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A NOTE ON LOCAL SENSITIVITY ANALYSIS FOR
PARAMETRIC OPTIMIZATION PROBLEM*

L1u YANG, YANPING CHENT AND X1A0J1A0 TONG

Abstract: This paper is concerned with the local sensitivity analysis for parametric optimization problem.
By using an NCP function, the KKT system of parametric optimization problem can be reformulated as
a system of semismooth equations. Based on the equations, local analytic formulas for the sensitivities of
the objective function and primal and dual variables with respect to all parameters are obtained. This
method can deal with the local sensitivities of all the optimal solutions which satisfy the linear independent
constraint qualification. As a by-product of our analysis, we obtain a sufficient condition for the existence
of the sensitivity solution to the problem we discussed. This new method is an improvement of the existed
methods. Numerical examples are given to illustrate the method in the end.
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Introduction

This paper deals with the local sensitivity analysis for the following parametric optimization
problem

0, (1.1)
0

where f: R* x RP -+ R, h: R"x R’ — R, g: R"x RP — R™, and h(z,0) =
(hi(z,0),...,h(z,a)T, g(x,0) = (g1(x,0),...,gm(x,0))T are functions over the feasible
region S(o) = {z|h(z,0) = 0,g(z,0) >0}, f,h,g € C%

Sensitivity analysis is a procedure to determine how and how much specific changes in
the parameters of an optimization problem influence the optimal objective function value
and the point or points where the optimum is attained. Many researchers have studied
different version of this problem (see the ref.[1-8]). Some of them have dealt with the linear
programming problem and discussed the effect of changes of (i) the cost coefficients, (ii) the
right-hand sides of the constraints, or (iii) the constraint coefficients on either (a) the optimal
value of the objective function or (b) the optimal solution. A similar analysis has been done
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for nonlinear problems(see ref.[3-8,16]), and the authors in ref.[7,8] also have considered the
existence of the sensitivity solutions of the perturbed problems. But among the existing
methods, there are still some limitations as follows: (a) There are only sensitivities analysis
of the objective function value and the primal variables with respect to the parameters,
but not the sensitivities of the dual variables with respect to the parameters; (b) There
are diverse methods for obtaining each of the sensitivities for different cases, but there is
no integrated approach providing all the sensitivities at once; (c) They assume the active
constraints remain active and the inactive constraints remain inactive, which implies there
is no need to distinguish between equality or inequality constraints. Recently, Castillo in [9)
proposed a new approach to calculate the local sensitivity for mathematical programming
problems. This method can get a simple linear system to calculate the sensitivity of the
objective function and primal and dual variables with respect to all parameters in the case
of regular nondegenerate solutions. But it can not deal with the case of regular degenerate
solutions efficiently. One must compute all the possible combinations of the equalities and
inequalities in the differentiation system of the Karush-Kuhn-Tucker systems and it is a
difficult work.

So in this paper, we will aim to such works: (a) we need not assume any condition
except the linear independent constraint qualification; (b) we transfer the KKT system of
the parametric optimization problem into a system of semismooth equations by using an
NCP function. (c¢) We get a system of linear equations for solving all the local sensitivities
simultaneously in both the cases of regular nondegegerate solution and regular degenerate
solution by using the semismooth properties.

The construction of this paper is as follows: In Section 2 , we transfer the KKT system
of problem (1.1) into a system of semismooth equations and present the local sensitivity
formulas for both the cases of regular nondegenerate and regular degenerate solutions. In
Section 3, numerical examples are introduced to illustrate the new method of sensitivity
analysis. In Section 4, we get some conclusions of this paper.

A few words about our notation. For the given parameter &, x* is the corresponding
optimal solution, A\* is the dual variable with respect to h(z*,0) = 0 and p* is the dual
variables with respect to g(z*,0) > 0, z* = f(z*,5) is the optimal objective function value.
We define the index sets associated with the active and inactive constraints in the usual
way:

E:{]:L,l|h](x*,5):0}, Iz{j:l,...,m|gj(:z:*,c_r):O},
N:{lv,m}\lv 10:{‘761“1’;:0}3 I+:I\10:{j€I|N;>O}

In this paper, we only consider the sensitivity analysis of the optimal solution which
satisfies the linear independent constraint qualification(LICQ). And the optimal point
(z*, A", p*, z*) can be classified as follows:

Regular nondegenerate optimal solution. The solution (x*, \*, u*, 2*) satisfies the
linear independent constraint qualification(LICQ) and Iy = ().

Regular degenerate optimal solution. The solution (z*, \*, u*, z*) satisfies the
linear independent constraint qualification(LICQ) and Iy # 0.

Note that we deal with local sensitivity, that is, changes produced by differential changes,
and the formulas derived from the KKT system of the parametric optimization problem.
If the condition of LICQ is removed, the KKT conditions do not characterize adequately
this case. It is because there are infinite Lagrange value combinations that hold, see ref.[9].
However, our method can also provide the sensitivities formulas if the values of the Lagrange
multipliers are given. So in this paper, we only consider the most common situation when
we have a regular point.
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Sensitivity Analysis Based On Semismooth Equations

In this section, we derive local sensitivity formulas of (z*, \*, u*, 2*) for problem (1.1) under
small perturbations in the parameter ¢ around &.

Semismooth Equations Equivalent to the KKT Systems of Problem (1.1)

Let z* be a local optimal solution and we assume the linear independent constraint qual-
ification is satisfied in problem (1.1). From the first-order optimal condition, there exists a
pair of vectors A* € R!, i* € R™ satisfying the following KKT systems:

vwf .13*, 6') - 22:1 /\vahk(-r*a 5') - E;‘n:1 M;vmgj (l‘*, 6) = On,

he(x*,5) =0,k =1,2,....1,
g](x*va)zoa]: a2"'7m7 (21)
M;gj(x*aa—) =0,7=12,...,m,

M;ZO?j:1a27 , M.

To obtain the sensitivity analysis, we perturb or modify x*, o, \*, u*, z* in such a way
that the KKT systems (2.1) still hold. Thus we will usually differentiate the objective
function in (1.1) and the KKT systems (2.1) directly (see ref.[10]). But in this kind of
method, one must deal with a lot compositions of equalities and inequalities in the case
of regular degenerate solution, the calculation and analysis become much complex. So in
this paper, we will transfer the KKT systems of problem (1.1) into a system of semismooth
equations by using an NCP function, then we can get the united formulas to calculate the
local sensitivity for both the cases of regular nondegenerate solution and regular degenerate
solution by using the semismooth properties.

Let ¢ : R? — R be Fischer-Burmeister function (see ref.[10,11]), the definition is

ola,b) = Va?+ b2 — (a+D). (2.2)
It is easily to see that ¢(a,b) = 0 if and only if
a>0,b>0,aTb=0.

A function with this property is called an NCP function, see ref.[11,13]. For the sake of
convenience, we denote the Fischer-Burmeister function as FB function. From ref.[10,12],
we know that the FB function is differentiable everywhere except at the point (0,0) and it
is semismooth at (0,0). The definition and properties of semismooth function can be found
in ref.[12-15].

By using the FB function, we transfer the KKT systems of problem (1.1) into a system
of semismooth equations

Vaof(2*,5) = Yy M Vahi(a*,5) — S0 13V ag;(2*,5) = 0,
hi(z*,60) =0,k =1,2,...,1, (2.3)
¢($*,M*,5) = Om

where

¢(x*7u*75) = (¢1(z*7u*a&)7¢2($*7#*36)"'agbm(x*vﬂ*?&))T?
oj(z*, 1, 0) = p(uj, gj(z*,0)) = pj + gj(z*,0) — \/(u}f)2 +(gj(2*,0))%,7 =1,2,...,m.
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Local Sensitivity Formulas for the Case of Regular Nondegenerate Solution

In this case, Iy = 0. From the properties of the FB function, we know that ¢;(z*, u*, o)
is continuously differentiable. So we differentiate the object function in (1.1) and the KKT
system (2.3) as follows:

(Vof(x*,0)dx + (Vo f(z*,6))Tdo — dz = 0,

(Vau (@%,6) = Yjmy N Vaahi (v%,5) = 372 15 Viaag;(@*,6))da

+(Vao f(z*,0) — Zﬁc:l A Vaohi(z*,0) — Z;n 115 Vaod; (z*,0))do (2.4)
—Vah(z*,5)d\ — Vyg(z*,5)dp = 0,

(Veh(z*,5))Tdr + (V, h(x*,&))TdU =0y,

(Vad(z*, 1%, 0)) de + (Vup(a*, 1, 0) dp + (Voo (a*, 1, 5)) " do = O,

where
* % = ng'UC*,&, ]6—[
vngj(xvﬂao—): 0 j( ) jGN.
* * 07 jeI7
vu¢j(‘r s 70) = 1 ] € N.
* ok = vcrg' 1'*75' J el,
v0¢j(x,ﬂ70): 0 J( ) ]EN
Denote

I, :sz(ic*,(f),Fg \% f( * _)
me = vmzf(w 9 ) Zic )‘*Vﬂﬂhk(w 70) - Z;n 1 /u‘;(vxa?gj(x*aé—)a
FTa': Tof(xv ) Zic /\k:vﬂmhk( ) ) Z] 1u*VT,,gj(x*,6),
= (Vah(a®, 0))T,Ha (Voh(a*,a))", Gy = (Vaog(a*, )",
¢z = (Vad(a*, 1*,0))7, b0 = (Voo (2", 1%, 0))", ¢ = (Vs (a*, 1, 7).

In matrix form, the system (2.4) can be written as

E, F, 0 0 -1 Zi

Fyo F,y —HT —GT 0 B

H, H, 0 0 o0 Zz =0 (2.5)
Qbm ¢J 0 ¢u 0 dz

Obviously, (2.5) is a system of linear equation, so we can get all the sensitivities from
(2.5) easily. Furthermore, (2.5) can be written as

Uldx,d\, du, dz)"T = Sdo, (2.6)
where U, S are
E, 0 0 -1 F,
F,, —-HI -GT 0 B Fro
U=1lm o o o [T &,
bz 0 ¢p O b

It is obvious that U is a square matrix and we can get the following conclusion.
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Theorem 2.1. Let ¢ be a given parameter, (z*, \*, u*) be the corresponding local optimal
solution which is reqular and nondegenerate, z* be the optimal objective function value,
assume that

F,, —-HI -G7T,

H, 0 0 #0, (2.7)

G O 0

where G, = (Vg(x*,5))T,j € I, then (2.6) has a unique sensitivity solution
[0z /80, 0\ 00, 0/ 00, 02)00]" =U'S
under small perturbations in o around &.

Proof. From the definition of ¢,, ¢, in (2.4), U can be written as

F, 0 0 o0 -1
F,e —-HT -GY 0 0
U=| H, 0 o o0 o0 |,
Gz O 0 0 0
0 0 0 Iy 0

where Iy is the unit matrix whose cardinality is equal to the number of all inactive inequal-
ities (i.e. gj(z*,0) > 0,5 € N). Let ¢ = (¢*,¢% ¢, ¢*, ¢°) € R" x R x R™ x R™ x R
be an appropriately partitioned vector with Uq = 0, where m; is the the number of active
inequalities and my is the the number of inactive inequalities. Then we can get that

qul - q5 =0,

meql - Hg 2 G{cq3 = On7
qul =0y,

GIqu = Omm

q* =0y

This together with the condition (2.7) implies ¢ = (¢!, ¢, ¢*, ¢*, ¢°) = 0. So we can get that
det(U) # 0 and (2.6) has a unique solution

(02 /00, 0\/ 00, 0p)00,02)00) = U'S.
O

Theorem 2.1 allows one diriving all the sensitivities with respect to all the parameters si-
multaneously. It is easy to see that there are two particular cases in which the nonsingularity
of (2.7) is guaranteed.

Case 1: [ +mj = n, and the matrix

H
u=(5)
is invertible.

Case 2: F,, is positive and the matrix

H
u-(¢)
is full row rank.

Moreover, if the matrices involved in Theorem 2.1 become singular, we can get the
sensitivity of the solution by the linear system (2.6) directly. But the corresponding solution
has the structure of a cone in this case.
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Local Sensitivity Formulas for the Case of Regular Degenerate Solution

In this case, Iy # (), i.e. there exists the case of w; =gj(x*,0) =0,j € Ip. So ¢;(z*, pu*, o)
is not differentiable but semismooth at this time. From the semismooth properties of

115, 952", 0)) = 15 + 952", 0) =\ ()2 + (952", )7,

we know that if the changes of uj or g;(2*,7) (denote duj or dg;) is not equal to zero, we
have

¢i(z* +dx, u* + dp,d + do) — ¢j(z*, u*,7)

= (" +dp, g;(z* + dx, 0 + do)) — o(u*, g;(¢*, 7))

= Vyode + Vyudo + Vyudp + of|(de, do di) ).

* = d j _ * = d J —
where Vie = Vag;(2",0) (1 = o) Vie = Vooi (&7, 0) (1= i) Vin =
o dwy
(dg;)2+(dp;)?

So in the case of regular degenerate solution, if du} or dg; is not equal to zero and we
aim to perturb x*, o, A*, u*, z* in such a way that the KKT systems still hold, we have

(Vof(z*,0)Tdz + (Vo f(2*,5))Tdo — dz =0,

(Vauf (2%,0) = Sy N Vaahie(0%,0) = Y7y 15 Vg, (2%, 0))da

+(Vao f(2%,0) = Xmy NiVaohi(*,0) = Y7 15 Va0 (27, 0))do (2.8)
—Vah(z*,6)d\ = Vag(x*,5)dp = 0y,

(Veh(z*,6))Tdx + (Voh(z*,5))Tdo = 0,

(Vao(a*, p*, )" do + (V,p(a*, 5, 0)) du + (Vod(a*, p*,5)) " do = 0,

where
vzg](l'*va—)a j€I+7
vx¢](x*7u*a6) = ij:vv .7 € IO7
0, jJ € N.
Oa ]E I—‘r)
vu¢y(33*7ﬂ*75) = ‘/j/u ] € IO7
1, j€N.
vo’.gj(x*va—)v Je I+7
va¢j(x*aﬂ*75) = ‘/30'7 J € 107
0, j € N.

Though (2.8) is not a system of linear equations, we can get the corresponding values of
Vi, Vjo, Vju according to the adjustment of the active inequality with (17, g;(z*, o)) = (0,0).
We consider two cases as follows:

(1) If we want this inequality remain active, we take dg; = 0,dp; > 0, so we get Vj, =
Vagi(@*,7),Vju = 0,Vje = Vog; (2", 7).

(ii) If we want this inequality become inactive, we can take dp; = 0,dg; > 0, and get
Vie =0,Viy = 1,V = 0.

In a regular degenerate case, there are two possible changes for the constraint g;(z*, o),
we can decide g;(z*, o) remain active or inactive according the need of an actual problem.

So we can also get a linear equations to calculate all the sensitivities for the case
of regular degenerate solution according to the adjustment of the active inequality with
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(1}, 95(x*,0)) = (0,0) as follows,

F, F, 0 0 0 -1 da
Foo Foe —-HI' -G, 0 0 do
H, H, 0 0 0 0 d\ | =0, (2.9)
Gy, Gp, 0O 0 0 0 dp
0 o 0 0 Iy 0 dz

where G-, and G/ represent the partial derivatives with respect to 2 and a of all the
active inequalities which include the corresponding inequalities with(u;, g;(z*,5)) = (0,0)
but are required to remain active. Izl\r is the unit matrix whose cardinality is equal to
the number of all inactive inequalities which include the corresponding inequalities with
(15,9(xz*,3)) = (0,0) but are required to become inactive. Similarly to the proof of Theorem
2.1, we get the following conclusion.

Theorem 2.2. Let & be a given parameter, (*,\*, u*) be the corresponding local optimal
solution which is reqular and degenerate, z* be the optimal objective function value, assume
that . .

Fpo —Hy -G

H, 0 0 #0,

Gy, O 0

then (2.9) has a unique solution
[0z /00, 0/ 00,0/ 05, 02)00)" = U1 S, (2.10)

under small perturbations in o around &, where

F, 0 0o o0 -1 F,
Foe —-HI -GL_ 0 0 Foo
Uy=| H., O o o0 o0 |,$%=-| H,
Gy, O 0 0 0 Gr,
0 0 0 Iy O 0

Ilustrative Examples

In this section, we illustrate the method developed in section 2 by its application to a regular
nondegenerate example and a regular degenerate example.

Regular Nondegenerate Example

Considering the following optimization problem:

. _atb ., 1 5 9.9
minz = (—— —7)"+ (5t —a)" — o)
st 91(y,a) = a = Ymin <0, (3.1)
92(y7 a) = Ymaz — b<0. (32)

where § and o2 are the sample mean and variance respectively. Then we take Vmae =
YnsYmin = Y1,m = 5,y1 = 02,50 = 0.3,y3 = 0.4,y5 = 0.95 and get the local optimal
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solution pt = 0, 3 = 0.0053,a = —0.00468,b = 0.95, Ymaz = Y5 = 0.95, Ymin = y1 = 0.2.
So we can see that the inequality (3.1) is the inactive constraint, the inequality (3.2) is the
active constraint, this is a case of regular nondegenerate example. The KKT system of this

problem is

12

12

Ymin — A + M1 — \/‘LL% + (ymzn - a’)2 =

From equation (2.4), we have

0 = {(a+b)/2—7—[(b—0a)’/12—05"|(b—a)/3}da
{(a+0)/2 -5+ [(b—0a)*/12 = 0?](b—a)/3}db

5
—(1/5)) {a+b—2§— 4y — 9)[1/12(b — a)*/12 = 0°]}dy; — dz,

i=1

0 = {1/2+ (b—a)*/18 +1/3[(b—a)?/12 — ¢*]}da
{1/2 = [(b—a)?/18] — 1/3[(b — a)?*/12 — 02| }db
5
—(1/5) Z[l —2(b—a)(yi — y)/3]dy; + du,
0 = {1/2—(b—a)?*/18 —1/3[(b—a)?/12 — ¢*]}da
{1/24[(b—a)?/18] + 1/3[(b — a)*/12 — o*] }db
5
—(1/5) Y [142(b — a)(yi — §)/3]dy; — dus,

i=1

0=du, 0= —dys-+db.

So we have
0.0000 0.0053 0 O -1 —0.0007 0.0000
0.5534 0.4465 1 0 0 0.2344 0.2217
U= 04465 05534 0 -1 O ,S =1 0.1657 0.1784
0 0 10 0 0.0000 0.0000
0 1 0 0 0 0.0000 0.0000

Since U is nonsingular, we can get all the partial derivatives

((a;rb)fg)((b ) 702)( Sb)+u1:0,

—a)? —a
((a;‘b) _g)((b ) _02)(173 ) — s =0,

b— Ymax + Mo — \/N% + (b - ymam)2 =0.

0.0006 0.0013
0.2090 0.1962
0.1911  0.2039
0.0000 0.0000
0.0000 0.0000

da/dyy ... Oa/dys 0.4235 0.4005 0.3775  0.3545
b)dyy ... Ob/oys 0.0000 0.0000 0.0000  0.0000
Oy /Oy ... O /dys | =U"1S =] 0.0235 0.0005 —0.0225 —0.0455
Opa /Oy ... Ous/Oys 0.0000 0.0000 0.0000  0.0000
0z/0y1 ... 0z/dys 0.0007 0.0001 —0.0006 —0.0013

0.0043
0.1390
0.2611
0.0000
—1.0000

—0.5560
1.0000
0.0440
0.0000
0.0010

From the numerical results, we can see that the sensitivities of pu; with respect to all

the parameters are zero, this is because the corresponding inequality with respect to (3.1)
is inactive, the local changes in parameters can not influence it.
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Regular Degenerate Example

Considering the following nonlinear programming problem:
min  f(z) = a2} + 23,
T1,T2
st h(z) =123 —ay =0,
g(x) = —x1 + a3 <0.

Let A and g be the dual variables with respect to the equality constraint and the in-
equality constraints respectively. When a1 = a3 = 1,a2 = 2, the local optimal solution
is

;=125 = V2,0 = —1,1" =0,2* = 3.

We can see that pu* = g(a*,a) = —x] + a3 = 0, so it is a case of regular degenerate example.
If we want the inequality constraint remain active, from (2.10) we get
2 2v2 0 0 -1 -1 0 0
2 -2y2 2 -1 0 -2 0 0
U= -2v2 0 2v2 0 0 |[,S%i=| 0 0 0 [,
2 V2.0 0 0 0 10
1 0 0 0 0 0 0 1
so we can get the corresponding sensitivities as follows:
8131/8&1 61‘1/80,2 8371/8(13 0 0 1.0000
6x2/8a1 (9582/8(12 61‘2/8(13 0 0.3536 —0.7071
ON/Bay  ON/Baz 0N Oaz | =U"'S=10 0 1.0000
Ou/day  Opfdag  Op/das 2.0000 —1.0000 6.0000
0z/0ay  0z/0as  0z/0as 1.0000 1.0000 0

From the results, we can see that when the parameter a; increases a unit, the variables
z1, %2, A do not change, but the varibles p, z will change 2.0000 and 1. When the parameter
as increases a unit, the variables x1, A do not change, but the variables xo, i1, z will change
0.3536,1, —1. When the parameter as increases a unit, the variables x1, x5, A\, p will change
1,—-0.7071,1, 6, but the optimal value z will not change.

If we want the inequality constraint to become inactive, then

2 22 0 0 -1 -1 0 0

2 =2v2 2 -1 0 -2 00
Uh=1]-2v2 0 22 0 0 [,S5=| 0 0 0],

2 V2 0 0 0 0 10

0 0 0 1 0 0 00

and we can get the corresponding sensitivities as follows.

Ox1/0a; 0Ox1/0ay Oxy/0as —0.3333 0.1667 0
Oxe/0a) Ox9/0as Oxa/das 0.2357  0.2357 0
ONOay  ON/Day ONdaz | =U;'S; = | —0.3333 0.1667 0
Ou/day  Oufdas  Ou/das 0 0 0
0z/0a1  0z/day  0z/0az 1.0000 1.0000 0

From the above results, we can see that when the parameter a; increases a unit, the
variables z1, 29, A, i, 2z will change —0.3333,0.2357, —0.3333,0,1; When the parameter as
increases a unit, the variables x1, zs, A, i1, 2 will change 0.1667, 0.2357,0.1667, 0, 1; When the
parameter a3 increases a unit, the variables x1, x2, A, i1, z do not change.
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Conclusion

Based on a semismooth NCP function, we transfer the KKT systems of a parametric opti-
mization problem which satisfies the linear independent constraint qualification(LICQ) into
a system of semismooth equation. Then we get a system of linear equation to calculate all
the sensitivities with respect to all the parameters simultaneously by using the semismooth
properties of the semismooth equations. Special attention is given to the case of regular
degenerate solution in which we can also get a linear equation to solve the local sensitivity
according the adjustment of the corresponding active inequalities. As a by-product of our
analysis, we obtain a sufficient condition for the existence of the sensitivity solution to the
problem we discussed. This new method is a development of the method presented in ref.[9].
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