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Introduction

For parametric variational problems, a solution is said to be essential if it is stable with
respect to the parameters, that is, there exists a sequence of parametric solutions converging
to the essential solution.

In 1950, Fort [8] first introduced the notion of essential fixed points. A fixed point = of
a mapping f is called to be essential if each mapping sufficiently near f has a fixed point
arbitrarily near z. The method of essential fixed points has been widely used in various fields
recently [11, 17, 18, 20, 23-26]. For example, it has been first applied in vector optimization
[25] in 1992, and in scalar optimization [17] and equilibrium problems [26, 27], simultane-
ously, in 1999. The authors of [10, 12, 14, 15, 18, 23, 24, 27] also considered essential solution
sets instead of essential solutions and searched for some essential components of the solution
sets. For example, Yang and Yu [24] showed that every multi-objective generalized game
satisfying some continuity and convexity conditions has at least one essential component of
its weak Pareto-Nash equilibrium point sets. In addition, Reference [16] is a valuable book
on stability of optimization problems.

The stability of optimization problems can also be transformed to the continuity [5-7, 9,
21, 22] and variational properties [1-4] of the feasible mappings and the solution mappings.
The authors of [5-7, 9, 21, 22] established necessary and sufficient conditions for lower semi-
continuity and/or upper semicontinuity of the feasible mappings and the solution mappings
of vector optimization problems.

In this paper, we introduce the definitions of essential solutions and essential solution
sets of parametric vector optimization problems. Moreover, we show that the existence of
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essential solutions follows from the lower semicontinuity of solution mappings, and implies
the existence of essential solution set in Section 2. In Section 3, the characterization of
essential solutions is presented. Furthermore, we obtain the sufficient conditions for lower
semicontinuity and closedness of solution mappings. The model considered in this paper
contains some optimization problems as special cases. In section 4, we give some corollaries
of our main results as applications for some special cases.

Preliminaries

Let (X,dx), (A,da) be metric spaces and (Y, || - ||), (Z,|| - ||) be Banach spaces. For € > 0,
Bx(x,e) and By (y,¢) denote the e-neighborhood of € X and y € Y, respectively, i.e.,

Bx(z,e) ={2' € X :dx(x,2") < &}
and
By(y,e)={y €Y :ly—yl <e}

Given a closed convex pointed cone C' C Z with a nonempty interior, the partial order
=¢ (<X¢) in Z is defined as z <¢ 2’ (2 <¢ 2') if and only if 2/ —z € C ( 2/ — z € intC,
respectively) for z,2" € Z. Let h be Hausdorff metric on the collection ® of all nonempty
closed subsets of Y, which is defined as

h(A, B) := max{sup d(a, B),supd(A,b)}, VA,B¢ec®,
acA beB

where d(a, B) = infyep |ja — b|| and d(A,b) = infaea ||a — b||. It follows from [13, Theorem
4.3.8] that (®, h) is a complete metric space. For € > 0, By (A, ¢) denotes the e-neighborhood
of Ae ®,ie,

B (A,e)={Be€®:h(A B)<ce}.

We consider the following parametric vector optimization problems:
(VP) min f(z, )
=c

st. g(x) € K,

where f: X x A - Z and g : X — Y are continuous mappings and K € &. We discuss the
stability of solutions of (VP), and regard A and K as the parameters to be perturbed in the
present paper. Denote the product parameter space by A x ® with the metric defined as

p((NA), (XN, AN) = max{da(A\,\), h(A, A"}, V(A A), (N, A) € Axd.
For e > 0, B,((\, A),¢) denotes the e-neighborhood of (A, A) € A x @, i.e.,
B,(AA),e) ={(N,A) e Ax D :p(N,A"),(N\A)) <e}.
Denote the parametric vector optimization problem (VP) by (A, K). Let
FK)={x€e X :g(zx) € K}

be the feasible set of (A, K).
A point Z € F(K) is called a solution of (X, K) if there is no z € F(K) such that
flz,N) Z¢ f(&,A\) and f(x,\) # f(Z,N). A point T € F(K) is called a weak solution of
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(A, K) if there is no x € F(K) such that f(z,A) <¢ f(Z,A). Denote the solution set by
S(\, K) and the weak solution set by S* (A, K) for (A, K) € A x ®.
This paper deals with the stability of (V' P) on the domain of S, defined as

domS = {(\,K) e Ax ®: S(\,K) # 0}.

Associated with the parameter space A x ®, we consider the set-valued mappings F :
® — 2% and S: A x ® — 2%, where 2% denotes the collection of all nonempty subsets of X.
The stability of parametric vector optimization problems (A, K) can be transformed to the
continuity and variational properties of the feasible mapping F' and the solution mapping
S.

A mapping g : X — Y is said to be open whenever the image of any open set in X is an
open set in Y.

Let T : X — 2Y be a set-valued mapping. We now recall some well-known definitions.

(i) T is upper semicontinuous (usc for brevity) at z € X if for every open set V C Y
containing T'(z), there exists an open neighborhood U of x such that T'(x) C V for all z € U.

(ii) T is said to be lower semicontinuous (Isc for brevity) at x € X if for any open
set V' C Y satisfying V N T(z) # (), there exists an open neighborhood U of x such that
VNT(x) #0 for all x € U. Tt is well known that T is Isc at x € X if and only if for any
sequence x, € X converging to x and any y € T'(x) there exist y, € T(z,) for all n such
that y, — y.

(iii) T is continuous at x € X if it is both upper and lower semicontinuous at .

(iv) T is closed at * € X if for all sequences {z,} C X and {y,} C Y satisfying
lim z, =z, nhHH;O Yn =y, and y,, € T'(z,), one has y € T'(x).

n— oo
We also say that T is usc (Isc, closed) on X if T is usc (Isc, closed, respectively) at each

x e X.

Definition 2.1. A point Z € S()\, K) is said to be an essential solution of (A, K) if for any
open neighborhood U of Z in X, there exists an open neighborhood V of (A, K) in A x ®
such that

UNSWN,K')#0, V\N,K')eV.

Definition 2.2. A nonempty closed subset E(\, K) of S(\, K) is said to be an essential
solution set of (A, K) if for any open set U D E(\, K), there exists an open neighborhood
V oof (\,K) in A x ® such that

UNSW,K')#0, Y(\N,K')eV.

Remark 2.3. 1) Note that any essential solution of (A, K) can be arbitrarily approximated
by some solution of (A, K') when (X, K') is sufficiently close to (X, K).

2) The notion of an essential solution set is a natural generalization of the concept of
an essential solution. A given T € X is an essential solution of (A, K) if and only if the
singleton {Z} is an essential solution set of (A, K).

3) The solution mapping S is Isc at (A, K) if and only if every solution x € S(\, K) is
essential.

4) The lower semicontinuity of S implies the existence of essential solutions. Further,
the existence of essential solutions implies the existence of essential solution sets.

The following example shows that the existence of essential solution set cannot ensure
the existence of essential solution.
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Example 2.4. Let A=Y = Z = R?,
X=K={(z1,13) € R* 129 =1 — 2,0 <2y <1},

glx) =z, VrelX,
flz, )=z, V(x,\)eX xA,

and
C = Rf_ ={(z1,22) € R?:0< 21,0 < 25},

where R? denote the real plane with Euclidean norm. Then we have
S(MK)=F(K)=X.

It is obvious that S(A, K) is an essential solution set.

Now we show that every solution z € S(\, K) is not a essential solution. It follows from
S(A\, K) = X and the definition of X that there exists Z € S(\, K) such that ||z — z|| > 1.
Let

1
Kn:{(l'l,l'g)eRz;:L’g—.’fQZ(ﬁ—l)(xl—i'l), 0<z; <1, 0< 2y, <1}

for each positive integer n. It is obvious that
NEKR) = (N K).
However, we have
F(K,) =S\ K,) ={z}.
Hence 7 is not an essential solution.

The next example shows that the existence of an essential solution does not guarantee
the lower semicontinuity of the solution mapping S.

Example 2.5. Let X =A=C =R, :=1[0,4),Y =Z =R,
f(z,\) =Xz, V(z,\) € Ry X Ry,

g((E) =, VSUGRJF,
KO :R+,

and
Ao = 0.

Then we have F(Ky) = R4+ and S(Xo, Ko) = R4+

Let A\, = % and K,, = Ky = R, for each positive integer n. Then we have (\,, K,,) —
(Mo, Ko), F(K,) = K,, = Ry and S(\,, K,,) = {0}. It implies that S is not Isc at (Mg, Kp).

We claim that 0 € S(\g, Kg) is an essential solution of (Ao, Ky). In fact, if 0 is not
an essential solution, there exist a positive real number ¢ > 0 and a sequence (Ag, Ki)
converging to (Ag, Kp) such that

S(Ak, Ki) N Bx(0,¢€) =0, (2.1)

where A\, € Ry, K C R4 for all positive integer k. Note that F(Ky) = Ki. Let ar =
min K. Then we have ap € S(\g, Ki). It follows from (2.1) that ay > € for each positive
integer k, in contradiction with Kj — Kj.
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Example 2.6. 1) When X is a compact metric space, Z = R™ and C = RY', for the
unconstrained vector optimization problems, Xiang and Zhou [23] showed that each set of
all solutions corresponding to the same optimal values is essential under functional pertur-
bations (parametric perturbations in the present paper, correspondingly). They also gave
characterizations of an essential solution, an essential solution set and an essential compo-
nent, respectively.

2) For the weak solution of general vector optimization problems, Peng [18] analyzed the
relationship between the existence of essential weak solutions and the stability of the weak
solutions set. He also showed that the set of all stable problems (every weak solution is
essential) is an dense G5 subset of the set of all problems with the given topology. However,
he assumed that the decision space X is a compact metric space.

Main Results

First, we discuss the continuity of the feasible mapping F'.
Lemma 3.1. If the mapping g : X — Y is open, then the feasible mapping F is lsc on P.

Proof. For any K € ®, suppose that W is an open set in X such that W N F(K) # (.
It follows from the definition of F(K) that there is « € W such that g(z) € K, ie.,
g(W)N K # (). Then we can take yo € g(W) N K. Noting that g(W) is an open set in Y
since g is an open mapping, there exists a real number € > 0 such that By (yo,€) C g(W).

For every K’ € B(K,¢) C ®, we claim that By (yg,€e) N K’ # 0. In fact, if there exists
K' € By(K,e¢) such that By (yo,€) N K’ = 0, we have d(yo, K') > €. Then, from yy € K, we
can deduce that h(K, K') > ¢, which contradict K’ € B, (K, e¢).

Therefore, By (yg,€) C g(W) and By (yo,€) N K’ # 0 imply g(W) N K’ # 0, i.e., W N
F(K') # (). This means that F is Isc at K. The proof is complete. O

The following example shows that the assumption that g is an open mapping is essential
in Lemma 3.1.

Example 3.2. Let X =Y = Z = R?,
2
K =R?,

(1,1), =€ R; ’
(O7O)a T ¢ R+
and

1 1
K,={(z1,m) € R*: = <my, — <
{(z1,22) - T o= X2}

for each positive integer n. Note that g is not an open mapping. It is easy to check that

K, —> K,
F(K) = R?,
and
F(K,)=R3.

It implies that F' is not lsc at K.

Lemma 3.3. If the mapping g : X — Y is continuous, then the feasible mapping F is closed
on ®.
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Proof. For any K € ®, let {K,,} C ® and {z,} C X be sequences with =, € F(K,) such
that K,, - K and z,, — & as n — oo. It is sufficient to show that z € F(K).

Ifz ¢ F(K), ie., g(Z) € K, there exists € > 0 such that By (¢(Z),e) N K = 0 (since K is
closed). It follows from the continuity of g that there exists n > 0 such that

9(x) € By(9(@).3), Vo € Bx (@),

Noting that z,, — # and K, — K, we have z,, € Bx(Z,n) and K, € B(K,§) for suffi-
ciently large n. It follows that g(z,) € By (g(%), §), which implies that g(z,,) ¢ K,. This
contradicts z,, € F(K,). The proof is complete. O

For (A\,K) € A x ®, we say that (\, K) satisfies the local inf-compactness condition at
Z € X if there exists a positive real number « such that for all (M, K') € B,((A, K),a) and
each © € Bx(Z, a), the sets

Lz, N,K"):={2€ F(K'): f(z,\) Z¢ f(z,\)}

are contained in a compact subset D of X.
Now, we establish sufficient conditions for a solution to be essential.

Theorem 3.4. For (\,K) € A x ® and T € S(\, K), suppose that the following conditions
hold.

(i) g: X = Y is a continuous open mapping,
(ii) f: X x A = Z is a continuous mapping,

(iii) (A, K) satisfies the local inf-compactness condition at T and
{re F(K): f(z,\) = f(z, M)} = {z}.
Then T is an essential solution of (A, K).

Proof. Suppose that T is not an essential solution. Then there exist ¢y > 0 and a sequence
(An, K,,) converging to (A, K) such that

S, K) N Bx (7, ) = 0. (3.1)

Noting that & € F(K) and F is Isc at K by Lemma 3.1, there exist z,, € F(K,) for all n
such that x,, — z. It follows from (3.1) that x,, € S(\,, K,,) for sufficiently large n. By the
local inf-compactness condition, the continuity of f and the closedness of F', it is easy to
check that

L(xn,AnyKn) = {Z € F(Kn) : f(Z, /\n) =c f(xna /\n)}

are closed subsets of the compact set D for sufficiently large n. Consider the following vector
optimization problem

min f(z, An)

=c

st. € L(xn, An, Ky). (3.2)

From the compactness of L(z,,\n, K;,), the continuity of f, and [19, Theorem 3.2.7], it
follows that the solution set .S,, of problem (3.2) is not empty.
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We claim that S,, C S(\,, Ky,). In fact, if there exists & € S,, with & & S(\,,, K,), there
exist © € F(K,,) such that

f(@,An) = fz,An) € C\ {0} (3.3)

Noting that € L(xy,An, K,) since f(z, ) ¢ (&, ) =S¢ f(@n, An), the inclusion
relation (3.3) contradicts & € S,,.
Since Sy, # 0, we can take z], € S,, C L(zpn, An, Ky,) C F(K,,) for each n. Then we have

f(@n, An) — f(x;w An) €C (3.4)

by the definition of L(xy,, An, K,). Since the local inf-compactness condition implies that
x,, belong to the compact set D for sufficiently large n, we may assume without loss of
generality that there exists ' € D such that =], — 2’/. Note that the set-valued mapping F’
is closed by Lemma 3.3. Then we have 2’ € F(K).

Now we show that

f(@, ) — f(2',\) e C. (3.5)
If not, there exists € > 0 such that

BY(f(j7)‘) - f(!E/, )‘)76) NnC = (Z)
since C' is nonempty and closed. It follows from the continuity of f that

f(@n, ) — f(2l \n) € C

for all sufficiently large n, in contradiction with (3.4).

Noting that Z € S(\, K) and 2’ € F(K), the inclusion relation (3.5) implies f(Z,\) =
f(@’,X). Then we have 2’ = Z by condition (iii). It follows from x|, — 2’ that z], € Bx(Z, €)
for sufficiently large n. On the other hand, we have z], € S, C S(A,, K,). It contradicts
with (3.1). The proof is complete. O

By Definition 2.1 and 2.2, every essential solution is an essential solution set itself. The
following corollary naturally holds.

Corollary 3.5. Under the assumptions of Theorem 3.4, every closed subset E(\, K) C
S\, K) with T € E(\, K) is an essential solution set.

Applying Theorem 3.4, we directly obtain the following result by 3) of Remark 2.3.

Corollary 3.6. Let (\,K) € A x ® be such that conditions (i)-(iii) of Theorem 3.4 are
satisfied for all z € S(\, K). Then S is lsc at (A, K).

Next, we establish sufficient conditions for the closedness of the weak solution mapping
S" and the solution mapping S, respectively.

Theorem 3.7. Suppose that f : X X A — Z is a continuous mapping and the feasible
mapping F is Isc at K. Then the weak solution mapping S* is closed on A x ®.

Proof. For any (\,K) € A x @, let (A, K,,) € A x ® and z,, € S¥(\,, K,,) be sequences
such that (A,, K,,) = (A, K) and z,, — x as n — co. We only need to prove z € S*(\, K).
We argue by contradiction. If x ¢ S (), K), there exists & € F(K) such that

flz,A) — f(&,A) € intC.
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Therefore, there exists a positive real number € such that
By (f(x,A\) — f(&,A),€) C intC.

Since the feasible mapping F' is Isc at K, there is a sequence Z,, € F(K,,) such that Z,, — Z.
From the continuity of f, it follows that there exists a positive integer [N such that

f(@n, An) = f(&n, An) € By (f(z,\) — f(&,A),e) CintC, VYn > N,

which contradicts z,, € S (A,, K,). The proof is complete. O

Applying Lemma 3.1, the next corollary follows directly from Theorem 3.7.

Corollary 3.8. Let f: X x A = Z be a continuous mapping and g : X — Y be an open
mapping. Then the weak solution mapping S™ is closed on A x ®.

Theorem 3.9. For (A, K) € A x ®, suppose that f: X x A = Z is a continuous mapping,
g: X =Y is an open mapping, and S(\, K) = S*¥(\, K). Then the solution mapping S is
closed at (A, K).

Proof. Let (A, K,) € A x ® and z,, € S(\,, K,,) C SY(An, K,) be sequences such that
(A Kpn) = (A, K) and z,, — x as n — oco. By Corollary 3.8, S™ is closed at (A, K). Then
x € SY(A\ K)=S(\ K). Hence S is closed at (A, K). O

It is obvious that the local inf-compactness condition naturally holds if the space X is
compact. The following example shows that the condition (iii) is essential in Theorem 3.4.

Example 3.10. Let A=C=R; =[0,+x), X =Y =Z=R,

| Ax, xzeRi,AERy,
f(”“)_{ 0, 2¢Ry,ANER, "’

g(x) =2, VreR,
KO = Ra

and
Ao = 0.

Then we have F(Ky) = R and S(\g, Kp) = R.
Let A\, = % and K,, = Ky = R for each positive integer n. Then we have (\,, K,,) —
(Ao, Ko), F(K,) = K,, = R and S(\,, K,,) = —R. In fact, for the problem (X, Ky) and

the solution 1 € S(Ag, Ko), we have
L(z, Ao, Ko) = {z € F(Ko) : f(z,20) Zc f(z,X0)} =R
which implies that the problem (Mg, K() satisfies all assumptions of Theorem 3.4 except

condition (iii). It is easy to check that the solution 1 € S(Ag, K) is not an essential solution
of ()\0, Ko)
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Applications

Since the vector optimization problem (VP) in Section 2 contains some optimization prob-
lems as special cases, we can derive directly some consequences for these special cases from
the results of Section 3. In this section, we only discuss two special cases, i.e., scalar opti-
mization problems and cone constrained vector optimization problems.

First, we consider the following scalar optimization problems.

(P)  ming(z)

st gi(x) <0, i=1,2,...,m,

where ¢ : X — R and ¢; : X — R are continuous real functions.
Let f: X x R — R be a continuous function such that

f(z,0) = p(x), VrelX.

Definition 4.1. Given a real number A > 0, a point Z € X is called a (A, f)-solution of
problem (P) if
gi(T) <A, i=1,2,...,m,

and
f@ ) < fz,A)
for all z € X satistying g;(x) < A.
Let A=R,C =Ry :=[0,00) and
KA = Xle — RT,

where e = (1,...,1) € R™.
Consider the following parametric optimization problems

(Px)  min f(z, )

s.it. g(x) € Ky,
where g : X — R™ is defined as ¢ := {g1,...,9m}. Then we can rewrite problem (P) as

min f(x,0)

s.t. g(z) € K.

Denote the solution set of the parametric optimization problems (Py) by S()\), the weak
solution set by S*(\) and the feasible set by F'(A). Thus we can write the solution set of
(P) as S(0), the weak solution set as S™(0) and the feasible set as F(0).

Remark 4.2. (i) Obviously, the (A, f)-solutions of (P) must be solutions of problem (Py).
(ii) From Definition 2.1, if a point Z € S(0) is an essential solution of (P), there exists a
sequence of (A, f)-solutions {zy,} such that x), — Z as A, — 0.

Corollary 4.3. Suppose that g : X — R is a continuous open function, f: X x R — R is
a continuous function, (P) satisfies the local inf-compactness condition at T € S(0) and T
is a unique solution of (P). Then T is an essential solution of (P).
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Corollary 4.3 follows directly from Theorem 3.4. It means that any solution Z satisfying
the conditions of Corollary 4.3 is a stable solution of (P).

Note that the equation S*(\) = S(A) holds trivially for scalar problems. The next result
follows immediately from Theorem 3.9.

Corollary 4.4. Let f : X X R — R be a continuous mapping, g : X — R be an open
mapping and {xy, } be a sequence of (A, f)-solutions with x5, — T as A\, — 0. Then T is
a solution of problem (P).

Corollary 4.4 means that we can approximate any solution of (P) by a sequence of
(A, f)-solutions.
Next, we consider the following cone constrained vector optimization problems

(CVP) Igin o(x)

jle
st g(x) <¢ 0,

where ¢ : X — R™ and g : X — R™ are vector functions, C' C R™ is a closed convex cone
with nonempty interior and 6 = (0,...,0) € R™.
Let f: X x R — R™ be a continuous vector function such that

f(z,0) = p(x), VrelX.

Definition 4.5. Given a real number A\ > 0 and ¢y € C, a point T € X is called a (A, g, f)-
solution of problem (CV P) if

9(7) 2c Ao

and there is no x € X with g(z) <¢ Acg such that

f('f’)‘)_f(x7/\) GC\{O}

Let A = Rand Ky = A¢g—C. Consider the following parametric cone constrained vector
optimization problems
(CVPy) ILliIl flz,A)
Yo

st. g(z) € K.

Then we can rewrite problem (CVP) as
min f(z,0)

s.t. g(z) € K.

Denote the solution set of the parametric optimization problems (CV Py) by S(\,¢g), the
weak solution set by S™(\, cg) and the feasible set by F'(X,¢p). Thus we can write the
solution set of (CV P) as S(0, cp), the weak solution set as S (0, ¢p) and the feasible set as
F(O, Co).

Remark 4.6. (i) It is obvious that the (), ¢, f)-solutions of problem (CVP) must be
solutions of problem (CV Py).

(ii) From Definition 2.1, if a point Z € S(0,¢p) is an essential solution of (CV P), there
exists a sequence of (\,, ¢g, f)-solutions {z,, } such that x, — Z as A, — 0.
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The following results follow immediately from Theorem 3.4 and Theorem 3.9, respec-
tively.

Corollary 4.7. Suppose that g : X — R is a continuous open function, f : X x R — R™ is
a continuous function, (CV P) satisfies the local inf-compactness condition at T € S(0, o)

and {z € F(0,cy) : f(x,0) = f(Z,0)} = {Z}. Then T is an essential solution of (CV P).

Corollary 4.8. Let f : X — R be a continuous mapping, g : X — R be a open mapping
and {xx,} be a sequence of (An,co, f)-solutions with xx, — T as A\, — 0. Suppose that
S5%(0,¢0) = 5(0,¢0). Then T is a solution of problem (CV P).
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