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Abstract: In this paper, we focus on the mathematical program with second-order cone (SOC) complemen-
tarity constraints, which contains the well-known mathematical program with nonnegative complementarity
constraints as a subclass. For solving such a problem, we propose a smoothing-based sequential quadratic
programming (SQP) method. We first replace the SOC complementarity constraints with equality con-
straints using the smoothing natural residual function, and apply the SQP method to the smoothed problem
with decreasing the smoothing parameter. We show that the proposed algorithm possesses the global con-
vergence property under the Cartesian Py property and the nondegeneracy assumptions. We finally observe
the effectiveness of the algorithm by means of numerical experiments.
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Introduction

In this paper, we focus on the following mathematical program with second-order cone
(SOC) complementarity constraints, abbreviated as MPSOCC:

Minimize  f(z,y)

ZT,Y,z
subject to Az <b, (1.1)
z=Nz+ My+gq,
Ka>ylzek,

where f: R™*™ — R is a continuously differentiable function, A € RPX", b € RP, N ¢
R™*n - M € R™*™ and ¢ € R™ are given matrices and vectors, | denotes the perpendic-
ularity, and I is the Cartesian product of second-order cones, that is, I := K™ x ™2 x
e X KM CR™ x R™2 x -. - x R™¢ = R™ with

Ri={ueR|u>0} (m; =1).

*This research was supported in part by Grant-in-Aid for Scientific Research (C) and Young Scientists (B)
from Japan Society for the Promotion of Science.

i — { {u=(u1, uz) ERXR™ H[ug| <ur} (m; >2),
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Throughout the paper, we suppose that m; > 2 for each 1.

Mathematical program with equilibrium constraints (MPEC) [15] has been studied exten-
sively, since it finds wide application such as design problems in engineering, the equilibrium
problems in economics, and game-theoretic multi-level optimization problems. Particularly,
equilibrium constraints in MPECs are often written as linear or nonlinear complementarity
constraints. Such an MPEC is also called a mathematical program with complementarity
constraints (MPCC). When m; = 1 for all ¢, i.e., £ = R7, MPSOCC (1.1) reduces to the
MPCC, for which there have been proposed many algorithms. For example, Fukushima and
Tseng [12] proposed an active set algorithm, and proved that any accumulation point of the
sequence generated by the algorithm is a B-stationary point under the uniform linear inde-
pendence constraint qualification (LICQ) on the e-feasible set. Luo, Pang, and Ralph [15]
proposed a piece-wise sequential quadratic programming (SQP) algorithm, and showed that
the generated sequence converges to a B-stationary point locally superlinearly or quadrati-
cally under the LICQ and the second order sufficient conditions. Fukushima, Luo, and Pang
[10] proposed an SQP-type algorithm, and showed that the sequence generated by the algo-
rithm globally converg es to a B-stationary point under the nondegeneracy condition at the
limit point.

Problems with SOC constraints also attract much attention of many researchers. One
of the typical problems is the second-order cone program (SOCP) [1]. The SOCP has a
lot of applications such as the antenna array weight design, the finite response impulse
(FIR) filter design, the portfolio optimization, and the magnetic shield design optimization.
Moreover, SOCP includes many classes of problems such as linear program (LP), convex
quadratic program (QP), etc. The second-order cone complementarity problem (SOCCP)
[5, 7, 11] is another type of problems involving SOC constraints. Fukushima, Luo and Tseng
[11] studied smoothing functions for the Fischer-Burmeister function and the natural resid-
ual function with respect to the SOC complementarity condition. Using those smoothing
functions, Hayashi, Yamashita and Fukus hima [14] proposed a globally and quadratically
convergent algorithm based on the smoothing and regularization methods. As an application
of the SOCCP, Nishimura, Hayashi and Fukushima [16] studied the SOCCP reformulation
of the robust Nash equilibrium problem in an N-person non-cooperative game.

As mentioned in the last two paragraphs, there have been many researches on the MPECs
with “nonnegative” complementarity constraints and the optimization/complementarity prob-
lems with SOC constraints. However, there are only a few studies on MPECs with SOC
complementarity constraints. For example, Yan and Fukushima [20] proposed a smoothing
method for solving such problems. To show convergence of the algorithm, they assume that
smoothed subproblems are solved exactly. However, it can hardly be expected in prac-
tice. To overcome such a difficulty, we propose to combine an SQP-type method with the
smoothing method. The proposed method replaces the SOC complementarity condition of
MPSOCC (1.1) with a certain vector equation by using a smoothed natural residual func-
tion, thereby yielding convex quadratic programming subproblems which can be solved effi-
ciently by any state-of-the-art method such as the active method and interior point method.
Although our method may be viewed as an extension of the SQP method in [10], the con-
vergence analysis is quite different since it exploits the particular properties of the natural
residual associated with the SOC complementarity condition.

This paper is organized as follows. In Section 2, we give some preliminaries. In Section 3,
we reformulate MPSOCC (1.1) as a nonlinear programming problem by replacing the second-
order cone complementarity constraints by equivalent nonsmooth equality constraints. In
Section 4, we introduce a smoothing technique to deal with the nonsmooth constraints. In
Section 5, we propose an SQP-type algorithm for solving problem (1.1) and show that the
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proposed method is well-defined under the Cartesian Py property. In Section 6, we show that
the proposed algorithm possesses the global convergence property under the nondegeneracy
assumptions. In Section 7, we give some numerical examples. In Section 8, we conclude the
paper with some remarks.

Throughout the paper, we use the following notations. For a given vector z € R™, z; de-
notes the i-th element of z € R™, while z* € R™: denotes the i-th column subvector conform-
ing to the given Cartesian structure of . For subvectors z! € R™, 22 € R™2, ..., 2¢ € R™,
we often let (2!, 22,...,2%) denote the column vector ((z*)7,---, (29)T) € Rm™++me For a
vector z € R™, we denote [|z]|1 := Y v, |z, |z]] :== V2 Tz and ||z]|s := maxi<;<m |2|. For
a matrix M € R™*™ || M|l denotes the operator norm defined by ||[M|| = max) =1 ||[Mz|.
For matrices M, N € R™*™ M » (»)N denotes that M — N is a positive (semi)-definite
matrix. We denote the interior and the boundary of K by int K and bd K, respectively.t For
vectors y,z € R™, y =k zand y >, z mean y—z € K and y—z € int IC, respectively. We de-
note the nonnegative cone in R™ and its interior by R :={z € R™ |z, >0 (i =1,2,...,m)}
and R, :={z € R"™ |2 >0 (i=1,2,...,m)}, respectively. Finally, for a set C' C R™ and
a vector z € C, we denote the normal cone [18] of C' at Z by N¢(z).

Preliminaries

Spectral Factorization and Natural Residual

The proposed algorithm relies on the fact that the SOC complementarity condition £ 3y L
z € K can be rewritten as a system of equations by means of the natural residual. To be
specific, we first recall the spectral factorization of a vector with respect to the SOC, ™.

Definition 2.1. For any vector z := (21, 22) € RxR™~! we define the spectral factorization
with respect to K™ as
2= M\c' + )\202,

where A1 and A are the spectral values given by
)\j :Zl+(71)J”22Hﬂ ]:]—7 27

and c! and ¢? are the spectral vectors given by

1 .
- (1, (—1)JZ2> if 25 £ 0
o= ? [l 22l j=1,2,
5(1, (—=1)7v) if 20 =0
respectively, where v € R™~1 is an arbitrary vector such that |v|| = 1.

By using the spectral factorization, we can write the Euclidean projection onto K™ explicitly
as follows [11]:

Pem(z) = argmin, ceml2’ — z||
= max{0, \; }¢' + max{0, Ay }¢?,

where \; and ¢ (j = 1,2) are the spectral values and the spectral vectors of z, respectively.
Now, let us define the natural residual for the SOC complementarity condition by using the
Euclidean projection.

fNote that int C = {(21,22) € R x R™~1 | 21 > ||22]|} and bd K™ = {(21,22) E R x R™~1 | 21 = ||22| }.
In addition, for K = K™1 X --- x K™, we have int I = int L1 x --- X int K™¢ and bd £ = K\ int K.
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Definition 2.2. Let y := (y',y2,---,¢y%) and z := (21, 22,--- ,2f) € R™ x R™2x ... x
R™¢ = R™ be arbitrary vectors. Then, the natural residual function ® : R™ x R™ — R™
with respect to I = K™t x 2 x --- x K™ is defined as

P(y,2) = y—Pely—2) (2.1)
wl(yl,zl)
= : e R™ x - x R™,
(4 )
where
Oyt 2 =y — Pemi (y — 2%), i =1,2,...,L.

It can be shown [11] that

Py, 2) =0 <= KMoy Lz ek™,
O(y,2) =0 <= Koylzek.

The following proposition states the property of function ®(y, z) when y — z ¢ bd (KU —K).

Proposition 2.3. Let y,z € R™ be chosen so that y—z ¢ bd (KU—K). Then, the function
O R™xR™ — R™ defined by (2.1) is continuously differentiable at (y, z), and the following
equality holds:

qu)(y7 Z) + vz(p(yv Z) = I,

where I, € R™*™ denotes the identity matrix.

Proof. Tt suffices to consider the case where I = K™. Let A1, A2 € R be the spectral values
of y — z defined as in Definition2.1. Note that, from y — z ¢ bd (K™ U —K™), we have
A1, A2 # 0. Then, from [14, Proposition 4.8], the Clarke subdifferential OPxm (y — z) is
explicitly given as

1, (/\1 > 0, Ay > 0),

A
aP}Cm (y - Z) = ﬁlm + W ()\1 < O7 AQ > 0)7
O (/\1 <0, Ao < 0),

where

L (—r ry (Y1 — 21,92 — 22)
W= - 2 , r1,T2) = . .
2 < Ty —T1raTy (r1,r2) 2 — 2|

Thus P is differentiable at y — z. This fact readily implies the continuous differentiability
of @ at (y, z) since ®(y, z) = y— Picm (y—2z). We next show the second half of the proposition.
By an easy calculation, we have

V,@(y,2) = I, —VPcm(y—2).

Similarly, we have V. ®(y, z) = VP (y — z). Hence we obtain the desired equality. O
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Cartesian Py, and P Matrices

In this subsection, we introduce the Cartesian Py and the Cartesian P matrices. The concept
of the Cartesian Py (P) matrix is a natural extension of the well-known Py (P) matrix [8].
Although the Cartesian Py (P) matrix can be defined not only for the SOC but also for the
semidefinite cone [6] and the symmetric cone [13], we restrict ourselves to the case of the
SOCs.

Definition 2.4. Suppose that the Cartesian structure of I C R™ is given as K := K™ x
KMz x ... x K™, Then, M € R™*™ ig called

(a) a Cartesian Py matrix if, for every nonzero z = (2!,...,2%) € R™ = R™ x ... x R"™,
there exists an index i € {1,...,¢} such that (2*)T (Mz2)? > 0;

(b) a Cartesian P matrix if, for every nonzero z = (2%,...,2%) € R™ = R™ x ... x R™¢,
there exists an index i € {1,...,¢} such that (2*)T (Mz) > 0.

Here, (Mz)" € R™i denotes the i-th subvector of Mz € R™ conforming to the Cartesian
structure of K.

Notice that the definition of the Cartesian Py (P) property depends on the Cartesian
structure of K. In what follows, we assume that the Cartesian structure of K is always given
as K= K™ x k™2 x --- x K™, The definition of the “classical” Py (P) matrix corresponds
to the case where KL = R']". It is easily seen that every Cartesian P, (P) matrix is a Py (P)
matrix [17].

The following proposition implies that the Cartesian P (P) property is preserved under
a nonsingular block-diagonal transformation.

Proposition 2.5. Let M € R™*™ be any matriz, and H; € R™*™i(j = 1,2,...,£) be
arbitrary nonsingular matrices. Let the matriz M' € R™*™ be defined by

H, ) O
0 =

M :=H"MH, H:=
Then, the following statements hold.

(a) If M is a Cartesian Py matriz, then M’ is a Cartesian Py matriz.

(b) If M is a Cartesian P matriz, then M’ is a Cartesian P matriz.

Proof. We first show (b). Let z = (2!,...,2%) € R™ = R™ x --- x R™ be an arbitrary
nonzero vector. We show that there exists an i € {1,2,..., ¢} such that (z*)T(M’z)" > 0.
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Note that
moo0N (M 0Y )
(M'z)" = M z
O He O HZ
H, T H\
= . O M ;
O Hg nge
y i
H Y My Hiz
k=1
- ‘
H;ZM[kazk
k=1
’
= <H;FZMZkaZk>
k=1

where (-)* and (-);; denote the i-th subvector and the (i, k)-th block entry, respectively,
conforming to the Cartesian structure of . Hence, we have

14 0
()T (M'z) = (O THT S MyHyzF = (Hiz') Y MyHy2" = (Hz)') T (MHz)'.
k=1 k=1

Since M is a Cartesian P matrix and Hz # 0 from the nonsingularity of H, we have
(z)T(M'2)" = ((Hz)") T (M Hz)" > 0 for some i. Hence, M’ is a Cartesian P matrix.
We omit the proof of (a) since it can be shown in a similar manner to (b). O

Reformulation of MPSOCC and Relationship between the KKT
Conditions and B-Stationary Points

In the previous section, we introduced the natural residual function ® and observed that
second-order cone complementarity condition K 3 y L z € K can be represented as ®(y, z) =
0 equivalently. In this section, we rewrite MPSOCC (1.1) as the following problem where the
SOC complementarity constraint is replaced by the equivalent equality constraint involving
the natural residual function ®:

Minimize f(z,y)

x,Y,z
subject to Az <b, (3.1)
®(y,2) = 0.

We also call this problem MPSOCC. MPSOCC (3.1) is a nonsmooth optimization problem
since ® is not differentiable everywhere. However, as is claimed by the next proposition, ®
is continuously differentiable at any (y, z) satisfying the following nondegeneracy condition:
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Definition 3.1 (Nondegeneracy). Suppose that (y,z) € R™ x R™ satisfies the SOC com-
plementarity condition K >y L z € K. Moreover, decompose y and z as y = (y*, 4%, ...,9")
and z = (21, 2%,...,2%) € R™ x R™2 x ... x R™ = R™ conforming to the Cartesian struc-
ture of K. Then, (y, z) is said to be nondegenerate if, for every i = 1,2,...,¢, one of the

following three conditions holds:
(i) y* € int K™, 2* = 0;
(i) ' =0, 2° € int K™
(iii) y* € bd K™\ {0}, 2* € bd K™\ {0}, (v*)"2* = 0.

Proposition 3.2. Let (y,z) € R™ x R™ satisfy the nondegeneracy condition. Then, ® is
continuously differentiable at (7,Zz).

Proof. The nondegeneracy condition readily yields 7 — Z ¢ bd (K U —K). Hence, ® is
continuously differentiable at (7,%z) by Proposition 2.3. O

Now, let X := {x € R" | Az < b}, and let w := (7,7,z) € R™ x R™ x R™ be a feasible
point of MPSOCC (1.1) that satisfies the nondegeneracy condition. By Proposition 3.2,
MPSOCC (3.1) can be viewed as a smooth optimization problem in a small neighborhood
of w. Then, the Karush-Kuhn-Tucker (KKT) conditions on w are represented as

Vaf(Z,7) NT 0
Vyf@7) |+ | MY Jut | V,2(77) |ve-Nx(T)x {0},
0 —I V.9(y,z)
®(y,z) =0, AT <b, Z= Nz + My +q, (3.2)

where {0}2™ := {0} x {0} x --- x {0} CR?™ and u € R’,v € R™ and € R™ are Lagrange
multipliers.

We next consider the stationarity of MPSOCC (1.1) or (3.1). So far, several kinds of
stationary points have been studied in the literature of MPECs, e.g., see [19]. Among them,
a Bouligand- or B-stationary point is the most desirable, since it is directly related to the first
order optimality condition. Specifically, a B-stationary point for MPSOCC (1.1) is defined
as follows:

Definition 3.3 (B-stationarity). Let 7 C R"*2™ denote the feasible set of MPSOCC (1.1).
We say that w := (7,9,z) € F is a B-stationary point of MPSOCC (1.1) if (-V f(Z,7),0) €
Nz(w) holds.

In what follows, we show that a point satisfying KKT conditions (3.2) is a B-stationary
point. For this purpose, we give three useful lemmas.

Lemma 3.4 ([18, Proposition 6.41]). Let C' := Cy x Cy x - x C; for nonempty closed
sets C; CR™. Choose ¢ := (Cy,(a,---,C5) € C1 x Cy x - x Cs. Then, we have No(¢) =
NCl(Cl) X NCz(CQ) X X NCS(CS).

Lemma 3.5 ([18, Chapter 6-C]). For a continuously differentiable function F': RP — RY,
let D :={¢ € R? | F(¢) = 0}. Choose { € D arbitrarily. If VF({) has full column rank,
then we have

Np(() =VF(()R:={¢ € R? | ( = VF({)v, v € RI}.
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Lemma 3.6 ([18, Theorem 6.14]). For a continuously differentiable function F: RP — RY
and a closed set C CRP, let D :={( € C | F({) = 0}. Choose ¢ € D arbitrarily. Then we
have

Np(¢) 2 VF(OR? + N ().

Now, we show that the KKT conditions (3.2) are sufficient conditions for w = (7,7, z) to
be B-stationary.

Proposition 3.7. Let w := (T,7,z) be a feasible point of MPSOCC(3.1). Suppose that the
nondegeneracy condition holds at (§,z). If W satisfies the KKT conditions(3.2), then W is
a B-stationary point of MPSOCC (1.1).

Proof. Let Y := {(y,2z) € R™ x R™ | ®(y, z) = 0}. We first note that the nondegeneracy
at (7,z) implies the continuous differentiability of ® at (7,Z) from Proposition 2.3. Choose
v € R™ such that V®(y,Z)v = 0. From Proposition 2.3, we then have V,®(7,z)v = 0 and
V.27, zZ)v =1 — V,®(7,%))v = 0, which readily imply v = 0, and thus V®(7,z) has full
column rank. Therefore, by Lemma 3.5 with p = ¢ :=m, D :=Y and F := ®, we have
NY(?7 E) = V(I)(y, E)Rm (33)
Then, it holds that
Nxxy (W) = Nx(T) x Ny (¥,%) = Nx(T) x V&(y,Z)R™, (3.4)

where the first equality follows from Lemma 3.4 and the second equality follows from (3.3).
Now, let F C R"*2™ denote the feasible set of MPSOCC (3.1), i.e., F = {(z,y,2) € X x Y|
Nz + My — z+ ¢ = 0}. Then, from Lemma 3.6, we have
Ne@) 2 (NT,MT, =) R™ + Ny (). (3.5)
Combining (3.4) with (3.5), we obtain
Nr@) 2 (NT,MT, 1)  R™ 4 Nx(z) x V&(7,Z)R™,

which together with the KKT conditions (3.2) implies (—V f(Z,7),0) € Nz(w). Thus, w is
a B-stationary point. O

Smoothing Function of Natural Residual

The natural residual function ® given in Definition 2.2 is not differentiable everywhere, and
therefore, we cannot employ a derivative-based algorithm such as Newton’s method to solve
MPSOCC (3.1). To overcome such a difficulty, we will utilize a smoothing technique.

Definition 4.1. Let ¥ : R™ — R™ be a nondifferentiable function. Then, the function
¥, : R™ — R™ parametrized by p > 0 is called a smoothing function of W if it satisfies the
following properties: For any u > 0, ¥, is differentiable on R™; for any z € R™, it holds
that lim, 04+ ¥, (2) = U(2).

A smoothing function of the natural residual function can be constructed by means of
the Chen-Mangasarian (CM) function g : R — R [11].

Definition 4.2. A differentiable convex function ¢ : R — Ry is called a CM function if

lim g(a) =0, lim (§(a) — a) =0, 0<g§'(a)<1l (ax€eR). (4.1)

a—r—00 a—0o0
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Notice that, if function p, : R — R is defined by p,(c) := pug(co/p) with a CM function
g and a positive parameter p, then it becomes a smoothing function for p(«) := max{0, «}.
Thanks to this fact, we can next provide a smoothing function P, for the projection operator
Pr.

Definition 4.3. Let z € R™ be an arbitrary vector decomposed as z = (z!,2%,--- ,2%) €
R™ x R™2 x ... x R™ = R™ conforming to the given Cartesian structure of K. For an
arbitrary CM function §: R — R, let g : R™ — R™ be defined as
g9'(zh)
9(z) = : : (4.2)
9°(z")
9'(2) = ga)e +g(Niz)e”,

where \;; € R and ¢ € R™ ((i,5) € {1,2,--- ,¢} x {1,2}) are the spectral values and the
spectral vectors of subvectors z! with respect to K™, respectively. Then, the smoothing
function P,: R™ — R™ of Py is given as

Pu(2) = ng(z/).

Now, by using the above smoothing function P,, we can define the smoothing function
for the natural residual .

Definition 4.4. Let u > 0 be arbitrary. Let g : R™ — R™ g% : R™ — R™: (i =1,2,...,/),
and P, : R™ — R™ be defined as in Definition 4.3. Then, the smoothing function ¢, : R™ —
R™ for the natural residual ® is given as

Du(y,2) = y—Puly—2)

<yZ)
= y—pug
I
1 1
Yy —Z
ylugl( >
1

¥ ¢
y — Z
y' — pg* ()
i

Before closing this subsection, we provide the following propositions which will be used
in the subsequent analyses.

Proposition 4.5. Let P, : R™ — R™ be defined as in Definition4.3, and choose Z ¢
bd (K U —K) arbitrarily. Let {z*} C R™ and {ur} C Ry be arbitrary sequences such that
¢ — % and py, — 0 as k — co. Then, we have

VPc(Z) = lim VP, (z%). (4.4)
—00
Proof. For simplicity, we consider the case where K = K™. Let z and 2* be decomposed

as Z = Mc' 4 \g¢? and 2F = )\’fci + )\Igc%, where \;, )\f € R are spectral values, and &,
¢t € R™ (i = 1,2) are spectral vectors of Z and 2", respectively. Since z ¢ bd (K™ U —K™),
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Pyem is differentiable at Z and V Pgm (%) is given as

I, (A1 >0, Ay >0),
by _ _

VPen(Z) =4 =———T,+W (A <0, Ap >0),
A2 — A _ _

0] ()\1 < O, )\2 < O),

where

1 —Tr1 T‘T (21 22) . o _
W= - 2 ,(r,me) = S22 7= (21,7) e R x R™L
2 ( ry  —riraTs (r1,m2) [IZ2l e

On the other hand, by [11, Proposition5.2], VP,, (z¥) is written as

&) I (5 = 0),
c,h(zg)—'—
VP =1 [ El .
C Zk Zkzk—r (2:2 7é O)’
Mk <2 2~2
Gy It 4 (b — ) 222
E o = ) [

where

_ .@(Ag/ﬂk) — g()‘]f//‘k) _ 1 A1 )‘7/2C ~1 )‘711C
Qup = =% 2 v bue =59 +4 :
A5/ — Y/ 1 2 [k [k

1 At /\I2€) A/(AIIC)> k k _k —1
Cpp = = —= | - — , 20 i=(27,25) ER X R™™
= 3 (g (Nk I\ (21,23)

and ¢ is defined as in Definition 4.3. Note that, from the definition of §, we have §(«a)—a — 0,
g(—a) = 0, §’(a) — 1 and §'(—a) — 0 as a — oo. Then, it follows that

1 (0 <A < X2)

kli)l’n Qu,, = Xz/(XQ — Xl) (Xl <0< Xg) s
0 (M <X <0)
1 (0 < Xl < Xg)

lim b, = <1/2 (A1 <0<A),

k—o0 — —
0 (M <A <0)
0 (0 < Xl < Xg)

lim ¢,, = <1/2 (A <0<Ag).

k—o0 — —
0 ()\1 <)y < 0)

From this fact, it is not difficult to observe that V Picm (Z) = limg_y00 VP, (25). O

Proposition 4.6 ([11, Proposition 5.1]). Let ®, : R™ xR™ — R™ and ® : R x R™ — R™
be defined by (2.1) and (4.3), respectively. Let p := §(0). Then, for any y, z € R™ and
w>v >0, we have

p(,U, - V)e ~K (I)V(yvz) - (Plt(ya Z) ~K 07

pue E)C @(y,z) - (I)#(yVZ) =K 07
where e := (e!,e?, ... e') € R™ x R™2 x ... x R™¢ with ¢' := (1,0,0,...,0)T € R™ for
i=1,2,... 0.
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Proposition 4.7 ([11, Corollary 5.3 and Proposition 6.1]). Let ®,, : R™ xR™ — R and @ :
R™ x R™ — R™ be defined by (2.1) and (4.3), respectively. Let g : R™ — R™ be defined by
(4.2). Then, the following statements hold.

(a) Function g is continuously differentiable and Vg(z) = diag(Vg'(z'),...,Vg‘(2"))) €
R™*™ 4s symmetric for any z € R™, where the latter matriz denotes the block-diagonal

matriz with block-diagonal elements Vg'(z'), i =1,2,...,L.

(b) For any y,z € R™, we have

—Zz —Z

where I, € R™*™ denotes the identity matriz.

(c) For any y,z € R™, we have

0=V, ,(y,2) < In, O=<V.0,(y,2) <L, O= Vg(y;z) <1,

Proposition 4.8. Let ®, : R™ x R™ — R™ and ® : R™ x R™ — R™ be defined by
(2.1) and (4.3), respectively. Let p := §(0). Then, ||®,(y,2) — ®(y,2)|| < V2pu for any
(1,9, 2) € Ryp X R™ x R™,

Proof. For simplicity, we only consider the case where L = K™. Let ®(y,2) — ®,(y,2) =
Aic! + Aoc?, where \; € R and ¢¢ € R™ (i = 1,2) are the spectral values and spectral
vectors of ®(y,z) — ®,(y, z). Since e = ¢! + ¢* and pue =m ®(y,z) — P, (y,2) =xm 0 from
Proposition 4.6, we have pu(ct + ¢2) =xm Aict + Aac? =xm 0, which implies 0 < \; < \p <
pp. Hence, we obtain

12y, 2) = @u(y, 2)|| = [Aac" + o] < Aalet ||+ Aale? ]| < V20p,

where the first inequality is due to the triangle inequality and 0 < A\; < A, and the last
inequality follows from ||c!|| = ||c?| = 1/v/2 and A\; < Ay < pu. This completes the
proof. O

Proposition 4.9. Let &, : R™ x R™ — R™ be defined by (4.3). Then, for any p > v >0
and (y,z) € R™ x R™, it holds that

192 (y; 2)lln — [ @uly, 2)lln < mp(p —v),
where p = §(0).

Proof. We first assume K = K. From Proposition 4.6, we have

p(p—v)e — (y(y,2) — Ppu(y, 2)) € L™, (4.5)
(bu(y7 Z) - (I)#(y, Z) S ’Cm7 (46)
where e = (1,0,...,0)" € R™. Moreover, for any w = (wy, ws, ..., w,)’ € K™, we have

w1 > |wl| (i:L...,m), (47)
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since wy > /w2 + -+ + w2,. Therefore, for each i = 1,2,...,m, we have

plp—v) > (®,(y,2) .2)),
> [(@u(y,2) = Puly, 2)),|
2 |(I)V(y? ) ‘ - |(I> (y’z)l|’ (48)

where the first inequality holds from (4.3) and (4.5), the second equality holds from (4.6)
and (4.7), and the last equality holds from the triangle inequality. Summing up (4.8) for
all 4, we obtain the desired conclusion. When K = K™ X --- x K™ we can prove it in a
similar way. O

Algorithm

In this section, we propose an SQP type algorithm for MPSOCC (1.1). The SQP method
solves a quadratic programming (QP) problem in each iteration to determine the search
direction. This method is known as one of the most efficient methods for solving nonlinear
programming problems. In the remainder of the paper, to apply the SQP method, we mainly
consider MPSOCC (3.1) equivalent to MPSOCC (1.1). We should notice, however, that the
SQP method cannot be applied directly to MPSOCC (3.1), since ®(y, z) is not differentiable
everywhere. We thus consider the following problem where the smooth equality constraint
®,,(y, z) = 0 replaces ®(y, z) = 0 in each iteration

Minimize f(z,y)

xr,y,z
subject to Az < b, (5.1)
z= Nz + My +q,
q)lt(ya Z) =0.

Given a current iterate (2, y*, 2*) satisfying Az* < b* and 2¥ = Na¥ + My* + ¢, we then
generate the search direction (dz*,dy*, dz*) by solving the following QP subproblem, which
consists of quadratic and linear approximations of the objective and constraint functions of
problem (5.1) with p = ug, respectively, at (z*,y*, 2%):

T

di 1 dx dx
Minimize ¥ fl® o) T ( dy ) +5| B | dy
Hayas dz dz
subject to  Adx < b— Az, (5.2)
(0 o ) () G
0 qu)ﬂk (yk7 Zk)T vZ@#k (ykv Zk)—r di (I)uk (ykvzk) ’

where Bj,e R("+2m)x(n+2m) ig 5 positive definite symmetric matrix. In the numerical exper-
iments in Section 7, By will be updated by using the modified Broyden-Fletcher-Goldfarb-
Shanno (BFGS) formula. Note that the Karush-Kuhn-Tucker (KKT) conditions of QP (5.2)
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can be written as

Vo f (2", y") da NT
Vyf@*y®) | +Be| dy |+ | MT |u
0 dz -1,
0 AT
+ vy(I)Nk<yk5zk v+ 0 77:(); (5 3)
VZ(PI% (yk’ Zk) 0 .
N ~I, Zx . 0
0 v % ET Ve, R T ) T T et )
0<(b— Az¥ — Adx) L n >0,
where (1, u, v) € RP x R™ x R™ denotes the Lagrange multipliers.
For simplicity of notation, we denote
w:=(z,y,2) € R*" x R™ x R™, dw := (dz,dy,dz) € R x R™ x R™.
Also, we define the ¢; penalty function by
Opa(w) == f(z,y) + al|@u(y, 2)|1, (5.4)

where a > 0 is the penalty parameter. Note that this function has the directional derivative
0},.0(w; dw) for any w and dw.

Algorithm 1.

Step 0: Choose parameters § € (0,00), 8 € (0,1), p € (0,1), o € (0,1), po € (0,00),
a_1 € (0, oo) and a symmetric positive definite matrlx By € Rn+2m)x(n+2m) - Choose
w® = (29,9°,2°) € R® x R™ x R™ such that N2® + My° + ¢ = 2% and Az® < b. Set
k:=0.

Step 1: Solve QP subproblem (5.2) to obtain the optimum dw® = (dz*, dy*, dz*) and the
Lagrange multipliers (n*, u*, v*).

Step 2: If dw® = 0, then let w**t! := w*, oy, := a;_1 and go to Step 3. Otherwise, update
the penalty parameter by

. a1 if ag_1 > ||v*]le + 6,

a { max{||vF||oo + 6, ap_1 + 20} otherwise. (5:5)

Then, set the step size 7, := p”, where L is the smallest nonnegative integer satisfying
the Armijo condition

Opupon (W + pPdw®) < 0, 0, (WF) + 090, o, (W5 dw"). (5.6)

Pk, Ok
Let w**! := w¥ + 7.dw”, and go to Step 3.

Step 3: Terminate if a certain criterion is satisfied. Otherwise, let pgy1 := Bur and update
By, to determine a symmetric positive definite matrix By41. Return to Step 1 with k
replaced by k + 1.
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In the remainder of this section, we establish the well-definedness of Algorithm 1. We
first show the feasibility of QP subproblem (5.2). In general, a QP subproblem generated by
the SQP method may not be feasible, even if the original nonlinear programming problem
is feasible. However, in the present case, we can show that QP subproblem (5.2) is always
feasible under the Cartesian Py property of the matrix M. To this end, the following lemma
will be useful.

Lemma 5.1. Let M € R™*™ be a Cartesian Py matriz. Let H; € R™i*™i (4 =1,2,...,0)
be positive definite matrices with m = Zf:l m;, and H € R™*™ be a block diagonal matriz
with block diagonal elements H; (i =1,...,¢). Then, H + M is nonsingular.

Proof. The matrix H + M can easily be shown to be a Cartesian P matrix, which is non-
singular. O]

The next proposition shows the feasibility and solvability of QP subproblem (5.2). In
the proof, the matrix

M -1
Dy, = i 5.7
g < vy@uk(yk7zk)-l— vz@#k(yk,zk)T > ( )
plays an important role.

Proposition 5.2 (Feasibility of QP subproblem). Let M be a Cartesian Py matriz, and
{w*} be a sequence generated by Algorithm 1. Then, (i) Az* <b and zF = Na* + My* + ¢
hold for all k, and (i) QP subproblem (5.2) is feasible and hence has a unique solution for
all k.

Proof. Since (i) can be shown easily, we only show (ii). Since the objective function of
QP (5.2) is strongly convex, it suffices to show the feasibility. We first show that the matrix
Dy, defined by (5.7) is nonsingular. Note that, by Proposition4.7(c), V,®,, (y*, z¥) is non-
sigular. Let Dy, be the Schur complement of the matrix V.®,, (y*, 2%)T with respect to Dy,
that is,

~ -1
Dy = M+(vzq)uk(ykazk)T) Vy@u(y*, )"
kT k_ kN |
= M+<Vg(y Z> ) (Im—Vg(y Z) )

i Pk

¢
[k ik ™
= M —|—d1ag ng () - Imi )
o

i=1

where y»* and 2% denote the i-th subvectors of y* and z*, respectively, conforming to
the Cartesian structure of I, and each equality follows from Proposition4.7. Since M is a
Cartesian Py matrix and (Vg*((y** —2%%) /) 7)™t = I, € R™X™: is positive definite from

Proposition 4.7 (c¢), Lemma 5.1 ensures that Dy, is nonsingular, and hence Dy, is nonsingular.
It then follows from (i) that

dy —1 ( O )
dr =0, =-D
! ( dz ) E\ @, 2

comprise a feasible solution to (5.2). This completes the proof. O
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The following proposition shows that the search direction dw® produced in Step 1 of
Algorithm 1 is a descent direction of the penalty function 6,, ., defined by (5.4). It guar-
antees the well-definedness of the line search in Step 2 in the sense that there exists a finite
L satisfying the Armijo condition (5.6).

Proposition 5.3 (Descent direction). Let {w*} and {dw*} be sequences generated by Al-
gorithm1. Then, we have

() 0, o (WFdw®) = Vo f(2F,yF) Tdak + Y, f(2F, y%) Tdy* — ap || @, (v*, 291,

HE Ok
(b) 0),, o (W dw®) < —(dw*) T Brdw"
for each k. Moreover, if ®,, (y*,2%) # 0, then the inequality in (b) holds strictly.
Proof. We first show (a). Let J%, J§, and J* C {1,2,...,m} be the index sets defined by
']—]ic- = {.] | q),uk (ykzzk)j > O}a
J(]JC ={j | ®p (yk7zk)j =0},
JE = {5 | @, (4", 2%); < 0},

where @, (y*, 2¥); € R denotes the j-th component of @, (y*,z*) € R™. Then, we have

dxF T dy*
QLk,ak(wk; dw®) = V f(zk, y*) 7 < dy* > + ay Z [Vq)ﬂk(ykvzk)]j ( dgk >

jeJk
T /[ dy* T ( dy*
rar 3 [1vo, i )] ()] a X venth)] (). 69
jeJt jeJk

where [V®,, (y*, 2¥)]; denotes the j-th column vector of V®,,, (y*,z*). Since

T/ dy*
[véﬂk(ykvzk)]j ( dz:k ) = _CI)Mk(ykazk)j

from the constraint of QP subproblem (5.2), we have

01y, (W5 dw®) = Vo f (2, y*) Tda® + V, f(2*, %) Tdy" — ol @, (", )1 (5.9)

T
We next show (b). Taking the inner product of dw* = (dz*, dy*, d2*) and both sides of the
first equality in the KKT conditions (5.3) with dw = dw®, n = n*, u = u¥, v = v* for the
subproblem (5.2), we obtain

k
ViFy*)T ( gik ) + (dw®) " Brdw® + (u*) T (Ndz® + Mdy* — dzF)
BT kE _k dyk ENT k_
+ (V%) 'V, (y*,2%) e + (") Adx" = 0. (5.10)

Moreover, from the constraints of the subproblem (5.2) and the KKT conditions (5.3), we
have

Ndz* + Mdy* — dz* =0, (5.11)

Vo N A S, k .k 5.12
[Lk(y y 2 ) de - Hk(y y 2 )a ( . )
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and
0= (" "T(b— Az — Ada®) = —(n")T Ada® + (*) T (b — AzF) > —(n*) T Adz®,  (5.13)

where the inequality is due to ¥ > 0 and b— Az* > 0 from (5.3). Substituting (5.11)—(5.13)
into (5.10), we have

dz®
VIt (G ) ) Bt = (0T, ) <o

Furthermore, from (5.9), we obtain
01y (W dw®) < —(dw) " Brdw® + (0%) @, (1", 2F) — anl| @y, (4", 2)
= —(dwk)TBkdwk + Z (vf — ag) [‘I)uk (yk, zk)]j
jeak

+ Z (Uf + ag) [@#k (yka Zk)]j
jegk
< —(dw®)T Brduw*,
where the last inequality follows from ay > [|v*||o and the definitions of J¥ and J*. More-

over, if ®,, (y*,2z*) # 0, then the last inequality holds strictly since J¥ U J* # (. This
completes the proof of (b). O

(6] Convergence Analysis

In this section, we study the convergence property of the proposed algorithm. To begin
with, we make the following assumption.

Assumption 1. Let sequences {w*} and {B;} be produced by Algorithm 1.
(a) {w*} is bounded.

(b) There exist constants 71,72 > 0 such that v;||d||? < d" Bxd < 72|d||? for any d € R*+2m
and k.

(c) There exists a constant ¢ > 0 such that || D, '|| < ¢ for any k, where Dy, is the matrix
defined by (5.7).

Assumption 1 (b) means that {By} is bounded and uniformly positive definite. Assump-
tion 1(c) holds if and only if any accumulation point of {Dj} is nonsingular. The next
proposition provides a sufficient condition under which Assumption 1 (c¢) holds.

Proposition 6.1. Suppose that M is a Cartesian P matriz and Assumptionl (a) holds.
Then, Assumptionl (c) holds.

Proof. Let (E,, E,) be an arbitrary accumulation point of {(V,®,,, (¥, 2F), V. ®,, (v*, 2%))}.
Then, it suffices to show that the matrix

M -,
(2 )

is nonsingular. By Proposition4.7, £, and E, satisfy the following three properties:



A SMOOTHING SQP METHOD FOR SOLVING MPSOCC 361

(a) E,+E, =1Ly
(b) 0=E,=1I,and 0 =X E, < I,;

(c) Ey and F, are symmetric and have the block-diagonal structure conforming to the
Cartesian structure of I = K™ x .-+ x ™,

From (a) and (b), there exists an orthogonal matrix H € R™*™
HE,H'" = diag(e;),, HE.H' = diag(1 — a;)";, 0<a; <1 (i=1,2,...,m), (6.1)

where «; (i = 1,2,...,m) are the eigenvalues of E,. Moreover, from (c), H has the same
block-diagonal structure as Ey and E.. Hence, M := HMH" is a Cartesian P matrix by
Proposition 2.5.

Now, let Do, € R2Zm*2m he defined as

D = H 0 HT 0 — M —Im
Qm—<0 H>Dm( 0 HT)‘(m%mmg ﬁ%ﬂmmﬂ)’ (6.2)

and let (¢,n) € R™ x R™ be an arbitrary vector such that Do (§) = 0. Then, we have

M(¢ =, (6.3)

If oy = 0, then we have (M¢); = n; = 0 from (6.3) and (6.4). If a; = 1, then we have ¢; = 0
from (6.4). If 0 < a; < 1, then we have Ci(MC)i = (mi = —a;(1 — o;)71¢? < 0. Thus, for
all 7, we have Q(MC)Z- < 0. Since M is a Cartesian P matrix and every Cartesian P matrix
is a P matrix, we must have ( = n = 0. Hence, Do, is nonsingular. From (6.2) and the
nonsingularity of H, matrix Do, is also nonsingular. 0

The following three lemmas play crucial roles in establishing the convergence theorem
for the algorithm.

Lemma 6.2. Let {w*} be a sequence generated by Algorithm 1, and dw* = (dz*, dy*, d=*) €
R™ x R™ x R™ be the unique optimum of QP subproblem (5.2) for each k. Let {(ux, i)} C
R,y xRy, be a sequence converging to (0,0) and o > 0 be a fived scalar. Suppose that {w*}
satisfies Assumption1(a). In addition, assume that {dw*} has an accumulation point, and
w = (T,7,%) and dw := (dz,dy,dz) are arbitrary accumulation points of {w*} and {dw*},
respectively. Then we have

¢9M,oé(w’C + dewk) — G#k,a(wk)
Tk

lim sup <

k—o0

-0 (wk;dwk)> <0

HE,o

provided j — %z ¢ bd (K U —K) and dw # 0.

Proof. Taking subsequences if necessary, we may suppose w* — @ and dw* — dw. Moreover,
we have 0/,  (w*;dw®) =V, f(z*,y*)Tda® + YV, f(aF, y*) Tdy* — o ®,, (v*, 2%)||1 as shown

M,

in (5.9). Thus, we have only to show

Quk,a(wk + Tpdw®) — Huk,a(wk)
Tk

lim sup (

k—o0

) <vi@n (5 ) - ale@ah
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From the mean-value theorem and the continuity of V f, we have

k dak ok du®) — k ,k =
— 00 Tk: y

Therefore, it suffices to show that

i sup | B (0 Ty 2+ 7y | (B (0, 2,

k—o0 Tk

< —1®(7, %), (6.5)

for each j. By Definition 5 and Proposition 4.7, we have V,®,,, (y*, 2%) = I, —V P,, (y* —2")
and V. ®,, (y*,z%) = VP,, (y* —2*), which together with the constraints of QP subproblem
(5.2) yield

_(I)Hk(yk7zk) = vy(buk (yk?zk)Tdyk +vz¢)uk(yk7zk)szk
= (I-VP, " -2")"dy* + VP, (v — ") Td*
dy* — VP, (y* — ") (dy* - d2b). (6.6)

Hence, we have

@, (v + mdy®, 25+ 1de®) — @, (Y5, )
= mdy® — (Pu, (" + medy® — (F + 1ud2")) — P, (v — =)

= Tk <_(I)Mk (yk)zk) + vPMk (yk - Zk)T(dyk - dzk)>

—FBy, (yk —2F+ Tk(dyk - dzk)) + Py, (yk - Zk)
= —m®y, (", 2F) + ", (6.7)

where the first equality is due to (4.3), the second equality follows from (6.6), and §* :=
(6%, 65, ...,6%) € R™ is given by

07 = VP, (y* = 2" (dy* — dz") = 771 (P, (v — 2 + m(dy® — d2)); = P, (4" = 25);).
8

0. In case (i), we first notice that

D, (V" + Tedy”, 25 + Tedzi) | — |94, (5, 27,
Tk
S ‘(I)Hk (yk + deyk7 Zk + dezk)j B (I)Hk (yka Zk)]' (69)

Tk

= ‘(I)Nk (yka Zk)j - 55'7

where the equality follows from (6.7). By applying the mean-value theorem in (6.8), we can
find (i; € (0,1) for each k such that

) ) T
0 = (VEu (" —2%) = VP, (" = 2" + Gymi(dy* — d2¥))); (dy* — d2F). (6.10)

Since Proposition 4.5 and the boundedness of {dw"} imply

lim VB, (5 — o) = VB (5 — 2 + Gym(dy® — =) = 0, (6.11)
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we obtain limy_s oo 5}“ = 0. Moreover, by Proposition4.8, we have limy_,o. @, (y*,2%); =
®(y,%z); = 0. Then, by letting k& — oo in (6.9), we obtain (6.5). In case (ii) and case (iii), we
have

|(I>ltk (yk + deykv 2 + dezk)jl - |(I)ltk (ykv Zk)j| = _(I)Hk (ijzk)j + 5;6

and
|q)uk (yk + deykazk + de'zk)j| - |CI)Mk (yk7 Zk)]' = q)uk (yja Zk)j - 65;

respectively. Then, a similar argument to that in case (i) leads to the desired inequality (6.5).
O

Lemma 6.3. Let {w"} be a sequence generated by Algorithm 1. Suppose that Assumption
1 holds. Then, we have the following statements.

(i) {dw*} and {(u*,v*)} are bounded.
(ii) There exists ko such that oy, = g, for all k > ky.
(ii) The sequences {0, o, (W)} and {0, o, (W)} converge to the same limit.

Proof. We first prove (i). Let

( illg: ) = —D;! ( q)#k(;k’zk) ) (6.12)

and dw* := (0, dj*, dz*), where Dy, is defined by (5.7). Then, dw"* is a feasible point of QP
subproblem (5.2). Note that the objective function of QP subproblem (5.2) is rewritten as

%(dw — B;'¢") " By(dw — B; ' ¢*) + constant,
where ¢gF := (V f(z*,4%),0). Since dw" is the optimum of QP subproblem (5.2), we have
(di* — B g") " Bi(di® — B 'g¥) > (dw* — B 'g") " Bi(dw® — By 'gb).
This together with Assumption 1 (b) implies
ol di® — B tg¥ |1 = m|dw® — B R (6.13)

Now, notice that {d@w"} is bounded from (6.12), Assumption 1 (a), (c) and Proposition 4.8.
In addition, {B; '} and {¢g*} are also bounded from Assumption 1 (a), (b). Thus, we have
the boundedness of {dw*} from (6.13). On the other hand, from the first equality of the
KKT conditions (5.3), we have

( u ) — (D) (( Vil (o) ) +Bkdw’f),

where By, is the 2m x (n + 2m) matrix consisting of the last 2m rows of Bjy. This equa-
tion together with Assumption 1 and the boundedness of {dw*} yields the boundedness of
{(u*,v*)}.
We next prove (ii). From the update rule (5.5), we can easily see that {ay} is nonde-
creasing. Moreover, if
0¥l oo > a1 — 0, (6.14)
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then we have aj, = max{|[v¥||oc + &, ar_1 + 26} > ap_1 + 29, that is, oy, increases at least
by 26 at a time. Let K := {k|||v*||oc > ax_1 —6}. If |[K| = 00, then ap — oo as k — oo and
hence {||v*||s} is unbounded from (6.14). However this contradicts (i). Thus we have (ii).

We finally show (iii). Since we have (ii), there exist @ and ko such that @ = ay, for all
k > kg. In what follows, we suppose k > kqg. Since pp1 < pg, Proposition 4.9 together with
(5.4) implies

M < O (W) + amppy, (6.15)

+amppr+1 < Oua
< O a(w®) + ampp, (6.16)

0#k+1,5(w

where the last inequality follows from the Armijo condition (5.6) and Proposition 5.3 (b).
From (6.16), {0,,, =(w®) + @mpu} is a monotonically nonincreasing sequence. In addition,
{0, z(w*) + @mpuy} is bounded, since {0, z(w*)} is bounded from Assumptionl (a).
Therefore, {GM,a(wk) + amppuyg } is convergent. This fact together with limg_,o p = 0 and
(6.16) yields that {0, z(w*™1)} and {6, =(w*)} must converge to the same limit. O

Finally, we show that a sequence generated by the algorithm globally converges to B-
stationary point of MPSOCC (3.1) under the assumption that any accumulation point @w =
(Z,7,Zz) satisfies § — Z ¢ bd (X U —K), which is equivalent to the nondegeneracy condition
given in Definition 3.1 if 7 and Z satisfy the SOC complementarity condition.

Theorem 6.1. Let {w*} be a sequence generated by Algorithm 1. Suppose that {w*}
satisfies Assumption1. Let W = (Z,¥,%) be an arbitrary accumulation point of {wk}. If
(7,Z) satisfies 7 —z ¢ bd (K U —K), then w is a B-stationary point of MPSOCC (1.1).

Proof. By Lemma 6.3(ii), there exists some constant a > 0 and kg such that o = « for all
k > ko. In this proof, we suppose without loss of generality that ap = « holds for all k.
We first show that
Jim. [|dw"|| = 0. (6.17)

From Proposition 5.3 (b) and Assumption 1 (b), we have

0, . (w*; dw®) < —(dw®)" Brdw® < —~; ||dw||?, (6.18)

M, &
which together with Armijo condition (5.6) yields
) (w*; dw")

Our 0 (w") = yromil|dw®|>.

HMk,a(wk) +omb

9Mk7a<w JIyaNe

IA

Hence, from Lemma 6.3 (iii), we obtain
lim 73||dw”||? = 0.
k—o00

Now, assume for contradiction that (6.17) does not hold. Then, there exists an infinite index
set K C {0,1,...} such that

lim ||dw"| > 0, (6.19)
her
and hence
klim Tk = 0.

keK
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Let £}, be the smallest nonnegative integer L satisfying (5.6), i.e., p’* = 75,. Then, from the
definition of ¢;, we have

Ouk,a(wk + pLdw®) > Ouk,a(wk) +op71e, (W dw®),

I

which implies

k lrp—1 kY _ k
g = Dpa (Wi Fp pekdff ) 2 OuaWT) g ki) > —(1— o), (whs du®)(6.20)

By Lemma 6.2 together with limy_eo, kex p*1=0 and ¥ — z ¢ bd (K U —K), we have
lim supg oo, kex &k < 0. Moreover, we have from (6.18)

—(1=0)0), o(w*;dw*) > (1 - o)y |dw”|>. (6.21)
From (6.20) and (6.21), we must have limy oo, kex [|dw®|| = 0. However, this contradicts

(6.19), and hence we have (6.17).

Next, we show that w satisfies the KKT conditions(3.2) of MPSOCC (3.1). Let
{(n*,u* ,v¥)} be the sequence of multipliers corresponding to {dw*}. Then, {(u*,v*)} is
bounded from Lemma 6.3 (i). Hence, there exist vectors u, ¥ and an index set K’ such that
limy,—s o0 ke i (W, u¥ 0%) = (W, 7, v). By (5.3) and letting X := {x € R" | Az < b} we have

¢F e —Nx(z) x {0}>™, (6.22)
k
( N M m ) zzk =-— ( 0 )(6 23)
0 qu)/uc(ykvzk)—r vzfpuk(ykvzk)—r dz* (I),uk(ykvzk) -

0<b— Az* — Adz"®, (6.24)

where
Vo f(xF, y*) dz* NT 0
= Vof@R ) | B | dyt | | MT O ub | V@, (v, 2) | 0P, (6.25)
0 dzF —1I,, V.., (y*, 2F)

and (6.22) follows from the first equation of (5.3) with Nx (z%) = {ATn |n >0, nT(Az* —b)
= 0}. By letting k € K’ tend to oo in (6.23) and (6.24), we have

0<b—- Az, ®(y,z)=0. (6.26)

Note that (6.26) implies Z € X. In addition, note that {¢*}cx is a convergent sequence
satisfying (6.22), since {Bj} is bounded from Assumption1 and limg_,0o V®,,, (y*, wk) =
V (g, w) from the nondegeneracy condition. Then, these facts together with (6.17) and the
closedness of the point-to-set map Nx(+) yield

Vo f(Z,Y) NT 0
Vof@y) |+ | MT |u+| V,@@F2) |v=_lim (*e-Nx(@) x{0}*"
0 _Im VZ(I)(?, E) k—oo0,ke K

This together with (6.26) means that w satisfies the KKT conditions (3.2) of MPSOCC (3.1).
By Proposition 3.7, w is a B-stationary point of MPSOCC (1.1). O
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Numerical Experiments

In this section, we implement Algorithm 1 for solving problem (1.1) and report some nu-
merical results. The program is coded in Matlab 2008a and run on a machine with an
Intel®Core2 Duo E6850 3.00GHz CPU and 4GB RAM. In Step 0 of the algorithm, we set
the parameters as

§:=1, a_;:=10, o0:=10"3, p:=0.9.

The choice of smoothing parameters {y}, i.e., o and 3, and a starting point w® vary with
the experiment. We let By be the identity matrix, and update By by the modified BFGS
formula:

Bksk(Bksk)T Ck(ck)T
(Sk)TBksk + (Sk)TCk

Byy1 = By —

with 8% = w* ! —wk and ¢ = 0,C*+(1—0),) Bys*, where (¥ := V, L, ., (w1 ub ok nk) —
VL, (w*, uk,v* nk), L, denotes the Lagrangian function defined by L, (w,u,v,n) =
flx,y) + ®u(y, 2)v+ (Nz+ My + g — z)u + (Az — b)n, and 0y, is determined by

1 if (s*)T¢* > 0.2(s*)T Bys*
Ok == 0.8(s*) T Bys*

= otherwise.
(s%)T(Brsh — k)

In Step 1, we use the quadprog solver in Matlab Optimization Toolbox for solving the QP
subproblems. In Step 3, we terminate the algorithm if the following condition is satisfied:

12(y", 2%)[loo + [ldw* [0 < 1077 (7.1)

The rationale for using (7.1) is as follows. If ®(y*, 2%) = 0, i.e., K 3 y* L 2z* € K holds, then
wh = (2F y¥, 2¥) is feasible to MPSOCC (1.1), since the remaining constraints Az* < b
and zF = Nz2* + My* + ¢ always hold from Proposition5.2. Moreover, if ||dw¥|. =
0, then w* satisfies the KKT conditions (3.2) of MPSOCC (3.1). Thus, by Theorem 6.1,
[®(y*, 2%) ||oo + [|[dw || = 0 indicates that w* is a B-stationary point under the assumption
y* — 2* ¢ bd (K U —K), which is equivalent to the nondegeneracy condition in Definition 3.1
if £ > y* L 2* € K. Hence, (7.1) is appropriate for a stopping criterion of the algorithm.
As the CM function, we choose j(a) := ((a? +4)'/? + ) /2.

Experiment 1

In the first experiment, we solve the following test problem of the form (1.1):

Minimize [|z[|* + [|y||”
subject to Az < b,
z=Nzx+ My +q,
KsylzeKk,

(7.2)

where (7,y,z) € R1Y x R™ x R™, and each element of A € R19%10 N ¢ R™*10 is yandomly
chosen from [—1,1]. Moreover, each element of b € R is randomly chosen from [0, 1].
In addition, M € R™*™ is a positive semi-definite symmetric matrix generated by M =
M;M;" +0.01, and M; € R™*™ is a matrix whose entries are randomly chosen from
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[—1,1]. The vector ¢ € R™ is set to be ¢ := §, — M¢, with {, € R™ and &, € R™, whose
components are randomly chosen from [—1,1]. We choose different Cartesian structures for
IC, and generate 50 problems for each K. In applying Algorithm 1, we set an initial point
w® = (20,9°,29) :=(0,&,,&,) € RO x R™ x R™, so that Az° <b and 2° = N2® + My® +¢
are satisfied. We choose smoothing parameters {uy,} as . := 100 x 0.8*.

The obtained results are shown in Tables 1 and 2, where ()% := KLY x K¥ x --- x K¥ C
R¥* and each column represents the following:

e fite: the average number of iterations among 50 test problems for each KC;
e cpu(s): the average cpu-time in second among 50 test problems for each IC;

e non(%): percentage of test problems whose solutions obtained by Algorithm 1 satisfy
the nondegeneracy condition in Definition 3.1.

Recall that convergence to a B-stationary point is proved under the nondegeneracy condition.
Hence, the value of “non” represents the percentage of problems for which the algorithm
successfully finds B-stationary points. From Table1, we can observe that fite does not
change so much although the values of cpu(s) tends to be larger as m increases. From
Table 2, we can see that non(%) tends to be less than 100 if K includes K! or K2. Indeed,
when K = (K1)19 and (K?2)%°, the values of “non(%)” is 74 and 86, respectively, whereas it
becomes 100 when the dimension of all SOCs in K is larger than 10.

m K fite | cpu(s) | non(%)
10 | K | 57.42 | 0.400 100
20 | K2 | 56.30 | 0.471 100
30 | K39 | 55.78 | 0.568 100
40 | K | 55.44 | 0.726 100
50 | K59 | 55.06 | 0.987 100
60 | KO | 54.96 | 1.388 100
70 | K™ | 54.74 | 1.797 100
80 | K% | 54.66 | 2.130 100
90 | K% | 54.40 | 2.437 100
100 | KCT00 | 54.20 | 2.930 100

Table 1: Results for problems with a single SOC complementarity constraint (Experiment 1)

Experiment 2.

In the second experiment, we apply Algorithm 1 to a bilevel programming problem with a
robust optimization problem in the lower-level. Bilevel programming has wide application
such as network design and production planning [2, 9]. On the other hand, robust optimiza-
tion is known to be a powerful methodology to treat optimization problems with uncertain
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m K gite | cpu(s) | non(%)
100 Koo 54.20 | 2.930 100
100 (K02 55.18 | 3.037 | 100
100 10 % K20 x K30 56.28 | 3.016 100
100 (KCT0y10 64.10 | 3.687 | 100
100 | K7 x K20 x (KI)2 x K° x (K1)° | 78.22 | 4.558 | 98
100 (KK2)™0 7868 | 6.012 | 86
100 (KT)T00 8784 | 6.685 | 74

Table 2: Results for problems with multiple SOC complementarity constraints (Experi-
ment 1)

data [3, 4]. In this experiment, we solve the following problem:

. . . 4
M, ll -l + Ly

subject to 0<uz; <5 (i =1,2,3,4),
1< —21 4+ 209 + 24 < 3, (7.3)
1<z +a3 —14 <2,
y solves P(x),

with

1
P(z) : Mi;lé@izeiénUa:?m)iTy + inM%

where r > 0 is an uncertainty parameter, U,(x) C R* is an uncertainty set defined by

Up(x) = {& € R | |& — o] < r}, and
2 2 0 -1 -1 1 0 1
2 4 -2 0 0 2 2 3
M= 0 -2 2 0|’ C:= 0 0 3 2
-1 0 0 6 0 0 0 -1

For solving problem (7.3), we introduce an auxiliary variable v € R to reformulate the
lower-level minimax problem P(z) as the following SOCP:

.o . . l T T
(l}y/lylf)lé%iZRe‘l sy My+x ' y+ry

subject to (Z) € K5.

Furthermore, the above SOCP can be rewritten as the following SOC complementarity

problem:
5 v r 5
K 9<y)L<My+x>eIC.



A SMOOTHING SQP METHOD FOR SOLVING MPSOCC 369

Thus, we can convert problem (7.3) to the following problem:

(e S e 197 OV H 2@
subject to 0<z;<5(i=1,2,3,4),
1< —21 4+ 229 + 24 < 3, (7.4)

1<zo+x3—14 <2

_ r 5 Y 5
z_(Mer:r)’K 9<y)LzelC,

which is of the form (1.1). For the sake of comparison, problem (7.4) is solved not only by
Algorithm 1, but also by the smoothing method [20], which is described as follows:

Smoothing method

Step 0. Choose a positive sequence {7} such that 7 — 0. Set £:= 0.
Step 1. Find a stationary point w’ = (z¢, 3%, 2*) of the smoothed problem (5.1) with y = 7.

Step 2. If w’ is feasible for MPSOCC (1.1), then stop. Otherwise, set £ := £+ 1 and go to
Step 1.

Each algorithm is implemented in the following way: In Step 0 of Algorithm 1, we set
smoothing parameters py, := 0.8% (k > 0) and a starting point z° := (1, 1,1, 1), (y0,%°, 2°) :=
(0,0,0) € R x R* x R5. The choice of the other parameters is the same as in Experiment 1.
In Step 0 of the smoothing method, we set 7, := 0.8° for ¢ > 0. In Step 1, for solv-
ing problem (5.1) with u = 74, we apply Algorithm 1 with slight modification, where the
smoothing parameter py, is fixed to 7 for all k£ and the termination criterion is replaced by
|dw¥||sc < 1077, In Step 2, we stop the smoothing method when ||®(y, 2%)||oc < 1077 is
satisfied.?

We then test both the methods to problem (7.4) with » = 0.02,0.04,0.06,0.08 and 0.10.
The obtained results are shown in Tables 3 and 4, whose columns represent the following:

o (z*,y*,~v*): the value of x,y, v obtained by Algorithm 1;
o (A}, A%): spectral values of (Z*) + 2* with respect to K5 defined as in Definition 2.1,

*

where z* := (r, M(]. ) + z*);
e fliteoyt: the number of outer iterations;

e #QP: the number of QP-subproblems (5.2) solved in each trial.

From Table3, for all 7, we can observe (A}, \3) > 0, which means (7.) 4 z* € int K5, i.e.,
the nondegeneracy condition holds at the obtained solution. Hence, Algorithm 1 finds a
B-stationary point of problem (7.4) successfully. From Table 4, we cannot find a significant
difference between the values of flite,y; for the two methods. However, it is observed that the
value of QP in the smoothing method tends to be much larger than that in Algorithm 1.
Indeed, when r = 0.02, the smoothing method has §QP = 218, which is almost five times
larger than §QP = 44 in Algorithm 1. This fact suggests that the smoothing method needs
to solve a number of QP-subproblems in Step 1 for solving each smoothed problem (5.1)

fThe remaining constraints Az’ < b and 2! = Nz + My’ + ¢ are automatically satisfied since w? is

feasible to the smoothed problem (5.1).
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with fixed p, while Algorithm 1 only solves one QP subproblem (5.2) for each smoothed
problem (5.1). As a result, the computational cost in the smoothing method tends to be
larger than Algorithm 1.

r z* y* 7" (A1, A3)
0.02 | (0.9236,0.9618,0.0382,0.0000) (—0.6152,0.1120,0.0915,0.1020) 0.6402  (0.040, 1.280)
0.04 | (0.9495,0.9747,0.0253,0.0000) (—0.6170,0.1106,0.0950,0.1018)  0.6421  (0.080, 1284)
0.06 | (0.9754,0.9877,0.0123,0.0000)  (—0.6189,0.1092,0.0985,0.1016) 0.6442 (0.120, 1.288)
0.08 | (1.0021,1.0007,0.0000,0.0007) (—0.6218,0.1084,0.1021,0.1014) 0.6474 (0.160, 1.295)
0.10 | (1.0416,1.0139,0.0000,0.0139)  (—0.6356,0.1123,0.1044,0.1011)  0.6616 (0.200,1.323)

Table 3: Results for Algorithm 1 (Experiment 2)

Algorithm 1 smoothing method
r cpu(s) fiteou, HQP cpu(s) fiteous §QP
0.02  0.207 45 44 1.005 43 218
0.04 0.213 43 42 0.941 42 205
0.06 0.213 43 41 0.908 41 199
0.08 0.214 42 40 0.873 40 188
0.10 0.209 41 40 0.875 40 188

Table 4: Comparison of Algorithm 1 and the smoothing method

Conclusion

In this paper, we have considered the mathematical program with SOC complementar-
ity constraints. We have proposed an algorithm based on the smoothing and the sequential
quadratic programming (SQP) methods, in which we replace the SOC complementarity con-
straints with smooth equality constraints by means of the natural residual and its smoothing
function, and apply the SQP method while decreasing the smoothing parameter gradually.
We have shown that the proposed algorithm possesses the global convergence property un-
der the Cartesian P, and the nondegeneracy assumptions. We have further confirmed the
efficiency of the algorithm through numerical experiments.
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