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Abstract: This paper focuses on solving various stationarity systems for some kind of equilibrium pro-
grams with equilibrium constraints (EPEC). Since the popular stationarity systems for EPECs involve some
unknown index sets, we first reformulate these stationary systems as constrained equations and then we
propose a globally and superlinearly convergent algorithm to solve these constrained equations. Numerical
experience shows that the algorithm performs well.

Key words: EPEC, EPEC-stationarity, Levenberg-Marquardt method, global algorithm, superlinear com-
vergence

Mathematics Subject Classification: 90C26, 90C30, 90C33

Introduction

Consider the following equilibrium program with shared equilibrium constraints (EPEC)
and some shared decision variables: For each k = 1,--- , N, player k solves the following
parametric mathematical program with equilibrium constraints (MPEC) with independent
decision variables ¥ € R"* and shared decision variables y € R':

min - 6%(z¥, y;27)
MPEC (z~%) s.t. ( k,y7 k) <0, hF(2F y;27%) =0, (1.1)
<G, y;a7%) L H(z% y;27F) >0,

where 08 : R 5 R, gF WA 5 RPe pE o RHD 5 RGO H 2 R 5 R™ are
all twice differentiable functions with respect to (z*,y) and their second-order derivatives
are all locally Lipschitzian, 2% := (:rk/),]c\le’k#k € R (V) with n = Zszl ng, and
a L b means that the vector a is perpendicular to the vector b. For simplicity, we denote by
pi= Z,ivzl Diey q = fo:l qx, v = (x',... 2") and, in some cases, in order to emphasize the
k-th player’s variable within z, we denote by (z*, 27%) instead of x. This problem extends the
classical Nash equilibrium problems by assuming that each player’s strategy set may depends
on the rival players’ strategies and contains a system of common equilibrium constraints.
In other words, the EPEC (1.1) is a problem to find equilibria that simultaneously solve
several MPECs, each of which is parameterized by other independent decision variables.

*This work was supported in part by NSFC Grant #11071028.
fCorresponding author.

ISSN 1348-9151 (©) 2013 Yokohama Publishers



444 L. GUO AND G.-H. LIN

The EPEC models play a very important role in many fields such as engineering design,
economic equilibria, multi-leader-followers game, etc.; see for instance [3, 9, 11, 16, 18] for
applications in studying the strategic behavior of generating firms in deregulated electricity
markets and [5, 22, 21] for applications in economics such as forward-spot markets and
moral-hazard problems. Optimality conditions for EPECs are studied in [8, 15, 17] and
approximation methods are studied in [4, 11, 13, 10, 22|, respectively. In particular, Hu
[10] presents a diagonalization method that solves sequentially parametric MPECs of each
player until an approximation equilibrium point is found. Su [22] proposes a sequential
nonlinear equilibrium method that is based on a relaxation technique in [20]. The works
[4, 11, 13] consider an approach that reformulates the strong Nash stationarity conditions
[11] for EPECs as a mixed equilibrium system.

As is known to us, since MPECs are highly nonconvex, there are several kinds of sta-
tionarities defined for MPECs, in which popular stationarities include Clarke stationarity
(C-stationarity), Mordukhovich stationarity (M-stationarity), Bouligand stationarity (B-
stationarity), and strong stationarity (S-stationarity). Among these stationarities, the S-
stationarity is most favorable. However, by the examples given in [14], M-stationary or
C-stationary points may be better than S-stationary points in some cases and hence it is
necessary to study the M-/C-stationarity systems. The purpose of this paper is to develop
effective algorithms for solving various stationarity systems for the EPEC (1.1). As one
can see in Section 2, since the C-/M-/S-stationarity systems involve some unknown index
sets, we cannot solve these systems directly. Our strategy is similar to the recent work
[14]. That is, we reformulate the stationarity systems as constrained equations and then
propose a numerical algorithm to solve the equations. The main difference with [14] is that,
by making use of a projection operator and an Armijo line search technique, the algorithm
presented in this paper is globally and superlinearly convergent, whereas the algorithm given
in [14] is locally and superlinearly convergent. Our numerical experience shows that the new
algorithm performs quite well.

The following notation will be used later on. We denote by || - || the Euclidean vector
norm and by Bs(x) := {y € R"| ||y — z|| < 6} the open ball centered at x with radius § > 0.
For a point € R™ and a closed set X C R", dist(x, X) denotes the distance from = to X
and Px(x) := {s € X| ||s — z| = dist(z, X)} denotes the projection of  onto X. For a
mapping F : R — R! and a vector z € R", VF(z) stands for the transposed Jacobian of F
at z. In addition, for two vectors z and y, min(x,y) is taken componentwise.

Stationarities and Reformulations

Let F* be the feasible region of MPEC(z~*) for each k € {1,..., N} and F be the feasible
region of the EPEC (1.1), i.e.,

Fi={(,y)| (c*,y) € F*, k=1,...,N}.

To facilitate the notation, we define the following index sets for a given (a*,y*) € F:

Ig* = {i| gf@*,y)=0}, k=1,...,N,
77 = {i| Gi(a"y") = 0 < Hy(z",y")},
J* o= A Gi(a",y") = 0= Hi(z",y")},
K* = {i] Gi(z*,y*) > 0= H;(«",y")}.
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Obviously, {Z*, J*,K*} is a partition of {1,2,...,m}. For each k =1,..., N, the standard
Lagrangian of MPEC(z %) is defined by

LF(,y, N, i, 0F 85, ¢7) o= 0% (2, y) + " (2, )TN + B (2, )T
7G(Ia y>Tak - H(I, y)T/Bk + CkG(I’, y)TH(.’,E’ y)

and the MPEC-Lagrangian of MPEC(z~*) is defined by
L8, y, N, g uk ob) o= 08 (2, y) + 9" (2, 9) "N + 1 (2, 9) T — Gla,y) "o — H(a,y) ok

Definition 2.1. A strategy (z*,y*) € F is called a global (local) equilibrium point if, for
each k=1,...,N, (z** y*) is a global (local) optimal solution of MPEC(x*~%).

Since each MPEC(z~*) is a nonconvex optimization problem, it is generally difficult
to get a global equilibrium point. As in standard nonlinear programming theory, we may
consider stationarity conditions for EPECs. Based on the MPEC theory, we define the
stationarity for the EPEC (1.1) as follows:

Definition 2.2. A strategy (z*,y*) € F is called a weakly stationary point of the EPEC
(1.1) if there exist multipliers (X, j1,u,v) € RP x RI x R™N x MY satisfying

vxk‘ck(x*?y*7>\k7uk7uk?vk) = 03
Vyﬁk(x*,y*,)\k,,uk,uk,vk) — 0’

min(\*, —g*(z*,y%)) =0,

k=1,...,N: RE(x*,y*) =0, (2.1)
min(G(x*vy*)v H(a:*,y*)) =0,

ukGi(z*,y*) =0, i=1,....,m,

vFHi(x*,y*) =0, i=1,...,m.

A strategy (z*,y*) € F is called a Clarke stationary point or C-stationary point of the EPEC
(1.1) if there exist multipliers (X, 1, u,v) € RP x R? x R™N x R™N gatisfying (2.1) and

ukvf >0, ieJ", k=1,...,N. (2.2)

A strategy (z*,y*) € F is called a Mordukhovich stationary point or M-stationary point of
the EPEC (1.1) if there exist multipliers (A, iz, u,v) € RP x R? x RN x RNV satisfying (2.1)
and

either ufv¥ =0 or u¥ > 0,0 >0, ieJ", k=1,...,N. (2.3)

7

A strategy (z*,y*) € F is called a strongly stationary point or S-stationary point of the
EPEC (1.1) if there exist multipliers (\, y, u,v) € P x R4 x R™V x RMN gatisfying (2.1)
and

ub >0, oF >0, ieJ*, k=1,...,N. (2.4)
The relations among the above stationarities can be stated as follows:
S-stationarity == M-stationarity = C-stationarity = weak stationarity .

Although the B-stationarity in sense of [19] is a very good candidate for an optimal solution of
EPECs, it is difficult to solve [19]. In fact, the B-stationarity is weaker than the S-stationarity
but stronger than the M-stationarity [7]. Thus, we can approximate a B-stationary point
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by solving the M-stationarity system or S-stationarity system. Therefore, we concentrate
on the C-/M-/S-stationarity systems in this paper.

Note that the C-/M-/S-stationarity systems contain an unknown index set J*. There-
fore, we cannot apply the developed algorithms in standard nonlinear programming theory
to solve these systems directly. From [14], we can obtain the following result immediately.

Theorem 2.3. For any (x*,y*) € F, we have the following statements:

(i) Conditions (2.1) and (2.2) are equivalent to
(2.1) and wfoF >0, i=1,....,m, k=1,...,N. (2.5)

i onditions (2.1) an .8) are equivalent to
(ii) Cond (2.1) and (2.3) q l
(2.1) and ufof >0, max{u¥,v¥} >0, i=1,...,m, k=1,...,N. (2.6)

(iii) Conditions (2.1) and (2.4) are equivalent to

kaLk(l‘*,y*,)\k,uk,ak,ﬁk,ck) — 0,
VyLk(x*7y*,)\k,uk,ak,ﬁk,Ck) — 07

min(\F, —g*(z*,y*)) = 0,

L, N : hE(z*,y*) = 0, (2.7)
min(G(z*, y*), o)
min(H (z*,y*), 8*) =
G(z*,y*)TH(z*,y*) = 0.

Theorem 2.3 indicates that we can remove the unknown index set J* from (2.2)—(2.4)
and hence we may develop fast numerical algorithms to solve these stationarity systems
directly. In what follows, for simplicity, we denote

g'(z,y) h'(z,y)
g(z,y) = : ;o hzyy) = : :
g™ (z,y) W (z,y)
G(z,y) H(z,y)
Hg(x,y) = ( : Hy(z,y) = : ,
G(x,y) H(z,y)

Vilﬁl(ﬂf,y, )\1a /-Ll, ul’ Ul)

vyﬁl(«faya A17/~‘L17u17vl)

5(3373/7)\7%%”) =

VwNﬁN(I,y, )\NaMN’uN7’UN)

vy‘CN(x7ya )‘Na MNa uN7UN)
Vlel(x,y, )\laﬂlvalvﬁla Cl)
VLY (z,y, AL pt, ot Bh ¢

L(xuy7>\a,u7a7ﬁac) = .

VINLN(:E, Y, >‘N7 MNv aN, ﬂNa CN)

Vy LN (@,y, AV, p, o, BN, (V)

Then, the systems (2.5)—(2.7) can be rewritten as the following formulations, where o means
the Hadamard product:
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(a) C-stationarity:

L(z,y, A\, p, u,v) =
i G} o) —
min(A, g(z y)) =0,
uollg(z,y) =0, vo
uowv > 0.

h(x y) =0,
My (z,y) =0,

(b) M-stationarity:

L(x,y, A\ p,u,v) =0,
min(G(z,y), H(z,y)) = 0,

min(A, g(:v y)) =0, h(z,y) =0,
uollg(x,y) =0, vollg(z,y) =0,
wowv >0, max(u,v) > 0.

(c) S-stationarity:

L(1'7y, )‘7M7avﬁac) :07

min()\,—g(sc,y)) =0, h(l‘,y) =0,
min(HG(xay)?a) =0, min(HH(x’y)aﬁ) =0,
G(Jj,y)TH(Z‘,y) =0.

By introducing some slack and auxiliary variables, the above systems can be reformulated
as smooth constrained equations in the form

Flw)=0, welW, (2.8)

where F' is a smooth mapping and the constraint set W := {w € " | w; > 0,7 € T} with
T to be a fixed index set. Specifically, F' and W in (2.8) have the following form, where
II,, := (22,...,22) and II,, := (23,...,23):

a’) C-stationarity:
( y

L(z,y, A\, p,u,v)
)\Tzl
z1+9(z,y)
h(z,y)

Z2 — G(l’,y)
z3 — H(xv y)
z2T,23
uwoll,,
voll,,
s—uov

F(Iay75521722az37>\a,u‘7uvv) = (29)

and

W = {(I,y,s,zl,zg,zg,)\,u,u, v)|$>0;2,>01<i<3);A> O}. (2.10)
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(b’) M-stationarity:

L(z,y, A\, p, u,v)
/\T21
21+ g(@,y)
h(z,y)
zo — G(z,y)
z3 — H(z,y)
F(.’E,y,81782,83,84,2172’2,2’37)\,/14,1,6,’0) = 2523 (211)
woll,,
voll,,
S —uUow
8;{84
S9 — 83— U
SS9 — 84 — 0

and

W= {(x,y,81,82783,84,2«'1,22723,)\,[1,,'LL,’U) S Z 0(]— S 1 S 4)722 2 0(]- S 1 S 3)7)\ > 0}

(2.12)
(¢’) S-stationarity:

L(z,y, A, p, o, B, C)
)\Tzl
21+ 9(z,y)
h(z,y)
F<x7ya'21,227z37)‘7/1/504?57() = 22 7G(1’7y) (213)
23 — H(xa y)

and

W= {(x,y,21,22723,)\7/%@,5,4-) Zq > 0(1 < i < 3)7>‘ > O;OZ > 075 > O} (214)

In the next section, we focus on developing effective algorithms for solving these constrained
equations.

Algorithms for Constrained Equations

Consider the constrained equation
Flw)=0, weWw, (3.1)

where F' : " — R" is a differentiable function and W is a nonempty closed and convex
subset of R". Denote by W* the solution set of (3.1).

Obviously, solving the constrained equation (3.1) is equivalent to solving the constrained
optimization problem

min O(w) = %HF(w)H2 (3.2)
s.t. we W.
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Lin et al. [14] present the following Levenberg-Marquardt method for solving problem (3.1):
LM Algorithm:

Step 1: Choose w® € W, n > 0, and set k := 0.
Step 2: If F(wk) = 0, then stop. Otherwise, set 7y, := n||F(w*)|| and solve the problem

min 0(d) = %HF(wk) + VR d? + 2 a)? (3.3)
s.t. wh +deW
to get d¥.
Step 3: If d¥ = 0, then stop. Otherwise, let w**! = w¥ 4+ d*, k := k+1, and go to Step 2.

Note that, since (3.3) is a strongly convex program, the iteration is well-defined. The
following assumption is the same as assumed in [14]:

Assumption 3.1. There exist some w* € W* and positive constants {c, §, v} with § € (0, 1]
and 7 € [%,2) such that

(A1) both F and VF are Lipschitz continuous in Bas(w*) with Lipschitz constant L;
(A2) there holds

cdist V7 (w, W*) < |[F(w)|, w € Bs(w*)NW. (3.4)

We make a few comments on Assumption 3.1. Since we assume that the involved func-
tions are twice differentiable and their derivatives are locally Lipshitzian, the assumption
(A1) holds immediately. The assumption (A2) is actually a local error bound condition and
it generally requires some kind of regularity; see [14] for some sufficient conditions for (A2)
to hold.

The main convergence result of the LM algorithm can be stated as follows.

Theorem 3.2 ([14]). Let {w*} be a sequence generated by the LM algorithm. Suppose
that Assumption 3.1 holds with v > % Then there exist o9 > 0 and k > 0 such that, if
w® € Bs, (w*), there holds

dist(w* 1, W*) < kdist ™ (w®, W*) (3.5)
for each k, where T := 22_—77 > 1, and {w*} C Bs(w*) converges superlinearly to a solution
of (3.1), where § is given in Assumption 3.1 .

We next employ an Armijo-type line search technique to present a global algorithm for
solving (3.1).

Global Algorithm:
Step 0: Choose w® € W, n >0, p>0,¢> 1,0 € (0,1),0 € (0,1),c € (0,1), and set
k:=0.

Step 1: If F(w*) = 0 or w* = Py (w* — VO(w")), then stop. Otherwise, set n :=
|| F(w*)|| and solve (3.3) to get a solution d*.
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Step 2: If d* = 0, then stop.
Step 3: If d¥ satisfies

1F (" + d*)|| < <[ F(w")], (3.6)

set wht! := wk +d* and k := k + 1, go to Step 1.
Step 4: If d¥ satisfies

Vo(w*) " d* < —plld*|, (3.7)
then compute a stepsize t;, := max{o‘| i = 0,1,2,...} such that

O(w" + td") < 0(w*) + ot VO™ d*, (3.8)
set wht! := wk + t,d* and k := k + 1, go to Step 1. Otherwise, compute a projected
gradient stepsize tj, := max{o‘| i = 0,1,2,...} such that

O(wk (tr)) < O(w*) + o VO(W")T (wh (ty) — wh), (3.9)

where w¥(t) = Py (wk — tVO(wk)), set wk*! ;= wk(t;) and k := k + 1, go to Step 1.

We make a few remarks on the global algorithm. First of all, since the solution d* of (3.3)
always exists uniquely and it is always a descent direction of problem (3.2), the Armijo-type
stepsize in (3.8) always exists, whereas the projected gradient stepsize in (3.9) always exists
if w® # Py (w® — VO(w")). Moreover, the acceptability test (3.6) not only gives a chance
to accept the full stepsize but plays an important role in the following convergence analysis.
In addition, in Step 4, if (3.7) is not satisfied, we switch to the antigradient of the merit
function, which ensures that the search direction is sufficiently descendant.

We next show the global convergence of the global algorithm.

Theorem 3.3. Suppose that w® € W and F is continuously differentiable. Let {w*} be a
sequence generated by the global algorithm. Then any accumulation point w* of {w*} is a
stationary point of problem (3.2). Furthermore, if Assumption 3.1 holds at w* with v > %,
then the whole sequence {w*} converges to a solution of (3.1) superlinearly with order no
less than T := % > 1.

Proof. First of all, it is obvious that {w*} C W. Assume without loss of generality that
w* — w*. If there exists a subsequence {w*7} such that, for each j, w* implements the
projected gradient step (3.9), we have from [2, Proposition 2.3.3] that w* is a stationary
point of problem (3.2). Therefore, without loss of generality, we may assume that the global
algorithm does not implement the projected gradient step (3.9).

It is obvious that {#(w")} is monotonically decreasing and bounded below. Assume that
O(w*) — a. If @ = 0, then §(w*) = 0 by the continuity of . If a > 0, it means that (3.6)
holds for only finitely many times. Without loss of generality, we assume that the global
algorithm implements the Armijo-type line search (3.8) for all iterations. It follows from
(3.8) that

0 < O(wk ) — o(w”) < ot VO(w*)Td,

from which we have ¢, VO(w*)"d* — 0. We consider the following two cases.
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(a) The sequence {t;} is bounded away from 0. It follows from Step 4 of the global
algorithm that

) 1 N
a5 < (= —vot) )" ~0, koo
p
(b) There exists a subsequence {tkj} converging to 0. According to the acceptance rule

of stepsize in (3.8), we have

O(wh + oMy, dFi) — O(whi)
o M,

> oVo(wh) dki, vy (3.10)

Since {d*} is bounded by ¢ > 1, we may assume that d¥/ — d* as j — oco. Taking a
limit in (3.10), we have from the continuous differentiability of 6 that

Vo(w*)'d* > oVo(w*)d*,

which implies VO(w*)Td* > 0 by 0 < ¢ < 1. On the other hand, if d* # 0, it follows
from Step 4 of the global algorithm that V6(w*)Td* < 0, which gives a contradiction.
Thus, we have d* — d* = 0.

In consequence, we have from (a) and (b) that d* — 0. Since d* is the unique solution of
(3.3), we have

(VF(w®)(F(w") + VE(w*)Td*) + npd®)T (w — w* —d*) >0, weW.
Taking a limit, we get
(VE)F(w*)T(w—w*) >0, weW,

which implies that w* is a stationary point of problem (3.2).

We next show the second part of the theorem. To this end, we first show that (3.6) holds
for each k sufficiently large. Note that Assumption 3.1 implies w* € W*. Let {do, %, 7} be
the constants given in Theorem 3.2. Since {w”*} converges to w* and 7y > 1 by v > 2, there

b 5
exists w® € Bs, (w*) such that
RLe TP <

Let b° := wF and b**! := bF + dF, k = 0,1,2,.... It follows from Theorem 3.2 that
b* € Bs(w*) and hence, for each k,

dist(b*1 W) < kdist (b8, W), (3.11)

It is easy to see that b% € Bas(w*), where bk stands for some element in Py (b%). Tt follows
from Assumption 3.1 and (3.11) that, for each k,

[FEDI o Ll = b
IE@) = ok — bk |2/

kL™ ||bF — bk|| 2/

kLe™ ™| F (R ||

IA A
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It is not difficult to see that, for each k,
IF@ I < <llF ")l
From the definition of {b*} and the mathematical induction, we have
1E(w* + d")|| < | Fw)ll, & >F,

which implies that the full stepsize is accepted in the global algorithm. Therefore, the global
algorithm becomes the LM algorithm when & is sufficiently large. As a result, we get the
desired results from Theorem 3.2 immediately. O

We will test the global algorithm on (2.8) with the mappings F' defined by (2.9), (2.11),
(2.13) and the constraint set W defined by (2.10), (2.12), (2.14) respectively.

Numerical Results

Now we report our numerical experience with some examples. First of all, we emphasize
that, since the EPEC (1.1) reduces to an MPEC when N = 1, the global algorithm can be
regarded as a generalization of the LM algorithm proposed for solving MPECs. In order to
compare the behavior of these two algorithms, we selected 48 MPEC examples from [6, 12].
We further tested the global algorithm on several EPECs selected from [13, 23, 24].

In our tests, the parameters are set by

n=10"% p=10"% p=20, o =10"* 0 =0.9, ¢ = 0.99995,

respectively and we terminated the iterations if one of the following conditions were satis-
fied:

o k> 100;
e min{ty, ||d*||} < 10712
o min{||®(wF)|, |w" — Py (w* — V¥ (wk))|]} <107

In addition, we chose all starting points to be (10,10, ...,10) with suitable dimensions.

The computational results for MPECs are reported in Tables 1-4. In the tables, lter
denotes the number of iterations by the global algorithm or the LM algorithm, ErrObjective
denotes the error between the value of the objective function at the approximation solu-
tion and the real optimal value, and ResFquation denotes the residual of the constrained
equations at the approximation solution. From Tables 1-4, we can obtain the following
observation:

e There are 14 (30/29) test problems whose real optimal solutions were able to be ob-
tained by solving the S-stationarity (M-/C-stationarity) systems only by the global
algorithm, whereas the numbers for the LM algorithm are 14/29/29 respectively.

Based on the above observation, we may have the following conclusions:

Here we mean that the values of |ErrObjective| and min{ResEquation, ||w® — Py (w* — V¥ (w"))||} are
both less than 10~6, where the latter value can be regarded as a measure of feasibility of the current point
to the original MPEC.
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Table 1: Numerical results for MPECs

Problems | Systems Global Algorithm Fl\{ Algorithm
Iter ErrObjective ResEquation | Iter ErrObjective ResEquation
bardl C 20 5.0590 1.2081 41 5.0590 1.2081
M 21 5.0583 1.2082 51 5.0583 1.2082
S 59 8.0000 4.9306e-006 68 8.0000 8.7514e-007
bard3 C 16 0.0000 3.1485e-007 16 0.0000 3.1485e-007
M 100 0.0002 2.3050e-004 100 0.0002 2.3050e-004
S 100 0.4232 0.0522 100 0.4232 0.0522
bilevell C 100 82.3166 0.6758 100 82.3166 0.6758
M 100 75.6691 0.6957 100 75.6691 0.6957
S 12 65.0000 1.8838e-006 13 65.0000 6.3106e-007
bilevel3 C 100 0.0002 4.7205e-004 100 0.0002 4.7205e-004
M 23 0.0000 4.2716e-005 100 0.0000 1.0055e-005
S 100 0.0012 0.0017 100 0.0012 0.0017
dempe C 100 4.9217 0.3539 100 4.9217 0.3539
M 100 3.0044 0.0011 100 3.0044 0.0011
S 100 2.9990 2.0175e-004 100 2.9990 2.0175e-004
desilva C 100 0.2502 3.8741e-004 100 0.2502 3.4331e-004
M 100 1.3665 0.2169 100 1.3665 0.2169
S 100 0.5552 0.0466 100 0.5033 0.0494
df1 C 100 2.9897e-004 6.0260e-004 100 2.9780e-004 6.0024e-004
M 100 3.1556e-004 6.3817e-004 100 3.1445e-004 6.3592e-004
S 100 2.9897e-004 6.0261e-004 100 0.2697 0.0549
ex9.1.1 C 100 4.3028 0.3422 100 4.3283 0.3422
M 68 7.0000 6.1884¢-005 100 7.0000 4.3350e-005
S 100 8.0583 0.8767 100 8.0583 0.8767
ex9.1.2 C 10 0.0000 1.1593e-007 10 0.0000 2.0671e-007
M 10 0.0000 6.2350e-005 100 6] 4.3620e-005
S 100 2.1669 0.2276 100 2.1669 0.2276
ex9.1.3 C 100 7.5573 0.7060 100 7.5573 0.7060
M 100 -2.7851 0.5833 100 -2.7851 0.5833
S 100 6.3376 0.7118 100 6.3376 0.7118
ex9.1.4 C 100 -11.3622 0.6444 100 -15.4333 0.6444
M 100 -15.2170 0.6443 100 -18.1163 0.6436
S 100 -6.0239 0.3318 100 -6.0239 0.3318
ex9.1.5 C 22 0.0000 1.3902e-009 22 0.0000 1.3902e-009
M 100 0.0000 8.0110e-005 100 0.0000 8.0110e-005
S 8 0.0000 1.4972e-008 100 0.0000 1.4972e-008

(1) To a certain extent, the global algorithm is more effective than the LM algorithm. In
particular, in our tests, the LM algorithm usually used more CPU time than the global
algorithm.

(2) Although the S-stationarity system is usually thought to be the best optimality system
in the MPEC world, it is not a good way to consider this system only. Our suggestion
is that, if it is not too expensive to solve the systems, one may solve the S-/M-/C-
stationarity systems and then choose a candidate by comparing their objective values.

The EPEC test problems in Table 5 can be found in [13]. Among these problems, ex-001
and outrata4 have equilibrium solutions, but ex-4 and outrata3d do not. The computa-
tional results are reported in Table 5, in which ApproxSolution denotes the approximation
equilibrium solution solved by the global algorithm. The results for the first 3 problems
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Table 2: Numerical results for MPECs (continued)

Global Algorithm LM Algorithm
Problems | Systems
Iter ErrObjective ResEquation | Iter ErrObjective ResEquation
ex9.1.6 C 10 0.0000 2.0086e-009 | 10 0.0000 2.0087e-009
M 11 0 6.5113e-006 9 0.0000 5.4996e-007
S 100 20.0825 0.7298 100 20.0825 0.7298
ex9.1.7 C 100 -3.6819 0.6281 100 -3.6819 0.6281
M 100 -1.6888 0.5725 100 -1.6888 0.5725
S 100 7.5580 0.4720 100 7.5580 0.4720
ex9.1.8 C 21 0.0000 1.5413e-006 | 22 0.0000 1.8268e-007
M 76 0.0000 6.2605e-005 | 100 0.0000 4.7827e-005
S 13 0.0000 3.1430e-006 | 15 0.0000 3.3893e-007
ex9.1.9 C 0.0000 4.2956e-008 9 0.0000 4.2957e-008
M 0.0000 1.7204e-005 | 100 0.0000 4.5959e-005
S 10 0.0000 1.0334e-006 | 11 0.0000 1.0993e-007
€x9.1.10 C 30 0.0000 2.2093e-006 | 31 0.0000 1.2520e-007
M 81 0.0000 6.0631e-005 | 100 0.0000 2.6035e-005
S 29 0.0000 3.9856e-006 | 33 0.0000 6.7620e-007
ex9.2.1 C 28 0.0000 6.1880e-007 | 26 0.0000 6.4131e-007
M 93 0.0000 6.2404e-005 | 100 0.0000 6.4272¢-005
S 49 0.0000 3.1018e-006 | 54 0.0000 8.9377e-007
€x9.2.2 C 18 0.0000 2.9096e-007 | 17 0.0000 2.8221e-007
M 9 0.0000 7.2306e-007 9 0.0000 1.0153e-007
S 100 3.6439 0.2615 100 3.6439 0.2615
ex9.2.3 C 11 91.0095 0.6164 100 91.0095 0.6164
M 12 91.0072 0.6185 100 91.0072 0.6186
S 100 71.3477 0.5642 100 71.3477 0.5643
ex9.2.4 C 10 0.0000 1.6132e-006 | 11 0.0000 2.1572e-007
M 14 0.0000 1.8069e-006 | 15 0.0000 4.5816e-007
S 9 3.5000 1.6286e-006 | 10 3.5000 2.1884e-007
€x9.2.5 C 18 3.0000 3.2535e-006 | 20 3.0000 5.3059e-007
M 24 3.0000 4.0460e-006 | 27 3.0000 7.0950e-007
S 100 2.1472 0.0954 100 2.1472 0.0955
€x9.2.6 C 100 0.9963 0.7048 100 0.9963 0.7048
M 100 0.9992 0.7064 100 0.9992 0.7064
S 100 0.0001 2.2117e-004 | 100 0.0001 2.2117e-004
ex9.2.7 C 28 0.0000 6.1880e-007 | 26 0.0000 6.4131e-007
M 93 0.0000 6.2405e-005 | 100 0.0000 6.4272e-005
S 49 0.0000 3.1018e-006 | 54 0.0000 8.9377e-007
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Table 3: Numerical results for MPECs (continued)

Problems | Systems Global Algorithm LM Algorithm

Iter ErrObjective ResEquation | Iter ErrObjective ResEquation

ex9.2.8 C 100 1.9950 0.4915 100 1.9950 0.4915
M 29 0.0000 2.1720e-008 | 29 0.0000 2.1720e-008
S 21 0.0000 3.1018e-006 22 0.0000 6.6802e-007
€x9.2.9 C 9 0.0000 2.1223e-008 9 0.0000 2.1223e-008
M 12 0.0000 4.4449e-007 12 0.0000 4.4449e-007

S 100 3.0094 0.1542 100 3.0094 0.1542

fip2 C 100 7.6895e-007 0.0013 100 7.6895e-007 0.0013
M 75 1.0293e-012 6.2396e-005 | 100  4.4482e-013 4.7302e-005

S 100 0.8809 0.1503 100 0.8809 0.1503
gauvin C 8 0.0000 6.1725e-007 7 0.0000 4.8888e-007
M 9 0.0000 2.0914e-011 7 0.0000 2.7310e-011

S 100 2.5621e+4-002 1.4837 100 2.5621e+4-002 1.4837
jrl C 8 0.0000 2.5589e-008 8 0.0000 2.5589e-008
M 8 0.0000 5.6723e-007 8 0.0000 5.6723e-007
S 46 0.0000 2.0948e-006 | 49 0.0000 9.5313e-007
jr2 C 10 0.0000 1.2336e-010 | 10 0.0000 1.2336e-010
M 9 0.0000 8.8926e-007 9 0.0000 8.8926e-007

S 100 0.0037 0.0036 100 0.0037 0.0036
kthl C 7 5.1028e-012  7.4938e-007 7 5.1028e-012  7.4938e-007
M 84  9.8813e-324  6.2073e-005 | 100  9.8813e-324  5.1591e-005

S 100 0.1385 0.0048 100 0.1385 0.0048
kth2 C 7 4.1345e-010 2.6614e-009 7 4.1345e-010 2.6614e-009
M 7 7.1674e-010  4.5914e-009 7 7.1674e-010  4.5914e-009
S 8 -1.1626e-015  6.2816e-013 8 -1.1626e-015  6.2816e-013
kth3 C 9 0.0000 9.7090e-007 9 0.0000 9.7090e-007
M 9 0.0000 6.0865e-008 9 0.0000 6.0865e-008
S 7 0.0000 2.2261e-007 7 0.0000 2.2261e-007
nashla C 12 3.8059%e-012  9.5387¢-007 | 12 3.8059¢-012  9.5387e-007
M 80  2.6463e-012  6.2238¢-005 | 100  1.3268e-012  4.9606e-005

S 100 13.0842 1.0843 100 13.0842 1.0843
outratadl C 21 0.0000 1.4428e-006 21 0.0000 5.5470e-007
M 21 0.0000 1.5393e-006 | 22 0.0000 7.1682e-007

S 100 1.0554 0.0877 100 1.0554 0.0877
outrata32 C 22 0.2681 9.7882¢-007 | 19 0.2681 8.2409e-007
M 14 0.2681 1.6971e-006 15 0.2681 6.6307e-007

S 100 1.1835 0.1712 100 1.1835 0.1713
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Table 4: Numerical results for MPECs (continued)

Global Algorithm

LM Algorithm

Problems | Systems
Iter  ErrObjective ResEquation | Iter ErrObjective ResEquation
outrata3d3 C 15 0.0000 5.0379e-007 15 0.0000 5.0379e-007
M 16 0.0000 2.3177e-007 | 16 0.0000 2.3177e-007
S 100 9.9783 0.2497 100 9.9783 0.2497
outratad4 99 2.4037 5.0907e-006 | 100 2.4037 4.6131e-006
M 100 2.4037 6.0525e-005 | 100 2.4037 6.0525e-005
S 100 -0.2117 0.2127 100 -0.2117 0.2127
ralphl C -5.3493e-020  1.0612e-010 7 -5.3493e-020  1.0612e-010
M -1.3422e-013  8.4445e-008 6 -1.3422e-013  8.4445e-008
S -9.5213e-013  1.3309e-012 -9.5213e-013  1.3309¢-012
ralph2 C 100 -3.0755e-008  2.2293e-005 | 100 -3.0755e-008  2.2293e-005
M 100 -1.0569e-005  1.0969e-004 | 100 -1.0569e-005  1.0969e-004
S 100 -4.3541e-004  2.2406e-004 | 100 -4.3541e-004  2.2406e-004
scholtes3 C 10 0.5000 4.6032¢-009 10 0.5000 4.6032¢-009
M 11 0.0000 9.3072e-011 | 11 0.0000 9.3072e-011
S 11 0.0000 8.7258e-007 | 11 0.0000 8.7258e-007
scholtes4 C 26 3.4725e-010  1.4375e-009 | 26  3.4725e-010  1.4375e-009
M 27 -1.7985e-009  1.0049e-006 27 4.9010e-024 1.2643e-007
S 100 0.9980 0.0727 100 0.9979 0.0727
scholtesb C 8 0.0000 3.6761e-008 8 0.0000 3.6761e-008
M 8 0.0000 3.2950e-008 8 0.0000 3.2950e-008
S 11 1.5000 2.4975e-006 12 1.5000 5.5246e-007
scalel C 100 -1.0000 0.0087 100 -1.0000 0.0087
M 100 -0.9999 0.0088 100 -0.9999 0.0088
S 100 -0.0639 0.0057 100 0.0639 0.0057
scale2 C 11 0.0000 6.4265e-010 | 11 0.0000 6.4265¢-010
M 11 0.0000 3.6495e-010 11 0.0000 3.6495e-010
S 8 0.0000 9.5056e-009 | 100 0.0000 1.2895e-005
scale3 C 100 -1.0000 0.0086 100 -1.0000 0.0086
M 100 -1.0000 0.0087 100 -1.0000 0.0087
S 100 -0.9993 0.0084 100 -0.9993 0.0084
sl12 C 10 0.0000 3.1773e-008 10 0.0000 3.1773e-008
M 10 0.0000 1.3082¢-007 | 10 0.0000 1.3082e-007
S 100 1.0000 8.7818e-006 | 100 1.0000 8.7818e-006
sl4 C 0.0000 4.7318e-011 0.0000 4.7318e-011
M 0.0000 5.0859e-011 0.0000 5.0859e-011
S 0.0000 2.5027e-008 0.0000 2.5027e-008




GLOBAL ALGORITHM FOR SOLVING STATIONARY POINTS FOR EPEC 457

Table 5: Numerical results for EPECs

Problems | Systems | Iter ApproxSolution ResEquation
ex-001 C 8 (-1.0000, -1.0000) 3.7951e-009
M 83 (-1.0000, -1.0000) 6.2172e-005

S 100 (-0.4157, 0.5134) 0.0354

ex-4 C 100 (0.4904, 0.5029) 0.7051

M 100 (0.0226, 1.0000) 0.0010

S 100 (0.0921, 1.0000) 0.0033

outrata3 C 100 (8.8731, 9.9999, -0.0001, -0.0001) 0.0851

M 100 (9.9926, 1.0000, -0.0000, -0.0000) 0.0904

S 100 (-0.0003, 0.6198, 9.9999, 0.42223) 0.5535

outratad C 93 (0.9117, 0.0700, 0.0978, 0.0978) 1.2678

M 100 (0.9117, 0.0700, 0.0979, 0.0978) 1.2678

S 100 (1.7061, 0.4378, 0.6678, 0.6623) 0.1546

coincide basically with our expectation, but the results for the last problem does not. Actu-
ally, the point obtained by solving the C-stationarity system is a stationary point of problem
(3.2).

We next consider an electricity market model with a three-node lossless direct current
network from [24, 23] as indicated in Figure 1. Demand occurs at each node but there

Node 3

Line 2 Line 1

NodeZi : Line 3 i : Node1
Genc 2 Genc 1

Figure 1: A three-node example with two generators

are only two generators located in node 1 and node 2. There exists a pool operated by an
Independent System Operator (ISO), which serves as a broker and makes decisions on the
market clearing price and power transactions. The ISO leases the transmission system from
the network owners and controls the power flows in order to maintain the feasibility of the
transmission network. Given the generators’ production decisions g; and gs, the ISO solves
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Table 6: Payoff parameters at the network
node | ap | bx | o | Br | G
k=1 25 1.2 ] 5 1 10
k=2 1265 |13 5 | 15|10
k=3 | 279 | 15 | — - | -

the parametric problem

2 2

Tk+qk T3
max Z/ (ag — brty) dty + / (asz — bsts) dtz — Z(O&qu + ﬁkqi) (4.1)
0 0

T1,72,73
k=1 k=1

s.t. ri+re+rs =0,
r1+q >0, 12+¢g22>0, 713 >0,
—K; < Dpry+ Dygra + Digrs < K, 1 =1,2,3,

where Dy, is the power transfer distribution factor (PTDF) to calculate the flows on lines; see
[24] for details. Tt is obvious that problem (4.1) is a convex program with linear constraints.
Let o, 7, and A=, At denote the Lagrange multipliers corresponding to the constraints in
problem (4.1). Then, solving problem (4.1) is equivalent to solve its KKT system

ak = be(ri +qr) — 0k — Xpmy DN = A7) =0, k=1,2,
as —bsre — 0+ 3 — Y1y Dis(Af — A7) =0,
7"1+’l"2+’f’3:0,
Oﬁnklrk‘f‘QkZOk:vaa0§773J-7"320a

0< X LK+ Dyry+ Dppra + Digrg >0, 1=1,2,3,

0 < NLK; — Dyri — Diara — Digrs >0, 1=1,2,3.

Assume that each generator aims at maximizing its own profit and can anticipate the impact
of its production on ISO’s decision making and its competition’s response. Then, we can
formulate the generators’ optimal decision making problem as follows: For each k = 1,2,

max (ar — bi(re + a))ak — (wqr + Brar)
A>Tk 0575\
s.t. 0<qr <@g,

3

ar —br(rk +qr) — o+ — Z:le(/\;r -\ )=0, k=12,
=1
3

ag —bsrg — 0+ 3 — ¥ Dis(A\f = X)) =0,

=1
T1+T2+T3:O,
Oﬁnklrk‘FQkZOk:la?,OSU3J—7‘3207
0< )\;LKl + Dpiry + Digro + Digrg >0, 1=1,2,3,
OSAZJFJ_KZ—Dll’l"l—DlgT'g—Dlgrg20, l:1,2,3.

The required parameters in our test come from [23] and are given in Tables 6-7 and
the computational results are reported in Table 8. From Table 8, we can observe that a C-
stationary point and an M-stationary point were obtained by solving the C-stationarity and
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Table 7: Power transfer factors at the network
node k | Dy, | Dag | D3k

k=1 0.5 | -0.5 | -0.5
k=2 0.5 ]-05 | 05
K; ) ) 5

Table 8: Numerical results for electricity market

Systems | Iter  ApproxSolution ApproxObject® ResEquation
C 25 (6.8110, 6.0750) (60.4195, 58.1340) 9.7555e-009
M 15 (7.4720, 6.2145) (58.7083, 55.9762) 3.2262e-007
sb 10 (-0.0000, 0.0000) (1.1847e-005, -3.2152e-005)  4.6425e-006

“Approx0Object denotes the value of objective functions at the approximate solution.
*Tteration terminated due to that a stationary point of problem (3.2) was obtained.

M-stationarity systems respectively, while a stationary point of problem (3.2) was obtained
by solving the S-stationarity system.

Conclusions

We have reformulated the S-/M-/C-stationarity systems for the EPEC (1.1) as some equa-
tions with simple constraints and, furthermore, we have proposed a numerical algorithm for
solving these constrained equations. We have shown that the new algorithm is globally and
superlinearly convergent, whereas the LM algorithm given in the recent work [14] is locally
and superlinearly convergent. However, our computational experience indicates that, com-
pared with the LM algorithm, the global algorithm was not as fast as expected. Perhaps, it
would be different for large scale problems. We leave it as a future work.
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