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Abstract: In this paper, by using a scalarization method, a characterrization of weak efficient solutions for
a symmetric vector quasiequilibrium problem in Hausdorff topological vector spaces is obtained. Further,
the existence of the weak efficient solutions and the connectedness of the set of weak efficient solutions for
the symmetric vector quasiequilibrium problems are proved. The results presented in this paper generalize
and improve some known results [7, 13, 23, 39].
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Introduction

The equilibrium problem was proposed in Blum and Oettli [6] and has been intensively
studied since then. It contains many important problems as special cases, such as varia-
tional inequalities, optimization problems, problems of Nash equilibrium, fixed point and
coincidence point problems, saddle point problems and complementarity problems. In re-
cent years, a great deal of papers have been devoted to the existence results of solutions
for various kinds of vector equilibrium problems (see, e.g.,[1, 3, 11, 17] and the references
therein).

In 1994, Noor and Oettli [35] introduced and studied a symmetric quasiequilibrium prob-
lem which is a generalization of equilibrium problem proposed by Blum and Oettli [6] and
proved to be more suitable in modeling several practical situations. In 2003, Fu[20] extended
the result from scalar case to the vector case in Hausdorff locally convex topological vector
spaces. In 2007, Anh and Khanh [1] extended the problem considered in Fu[20] from the
single-valued case to the multivalued case in Hausdorff topological vector spaces. Recently,
the existence of the solution set for symmetric vector quasiequilibrium problems has been
studied by many authors (see, e.g., [1, 15, 18, 20] and the references therein). However, there
have been limited number of works in the literature dealing with the topological properties
of the solution set for symmetric vector quasiequilibrium problems.

It is well known that the connectedness is one of the important topological properties for
vector variational inequalities and vector equilibrium problems, as it provides the possibility
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of continuously moving from one solution to any other solution. Recently, Lee et al.[33]
and Cheng [13] studied the connectedness of the weak efficient solution set for single-valued
vector variational inequalities in finite dimensional Euclidean space. Gong [23] obtained the
connectedness of the various solution sets for single-valued vector equilibrium problems in
infinite dimension space. Chen et al.[7] discussed the connectedness and the compactness of
the weak efficient solution set for set-valued vector equilibrium problems and the set-valued
vector Hartman-Stampacchia variational inequalities in normed linear spaces. By virtue of
a density result, Gong and Yao [24] studied the connectedness of the efficient solution set
for single-valued vector equilibrium problems in locally convex spaces. Concerned with the
connectedness and the path-connectedness of the solution set for symmetric vector equi-
librium problems, we refer to the work of Zhong et al.[39]. Very recently, Chen et al. [9]
studied the connectedness of approximate solution set for the vector equilibrium problems
in real Hausdorff topological vector spaces. To the best of our knowledge, no paper has
been devoted to the study of the connectedness of the solution set for symmetric vector
quasiequilibrium problems.

Motivated and inspired by the research works mentioned above, in this paper, we con-
sider a class of symmetric vector quasiequilibrium problems in Hausdorff topological vector
spaces. By using a scalarization method, we give a characterrization of the weak efficient
solutions for symmetric vector quasiequilibrium problems in Hausdorff topological vector
spaces. Through the scalarization result, we obtain the existence of the weak efficient solu-
tions and the connectedness of the weak efficient solution set for symmetric vector quasiequi-
librium problems. The results presented in this paper generalize and improve some known
results in [7, 13, 23, 39].

Preliminary Results

Throughout this paper, unless specified otherwise, we always suppose that X, Y, E
and Z are real Hausdorff topological vector spaces. Let K C X and D C Y be nonempty
convex subsets. Let S : K xD = 2K T : K xD —» 2P, F: K x D x K — 2F and
G : D x K x D — 2% be set-valued mappings. Let C C E and P C Z be nonempty closed
convex pointed cones with intC # @) and intP # (). Let E* and Z* be the topological dual
spaces of E and Z. Let C* and P* be the dual cones of C' and P, respectively, that is,

C*={feE": fly)>0,vVy € C},
and
Pr={gez":9(y) 20,vy € P}.

Let
A={(z,y) e KxD:xz € S(z,y),y € T(z,y)}.

In this paper, we consider the following symmetric vector quasiequilibrium problem(in
short, SVQEP): finding (Z, ) € A such that

F(z,7,u) N (=intC) = 0,Yu € 5(z,7),
G (§,z,v) N (—intP) = 0,Yv € T(Z, ).

We call this (Z,y) a weak efficient solution to (SVQEP). Denote by V,,(F,G) the set of all
weak efficient solutions to (SVQEP).
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Remark 2.1. (i) Iffor any (z,y) € K x D, S(z,y) = K and T(x,y) = D, then (SVQEP)
reduces to the problem considered in Zhong et al.[39)].

(ii) If F and G are single-valued mappings, C is a closed convex cone with intC' # (),
E =Z and C = P, then (SVQEP) reduces to the problem studied in Farajzadeh [18];
If in addition, F(z,y,u) = f(u,y) — f(z,y) and G(y,z,v) = g(z,v) — g(x,y), where
fiKxD— Zand g: K x D — Z are two single-valued mappings, then (SVQEP)
collapses to the problem investigated in Fu [20]; If furthermore, Z = R and C = Ry,
then (SVQEP) coincide with the scalar problem studied in Noor and Oettli [35].

(iii) G =0, Y = {y} and T(z,y) = {y}, then (SVQEP) reduces to the multivalued
vector quasiequilibrium problem considered by many authors.

Let (f,g) € C*\{0} x P*\{0}. We also consider the following scalar symmetric vector
quasiequilibrium problem(in short, SSVQEP): finding (Z, 7) € A such that
inf  f(z) >0,Vu € S(z,7),
z€F(z,y,u)
inf  g(z) >0,Vv € T(Z, 7).
2€G(y,z,v)
We call this (Z,7) a (f, g)-efficient solution to (SSVQEP). Denote by V,,(f, g) the set of all
(f, g)-efficient solutions to (SSVQEP).
For our main results, we need some definitions and lemmas as follows.

Definition 2.2. Let X and Y be two topological vector spaces and T : X — 2Y be a
set-valued mapping.

(i) T is said to be upper semicontinuous at « € X if, for any neighborhood U of T'(z),
there is a neighborhood V of = such that T'(¢) C U, for all t € V. T' is said to be upper
semicontinuous on X if it is upper semicontinuous at each z € X.

(ii) T is said to be lower semicontinuous at x € X if, for any y € T'(x) and for any net
{z4} converging to z, there exists a net {yo} such that y, € T(z,) and y, converges
to y. T is said to be lower semicontinuous on X if it is lower semicontinuous at each
rzeX.

(iii) T is said to be continuous on X if it is both upper semicontinuous and lower semi-
continuous on X.

(iv) T is said to be closed if, Graph(T') = {(z,y) : ¢ € X,y € T(x)} is a closed subset in
X xY.

Definition 2.3. Let W be a topological vector space and D C W be a nonempty set. A
set-valued mapping G : D — 2F is said to be C-lower semicontinuous on zq if, for each
z € G (z9), and any neighborhood U of 0 in E, there exists a neighborhood U (z¢) of z¢ such
that

Gx)N(z+U—-C) #0,Vx € U (z9) N D.

Remark 2.4. Clearly, if G is lower semicontinuous on D, then G is C-lower semicontinuous
on D.

Definition 2.5. Let X, Y, Z and E be topological vector spaces and C' be a closed convex
conein E. Let H : K x D x M — 2% be a set-valued mapping, where K C X and D C Y are
nonempty sets, M C Z is a nonempty convex set. For any fixed (z,y) € K x D, H(x,y,-)
is said to be
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(i) C-convex if, for every z1,2z2 € M and t € [0, 1], one has
tH (Ivyazl) + (1 - t)H(‘T7y722) C H(x’yat'zl + (1 - t) 22) + C7

(ii) C-quasiconvex if, for every 21,22 € M and t € [0, 1], one has either
H (z,y,21) C H (x,y,tz1 + (1 —t) 22) + C;

or
H (z,y,22) C H (z,y,tz1 + (1 — 1) 22) + C.

Definition 2.6 ([5])). A subset D C X is said to be arcwise connected iff, for every pair of
points z,z € D, there exists a continuous mapping ¢, ., called an arc, defined on the unit
interval [0,1] C R and with values in D such that

P,z (0) =T,Px,z (1) =z

In the sequel, ¢, . will denote a continuous arc connecting = and z. It is easy to see that
every convex set is arcwise connected.

Definition 2.7 ([32]). Let D C X be a nonempty arcwise connected set, a set-valued
mapping F : D — 2Y is said to be C-arcwise connected iff

tF(z)+ (1 —t)F(x) C F(ps () + C,Vt € [0,1],Vx, 2z € D.

Remark 2.8. If F: D — 2Y is a C-arcwise connected set-valued mapping, then F (D) + C
is a convex set.

Remark 2.9 ([32]). The C-convex set-valued mapping is C-arcwise connected. However,
there exist C-arcwise connected set-valued mappings which are not C-convex set-valued
mappings.

Definition 2.10. Let X, Y, Z and E be topological vector spaces and C' be a closed
convex cone in K. K C X, D C Y and M C Z are nonempty convex sets. A set-valued
mapping H : K x D x M — 2F is said to be C-concave on K x D x M if, for every
(x1,y1,21), (T2,Y2,22) € K x D x M and t € [0, 1], one has

H (txy 4+ (1 —t) o, tyr + (1 — t)ya, tz1 + (1 — t)22) C tH (21,91, 21)+(1 — t) H (2, y2, 22)+C.

Lemma 2.11. ([}])Let X andY be two Hausdor{f topological vector spaces and T : X — 2V
be a set-valued mapping.

(i) If T is upper semicontinuous with closed values, then T is closed;

(ii) If T is closed and Y is compact, then T is upper semicontinuous.

Lemma 2.12 ([14]). Let {K;}icr be a family of nonempty convexr subsets where each K;
is contained in a Hausdorff topological vector space X;. For each i € I, let Q; : K =
[Lic: Ki — 2K be a set-valued mapping such that

(i) for eachi € I, Q;(x) is convex;

(i) for eachz € K, z; ¢ Qi(x);



SYMMETRIC VECTOR QUASIEQUILIBRIUM PROBLEMS 33

(iit) for each y; € K;, Q; ' (y;) is open in K;

(iv) if K 1is not compact, then there exists a nonempty compact subseL? of K and a
nonempty compact convex subset B; of K; such that for each x € K\K, there exists a
i € I such that Q;(z) N B; # 0.

Then there exists x € K such that Q;(x) =0 for all i € I.

Lemma 2.13 ([37]). Let X and Y be two topological vector spaces, S be a connected subset
of X, F:S —2Y be a set-valued mapping. If F is upper semicontinuous on S and F(z) is
connected subset of Y for each x € S, then F(S) = UyesF(x) is a connected subset of Y.

Lemma 2.14. Let S : K x D — 2K and T : K x D — 2P be set-valued mappings with
nonempty convex values. Suppose that F(x,y,-) is a C-convex mapping on K and F(y,z,-)
is a P-convex mapping on D. Then, F (z,y,S(x,y))+C and G(y,z,T(x,y))+ P are conver.

Proof. Let z1,2z9 € F(x,y,S(z,y)) + C and t € [0,1]. It follows that there exist uy,us €
S(z,y) such that z; € F(z,y,u1) + C and 29 € F(x,y,us) + C. Since S(z,y) is convex and
F(z,y,-) is C-convex, we have

tz1+(1—t)ze € tF(z,y,u1) +tC+ (1 —t)F(z,y,u2) + (1 —1)C
c F(x,y,tul—|—(1—t)u2)+CCF(x,y,S(x,y))+C

Hence, F(z,y,S(z,y)) + C is convex. Similarly, we can prove that G(y,z,T(xz,y)) + P is
convex. O

Lemma 2.15. Suppose that for any (z,3y) € A, F(z,4,5(Z,9))+C and G(y,z,T(z,7y))+ P
are convex sets. Then

Vo (F,G) = U Vs (f,9)-
(f,9)€C=\{0}x P~\{0}
Proof. Suppose that
(z,9) € U Vi (f,9)-
(f,9)€C\{0}xP=\{0}

Then there exists (f,g) € C*\ {0} x P*\{0} such that

inf  f(z) >0,Yu € S(Z,7),
2€F(Z,9,u) (2 1)
inf  g(z) >0,Vv € T(Z, 7). ’
2€G(7,2,v)

Now, we claim that
F(z,y,u) N (—intC) = 0,Yu € S(z,7).

In fact, if there exists some @ € S(z,y) and z € F(&,y,u) such that z € —intC, then for
f € C*\{0}, we have
inf  f(z) < f(2) <0,
z€F(z,y,a)

which contradicts (2.1). Similarly, we can prove that
G(y,z,v) N (—intP) = 0,Yv € T(Z, 7).

Hence, (Z, ) € Vi (F, G).
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Conversely, let (Z,7) € Vi (F,G). Then

It follows that

{ F(z,9,5(Z,79)) N (—intC) =0,
G(y,z,T(z,5)) N (—intP) =0

and so
{ (F(z,9,8(%,9)) + C) N (—intC) =0,
,Z,T(Z,9)) + P)N (—intP) = 0.

Since F(z,y, S(z,7y))+C and G(y,z,T(Z,y))+ P are convex sets, by the separation theorem
of convex sets, there exists some (f,g) € E*\{0} x Z*\{0} such that
S

inf{f(z4+c¢):ce C,u€ S(z,y),z € F(z,g,u)} > sup{f(c) : c € —intC} (2.2)

and
inf{g(z +p):pe P, € T(Z,7),z € G(y,%,0)} > sup{g(p) : p € —intP}. (2.3)

Since C is a cone, f(c) > 0 for all ¢ € C, we know that f € C*. This together with (2.2)
yields f € C*\{0} and
inf  f(z) >0,Yu € S(z,7).
z€F(z,y,u)

Also, by (2.3), we see that g € P*\{0} and

inf  g(z) >0,Yv € T(,7).
2€G(y,z,v)

This means that (Z,7) € Vi (f, g). This completes the proof. O

Remark 2.16. (i) Lemma 2.15 generalizes Theorem 3.1 of [7] from set-valued vector
equilibrium problem to symmetric vector quasiequilibrium problem.

(ii) Lemma 2.15 generalizes Lemma 2.1 of [39] from symmetric vector equilibrium problem
to symmetric vector quasiequilibrium problem.

Existence of the Solutions

In this section, we give an existence theorem of the solutions for scalar symmetric vector
quasiequilibrium problem.

Theorem 3.1. Assume that

(i) For each (z,y) € K x D, F(x,y,z) C C and G(y,z,y) C P;

(ii) For each uw € K, F(-,-,u) is C-lower semicontinuous on K x D and for each v € D,
F(-,-,v) is P-lower semicontinuous on D x K

(iii) For each (z,y) € K x D, F(x,y,-) is C-quasiconvex on K or C-convex on K and for
each (xz,y) € K x D, G(y,z,-) is P-quasiconvex on D or P-convex on D;

(iv) S and T are upper semicontinuous with nonempty closed convex values on K x D
and for each (z,y) € K x D, S™'(x) and T~ (y) are open in K x D;
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(v) If K x D is not compact, there exists a nonempty compact subset Ko x Dy of K x D
and a nonempty compact convexr subset K1 x D1 of K X D such that for each (z,y) €
(K x D)\(Ky x Dy), there exists a & € K1NS(x,y) such that F(x,y,Z) N (—intC) # 0
oray € DiNT(x,y) such that G(y,x,y) N (—intP) # 0.

Then Vi, (f,g) # 0 for all (f,g) € C*\{0} x P*\{0}.
Proof. Let (f,g) € C*\{0} x P*\{0}. For any (z,y) € K x D, set

P ={(z,y) e KxD:z € S(z,y)},
P={(x,y) e KxD:yeT(x,y)},

Qi(z,y) ={r e K: inf f(z)<0},
z€F(z,y,T)

Q2(z,y)={geD: inf g(z) <0},

2€G(y,z,9)

_ [ S@y)nQi(zy), if(z,y) € P
Ra(z,y) = { S(z,y), otherwise

and

_ [ T(z,y) N Qa(z,y), if (z,y) € P
Ra(w,y) = { T(z,y), otherwise.

Next we will show that R; and R satisfy all the conditions of Lemma 2.12. For any =z € K,
we have

Ri'(z) = {(@,9)€Pi:2eS@y)NQ:iz,y)}U{(z,y) € KxD\P:zecS7)}

{(z,9) € P : (z,9) € S Hx)NQ; (2)} U{(Z,9) € K x D\Py : (z,9) € S"(x)}
{PLn S z) N QT ()} U{[(K x D\P]N S~ (z)}

= {[(K x D\PJUQ ' (z)} NS~ (x). (3.1)

It follows from (3.1) that

(K x D\Ry'(z) = (K x D)\{[((K x D)\P) UQy" ()] NS~ (2)}
= {(K x D)\[((K x D)\P1) UQy" (2)]} U[(K x D)\S™*(x)]
= {[(K x D\QT'(x)] N P} U[(K x D)\S™}(x)]. (3.2)

Since S is upper semicontinuous with closed values, we know that P; is closed. Next we
show that
(K x DNG (@) = {(@5) € K x D5 _inf  f(2)20)
zEe T,Y,r
is closed. Let {(2a,va)} C (K x D)\Q7 () with (z4,%a) — (Z,7). Since {(Za,ya)} C
(K x D)\Q; *(x), we have
inf z) > 0. 3.3

O (3.3)

We claim that

inf z) > 0.
2€F(%,7,z) f( ) -
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If not, then there exists Z € F(Z,y,x) such that f(z) < 0. Set U = {z € E : |f(2)] <
11f(2)|}. Clearly, U is a neighborhood of 0 in E. By the C-lower semicontinuity of F(-,,z),
there exists a neighborhood V' of (Z,§) such that

F',y,a)N(z+U—-C)#0, V(' ,y)eV. (3.4)
It follows from (z4,ys) — (Z,7) and (3.4) that there exists ap such that
F(xavya»x)m(2+U—C)7é@, Va > ag.

Hence, there exists 2z, € F(Zqa,Ya,x) such that z, € z+ U — C. Therefore, there exists
Uy € U and ¢, € C such that z, = Z 4+ uy — Co. SO

F(za) = F(2) + Flua) — flea) < F(2)+ 51FG) = o) = 55(2) ~ flea) <0, (35)

It follows from (3.3) and z, € F(Zq,Ya,x) that

Za) > inf z) >0,
fGa) 2 ok f(2)

which contradicts (3.5). Hence, (Z,7) € (K x D)\Q; '(z). Therefore, it follows from (3.2)
that (K x D)\R;'(x) is closed. Thus, Ry !(x) is open in K x D for each x € K. Similarly,
we can prove that Rgl(y) is open in K x D for each y € D.

Next we show that Q1(z,y) and Q2 (z,y) are convex for any (z,y) € K x D. In fact, for
any x1,x2 € Q1(z,y), we have

inf z) <0, inf z) < 0.
zeF(z,y,ml)f( ) z€F (z,y,x2) f( )

Hence, there exist z; € F(z,y,21) and 23 € F(x,y,z2) such that f(z1) < 0 and f(z2) < 0.
When F(x,y,-) is C-convex set-valued mapping on K, we have

(1 - t)F(x7yaxl) +tF(xayam2) C F(l’,y, (1 - t)xl +t132) =+ Oa

and so there exist z € F(z,y, (1 —t)x1 + tza) and ¢ € C such that (1 —t)z; +t2z2 = 2+ ¢
This shows that

inf f(2) < F(2) = (A=) f(21) + 1f(22) = f(c) <O

zE€EF (z,y,(1—t)x1+tx2)
When F(z,y,-) is C-quasiconvex on K, we have
either F(Ivyvxl) - F(x7yatxl + (1 _t)xQ) +C or F(z,y,xz) - F(mvz%txl + (1 _t)IQ) +C.

If F(z,y,x21) C F(x,y,tz1+ (1 —t)x2) + C, then there exist zZ € F(x,y,tz1 + (1 —t)z2) and
c € C such that 21 = Z + ¢ and so

inf f(2) < f(Z) = f(z1) = f(e) <O.

zEF (z,y,tx1+(1—t)z2)
If F(x,y,22) C F(z,y,tx1 + (1 — t)z2) + C, then

inf z) <0
z€F (z,y,tx1+(1—t)x2) f( )
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and so tx1 + (1 — t)xz) € Q1(x,y). Thus, Q1(x,y) is convex. By the definition of R;(z,y),
we know that Rp(z,y) is convex. Similarly, we can prove that Qa(x,y) and Ro(z,y) are
convex.

Due to the fact that F(z,y,xz) C C for each (z,y) € K x D, we have

inf z)>0
z€F (z,y,z) f( ) -

and hence = ¢ Q1(x,y). If (z,y) € P1, then & ¢ Ri(z,y). If (z,y) € (K x D)\Py, then
x ¢ S(z,y) and hence x ¢ Ry (z,y). Similarly, we have y ¢ Ro(z,y) for any (x,y) € K x D.
By condition (v), for each (z,y) € (K x D)\(Ky x Dy), if there exists Z € K1 N S(z,y)
such that F(z,y,z) N (—intC) # (), then there exists z € F(z,y,Z) such that z € —intC. Tt
follows from
inf 2) < f(2) <0
ZeF(w’y’i’)f( ) < f(2)
that Z € Q1(z,y) and so Ky N Ry(z,y) # 0. If there exists § € D1 N T(x,y) such that
G(y,z,y) N (—intP) # O, then there exists z € G(y,z,y) such that z € —intP. Tt follows
from
inf z) <g(z) <0
ZeG(yyx’mg( ) <9(2)
that § € Qa2(z,y) and so D1 N Ra(x,y) # 0.
It follows that all the assumptions of Lemma 2.12 are satisfied and so there exists (Z, 7) €
K x D such that Ry(Z,y) = Re(Z,y) = 0. Since S(Z,y) and T(Z, %) are nonempty sets,
(Z,y) must be in Py N Ps. Hence, R1(Z,y) = S(Z,5) NQ1(Z,7) = 0 and Ra(z,7) = T(Z,5)N
Q2(Z,5) = 0. Thus, for all z € S(Z,y) and y € T(Z,7), we have z ¢ Q1(Z,7) and y ¢
QQ(i.7g)7 i'e'v

inf f(z) > 07 vx S S(i‘7g)a

z€EF(Z,7,x)
inf  g(z) >0, VyeT(z,7)
z€G(9,%,y)
Hence, V,,(f,g) # 0 for all (f,g) € C*\{0} x P*\{0}. This completes the proof. O

Connectedness of the Solution Set

In this section, we discuss the connectedness and the compactness of the weak efficient
solution set for symmetric vector quasiequilibrium problem.

Theorem 4.1. Assume that

(i) For each (z,y) € K x D, F(x,y,z) C C and G(y,z,y) C P;

(ii) F is C-lower semicontinuous on K x D x K and G is P-lower semicontinuous on
D x K x D;

(ili) For each (x,y) € K x D, F(x,y,-) is C-quasiconvez, C-arcwise connected on K and
G(y,x,-) is P-quasiconver, P-arcwise connected on D; F is C-concave on K X D x K
and G is P-concave on D x K X D;

(iv) S and T are continuous with nonempty closed convex values on K x D and for each
(r,y) € K x D, S7Y(x) and T~ (y) are open in K x D;
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(v) If KxD is not compact, then there exists a nonempty compact subset Kox Dy of K x D
and a nonempty compact convezx subset K1 x Dy of K X D such that, for each (x,y) €
(K x D)\(Ky x Dy), there exists a & € K1NS(x,y) such that F(x,y,T) N (—intC) # 0
oray € Dy NT(x,y) such that G(y,x,§) N (—intP) # 0.

(vi) {F(z,y,u) : x € K,y € D,u € K} is a bounded subset in E and {G(z,y,u) : = €
D,y € K,u € D} is a bounded subset in Z;

(vii) Foranyt € [0,1], (z1,y1), (x2,y2) € KXD, tS(z1,y1)+(1—t)S(z2,y2) = S(tz1+(1—
t)za, tyr +(1—1t)ya2) and tT(x1, 1)+ (1—t)T(x2,y2) = T(tx1 + (1—t)x2, ty1 + (1 —1)ya2).

Then V,,(F,G) is nonempty connected compact.
Proof. We define the set-valued mapping H : C*\{0} x P*\{0} — 2K*P by

H(f.9) = Vuw(f,9),9(f,9) € C*\{0} x P"\{0}.

By Theorem 3.1, we have H(f, g) # 0 for each (f,g) € C*\{0} x P*\{0}. Hence, V,,(F,G) #
(). It is clear that C*\{0} x P*\{0} is convex and so it is connected. Now we prove that, for
each (f,g) € C*\{0} x P*\{0}, H(f,g) is a connected set. Suppose that (z1,y1), (z2,y2) €
H(f,g9). Then (z1,y1) € S(w1,y1) x T'(w1,91), (¥2,42) € S(w2,y2) x T(22,2),

inf  f(2) >0, VueS(r1,m),
ZEF(Ilvylvu) (4 1)
inf g(z) >0, YveT(xi,y). '
2€G(y1,w1,0)

and
inf  f(z) >0, Yue S(x2,y2),
ZEF (x2,y2,u) (4 2)
inf  g(z) >0, YveT(xa,y2). '
2€G (y2,72,v)

By condition (vii), we have

try 4+ (1 — t)zg € tS(x1,y1) + (1 — 1)S(22,y2) = Stz + (1 — t)za, tyr + (1 — t)y2)
and

ty1 + (1 — )y € tT(z1,91) + (1 — )T (x2,y2) = T(txy + (1 — )xa, tyr + (1 — t)y2).

For any z € S(txy + (1 — t)za,tys + (1 — t)y2), there exist z; € S(z1,y1) and 22 € S(x2,y2)
such that z = tz; + (1 — t)2z2 through the condition (vii). It follows from condition (iii) that
F(tzy + (1 —t)za, tyr + (L —t)ya,2) = F(txr + (1 —t)ae, tyr + (1 — O)ye, tz1 + (1 — t)22)

C tF(z1,y1,21) + (1= ) F (22,92, 22) + C. (4.3)
Hence, for any r € F(txy + (1 — t)xo,ty1 + (1 — t)ys2, 2), there exist r1 € F(z1,y1,21),

ro € F(x2,y2,22) and ¢ € C such that r = tr; + (1 —t)ry + c. It follows from (4.1) and (4.2)
that

fr)y=tf(r))+ @ =t)f(re)+ f(c) =t inf  f(z)+(1—t) inf  f(z)+ f(c) > 0.

2€F (z1,y1,21) 2€F (r2,y2,22)
This means that

inf r)>0,Vz € S(tey + (1 —t)xa, ty; + (1 — t)y2).
rGF(t:v1+(17t)z2,ty1+(17t)y2,z)f( )_ ( ! ( ) 2,11 ( )yQ)
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Similarly, we can prove that

TEG(tyﬁ(l_t)lyrgml+(1_t)lz72)g(r) >0,Vz € T(txy + (1 — t)ao, tyr + (1 — t)y2).
Hence, t(x1,y1) + (1 — t)(z2,y2) € H(f,g). Thus H(f,g) is convex and therefore it is also
a connected set.

Now we show that H is upper semicontinuous on C*\{0} x P*\{0}. Since V,(f,g) C
Vw(F,G) C Ko x Dy and K x Dy is compact, we only need to show that H is closed. Let
{(faaga)v(xuvya) tac I} - Graph(H) with (fayga) — (anQO) and (ﬂfmya) — (anQO)v
where f, — fo means that {f,} converges to fy with respect to the strong topological
B(E*,E) in E*, g, — go means that {g,} converges to go with respect to the strong
topological (Z*,Z) in Z*. Since (z4,Ya) € H(fa,ga), we have

inf )fa(z) >0, Vue S(za,ya),

zEF(xa,ymu

inf  ga(2) >0, Yv€T(2q,Ya)
ZEG(ya;a:ou'U)

(4.4)

Note that W = {F(z,y,u) : « € K,y € D,u € K} is a bounded subset of E. For each
y* € E*, we define
Py (y*) := sup{ly*(s)| : s € W}.

It is easy to see that Py is a seminorm of E*. For any € > 0,
U={y"€E": Pw(y") < e}

is a neighborhood of zero with respect to S(E*, E) in E*. Since f, — fo, there exists ag € T
such that f, — fo € U for all a > «g. It follows that

P (fo = fo) = sup{|(fa = )(8)[ : s € W} <&, Va > ao. (4.5)

We claim that
inf fo(z) > 0,Yu € S(zg, yo)-

2E€F (z0,y0,u)

If not, there exist ug € S(zo,yo) and zo € F(x0,yo, ug) such that fo(z9) < 0. By the lower
semicontinuity of S, there exists u, € S(Zq,ya) such that u, — up. It follows from (4.4)
that

inf fa(z) > 0. (4.6)

2€F (Ta,Ya,ua)

Set U' = {z € E : |fo(2)| < %|fo(20)|}. Clearly, U’ is a neighborhood of 0 in E. By the
C-lower semicontinuity of F', there exists a neighborhood V' of (xg,yo,uo) such that

Py, u') N (20 + U = C) #0,9(2' sy u') € V. (4.7)
It follows from (%4, Yo, ta) — (To, Yo, uo) and (4.7) that there exists ay > ag such that
F(xa?yaaua) N (ZO + U/ - C) 7é (Z),VO( Z aq.

Hence, there exists z, € F(Zq, Yo, Ua) such that z, € 29+ U’ — C and so there exist v, € U’
and ¢, € C such that z, = zg + v4 — ¢ Thus,

fo(za) = fo(20) + fo(va) — fo(ca) < fo(zo)+%|fo(zo)\—f0(0a) = %fO(ZO)_fO(Ca) < %fo(zo)
(4.8)
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It follows from (4.6) and z, € F(Zq, Yo, Ua) that

fa(za) = inf  fa(2) 2 0. (4.9)

2EF (T Ya,ta)

By (4.5), we have
|(fa - fO)(ZOt)| < G,Va > aq,

which implies that

lim [fa(2a) — fo(2a)] = 0. (4.10)
Now, (4.8) and (4.10) show that
limsup fo(2o) = limsup (fa(2a) = fo(za) + fo(2a))
= lim (fo(2a) — fo(2a)) + limsup fo(za)
< %fo(zo) <0, (4.11)

which contradicts (4.9). In a similar way, we can prove that

inf  go(z) >0, VveT(xo,y0).
2€G(yo,mo,v)
Thus, {(fo,90), (%0,y0)} C Graph(H) and so H is a closed mapping. By Lemma 2.14, for
each (z,y) € A, F(z,y,S(x,y)) + C and G(y,z,T(x,y)) + P are convex. It follows from
Lemma 2.15 that
Vi (F,G) = U Vi (£,9)-
(f,9)eC\{0} x P*\{0}
By Lemma 2.13, V,,(F, G) is a connected set.
Next, we show that V,,(F,G) is compact. Let (z4,Ya) € Vu(F,G) with (z4,ya) —
(:L'anO)' Then (xaayoz) € S(xomya) X T(xowya) and

{ F(Zo,Ya,u) N (—intC) =0, Yu € S(Ta,Ya),

G (Yo, o, v) N (—intP) =0, Vv € T(2q, Yo ). (4.12)

Due to the fact that S and T' are upper semicontinuous with closed values, we have (¢, yo) €
S(xo,y0) X T(xo,y0). We claim that (xg,y0) € Vi (F,G). If not, then there exists some
ug € S(zg,yo) such that

F(20,y0,u0) N (—intC) # 0, (4.13)

or there exists some vg € T(zg, yo) such that
G(yo,To,v0) N (—intP) # 0. (4.14)

If (4.13) holds, then there exists some dg € F(xq,yo.uo) such that dy € —intC'. This implies
that there exists some neighborhood U of zero such that dy + U C —intC and so

do+U —C C —intC — C C —intC. (4.15)

Since S is lower semicontinuous on K x D, there exists uy € S(Zq,Ya) such that u, — ug.
By the C-lower semicontinuity of F, there exists some neighborhood V of (z, yo, up) such
that

F@' v )N (do+U—-C)#0, V(z',y,u)eV. (4.16)
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Tt follows from (Z4, Yo, ta) — (To, Yo, uo) and (4.16) that there exists ag such that
F(ZayYa,tua)N(dg+U —C)#0, Va> . (4.17)
By (4.15) and (4.17), we have
F(Za, Yo, ua) N (—intC) £ 0, VYa > ayp,

which contradicts (4.12). Thus, (zo,y0) € Vi (F, G). If (4.14) holds, in a similar way, we can
show that (xo,y0) € Vi (F,G). Therefore, V,,(F,G) is closed. Noting that the compactness
of Ko x Dy and V,,(F,G) C Ky x Dy, we know that V,,(F,G) is compact. This completes
the proof. O

Remark 4.2. (i) Theorem 4.1 generalizes Theorem 5.1 of [7] from the set-valued vector
equilibrium problem to the symmetric vector quasiequilibrium problem;

(ii) Theorem 4.1 generalizes Theorem 3.1 of [39] from the symmetric vector equilibrium
problem to the symmetric vector quasiequilibrium problem;

(iii) Theorem 4.1 also generalizes the corresponding connected results presented in [13]
and [23].

Now we give an example to illustrate Theorem 4.1.

Example 4.3. Let X =Y =F=7Z=R,C =P =1[0,400), and K = D = [0, 1]. For each
x € K,ye D, S(z,y) =[0,1] and T(z,y) = [0,1]. Define the set-valued mappings F and
G by

F(z,y,z) =Bx+2y — 2,11),¥(x,y,2) e K x D x K

and
Gly,z,z) =[x + 4y — 22,15],¥(y,z,2) € D x K X D,

respectively. It is easy to see that all assumptions of Theorem 4.1 are satisfied. Let H be
the solution set of (SVQEP). Then it is easy to check that

H={Z,5) e K xD:3z+2y > 1,2+ 4y > 2}
and H is a nonempty connected compact subset of K x D.

If for any (z,y) € K x D, S(z,y) = K and T(z,y) = D, then from Theorem 4.1, we
have the following corollary.

Corollary 4.4. Assume that

(i) For each (z,y) € K x D,F(z,y,x2) C C and G(y,x,y) C P;

(ii) For each u € K, F(-,-,u) is C-lower semicontinuous on K x D and for each v € D,
G(-,,v) is P-lower semicontinuous on D x K

(iil) For each (z,y,u) € K x D x K, F(x,y,-) is C-quasiconver, C-arcwise connected on
K and F(-,-,u) is C-concave on K x D and for each (x,y,v) € D x K x D, G(x,y,-)
is P-quasiconvex, P-arcwise connected on D and G(-,+,v) is P-concave on D x K;

(iv) {F(z,y,u) : z € K,y € D,u € K} is a bounded subset in E and {G(x,y,u) : x €
D,y € K,u € D} is a bounded subset in Z;
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(v) If K x D is not compact, then there exists a nonempty compact subset Ko X Dy of
K x D and a nonempty compact convex subset K1 x Dy of K X D such that for each
(x,y) € (K x D)\(Ko x Dg), there exists a T € K such that F(x,y,z) N (—intC) # 0
or a § € Dy such that G(y,z,g) N (—intP) # (.

Then Vi, (F, G) is nonempty connected compact.

Remark 4.5. Corollary 4.4 improves Theorem 3.1 of [39] in the following three aspects:

(i) The lower semicontinuity is relaxed to the C-lower semicontinuity;

(ii) The C-convex is relaxed to the C-arcwise connected,;

(iii) The condition (v) of Corallary 4.4 is weaker than the condition (v) of Theorem 3.1
in [39].

Remark 4.6. In the corollary 4.4, the condition (iii) can be replaced by the following
condition:

(iii") For each (z,y,u) € KxDx K, F(z,y,-) is C-convex on K and F(-,-,u) is C-concave
on K x D and for each (z,y,v) € Dx K x D, G(z,y,-) is P-convex on D and G(-,+,v)
is P-concave on D x K.
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