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Abstract: This paper proposes a strategy for the design of a track-seeking control system for a dual-stage
hard disk drive (HDD) system. A proximate time optimal servomechanism (PTOS) has been widely used in
primary actuator because of its simplicity and good performance. However, this strategy is unable to obtain
the minimal settling time when the seeking length is long. We design the primary actuator controller by
applying damping scheduling proximate time optimal servomechanism (DSPTOS) method which has faster
settling time than the original PTOS does. Then, a parametric Lyapunov equation approach of low gain
feedback to secondary actuator is designed to avoid input saturation. The simulation results show good
short-span-seeking performance, as well as long-span-seeking performance with fast settling time.
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1 Introduction

Improved performance of the head-positioning is required for continuous increase in the track
density and storage capacity of HDD. Dual-stage HDD is regarded as a future alternative to
single-stage VCM-based servo system, such as the “FUMA”-actuator in [11]. The so-called
dual-stage HDD servo system consists of a voice coil motor (VCM) as the primary actuator
and a piezo-electric transducer (PZT) as the secondary actuator. The primary one is of long
range but with poor accuracy and slow response. The secondary one delivers much higher
precision and faster response but has a constrained range. Therefore, the dual-stage HDD
system is expected to provide large displacement, high precision and fast response. The
system needs to complete two tasks: accurately maintain the head position along the center
of the track (track following) and provide fast movement for the head from one track to
another (track seeking). The main obstacles are that saturation of both secondary actuator
and the primary actuator should be taken into consideration during design and coupling
effect exists between the two actuators.

The methods to solve track-seeking problem can be largely classified into two groups:
those based on classical single-input-single-output (SISO) design methodologies, and those
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based on multi-input-multi-output (MIMO) design methodologies. Most methodologies of
the first type perform some form of decoupling control, followed by sequential multiple SISO
compensator loop shaping design, so as to shape the overall closed-loop sensitivity transfer
function frequency response. Examples of these methods include the master-slave method
in [13], the PQ method in [12] and decoupled sensitivity design approach in [6]. On the
other hand, as the DSA has dual input, it is natural to use modern state-based optimal
and robust MIMO methodologies, such as LQG/LQR in [15], H∞ -optimization in [7] and
µ-synthesis in [16].A PTOS [10] has been widely used in track-seeking control for HDD. To
obtain a better performance, DSPTOS [18], modified damping scheduling proximate time
optimal servomechanism (MDSPTOS) [17] and 2-DOF PTOS [1] are proposed.

Recently, research on the following two aspects has attracted a lot of people. On one
hand, the displacement range of both secondary actuator and primary actuator are limited
and the input signals for the actuators are constrained to prevent damage. Methods dealing
with the actuator constraints are necessary (see [5], [14], [8]). On the other hand, many
results did not allow long-span-seeking. The methods for both short-span-seeking and long-
span-seeking are to be researched. Related papers are [2], [3].

The basis for this approach is a well known decoupled dual-stage servo controller struc-
ture. In contrast to other work, this paper applied a DSPTOS method which has faster
settling time than the PTOS does and maintains the simplicity of the PTOS for the pri-
mary actuator. A parametric Lyapunov equation approach of low gain feedback to secondary
actuator was designed to avoid input saturation. Such an approach possesses the advantages
of both the eigenstructure assignment approach and the ARE-based approach in [4].

The remainder of this paper is organized as follows. In section 2, we present the descrip-
tion of dual stage control systems. In section 3, we state the procedure for the design of the
proposed control systems. A design example is shown in section 4. Finally, conclusions will
be discussed in section 5.

2 Control System Description

The dual-stage HDD is generally treated as a dual-input-single-output (DISO) system. The
structure of the control system in this paper is based on the decoupled master-slave method.
We show the simplified block diagram of the proposed control system in Fig. 1. The output
y is a combination of the primary actuator output y1 and the secondary actuator output
y2. S1 is a saturation block. yr and e represent reference input signal and the controller
error between yr and y, respectively. Ctr1 and Ctr2 represent the control function for P1

and P2. P1 and P2 represent the description of the state space of the primary actuator and
the secondary actuator, respectively. The representation of state space is as follows:

{
Σ1 : ẋ1 = A1x1 + B1sat (u1)
Σ2 : ẋ2 = A2x2 + B2sat (u2)

y = y1 + y2 = C1x1 + C2x2

(2.1)

with the initial conditions:

x1 (0) = 0, x2 (0) = 0 (2.2)
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where

x1 =
[

y1 ẏ1

]T
, x2 =

[
y2 ẏ2

]T
,

A1 =
[

0 1
0 0

]
, B1 =

[
0
b1

]
, C1 =

[
1 0

]
,

A2 =
[

0 1
a1 a2

]
, B2 =

[
0
b2

]
, C2 =

[
1 0

]
,

and the function sat (u) is defined as

sat (u) = sgn (u)min {ū, |u|}

where ū is the saturation level of control input u. The definition of a1, a2, b1 and b2 are
given in [9].
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Figure 1: Block diagram of the dual-stage HDD

3 Control System Design

The procedure can be summarized in two steps for control system design. First, design the
primary actuator controller by applying DSPTOS method. Then, a parametric Lyapunov
equation approach to low gain feedback controller is designed for secondary actuator.

A. Design of controller for primary-actuator
The role of the primary actuator is to provide large travel range beyond that of the

secondary actuator rapidly. The PTOS has been widely used as a primary actuator controller
for dual-stage HDDs since Workman proposed it in [10], such as [5], [8], [2], [3], [9]. However,
it has a constant velocity gain and seeking performance is restricted when the seeking length
is large. To improve long stroke seeks and to further reduce access time, we use DSPTOS
which was first proposed in [18].

First we review the algorithms of PTOS, and then we will talk about the details of
DSPTOS:

u1 = sat (k2 (f (e1)− ẏ1)) (3.1)

where

f (e1) =

{
k1
k2

e1 for |e1| ≤ yl

sgn (e1)
(√

2ū1b1α |e1| − ū1
k2

)
for |e1| > yl

e1 = yr − y1
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and sat (·) is with the saturation level of ū1, α (0 < α ≤ 1) is the acceleration discount factor,
k1 and k2 are constant gains, and yl represents the size of the linear region. We have the
following constraints:

α =
2k1

b1k2
2

(3.2)

yl =
ū1

k1
(3.3)

which ensure that f (e1) and f
′
(e1) are continuous, then the control input remains contin-

uous as well.
Here we define

C (e1) =

{
k1 |e1| ≤ yl

2
√

k1ū1
|e1| −

ū1
|e1| |e1| > yl

, (3.4)

then we can get u1 (t) = C (e1) e1 + k2ė1 if we assume u1 ≤ ū1. As we know, yr is constant
and ẏr = 0, ÿr = 0 when t > 0. The primary closed loop error dynamics can then be
expressed as

ë1 + b1k2ė1 + k1C (e1) e1 = 0. (3.5)

We can get the closed-loop damping coefficient from (3.5) as

ςp =

√
k1

2αC (e1)
. (3.6)

Otherwise, in DSPTOS, the condition of α is modified to make the servo system have
a predetermined constant closed-loop damping coefficient ςp around the target reference.
From (3.6) and (3.2), we can get

α = max
{

k1

2ς2
pC (e1)

, 1
}

, (3.7)

k2 =
√

2k1

αb1
. (3.8)

The DSPTOS has a large deceleration when the error is large. As the error becomes small,
the closed-loop damping coefficient is maintained. The large deceleration helps with the
rapid rising in the early stage, and then the large damping restricts the overshoot in the
followed stage. These features are the reasons why DSPTOS makes settling fast, especially
in long strokes larger than yl.

B. Design of controller for secondary-actuator
The goal of the controller design for the secondary actuator Σ2 in (2.1) is to provide

a larger damping ratio and a higher precision. The main obstacle for secondary controller
design is that the displacement range of secondary actuator is limited and the input signal for
the actuator is constrained to prevent damage. That is the reason why low gain feedback
is applied in this part. One of the key features of low gain feedback is that, for a given
stabilizable linear system with all its open loop poles in the closed left-half plane and with
its initial state in an arbitrarily large bounded set, the peak magnitude of the low gain
feedback control goes to zero as the low gain parameter approaches zero. That is to say, for
such a system, actuator saturation can be avoided by decreasing the low gain parameter as
long as the initial state lies in a bounded set.

To explain the algorithms clearly, we introduces the following three lemmas which are
all cited from [4]:
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Lemma 3.1. Consider the linear system
{

ẋ2 = A2x2 + B2u2, x2 (0) = 0
y2 = C2x2

(3.9)

we assume that (A2, B2) is stabilizable, (A2, C2) is detectable. For a positive scalar γ, define
a cost function

J (u2) =
∫ ∞

0

eγtuT
2 (t) Ru2 (t) dt.

Then, J (u2) is minimized with

u∗2 (t) = −R−1BT
2 Px2 (t)

where P is the unique positive-definite solution of the following ARE

AT
2 P + PA2 − PB2R

−1BT
2 P = −γP. (3.10)

Furthermore, the closed-loop system (3.9) is globally exponentially stable with

lim
t→∞

e
γ
2 tx2(t) = 0.

Lemma 3.2. Let (A2, B2) be controllable and let γ > 0 be such that

γ > −2min{Re(λ(A2))} (3.11)

where Re(λ(A2)) denotes the set of the real parts of the eigenvalues of A2. Then, the ARE
(3.10) has a unique positive-definite solution given by P (γ) = W−1 (γ), where W (γ) is the
unique positive-definite solution to the following Lyapunov matrix equation

W
(
A2 +

γ

2
I
)T

+
(
A2 +

γ

2
I
)

W = B2R
−1BT

2 , (3.12)

i.e. W (γ) is analytically given by

W (γ) =
∫ ∞

0

e−(A2+
γ
2 I)tB2R

−1BT
2 e−(A2+

γ
2 I)T

tdt. (3.13)

As is well known that such a system can be semi-globally stabilized if and only if (A2, B2)
is stabilizable, (A2, C2) is detectable, and all eigenvalues of A2 are in the closed left-half
plane. Clearly, (A2−, B2−) where A2− contains all eigenvalues of A2 that have negative real
parts does not affect the stabilizability property of the system. Without loss of generality,
we will assume that (A2, B2) is controllable with all the eigenvalues of A2 on the imaginary
axis.

Lemma 3.3. Let (A2, B2) be controllable and all eigenvalues of A2 be on the imaginary
axis. Then, the family of state feedback laws

u2 = −R−1BT
2 P (γ) x2, γ > 0

semi-globally stabilizes Σ2 with guaranteed convergence rate e−
γ
2 t, where P (γ) is the unique

positive-definite solution to the ARE (3.10). That is, for any given arbitrarily large bounded
set χ ⊂ Rn, there exists a γ∗ such that for any γ ∈ (0, γ∗], the closed-loop system is asymp-
totically stable with χ contained in the domain of attraction. Furthermore, the convergence
to the origin is no slower than e−

γ
2 t.
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To apply the low gain feedback controller, we choose a proper γ and design a linear
feedback control law

u2 (t) = −R−1BT
2 P (γ) x2 (t) (3.14)

which enables the secondary actuator control system to be semi-globally stable and the
saturation of u2 to be absent. Then the corresponding closed-loop system is described as
C2

(
sI −A2 + B2R

−1BT
2 P (γ)

)−1
B2.

C. Algorithm description
As we can see, the role of the primary actuator is to provide large travel range rapidly.

DSPTOS method is applied because of its two features. First, the maximum acceleration
helps the rapid rising when the tracking error is large; second, the large damping around the
target restricts the overshoot. The main obstacle for secondary controller design is to avoid
input saturation. That is the reason why parametric Lyapunov low gain feedback method
is applied. The combination of these two methods will provide fast settling time and high
precision for both long span and short span.

The algorithm is summarized as follows:

1. select proper k1 and ςp;

2. calculate C (e1), α and k2 according to (3.4), (3.7) and (3.8);

3. u1 can be obtained by (3.1);

4. choose γ in accordance with (3.11) and a proper R;

5. calculate W (γ) and W−1 (γ) according to (3.13);

6. u2 can be obtained by (3.14).

4 Design Example

To verify the effectiveness of the proposed algorithm, this section presents a design example
using the procedure described in section 3. This paper is concerned with the practical dual
stage HDD system which was initially proposed in [9].

The dual-stage HDD model parameters are given by

b1 = 1.7 ∗ 108, a1 = −109, a2 = −3.1 ∗ 104, b2 = 4.3 ∗ 108, u1 = 3, u2 = 1.25.

For the primary actuator, we can see from section 3 that there are only two parameters
to be tuned, k1 and ςp. Here we select k1 = 0.75 and ςp = 0.85, then we can obtain the
other parameters. For the secondary control design, as Re(λ(A2)) = −15500, we choose
γ = 31100, R = I and then we can get W (γ) by solving (3.13), P (γ) is obtained by
P (γ) = W−1 (γ).

The measured time responses and the inputs of both actuators for the position y1, y2,
and y for 2µm, 20µm and 200µm track seek are shown in Fig. 2- 4. The tests of these
seeking lengths are conducted by applying the methods proposed in this paper referred to as
“proposed”and by using the PTOS algorithms for primary controller design and the low gain
feedback method for secondary controller design referred to as “conventional”. The results
of the dual-stage servo system will also be compared with those of the servo system with a
single-stage primary actuator which are done on the same primary actuator by keeping the
secondary inactive throughout the whole implementation process.
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Figure 2: Seeking time and inputs for yr=2: “proposed”vs “conventional”
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Figure 3: Seeking time and inputs for yr=20: “proposed”vs “conventional”
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Figure 4: Seeking time and inputs for yr=200: “proposed”vs “conventional”

Table 1: Experiment result summary
Seeking Length (um) Seeking Time (ms)

DSPTOS Dual DSPTOS Single PTOS Dual
2 0.39 0.40 0.65
20 0.48 0.50 0.66
200 1.15 1.18 1.41

The seeking times are summarized in Table. 1 for easy comparison. The overshoot is
1%. It is shown that the proposed control can reduce the seeking time by more than 2.5%
compared with the single-stage control. We can also see that the seeking time under the
proposed control is significantly reduced by 37% compared with the “conventional”control
for medium- and short-span seeking. When the seeking length is large, the proposed control
scheme could reduce the seeking time by 22%.

5 Conclusion

This paper has proposed a method with decoupling master-slave structure for track-seeking
controllers design for dual-stage servo systems. Distinct from the original control which uses
the PTOS method, the primary actuator control loop is designed to further reduce the set-
tling time by applying DSPTOS method. Then, a parametric Lyapunov equation approach
to low gain feedback controller is designed to the secondary actuator. The simulation results
show good track-seeking performances. Compared with the “conventional”control method
and the single-stage control method, the simulation results demonstrate that the proposed
control strategy can further reduce the settling time and yield better performances.
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