inequality means that V¢ f(z" ) — 7,y € [—e"+1, 00) = [—" 1, Le™ ] U
(Le"*1,00). First suppose that V; S (@) = 75 € [T , Le™t1]. Tt then follows
from (4.34) and Assumption 3.1(iv) that k(2" 2"1) > Ls”l\xl(r) - x:(+rl| >

—a,,L|acZ.( - x:(+1|2 which satisfies (4.33).
Next suppose that Vi f(z") — 7 € (Le™!, 00). Then xz(t)l = l;(y) holds from

iy < m:(t)l < li(ry + €™ and Lemma 4.5(i). Therefore, we get hyy(a”,2" ) =

(Vi f(mt) — Tz(r), Tiy — litry) > 0, which implies (4.33) obviously.

Case 2: i(r) € Jo(z" ™!, e"1). In this case, we have |V f(2" ) =7y | < ™t and [,y <

:(J;)l < 0. From Assumptlon 3.1(iv) and (4.34), we have h;,) (2", 2" +1) > 5T+1|x2(r)—
:+1| > —ap |z, — :(t)l|2 which also implies (4.33).

Case 3: i(r) € Jg(x”l,srﬂ). We have |V f(z™)| < 73y + €71 and —e™ < x:(ﬂ <
0, hence we have Vi f @) — 15y € [273y — €T I Vi f(a" ) —
Tiry € [—Le™, &™), then (4.33) holds from Assumption 3.1(iv). If V(. f(z"+!) —

Titr) € 273y — "1, —Le™1), then we have xf("’)l = 0 from Lemma 4.5 and a:r(*')l €

[—e"*1,0].  Hence, we have h((z",2" ) = (Vi f(z™") — mi())af,y = 0 >
_Oér-i(xzr(r) - x:(t)l)

Consequently, the inequality (4.33) holds.
omin |4

The s satisfi < ——F———o
e sequence {a, } satisfies m]aX{l,LHAjHQ}

for sufficiently large r from the As-

sumption 3.1(v). Then the inequality of this theorem holds for sufficiently large r with
7 = omin ||4;||* — a,max{1, L||A;||*} > 0. O
J J

In the last part of this section, before showing the global and linear convergence of {z"},
we first recall a kind of the Lipschitz error bound in [12, 13, 23].

Lemma 4.10. There exists a scalar constant k > 0 such that
|Az" — Ax*|| < kljlz" — Pryu(z")]] (4.36)
holds for any Az € B(Ax*).

Proof. Since g is strongly convex on B(Az*) and Vg is Lipschitz continuous, there exists a
constant £ > 0 such that ||z" —z*(r)|| < &|jx” — Pru(2")||, where 2*(r) is a nearest solution
from 2" [23, Lemma 4.4]. Tt then follows from Lemma 2.6 and || Az" — Az*|| < || A||||l=" — z*||
that (4.36) holds with x := || A||&. O

The following result is a direct extension of [22, Lemma 4.5(a)] to the problem (1.1).

Lemma 4.11. Under Assumption 3.1, there exists a constant w > 0 such that the inequality
r+B—1

|[Az" — Az*|| <w Z |z" — 2" || holds for sufficiently large r.
h=r
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Proof. To show this lemma, by Lemmas 4.10, it is sufficient to show that there exists a
r+B—1
constant & > 0 such that ||z" — P ,(z")]| <@ Z 2" — 2" *1|. Since |27 — Py (27| <
h=r
Vvn max |z} — Pry . (2");|, we only need to show that there exists a constant @ > 0 such that
2
r+B-—1
— Priu(@)il <@ ) [la" —2"*!|| holds for each i € {1,2,...,n}.

|7

h=r
Note that Az" € B(Ax*) for sufficiently large r. For any fixed index i € {1,2,...,n}, let
¥(r,1) be the smallest integer N (N > r) such that a7 is updated on the Nth step. Then,
we have

|zi — Pﬂl,U(xT)il
P(ri)—1

= 3 [@h = Prau(a™)) = @ = Pryu(@))] 4+ @00 = P (aY0),)
h=r
P(r,i)—1 ‘ 4
< 3 |[@h = Pria(@?)) = (@8 = Prya(a))]] + ‘xj’(m) ~ P (@)
h=r

where the inequality follows from the triangle inequality.
It then follows from the the nonexpensive property (2.5) of the projection Py ;.(z),
Assumption 3.1(iv) and Theorem 2.9 that

P(r,i)—1
0 = Pl € > (@l =¥+ |Vif () = Vf @)
h=r
+ a, x?(m) - xqf(r’i)_l‘ )

Since r + 1 < ¢(r,i) < r + B hold by the almost cycle rule, we obtain

r+B—1

af = Praw(@)il < 3 (2l =l +[Vif@") - Vif @)
h=r
+a, x;/’(r,i) . x;b(r,i)fll .

It then follows from the Lipschitz continuity of Vg and Assumption 3.1 that

r+B—1
|2} = Pryw(a”)il < 2+ AIPL) > [Ja" = 2" + o wa,z) _ mw,z)—lu
h=r
omin || A;|? r+B—1
< 2t apre — o)
mﬁX{LLHAjllz} ,;T | |
where the first inequality follows from ||z — 2" +1|| > |2} — xf+1|.

omin || A; [|?

J o -
————————. Then it is easy to see that «w > 0. Thus the
mfx{l,LllAjIIQ}

Let @ := 2+ ||A|*L +

inequality of this lemma holds with w = x+/n@, where « is given in Lemma 4.10. O
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Now we are ready to show the linear convergence of {F(z")} and {z"}.

Theorem 4.12. Suppose that {x"} is generated by the ICD method with the almost cycle
rule. Let F* denote the optimal value of the problem (1.1). Then {F(z")} converges to F*
at least B-step Q-linearly.

Proof. In the first step, we show the global convergence of the sequence {F(z")}. Let 2* be
an optimal solution of the problem (1.1). Then we have F* = F(z*). It follows from the
mean value theorem that there exists £ € R"™, which is on the line segment that joins z"
with z*, such that g(Ax") — g(Az*) = (ATVg(AE),z" — z*).

Since Az" — Az*and V f(2") — d* hold, we have

d* = lim Vf(2") = lim ATV g(Az") + b= ATV g(Az™) + b= Vf(z*). (4.37)

r—00

Thus, we have
F(a") — F* =(ATVg(A¢) — ATV g(Az™), 2" — z*)

+(ATVg(Ax™) +bya” —2") + Y mifaf] — 7))
=1

< L|A¢ = Ax*|[[| A" — 2*)|| + (AT Vg(Az®) + b,a” — a*) + Y _7i(|2}] — |2])
i=1

< LI A" = 2")|? + (d>®, 2" —a*) + Y _mill2}] - |2f])
i=1

= LA™ = 2")|* + ) [d7° (2] — ) + mallaf] - |27])], (4.38)
i=1

where the first inequality follows from the Lipschitz continuity of Vg, and the second in-
equality follows from (4.37).

With the special structure of the problem (1.1), we can show that for sufficiently large
r,

d°(z] —xf) + mi(Jaf| — |zf]) =0, Vi € {1,2,...,n}. (4.39)

We prove this by considering the distinct cases about the index sets J7*, j = {1,2,...,6}
6

since {1,2,...,n} = U J;°. For simplicity, we only prove the cases i € J{© and i € J{°.
=1
The other cases can bje shown in a similar way. If ¢ € Ji°, i.e., d7° > 7;, then it follows from
Lemma 4.6 that z] = [; for sufficiently large . On the other hand, we have V, f(z*) > 7 by
(4.37). It then follows from Lemma 2.2 that x7 = [;. These two relations imply that (4.39)
holds. If i € Jy, i.e., d° = 7;, it then follows from Lemma 4.6 that for sufficiently large r,
I; <af < 0. On the other hand, we have 7, = V, f(z*) by (4.37). It further implies that
l; <z* <0 from Lemma 2.2. Combining these three relations, we have that (4.39) holds.
Consequently, we have 0 < F(z") — F* < L||A(z" —2*)||? by (4.38) and (4.39). It implies
F(z") = F*, since Az" — Az* holds, that is, {F(z")} is globally convergent.
In the second step, we show the B-step Q-linear convergence rate of {F(x")}. To this
end, we need to ensure that there exists a constant ¢ € (0, 1) such that

F(z™B) — F* < c(F(2") — F*). (4.40)
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From (4.38), (4.39) and Lemma 4.11, we have

r+B—1 2
F(a") — F* < Luw? < > et - xh+1||> .
h=r

Letting k := h — r + 1, we further have that

k=1

B 2 B
F(xr) _F* < Lo <Z||xk+r1 _ karr”) < LLUQBZ (ka%ﬂ"fl _ Ik+r”)2
k=1
It then follows from Lemma 4.9 that
LB &

xk-&-r—l _ xk-&-r _ Lw2B
g2 (P - Rt = =

F(z")—F* <

By rearranging the items of the above inequality, we have

F(2"™B) — F* < c¢(F(2") — F*), (4.41)
where ¢ = 1 — +755. Since +_b5 > 0 and ¢ < 1, it means that {F(2")} converges to F* at
least B-step Q-linearly. O

Theorem 4.13. Suppose that {x"} is generated by the ICD method with the almost cycle
rule. Then {z"} converges to an optimal solution of the problem (1.1) at least R-linearly.

Proof. First we show that {«"} is convergent. Let F** be the optimal value of the problem
(1.1). Since F'(z") converges to F™* at least )-linearly by Theorem 4.12, we have that F'(z")
converges to F'* at least R-linearly, that is, there exist constants K > 0 and ¢ € (0,1) such
that

F(z")— F* < K¢ (4.42)
From Lemma 4.9, we have for sufficiently large 7,
1 X 1 ) 1
; (F(z") — F*) + p (F* = F(2™) < = (F(z") = F*),  (4.43)

where the last inequality holds since F* — F(z" 1) < 0.
By combining (4.42) with (4.43), we have that [|2" —2™ 1|2 < %ér, that is, |27 —2" || <

0 S er _ x7‘+1||2 S

3

e o € é5. Let ¢:= ¢2. Then, we have ¢ € (0,1). Moreover, we obtain, for any positive integer
m,n and m > n,

m—n—1 m n 1 Kﬂ

lz™ — a2 < Nz R - e < o -
P n = 1—c

which implies that {«"} is a cauchy sequence due to 0 < & < 1. Therefore, {2"} is convergent.
In the rest, we show that {#"} converges to an optimal solution at least R-linearly. Let

2> denote the limit point of {«"}. Since [lz™ —a™| </ Ke l_c we have

K _
o™ = a"|| = lim [l2"™ = "] < lim_ i
1-c 1—c
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which implies that {#"} converges to > at least R-linearly since 0 < ¢ < 1 holds.
Finally, we complete the proof by showing that the > is an optimal solution. With the
continuity of F', we have lim F'(z") = F(2*°). It then follows from F(z") — F* in Theorem
r—00

4.12 that F(z>°) = F*, that is, 2* is also an optimal solution of the problem (1.1). O

Numerical Experiments

In this section, we present some numerical experiments of the ICD method (the proposed
method) for the following unconstrained l;-regularized logistic regression problem:

1 . .
inimize  F(z) := — _log(1 —(w"q’ +vp’))) + :
U)IEI%ELI%{IDZE(ER (Jf) mj:1 og( ' eXp( (w ! v ))) MHle (51)

where 2 = (w,v) € R" and ¢/ = p’z7. Moreover, (2/,p7) € R" ! x {-1,1},j =1,2,...,m
m

are a set of training examples. For simplicity, we let f(x) := %Z log(1 + exp(—(w'¢? + vp?)))
j=1

and 7 := (u,...,1,0)T € R™. Note that the computational costs of evaluating f(z), V; f(z)

and V% f(z) are O(m) if we update only one variable x; on each step and store 3 = Bz,

where B = [Q,p] with QT = [¢},...,¢™] and p = (p',...,p™)T € R™. This is because

f(2) = £ 3" Tog(1 + exp(—;)) and "% = g4 + (a1 — 29) B,
j=1
We report some numerical results on randomly generated problems for various inexact
criteria satisfying Assumption 3.1. We also show the comparison with the CGD method
[14].

Implementations

We exploit the following gradient method with line search to solve the one dimensional
subproblem (3.1) in the ICD method.

Algorithm 1.

Step 0: Let i :=i(r) and G; := V, f(2"). ¥ mid{G;+7;, Gi—7i, 2]} = 0, then set [ ™! := a7
and return. Otherwise let k := 0, GY := G;, and 3° := 2. Go to Step 1.

Step 1: Choose a scaling factor s¥ > 0. Calculate a search direction d* as follows.

k
d® := argmin {Gfd—i— milyk +d| + S“d2}.
derR 2

Step 2: Determine a stepsize o by the Armijo rule in [14] with v = 0.

Step 3: Set yFt! = yF + akdk, Y= z} for all j # i, and Gf“ = Vi f(yFh). If

1
the inexact criterion is satisfied, then set xf“ = yf“

k:=k+ 1. Go to Step 1.

and return. Otherwise let

The difference between the ICD method and the CGD method [14] lies in Step 3 of
Algorithm 1. The CGD method does not check the inexact criterion in Step 3 and always
returns to the main algorithm with £ = 0. On the other hand, the ICD method returns to
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the main algorithm only when the inexact criterion holds. Note that if the criteria are weak,
then the ICD method may be regarded as the CGD method.

In the numerical experiments, we choose the scaling factor s¥ in Step 1 according to the
following 3 options:

(i) 5?2‘ = v?zf(yk)a
(i) sf =1

GF—gk—1
(iii) s% =1 and sk = W for k > 1.
Ey!

i

The choice (i) corresponds to the Newton method, while choice (ii) conforms to the steepest
descent method. The option (iii) is motivated by the quasi-Newton method.

Additionally, we exploit the under/over-relaxation technique in the numerical experi-
ments. Note that Py, (z) = Tr(z — Vf(z)) when | = —co and u = +oo. Let 2] ™' be an
"+ approximate solution of the subproblem (3.1), i.e., |2} ™' — T (271 — Vf(2™+1));| <
g™t and z"t! be an under/over-relaxation estimator to 2"+ with parameter w such that
T = w4 (1 - w)al,

=it vy £

(5.2)

If the gradient of the function f in (5.1) is Lipschitz continuous with Lipschitz constant L |
we have
|j;+1 _ TT(errl o Vf(fTJrl))i‘ < ‘xrrl . TT(£UT+1 o vf(l,r+1))i|
+(2+4+1L) |(w - 1)(xf+1 — x:)‘
<M 4 (24 L)|w -1 |xf+1 — aj|
< (ar+ 2+ L)|w—1) [T — 2],

K3

r

where the last inequality follows from Assumption (3.1). Let a, = a,+ (24 L)|w—1]. If §, >
ay|zitt — 27|, then # ™! is an &"'-approximate solution, where &"+! = min{4,, a, |z} T —

7|}. This condition usually holds when &, slowly converges to 0, e.g., 6, = O().

Test Problems

We generate the training examples randomly as in [9]. In our implementation, we have
generated 8 random problems. Four of them have the scale of n = 1001, m = 100, and
the others are n = 101, m = 1000. All training examples have an equal number of positive
(p? = 1) and negative (p’ = —1) training examples. Each feature ¢/ of positive (negative)
examples ¢’ obeys independent and identical distribution. In our implementation, we adopt
the normal distribution N (v, 1), where the mean v is drawn from a uniform distribution on
[0, 1] for positive examples ([—1, 0] for negative examples).
We choose the regularized parameter p based on fiyax = % | %Epjzl ¢+ %Epj:,lqj Hoo,

where m_ denotes the number of negative examples, and m denotes the number of posi-
tive examples. It is shown in [9] that the vector x = 0 € R™ is the optimal solution of the

problem (5.1) if ¢t > pmax. In our implementation, we let g = 0.1pmax or 1t = 0.01pmax-
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Numerical Results

In this section, we give some numerical examples to illustrate the performances of the ICD
method. The algorithm is implemented in MATLAB (Version 7.10.0), and running on an
Intel(R) Core(TM)2 Duo CPU E6850 @3.00GHz. We terminate the algorithms when

" =Ty (a" = VF(@")) oo < 1072 (5.3)

To save the CPU time, we check the termination condition in every 100 iterations. Through-
out the experiments, we choose all initial points 2 = 0, and adopt the simple cycle rule to
choose i for the ICD method and the CGD method.

Investigation of the inexact criteria

To see the performances of the ICD method on various inexact criteria, we solve two random
problems with

2 aT)y, (5.4)

1 r
el = min{L—SJ, alw
Ttn

where a varies from 0.1 to 0.8. Here, we use [ | to reduce its sensitivity to r. In these
experiments, we choose s¥, = V2 f(y*) in Step 2 of Algorithm 1. We also use the same s¥, for
the CGD method. Table 1 presents the total number of evaluating G¥ and f, the iteration
r, and the CPU time (in seconds) for these two problems. From Table 1, we find that the
ICD method performs better when a approaches to 1, yet it is worse than the CGD method.
The results indicate that the solution of the subproblem (3.1) with high accuracy does not
always improve the convergence. Note that the number of the gradient evaluations for the
ICD method is larger than that for the CGD method. This is because the ICD method
evaluates both G? = V,f(y°) and G} = V,f(y!) even if the Algorithm 1 is terminated at
Step 3 with k& = 0. However, the CGD method only evaluates G? at each iteration.

Table 1: Performances of the ICD method with various a in (5.4) and the CGD method.

ICD (a = 0.1) | ICD (a = 0.3) [ ICD (a = 0.5) | ICD (a = 0.8) [ CGD
Problem 1 n = 1001, m = 100, 1 = 0.01 ftmax
iteration 9200 9200 9200 9200 9200
#of g 10334 9974 9856 9856 9199
#of f 2002 1485 1316 1316 1316
CPU time (s) 1.3125 1.1875 1.0469 1.0468 0.9531
Problem 2 n = 101, m = 1000, & = 0.1 4max
iteration 3300 3300 3300 3300 3300
#of g 9904 9299 8634 6014 3299
#of f 14262 13493 12235 5432 5432
CPU time (s) 3.9218 3.5781 3.3593 1.9062 1.6406

Comparison of the ICD method and the CGD method

We first show some numerical results for the ICD method and the CGD method with the Hes-
sian information, that is, s¥ = V2 f(y*). The ICD method is implemented with under the re-
laxation technique (w = 0.5 ~ 1.0 in (5.2)) and " = max{10~* min{10/rl%], 0.8L7 ]|z ! —
x¥|}}. Table 2 reports the numerical results for four instances. From Table 2, we see that the
performances on the ICD method with w = 1.0 and the CGD method are roughly same since
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both of them exploit the Hessian information. The ICD method with appropriate relaxation
factor (w < 1.0) is faster than the CGD method for some problems. The performances of
the ICD method with over relaxation, i.e., w > 1, is worse for these four instances and hence
we omit them.

Table 2: Comparison of the ICD method and the CGD method for s¥, = V2 f(y*).

ICD (w =0.5) [ ICD (w =0.6) | ICD (w = 0.7) | ICD (w = 0.8) [ ICD (w = 1.0) [ CGD
Problem 3 n = 1001, m = 100, ;t = 0.01 ftmax
iteration 13200 12200 9200 11200 13200 13200
fof g 15299 13945 10377 12620 14247 13199
fof f 4064 3494 2358 2844 2098 2098
CPU time (s) 1.8281 1.6406 1.2187 1.5468 1.5000 1.4375
Problem 4 n = 1001, m = 100, &t = 0.1p4max
iteration 28400 28400 31000 31000 34100 34100
fof g 32504 32174 34507 34115 36086 34099
tof f 8212 7552 7018 6234 3976 3976
CPU time (s) 3.6093 3.5156 3.7968 3.562 3.7031 3.6406
Problem 5 n = 101, m = 1000, £ = 0.01 ptmax
iteration 400 500 500 600 700 700
tof g 747 915 899 1070 1204 699
tof f 698 834 802 944 1012 1012
CPU time (s) 0.2656 0.2968 0.3906 0.3437 0.5156 0.3750
Problem 6 n = 101, m = 1000, zt = 0.1 ftmax
iteration 1700 1900 1900 2600 2700 2700
fof g 3191 3570 3554 4896 4882 2699
tof f 2986 3344 3312 4596 4368 4368
CPU time (s) 1.1093 1.2812 1.2656 1.6718 1.6250 1.4687

Next we consider the case where the Hessian V7 f (y*) is not available. Then we may
choose s¥, as in the steepest descent method (s¥ = 1) or in the quasi-Newton method. Note
that the CGD method can not adopt the quasi-Newton method since it returns with £ =0
in Algorithm 1. Table 3 reports the performances of the ICD method combined with the
quasi-Newton method and the CGD method with s = 1. We also give results for the
CGD method with s¥ = V2 f(y*) for the better understanding. From Table 3, we find that
the ICD method combined with the quasi-Newton method performs similarly as the CGD
method with s¥ = V2 f(y*), but much better than the CGD method with s¥ = 1. Hence,
if the Hessian computation for the function f is expensive, then the ICD method combined
with the quasi-Newton method is an efficient alternative approach.

Table 3: Performances of the ICD method and the CGD method when V% f(y*) is not
available.

ICD (quasi-Newton) [ CGD (sf =1) [ CGD (sf = VZ f(»")
Problem 7 7 = 1001, m = 100, 1t = 0.1 ftyax
iteration 33100 95000 34100
dof g 37909 94999 34099
t of f 8922 17384 3976
CPU time (s) 3.9843 9.9218 3.5937
Problem 8 n = 101,m = 1000, gt = 0.01 ptmax
iteration 700 4400 700
gdof g 1815 4399 699
tof f 1730 8800 1012
CPU time (s) 0.6406 2.1875 0.3437
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@ Conclusions

In this paper, we have presented a framework of the ICD method for solving [;-regularized
convex optimization (1.1). We also have established the R-linear convergence rate of this
method under the almost cycle rule. The key to the ICD method lies in Assumption 3.1
for the “inexact solution”. On each iteration step, we only need to find an approximate
solution, which raises the possibility to solve general [;-regularized convex problems.

The proposed ICD method solves a one-dimensional subproblem on each iteration. The
Block Coordinate Descent method, which solves a small scale multi-dimensional subproblem,
is efficient for some practical problems. Thus it is interesting to extend the proposed ICD
method to the “inexact” block CD method.
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