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Abstract: In this paper, we are concerned with the derivative-free method for solving symmetric nonlinear
complementarity problems. We first transfer the problem into an equivalent nonsmooth equation. We then
extend two recently developed modified PRP conjugate gradient methods to solve this nonsmooth equation.
The methods are derivative-free and norm descent. Under mild conditions, we show that both methods
are globally convergent. We also report preliminary numerical experiments to show the efficiency of the
methods.
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Introduction

We consider the nonlinear complementarity problem, NCP(F') for short, which is to find a
vector x € R" satisfying

>0, F(z)>0, and zTF(x)=0, (1.1)

where F' : R® — R™ is continuously differentiable. We focus on the iterative methods
for solving problem (1.1) in which the derivative of F' needs not to be computed. These
methods are called derivative-free methods. Derivative-free methods form an important
class of iterative methods for solving the NCP(F), and has received much attention, see,
e.g., [2,3,6,7,12,13,17,18,23,26,27]. All these derivative-free methods are globally convergent
under suitable conditions. Some methods, e.g., [18,27], are linearly convergent to the solution
under the strong monotonicity assumption on F'.

The existing derivative-free methods generate search directions by one of the following
two ways. One is to simply let

¢
k k
dr, = —— (2", F(z")), (1.2)
b
*Supported by the NSF of China Grant 11071087 and science foundation of China Three Gorges University
grant KJ2013B017.

ISSN 1348-9151 (©) 2013 Yokohama Publishers



494 QIONG LI

where ¢ = %gb%B, ¢rp is the so-called Fischer-Burmeister function defined by

ére(a,b) =a+b— va?+ b? (1.3)
(or its variants), see [2,3,6,7,12,13,23]. The other way is to let
Oy = — 0t (a, F(2*))/05 — pl0a(a*, F(a*))/a), (1.4)

where

Yala,b) :=ab+ i((a —ab)? —a® + (b—aa)i —b?),

see [13,18,26,27]. Almost all of the existing derivative-free methods in the literature are
limited to solve monotone or strongly monotone nonlinear complementarity problems. In
other words, the descent property of dji strongly depends on the monotone property of F. If
F is not monotone, then it is not known whether dj, is still a descent direction of the merit
function.

Another kind of derivative-free methods for solving NCP(F) is the quasi-Newton method
[14]. The quasi-Newton methods are globally convergent and even superlinearly convergent
if the strict complementarity holds at the solution [14]. Most existing quasi-Newton methods
are also not descent in the sense that the direction generated by the method may not be
descent for the merit function. The purpose of this paper is to develop descent derivative-
free methods for solving NCP(F). We only consider the problem where F'(z) is symmetric
for any x. We call this problem symmetric complementarity problem. The study in the
symmetric linear complementarity problems has received much attention in the last thirty
years, see e.g. [5,11,19,20,22,24]. Zhang and Li [28] proposed a descent BFGS type methods
for symmetric nonlinear complementarity problems. It is an extension of the norm descent
BFGS method proposed by Gu, Li, Qi and Zhou [8] for solving symmetric nonlinear equa-
tions. The method in [28] is monotone in the sense that the generated sequence of residual
functions is decreasing. It possesses global and superlinear convergence properties under
some reasonable conditions.

We develop another kind of derivative-free methods, which we call conjugate gradient
type methods, for solving symmetric nonlinear complementarity problems. The basic idea
is to extend some recently developed descent conjugate gradient methods in the solution
of optimization problem to solve some equivalent nonsmooth equation reformulation to the
NCP(F). Due to the low storage requirement, the methods can be applied for solving
large-scale nonlinear complementarity problems. To design the method, we first reformulate
the symmetric nonlinear complementarity problems into a nonsmooth system of equations.
We then propose derivative-free conjugate gradient type methods (DFCGM) for solving the
nonsmooth equations reformulation using a similar technique to the conjugate gradient type
methods for symmetric smooth equations in [15,16]. It should be pointed out that the
directions generated by our methods are different from (1.2) and (1.4). Under appropriate
conditions, we establish the global convergence of the proposed methods.

The remainder of the paper is organized as follows. In the next two sections, we propose
two conjugate gradient type derivative-free methods that generate descent directions for
some merit function and establish their global convergence respectively. In Section 4, we
present some numerical results to show the efficiency of the proposed methods.
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Two Derivative-Free Conjugate Gradient Type Algorithms

We begin this section with two descent conjugate gradient methods for solving the uncon-
strained optimization problem

min f(z),

where f: R™ — R is a continuously differentiable function.

Recently, Zhang, Zhou and Li [29] proposed a modified PRP conjugate gradient method
for solving the above problem. We call it the MPRP method. At iteration k, the MPRP
method generates a direction di by

—Vf(l’k) if k= 0,

d =
g { ~Vf(zk) + BERPdp_1 — Opyr—1  if k> 1,

(2.1)

where

- - prp _ VI@R) w1, Vi(aR)
Yk—1 = Vf(l‘k) vf(-fk—l)a k - ||vf(xk71)||2 ) - ||Vf(wk71)||2 .

Cheng [4] proposed another modified PRP method called two-term modified PRP (TMPRP)
method in which the direction dj, takes the form

O

—Vf(l’k) if k= 0,

V() V)" i (2:2)
o % Rt

It is not difficult to see that the direction dj determined by (2.1) or (2.2) provides a
sufficient descent direction for f at xj in the sense that it satisfies

W= e + 8P

Vi (xr) de = =V f (i)

We are going to extend the above methods for solving a nonsmooth equation reformula-
tion to the NCP(F). Let ¢pp : R? — R be defined by (1.3) and ®p(x) = (¢1(2),. .., d¢n(x))T
with

¢,(x) :¢FB(Jci,F¢(m)), 1= 1,...,77,.

Then problem (1.1) is reformulated as the following system of semismooth equations
CI)FB (:C) =0. (23)

The concept of semismoothness was introduced by Mifflin [21] and extended by Qi and
Sun [25]. The following definition is due to Qi and Sun [25].

Definition 2.1. We say that function F': R™ — R" is semismooth at a point x € R™ if it
is locally Lipschitzian at x and

lim VK
VEOF (x+th'),h/—h,tL0

exists for any h € R™, where OF(x) is the generalized Jacobian of F at x.
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Denote 1
V(z) = g\IfPFB(x)IIQ-

It is well known that function ®pp(x) is semismooth and ¥(x) is smooth on R™. Moreover,
the generalized Jacobian of ®pp(x) satisfies

0%ig() C diag(ai(x)) + VF(z)diag(bi(x)),

where

Ty .
1l —— if (%, Fi(z 0,0),
o) = e i R £ 00)
1-¢; otherwise,
11— ——— if (z, Fi(x 0,0),
o) s @ F) £ 0,0
1—mn; otherwise,

where (£;,m;) € R?,||(&,m:)| < 1. The gradient of the function W(z) takes the form
VU(z) = VIdpp(z), YV € 0®pp(z).
For the sake of convenience, we denote

®(z) = diag(b;(z))Pre(z),

p(z) = diag(a;(v))Prp(z),

(@) = AHF(z + A@(2)) — F()),
gr(z) = p(x) + qx(2).

(2.4)

It is easy to see that when X is sufficiently small, we have g (z) ~ F'(z)®(x). If F'(z) is
symmetric, we can use ¢x(z) to approximate VF(z)®(x). Therefore when A is sufficiently
small and F'(x) = VF(z), we can use g)(z) to approximate V¥(z). Based on the above
observation, we extend the MPRP method and the TMPRP method to solve the semismooth
equation reformulation (2.3) in which the search directions dj, are determined by

[ —ga(=o), if k=0,
A0 ={ T 0 — 0. i kot O

and
—9x(zo), if k=0,
dTM()\) = T . 2.6
A AT R VAL oo VAT O S
lga (@)l
respectively. The parameters in (2.5) and (2.6) are given by
T
x Tk) — Jr—
Ye-1(A) = gx(@k) — gr—1,  Br(N) = COMCA k)Q Gi-1)
llgk—1ll
and "
6u() = ga(ze)" di T,
llge—1I?
gr—1 will be determined by Procedure 1.
In the latter part of the paper, without confusion, we use d; to denote either dfT or

™.
The following Lemma shows that when A is sufficiently small, the search direction dj ()
is a descent direction of ¥ at xy.
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Lemma 2.2. Let o1 and o2 be positive constants, if xi is not a stationary point of the merit
function U (x), then there exists a constant X > 0 depending on k such that when X € (0, ),
di(\) satisfies

V() di(N) < 0. (2.7)

Moreover, the inequality
U(xy, + Adi(N) = U(ag) < =01 Ak (V)||? = 02| APrp ()| (2.8)
holds for all A > 0 sufficiently small.

Proof. Tt is clear that

lim VU (2) " di(A) = = ||V ()] < 0.
A—0

This shows that (2.7) holds for all A > 0 sufficiently small. We turn to the proof of (2.8).
Notice that

lim A_l[\ll(xk + Adi(N\)) — ¥(zg)] = lim V\I/(xk)Tdk()\) = —||V\I/(ack)|\2 < 0.
A—0 A—0
Since

lim gy (zx) = V¥ (xy),

A—0

and dj(A) is determined by (2.5) or (2.6), we have that there exists a constant [ > 0 such
that ||dg(A\)|| <1 for any A > 0 sufficiently small. Hence the right-hand side of (2.8) is o(\).
We claim that inequality (2.8) holds for all A > 0 sufficiently small. O

The following Procedure 1 provides a way to determine a parameter A\ > 0 such that
the direction dj, satisfies (2.8). Procedure 2 gives a way to determine the steplength ay.

Procedure 1. Let constant p € (0,1) be given. Let i be the smallest nonnegative integer
such that (2.8) holds with A = p,i = 0,1,.... Let \x = p™*, qr, = qx, (Tx), g1 = g, (T1),
Br = Br(Ak), di = di(Ak)-

Procedure 2. Let i, and di be determined by Procedure 1. If i, = 0, let ap = 1.
Otherwise, let ji be the largest positive integer j € {0,1,2,...,4; — 1} satisfying

U (g + p* I dy) — U(wp) < —o1l|p™* T dp||” — o2l p™* I O (k) ||

Let o, = pik Ik,
It follows from Lemma 2.2 that Procedures 1 and 2 are well defined. It is easy to see
from Procedure 2 that if aj # 1, then the following inequality holds

1 ||2 1

Uy +p tondy) — W(zg) > —o1|p  wdi||* — o2llp™ ar®rs (k) ||

Now, we propose a derivative-free method for solving (2.3). We call it the DFCG
(Derivative-Free Conjugate Gradient type) algorithm. The steps of the algorithm are stated
as follows.

DFCG Algorithm

Step 0 Given constants o1 > 0,09 > 0, p € (0,1) and an initial point g € R™. Let
k:=0.
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Step 1 Determine di and « by Procedure 1 and Procedure 2, respectively. Let
Tp41 = Tk + apd.

Step 2 Let k:=k+ 1. Go to Step 1.

When dj, is determined by dgT or d%M , we call the corresponding algorithms as Algo-
rithm 1 or Algorithm 2 respectively.

Global Convergence

In this section, we prove the global convergence of the DFCG Algorithm under the following
assumptions.

Assumption A

(1) The level set Q = {z € R™ | ¥(z) < ¥(xg)} is bounded.

(2) In some neighborhood N of Q, F'(x) is symmetric for any © € N. Moreover, F’ is
Lipschitz continuous, namely, there exists a constant L, > 0 such that

1F"(z) = F'()|| < Lalle —yll, Va,yeN.
Remark 3.1. (i) The assumption that the level set is bounded holds for uniform P-
function F, see [12] for details.

(ii) The condition (2) of Assumption A obviously implies that there exists a constant
L1 > 0 such that
[F(z) = F(y)ll < Liflz —yll, Yo,y e N.

(iii) Since {¥(zy)} is decreasing, it is clear that the sequence {zy} is contained in 2. In
addition, we get from Assumption A that there are constants y; > 0 and 72 > 0 such
that

[F@)] <m, [F'(@)] <7, VzeN.

In the latter part of the paper, we always suppose that the conditions in Assumption A
hold. Without specification, we let {x} and {dx} be the iterative sequence and the direction
sequence generated by DFCG Algorithm respectively.

The following Lemma comes from [7].
Lemma 3.2. There exists a Lipschitz constant L > 0 such that
IVe(a',b') = Vip(a®,0?)]| < Lll(a’, b') — (a,0?)]
holds for all (a,b'), (a?,b%) € R2.

Lemma 3.3. There exist positive constants Lz, Ly and Ls such that for any x,y € N, the
following inequalities hold:

1®(z) — @(y)Il < Lalz —yll, (3.1)

Ip(x) = pW)| < Lallz — yl, (3.2)
V¥ (z) = VU (y)|| < Lsllz —yll. (3.3)
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Proof. Since

by Lemma 3.2 we have

(D(x) — ®(y))il IV (i, Fi(x)) — Ve(ys, Fi(y))]]
LH(l‘“ l( )) (ylv z( ))”

L(|z; — yi| + |Fi(x) — Fi(y)])-

Combining this with the Lipschitz continuity of F' we deduce that (3.1) holds. Similarly,

|(p(z) — p(Y))il IVo(xi, Fi(x)) — V(yi, Fi(y))]|
L(|z; — yi| + |Fi(z) — Fi(y)])-

IAN A IA

INIA

We easily deduce that (3.2) holds.

Due to
F(x)diag(bi(z))®rs(z) — VF(y)diag(bi(y)) Prs(y)
= VE(z)(diag(bi(z))®rp(z) — diag(b (y>)<I>FB( ) + (VE(x) = VF(y))diag(bi(y)) rs(y)
= VF(z)(®(x) = @(y)) + (VF(x) = VF(y))diag(bi(y)) Pre(y)-
In view of the Lipschitz continuity of F’, the boundness of F’, (3.1) and (3.2), we deduce
that (3.3) holds. O

The following Lemma is straightforward from the steps of the DFCG Algorithm.

Lemma 3.4. The sequence {U(xy)} is strictly decreasing. In addition, the following in-
equalities hold:

(oo} (oo}
S lladil” < oo, > [l Prn (a)||* < oo

k=0 k=0

Lemma 3.5. If there exists a constant € > 0 such that
VO] > e W, (3.4)
then there exists a constant M > 0 such that
i < M V. (3.5)
Proof. From (2.4) we can deduce
lgkll < 2/|®ep(xx)|| + Lil|®(zp)[| < (2L1 + 2)[|@rp (k)] < (2L1 + 2)po, (3.6)
where pg = || ®rp(z0)||. By (2.5), the following inequality holds:

lgrllllge — ge—1 L2 |l
lgr—1I?

Il < 11 = gwll + 2
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By the mean-value theorem, there are hg, hiy—1 € (0,1) such that

lar — ar—1ll = |1F" (25 + haAe@(2)) 2 (1) — F' (251 + ha—1 A1 ®(25—1)) D (i1 |
< I (k4 hide® ()@ (2x) — F (2 + Ak ®(2x)) B (2x-1) |
I F' (zh + P ®(2p)) B (p—1) — F'(2h—1 + b1 M1 @(wp—1)) (1) |
< yoLsllzg — zro1 |l + 2po La (AP (@n) || + Ak 1@ (z—1) | + ok — 2 ]])-

This implies

lp(zk) — pl@p—1)|| + llar — qe—1]]
(Lg + voLs + 2poLa)||wk — Tr—1]]
+4po Lo ([[ Ak ®rp (x| + [Me—1PrB(zr—1)|])- (3.8)

lgx — gu—1l

IN A

It follows from Lemma 3.4 that

lim ||Oé]€(I)FB(£L']€)H =0.
k—o0

If limsupy,_, o, ar > 0, then liminfy o ||Prp(zk)| = 0. Hence liminfy_,o0 [V (x)]| = 0,
which contradicts (3.4). Therefore limg_oo ap = 0, limg_oo Ay = 0, and limg_ o ||gr —
V¥ (zi)|| = 0. Since ||V¥(zy)|| > €, Vk, there exists an integer ko such that the following
inequality holds for all k£ > kq:

lge—1l]> > €. (3.9)

DN =

It then follows from (3.6)-(3.9) that

i1l < o+ (eallmn — ze—1ll + cal Me®rn (@) | + esllAe—1®rs(ze—1) ) di L |

< co+ (eallap—1di T || + collewn®r (i) | + csllor—1Prs(ze—1)]) i

where cg, 1, ¢a, c3 are positive constants. By Lemma 3.4, there exist a constant r € (0,1)
and an integer ki with k1 > kg such that for any k > ky,

crllow—1di L || + callaw®rp (2)] + csllar—1Prs (zr—1)| < 7,

k—ki— —k Co
AT < o+ rlldiTy | < eo(L 7 oot Rh) R T < 2 )L
Letting M = max{|[df 7| | T ... | F7 I, 1% + [dET [}, we get (3.5). =

The following theorem establishes the global convergence of Algorithm 1.
Theorem 3.6. Let {x)} be generated by Algorithm 1. We have

liminf [V (z)| = 0. (3.10)
k—o0
Proof. By Lemma 3.4, we have
lim ||arPrp(xk)| = 0.
k—o0

If limsupy,_, o ar > 0, then liminfy_ o ||Prp(zx)| = 0. Hence liminfy_,o ||V (xy)| = 0.
Hence we only need to show (3.10) for the case limg_, o a = 0. For the sake of contradiction,
we suppose that the conclusion is not true. Then there exists a constant € > 0 such that

VO ()| > V.
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It is easy to see from Procedure 2 that if ay # 1, then the following inequality holds
U(zg + p tapdi™) — U(zy) > —o1llp tardi T ||? — o2llp tax®rp(z1) || (3.11)
By the mean-value theorem, there exists a constant hy € (0, 1) such that
U(xy + p_lozkd;{T) —U(xp) = p o VU (23 + hkp_lozkdk)TdfT

= p o VU (2)TdET + p an (VO (2 + hip tagdi™) — VU ()T di T

< p VU (z)Tdp T + Lsllp tond T
Substituting the last inequality into (3.11), we get

p~ra(Ls + o) |di T |? + oop” tanl|Prn (k)| > —V O () Td T

Since Lemma 3.5 implies that {d} 7} is bounded, the last inequality yields

lim —V ()" df" = lim [V (a)]* = 0.
— 00

k—o0

This leads a contradiction. The proof is complete. O

The global convergence of Algorithm 2 can be obtained in a similar way. For complete-
ness, we give a proof.

Theorem 3.7. Let {x} be generated by Algorithm 2. We have

lim inf | V¥ (23,)]| = 0. (3.12)
k—o0

Proof. From Procedure 2, we have

lim ||04k<I)FB(fL'k)|| =0. (313)
k—o0
lim ||zg41 — 2zl = 0. (3.14)
k—o0

If limsup,_, o, o > 0, then (3.13) implies liminfy_, » || ®Prp(zk)|| = 0. Hence (3.12) hold.
We only need to show (3.12) for the case limy_,o ax = 0. For the sake of contradiction, we
suppose that the conclusion is not true. Then there exists a constant € > 0 such that

IVU(xp)|| > € Vk.
Since limy_, o ap = 0, we have
Jim A =0 and - lim g, — V¥(zy)|| = 0.
Hence there exists an integer ko such that the following inequality holds for all k£ > ky:
lgr—1]? > €. (3.15)

It follows from (3.8) and Lemma 3.4 that

i {lge = gk—1]| = 0.
Combining this with (3.6) and (3.15) gives

klggoﬂk =0
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Without loss of generality, we suppose |Bx| < % for all k. Since

T

9k
(- .
TR

)

we get from (2.6)

T
grg
i + giI* = BRI — ||gk|T2)(9k +d DI < BRll(gw + A DI

It implies

™ + gicll < 1Bklllgr + dx5 1 < 5 (lgr = ge—rll + lge—1 + A1)

N =

We claim from the last inequality that the sequence {||di™ + gi||} is bounded and hence
the sequence {||df ||} is bounded.
If ax = 1, k is sufficiently large,

laedg™ || = lld™ || > 1V ()| > e,

which contracts with (3.14).
If oy # 1, the following inequality holds:

o1 (/p 2 dEM 2 + o2(an/p)* W () > U(ar) — U(epsn): (3.16)

When £k is sufficiently large,

U(rp) — V() = . VU(zy + tapdiHTdlM
= o VU (2)TdI™M 4 0 (VU (2 + tagdi™) — VU (2,))TdlM
< =gl VO (k) |]” + Ls|owdi M |12 (3.17)

From (3.16) and (3.17) we obtain

[V () 12| di ™
(Ls + o1 /p?) 1AM 12 + (02/p7) ¥ (k)

al|di M >

Since {||df™||} is bounded and when k is sufficiently large ||[dLM|| > |[VU(zy)|| > &, there
exists a constant ¢ > 0 such that when £ is sufficiently large ay||di ™ || > ¢, which contradicts
with (3.14). Therefore, (3.12) holds. O

Numerical Experiments

In this section, we report some preliminary numerical experiments. We implement our
algorithm in fortran 90 and run the codes on a PC with 1.60 GHz CPU and 1.87 GB
memory. The test problems come from MCPLIB and reference [1,9,10]. We replace the
linear constraints of some problems in [10] and the box constraints in [1] with nonnegativity
constraints on all of the variables. Then we get the Karush-Kuhn-Tucker (KKT) conditions
which are symmetric nonlinear complementarity problems and named by MHS4, MHS5,
MHS38, MHS59, MHS62, MHS71, MHS93, MHS99, BGRS1-4, respectively. The parameters
of our algorithms have the values p = 0.1,01 = 09 = 107°.
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Details about the problems and the initial points are given in the Appendix. We use the
inequality ||®pp(z)|| < 107¢ as the termination criterion for both algorithms. Tables 1-4
report the numbers of the iterations and function evaluations for both algorithms, where
“—7 denotes the failure of the algorithm. The column of the table has the following meaning.

Problem: the name of the problem;

Dim: the dimension of the problem,;

SP: the initial point;

It1: the number of iterations for algorithm 1;

F1: the number of function evaluations for algorithm 1;
Timel: the CPU time in seconds for algorithm 1;

It2: the number of iterations for algorithm 2.

F2: the number of function evaluations for algorithm 2;

Time2: the CPU time in seconds for algorithm 2.

The numerical results show that there is no much difference between the performance of
Algorithms 1 and 2 for small problems. Algorithm 1 performs better than Algorithm 2 does
for large-scale problems. As the dimension increases, Algorithm 2 requires more CPU time
than Algorithm 1 does, that is partly due to the fact that Algorithm 2 uses much CPU time
to compute a large dimension matrix in determining direction dj at iteration k.

Table 1. Test results

Problem Dim | SP  Itl F1 Timel 1t2 F2 Time2
Cycle 1 a 4 9 0 4 9 0
b 6 13 0 6 13 0
Billups 1 a 18 91 0 18 91 0
b 18 91 0 18 91 0
FFK 2 a 8 17 0 8 17 0
b 9 19 0 9 19 0
MHS4 2 a 4 9 0 5 11 0
b 5 11 0 12 25 0
c 8 17 0 12 25 0
d 6 13 0 12 25 0
MHS5 2 a 39 196 0 38 191 0
b 41 200 0 40 193 0
c 41 206 0 40 201 0
d 43 212 0 41 206 0
Watsond 2 a 3 11 0 4 14 0
b 1 3 0 1 3 0
c 1 3 0 1 3 0
d 1 3 0 1 3 0
MHS59 2 a 658 1317 0 659 1319 0
BGRS1 2 a 115 1036 0 s 636 0
b 136 1261 0 57 492 0
MHS62 3 a 0 1 0 0 1 0
b 2 5 0 5 11 0
c 4 9 0 11 23 0
d 4 9 0 9 19 0
MHST71 4 a 52 319 0 44 255 0
b 67 362 0 89 518 0
MHS38 4 a 3034 43076 0.015625 2311 32175 0.015625
MHS93 6 a 473 1610 0 104 481 0
MHS99 7 a 1 3 0 1 3 0
b 1 3 0 1 3 0
c 1 3 0 1 3 0
d 1 3 0 1 3 0
e 1 3 0 1 3 0
f 1 3 0 1 3 0
g 2 8 0 2 8 0
h 3 11 0 11 51 0
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Table 2. Test results for problem BGRS2

SP Dim | Itl F1 Timel It2 F2 Time2
0.1 50 3 7 0 3 7 0

0.2 50 3 7 0 3 7 0

0.1 100 2 5 0 2 5 0

0.2 100 3 7 0 3 7 0

0.1 200 1 3 0 1 3 0

0.2 200 2 5 0 2 5 0

0.1 300 1 3 0 1 3 0

0.2 300 2 5 0 2 5 0

0.1 400 1 3 0 1 3 0

0.2 400 4 16 0 3 11 0.015625

Table 3. Test results for problem BGRS3

SP  Dim Itl F1 Timel It2  F2 Time2
0.1 2000 3 7 0 3 7 1.1875
0.2 2000 4 9 0 4 9 1.765625
0.3 2000 4 9 0 4 9 1.765625
20 2000 5 18 0 5 18 2.328125
30 2000 5 18 0 5 18 2.3125
0.1 5000 3 7 0 3 7 22.21875
0.2 5000 4 9 0 4 9 33.296875
0.3 5000 4 9 0 4 9 33.09375
20 5000 5 18  0.015625 5 18 44.078125
30 5000 5 18  0.015625 5 18 43.984375
0.1 10000 3 7 0.015625 3 7 95.875
0.2 10000 4 9 0.015625 4 9 143.28125
0.3 10000 4 9 0.015625 4 9 143.71875
20 10000 5 18  0.03125 5 18  191.140625
30 10000 5 18  0.03125 5 18  190.265625
0.1 100000 | 3 7 0.125 - - -

0.2 100000 | 4 9 0.15625 - - -

0.3 100000 | 4 9 0.15625 - - -

20 100000 | 5 18 0.296875 - - -

30 100000 | 5 18 0.296875 - - -

0.1 500000 | 4 9 0.828125 - - -

0.2 500000 | 4 9 0.828125 - - -

0.3 500000 | 5 11 1.015625 - - -

20 500000 | 5 18  1.515625 - - -

30 500000 | 5 18 1.53125 - - -

Table 4. Test results for problem BGRS4

SP  Dim Itl F1 Timel It2 F2 Time2

1 300 8 17 0 8 17 0.015625

1 500 8 17 0 8 17 0.078125

1 800 8 17 0 8 17 0.359375

1 1000 8 17 0 8 17 0.62500

1 2000 8 17 0 8 17  4.078125

1 5000 8 17 0.015625 8 17 74.890625
1 6000 8 17 0.015625 8 17 100.359375
1 7000 8 17 0.015625 8 17  164.46875
1 8000 8 17 0.015625 8 17 195.015625
1 10000 8 17 0.03125 8 17 349.109375
1 50000 8 17 0.140625 - - -

1 500000 8 17 1.484375 - - -

1 1000000 | 8 17 2.890625 - - -

1 2000000 | 8 17  5.71875 - - -

1 5000000 | 8 17 14.28125 - - -
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Appendix The Test Problems and Initial Points
1. Problem Cycle starting point: (a) 1, (b) 2.
2. Problem Billups starting point: (a)2, (b) 2.01.

3. Problem FFK
Fl(l’) = 21’1 + 41’2,

FQ(I’) = 21’2 + 41’1.
Starting points: (a) (1,1), (b) (2,2).

4. Problem MHS4

Starting points: (a) (0.125,0.125), (b) (1.125,0.125), (¢) (1,1), (d) (0.5,0.5).

5. Problem MHS5
Fi(z) = cos(zy + x2) + 21 — 29 — 1.5,

Fy(x) = cos(xy + x2) — 21 + 22 + 2.5.
Starting point: (a) (100,100), (b) (3,3), (c) (10,10), (d) (50, 50).
6. Watson4 Starting point: (a) (2.4,2.4), (b) (2.5,2.5), (¢) (3.0,3.0), (d) (3.5,3.5).

7. Problem MHS59

F(1) = 3.8112 4 0.0020567 x 327 — 4 x 1.0345 x 107° x 27}
—0.030234 x 25 +2 x 1.28134 x 1073 x 2125
+2.266 x 107 x 42379 + 5.2375 x 1076 x 27123
+6.3 x 1078 x 32222 — 7.0 x 10710 x 32223
—3.405 x 107% x 23 + 1.6638 x 107 x 23
+0.0005 x 2.8673 x a9 x €2-00052122 _ 3 5956 x 1075 x 322,

F(2) = 6.8306 — 0.030234 x 1 + 1.28134 x 107322 4 2.266 x 10~ "z}
—0.25645 x 225 + 0.0034604 x 323 — 1.3514 x 107% x da§ — -4
+5.2375 x 1076 x 22225 + 2 x 6.3 x 1078 x 2829 — 7.0 x 10710 x 32323
—2 % 3.405 x 1074 x w129 + 3 x 1.6638 x 107 x 2123
+0.0005 x 2.8673 x 1 x 00057172 _ 3 5956 x 10773,

Starting point: (a) (20,20).

8. Problem BGRS1
f(1) =223 4 22129 + 23 — 212y — 7,

f(2) = 223 + 2x129 + 2% + 25 — 25.

Starting point: (a) (3,1), (b) (5,6).



508

10.

11.

12.

13.

14.

QIONG LI

Problem MHS62

F(1) = x1+xg+1x 7003 0.09%1Jr;(z):'ofac?,+0.037
F(2) = xl+1:22+5x52+0.03 - 0.0911+§%i13+0.03 + x2+:v2800.03 — 280 x 0.079[:20+'(£+0.037
F(3) = 355 _ 553 4 600 280
—T_l+w2@—(§)-x3+_()4023§)0 XO.091:10-.|-1%2+503+0.03 zro+x3+0.03 0.07x2+x3+0.03
z3+0.03 0.1323+0.03"

Starting point: (a) (0,0,0), (b) (0.01,0.02,0.03), (c¢) (0.04,0.04,0.04), (d)(0.05,0.05,0.05).
Problem MHS71

Problem MHS38

F(1) = —400(zy — 22)x1 + 2(z1 — 1),
F(2) = 200(z2 — 23) +20.2(z2 — 1) + 19.8(z4 — 1),
F(3) = —360(zy — 23)x3 + 2(z3 — 1),
F(4) = 180(z4 — 23) +20.2(z4 — 1) + 19.8(x5 — 1).

Starting point: (a) (0.5,0.5,0.5,0.5).
Problem MHS93

221(0.0204 + 0.060722)z4 + (0.0187 + 0.043722)x372,
21(0.0204 + 0.060722)z4 + (0.0187 + 0.043722)z3(z1 + 2 x 1.5722),
= 21(0.0204 + 0.060722)x4 + (0.0187 + 0.0437x3)z2(z1 + 1.57x2 + 24),
21(0.0204 + 0.060722) (21 + w2 + x3) + (0.0187 + 0.043722)x073,
r12475(21 + T2 + T3),
xoxsxe(x1 + 1.57x0 + 24).

Starting point: (a) (4.2,---,4.2).

Problem MHS99
F(i) = =2 (tig1 —ti) cos(z;) x a; X (tig1 — t) x (—sin(z;)), i=1,---,7,
i=1

where a1 = as = 50, a3 = a4 = a5 = 75, ag = a7 = 100, t; = 0, t5 = 25, t3 = 50,
ty = 100, t5 = 150, tg = 200, t7 = 290, tg = 380.

Starting point: (a) (0.1,---,0.1), (b) (0.2,---,0.2), (¢) (0.3,---,0.3), (d) (0.5,--- ,0.5),
(e) (1.0,-+,1.0), (f) (1.3,---,1.3), (g) (1.4, ,1.4), (h) (1.5,---, 1.5).

Problem BGRS2
002/ 01 a7
VOIS, @}

F(i) = 0.4z; + 0.2 sin(2ma; )0t Timacos@ra) 1 .. .
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15. Problem BGRS3

F(1) = 107 sin(27rz1) — 2(21 — 1)(1 + 10sin?(722)),
F

F(n) = —107(zy—1 — 1)?sin(27z,) — 2(x, — 1).

16. Problem BGRS4

F(1) = 3msin(6may) + 2(z; — 1)(1 + sin®(37zz)),
F
F(n) = 3m(vn_1 — 1)?sin(6mz,,) + 1 + sin®(27x,) + 27 (x, — 1) sin(dnz,).

)
(i) = =107 (zi_1 — 1)?sin(2mz;) — 2(2; — 1)(1 + 10sin®*(mzi41)), i=2,---

)
(i) = 3m(xi_1 — 1)?sin(6raz;) + 2(x; — 1)(1 + sin?(3rxiy1)), i=2,---,n
1 2
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