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SMOOTHNESS OF A CLASS OF GENERALIZED MERIT
FUNCTIONS FOR THE SECOND-ORDER CONE
COMPLEMENTARITY PROBLEM*

SHENG-LoNG Hu, ZHENG-HA1 HuanG! AND NAN Lu

Abstract: In this paper, we consider the second-order cone complementarity problem (SOCCP). We pro-
pose a family of complementarity functions for the second-order cone complementarity problem (SOC C-
functions), which contains several popular SOC C-functions as special cases. Based on the new SOC C-
functions, a family of merit functions for the SOCCP is proposed. We show that the new merit functions
are continuously differentiable and give their derivative formulae. These provide an important theoretical
basis for designing some merit function methods to solve the SOCCP. Some preliminary numerical results
indicate that the new SOC C-functions and the corresponding merit functions are worth investigating.
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Introduction

In the last two decades, people have put a lot of their energy and attention on comple-
mentarity problems due to their various applications in operations research, economics, and
engineering (see, for example, [8, 11, 16]). Many algorithms were proposed to solve the non-
linear complementarity problem (NCP) (see the excellent monograph [8]). Recently, there
are great interests in designing various algorithms for solving some conic complementarity
problems, such as the second-order cone complementarity problem (SOCCP) [4, 5, 7, 15],
the semidefinite complementarity problem [6, 18], and the symmetric cone complementarity
problem [10, 19, 20, 26]. In this paper, we are interested in the SOCCP which is to find a
point x € R™ such that

x>0, F(z)=0, (z,F(x))=0, (1.1)

where (-,-) is the Euclidean inner product, F' : " — R™ is a continuously differentiable
mapping, and > is a partial order induced by a second-order cone K (i.e., x = 0 means
x € K; similarly, > 0 means x € int K (the interior of X)) defined by

K:=K" x K" x - x '™,

*This work was partially supported by the National Natural Science Foundation of China (Grant No.
10871144) and the Natural Science Foundation of Tianjin (Grant No. 07JCYBJC05200).
fCorresponding author.

Copyright © 2010 Yokohama Publishers  http://www.ybook.co.jp



552 S.-L. HU, Z.-H. HUANG AND N. LU

here integers m,ny,...,nm > 1,ng + -+ 4+ ny = n, and K™ = {(21,22) € R x R¥~L
llz2|| < 1} with || - || denoting the Euclidean norm. For simplicity, we assume that IC =
without loss of generality.

Many solution methods have been developed to solve the SOCCP (1.1). One of the
most popular methods is to reformulate the SOCCP (1.1) as an unconstrained optimization
problem and then to solve the reformulated problem by using unconstrained optimization
techniques. This kind of methods is called the merit function method, where the merit
function is generally constructed by some SOC C-function.

Definition 1.1. A function ¢ : R" x " — R™ is called an SOC C-function [5, 25], if it
satisfies that ¢(a,b) = 0 if and only if a = 0,b > 0,{a,b) = 0. In addition, if a function
U : ™ — R is nonnegative and ¥(z) = 0 if and only if x solves the SOCCP (1.1), then ¥
is called a merit function for the SOCCP (1.1).

If ¢ is an SOC C-function, then it is easy to see that the function ¥ : R” — R defined
by W(z) := i||¢(z, F(2))||? is a merit function for the SOCCP (1.1). Thus, finding a so-
lution of the SOCCP (1.1) is equivalent to finding a global minimum of the unconstrained
minimization mingeps¥(x) with optimal value 0. It is well known that most effective un-
constrained minimization methods require the smoothness of the objective function. Thus,
in such a reformulation method for the SOCCP, a basic requirement is that the objective
function (i.e., ¥) is smooth. In this paper, we will propose a new class of generalized SOC
C-functions and discuss the smoothness of their related merit functions.

When K" = R (:= {(z1,...,2,) € R" | ; > 0}), the SOCCP reduces to the NCP and
the SOC C-function reduces to the NCP-function. Many NCP-functions have been proposed
in the literature [1, 22, 21, 27, 29]. Among them, the FB function is one of the most popular
NCP-functions, which is defined by

#(a,b) == a2 +b2—a—0b, VY(a,b) € R

One of the main generalizations of the FB function was given by Kanzow and Kleinmichel
[21]:

do(a,b) :=+/(a —b)2+0ab—a—b, 0¢c(0,4), ¥(a,b) € R% (1.2)

Another main generalization was given by Luo and Tseng [22], and studied by Chen [2]:

op(a,b) := V/]alP +|bJp —a—b, pe(1,00), ¥(a,b) € R2. (1.3)

The NCP-functions given in (1.2) and (1.3) had been extended to the framework of second-
order cones [24, 25], and it had been proved that they enjoy a lot of favorable properties.
Both of the papers [24, 25] pointed out that many best numerical results of the functions ¢y
given in (1.2) and ¢, given in (1.3) do not appear in the case of § = 2 and p = 2, respectively.
It is easy to see that both ¢y and ¢, reduce to the well-known FB function when 6 = 2 and
p = 2, respectively. Hence, it is of great interest and importance to investigate the theoretical
properties and numerical behavior of these two classes of generalized SOC C-functions and
their generalization. In this paper, we propose a new family of SOC C-functions which is
a generalization of both the generalized SOC C-functions mentioned above. The proposed
SOC C-functions are new even in the case of K™ = 7. Since the NCP is a special case of
the SOCCP [4, 5, 24, 25], our results can be directly applied to the NCP. Now, we formally
propose the following function, which will be proved to be an SOC C-function later.

Sop(,y) i= (O(|l” + |yP) + (1 = O) |z + ") /" =z —y, (1.4)
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where z,y € %", and 0 € (0,2),p =2 or § € (0,1],p € (1,2)J(2,+00), see (2.2) for the
definition of | - |.

Remark 1.2. (i) It is easy to see that the function defined by (1.4) reduces to ¢, under
the framework of second-order cones when # = 1 and to ¢y under the framework of second-
order cones when p = 2 and 6 € (0,2). In particular, it reduces to the FB function under
the framework of second-order cones when # = 1 and p = 2. Thus, the new family of the
functions defined by (1.4) is a generalization of several SOC C-functions mentioned above.

(ii) It should be pointed out that it is possible that the function ¢g, defined by (1.4)
is not an SOC C-function for § € (1,2) and p € (1,2)J(2,400). For example, if we let
n=10=15p=42=29y=2, then 1.5 x (2* +2%) — 0.5 x (2 + 2)* = —80 < 0. Hence,
the function ¢y, in this case is even not well-defined.

(iii) When K™ = R}, a similar family of NCP-functions

(bep(x,y) = (9<‘$|p + |y|p) + (1 - 9)|aj - y‘p)l/P —Tr =Y, V.’E,y € §R7 Vo € (05 1]7p >1

was proposed in [17]. We don’t know whether this family of functions can be extended to
the case of second-order cones or not. In addition, it was mentioned in [3] that the best
numerical results of the algorithms involving ¢y happens when 8 = 2.5 or 3.0 for the SOCCP.
Obviously, this case is not included in the function ¢g, proposed in [17], however, it is a
special case of ¢y, defined by (1.4).

Since the family of generalized SOC C-functions (1.4) reduces to the SOC C-functions
studied in [3] when 6 € (0,2] and p = 2, and it reduces to the generalized SOC C-function
studied in [25] when 6 = 1, we only consider the case where 6 € (0,1) and p € (1,400) in
the rest of this paper.

The rest of this paper is organized as follows. In Section 2, we review some basic concepts
and results of second-order cones. In Section 3, we show that the functions defined by (1.4)
are SOC C-functions. Some other properties are also discussed. In Section 4, we propose a
family of merit functions based on the new SOC C-functions; and show the smoothness of
this family of merit functions. Some preliminary numerical results are reported in Section
5, where most of the very well performed numerical results do not appear in the case when
¢op proposed in this paper reduces to the existing SOC C-functions. Some conclusions are
given in Section 6.

Preliminaries

In the following, we review some basic concepts and results of second-order cones, see also
the excellent summarizations [4, 12, 25]. It should be noted that the second-order cone is
a special case of the square cone of some Euclidean Jordan algebra, see the monograph by
Faraut and Kordnyi [9]. In the following, we will use (x1,z2) to denote (z1,21)7 for any
71 € R and 2o € R for convenience. For any = = (z1,22), ¥ = (y1,%2) € R x R*~! with
n > 1, we define

(z,y) =2y, and zoy:= ((z,y),T1y2 + y122),

where the former is just the usual inner product on the finite Euclidean space, and the latter
is called the Jordan product [9]. It is well known that the second-order cone is a closed convex
cone with nonempty interior [9], i.e., int(K") := {z = (z1,32) € R x R" 7 | 21 > ||za||} # 0.
The determinant and trace of z are defined by det(z) := 2% — ||z2|? and tr(z) = 271,
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respectively. A vector z € R™ is invertible if and only if det(z) # 0, and its inverse is denoted
by #71. Given a vector z = (z1,22) € R x R" L, we will use the following symmetric matrix
to describe some key properties of second-order cones:

L[ ),
T2 xlf

where [ is the identity matrix with appreciate size. We can view it as a linear operator from
R™ to N". It is easy to verify that L,y = voy and Lyyy = L, + L, for all z,y € N"*. We
note that Ly, = 6L, holds for all z € R™ and § € R. It should be noted that there are some
connections between the second-order cone and the positive semidefinite cone (the set of all
positive semidefinte symmetric matrices on R™*™), which are listed below:

e K" <= L, € S};

T
X1 —T
: n n -1 _ 1 2 : .
reint K" <= L, €S, and L~ = @ | gy de;EI)I n 111 22T in this case,

where S denotes the positive semidefinite cone, while S, is the interior of the positive
semidefinite cone (i.e., the set of all positive definite symmetric matrices on £"*™).

For any o = (21, 72) € R x R"~1, the spectral decomposition (or spectral factorization)
of x is given by 2 = i (z)uM (z) + Ao (2)u® (z), where \;(x) (i = 1,2) and v (z) (i = 1,2)
are the spectral values and the associated spectral vectors of x, respectively, with

. ) 1 .
Ni(z) =21 + (=1)Y|zz]|, and u?(z):= 3 (1,(-1)'22), =12, (2.1)
here, if zo # 0 then Ty := ”i—z”, and otherwise, 5 € R"~! is arbitrarily taken satisfying
|Z2|| = 1. It is obvious that the spectral decomposition of z is unique if x5 # 0.

Lemma 2.1. Let z,s € R". Then, x = 0, s = 0, xos =0 if and only if x = 0, s = 0,
(x,s) = 0. Moreover, x and s share a common Jordan system of spectral vectors in each
case.

Proof. The results are special cases of [13, Propositions 6 and 7]. g
We next review some basic results about Lowner operator [28]. For any scalar function
g : R — R, the spectral function g induced by g is defined by

g(@) = g (@))uD(2) + ga(@)u® (2), Vo e R™.

This function was first introduced and analyzed by Lowner [23], and hence, was called
Lowner function (or Lowner operator) in honor of Léwner’s contribution. From [4, Propo-
sition 5] and [12, Proposition 5.2], g is (continuously) differentiable on R™ if and only if ¢ is
(continuously) differentiable on . When g(a) = |a|P (p > 1) for any « € R,

2P = g(z) = |\ (2)]PuP () + Ao (z)[Pu® (z), Ve R (2.2)
and when g(a) = a/? (p > 1) for any a € R,
2= g(a) = (@) P (@) + (A2 (2))PuP(2), vz e K.

Hence, the function ¢g, defined by (1.4) is well-defined. Similarly, we can define 2P for
p>1.
The following results are evident.



SMOOTHNESS OF GENERALIZED MERIT FUNCTIONS 555

Proposition 2.2. For any x € R, let \i(x), \a2(z) and uP(x), u® (z) be the spectral
values and the associated spectral vectors of x, respectively. Then x = 0 if and only if

0 < Ai(z) < Aa(x); and x > 0 if and only if 0 < Ay (x) < Aa(x).

Complementarity Function

In the following, we will show that the new functions defined by (1.4) are indeed SOC
C-functions. Before starting our analysis, we list some symbols for convenience. For any
r=(71,72),y = (y1,92) € R x R"1 and p > 1, we have

M@P @ | @I e @)?
|z + [yl” = ’

e M@ ) L D@l Wl g,

a4 P+ D (@+9)1?
o +yl” = ( \Az(z+y>w;\x1(§+y)\?(ﬁ\y)z > ,
where
A= A(w) = 21— [Jael], A2 = Ao(x) = @1 + |22f; (3.1)

pi=Ay) =y = vzl pe =2 (y) = v + lloel; '
A=A 4y) =21+ y1 — o2+ w2l Ao i=Xe(r+y) =21 +y1 + |22 +y2], (3.3)

and 2o, §o, (1:/+\y)2 are defined similarly as those in (2.1).
Theorem 3.1. The functions ¢g, defined by (1.4) are SOC C-functions.

Proof. We divide the proof into the following two parts.
Part I For any z,y € R" with z € K",y € K™ and z oy = 0, it follows from Lemma 2.1
that x and y share a common system of spectral vectors:

z=A(z)er + A2 (2)e2; Yy = M(y)er + Az (y)ca.
Then, z +y = (A (2) + A (y))er + (A2(2) + A2(y))c2. So,

bop(z,y) = (O(Ac(2)[” + [M(@)P) + (L = )M (x) + A (y)[P)er
O (@) + Pa(m)[P) + (1 = 0)[Aa(2) + Ao (y)[P)ea) /P
—((A1(z) + A (@))er + (A2(2) + A2 (y))e2)
= (M@ + M@)P) + (1= 0)[ A (@) + M)V = (@) + M ()))er
(02 (@) + Pa()IP) + (1= 0)[Aa(@) + Aa(9)[P) 7 = (ha() + Aa(y))) e
= 0Oci + Oco
= 0,

+

where the third equality follows from the fact that A;(2)A1(y) = 0 and Az(x)A2(y) = 0
because of z oy =0, x,y € K", and Proposition 2.2.
Part IT Suppose that ¢g,(z,y) = 0. Then

O(zl? + [yP) + (1 — )|z +y[) "/ =z +y,
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which implies  + y € K". Hence, |z + y|P = (x + y)?. So,
O] + lyP) + (1 = O)x +y") P = @2 + |yP) + (1 = O) (@ +y)") " =2 +y,

which yields that 6(|z|? + |y[?) + (1 — 0)(z + y)?, ie., O(|z|” + |y|?) = 6(xz + y)P. Since
6 € (0,1), by using [25, Lemma 3.1] we can obtain the desired result.
Combining Part I with Part II, we complete the proof. |
In the following, we establish a technique lemma which plays a crucial role in the sequel
analysis. For convenience, we give some notations first. For all § € (0,1) and p € (1, +00),
we define

s = (s1,82) = s(z,y) == 0(x[” + |y[") + (1 = )]z + y[”; (3.4)
o= (tte) = tay) = 02 + yl”) + (1= O)le +y|")'7, (3:5)

where s = (51,52) € R x R and t = (t1,t2) € R x R~ L.

Lemma 3.2. Forany 0 € (0,1),p > 1, x = (x1,22), and y = (y1,y2) € R"™, let the function
s be defined by (3.4) with s ¢ int K™. Then we have

s1= [[s2ll = 2271 (0(|lz1 [ + 92 ") + (1 — 0) |21 + 2 [P); (3.6)

I% = ||x2|\2§ yf = Hy2||2; T1y1 = $2Ty2; T1Y2 = Y122- (3.7)
Furthermore, when so # 0, we have

T 82 S92 T S2 52
Lo 77— = T1; T1+—7 — T2, — — Yi1; 17— — Yao. 3.8
2ol =7 T T V] TYH U] TV (3.8)

Proof. We will divide the proof into the following two parts.

Part I In this part, we prove (3.6) and (3.7).

When 6 € (0,1) and p > 1, we have f|z|P € K", 0|y’ € K™ and (1 —0)|z + y|? € K™ for
all x = (z1,22),y = (Y1,y2) € R™. Since s ¢ int K™ and K" is a closed convex cone with
nonempty interior, it follows that 0|z|? ¢ int K™, 0|y|P ¢ int K" and (1 — 6)|z + y|’ ¢ int
K™, and hence, |z| ¢ int £, |y| ¢ int K™ and |x + y| ¢ int ™. Furthermore,

a3 = |lz2l? vi=lwel? (21 +31)° = llze + pe?

by a simple analysis of spectral values. Then z1y; = 23 yo follows directly from the above
equalities. So, if one of z1 and y; is zero, then the last equality in (3.7) holds trivially;
otherwise, we have ||xa|||y2]| = |z1y1| = |zdy2|. That is, 72 = ays for some a # 0 since
both 21 # 0 and y; # 0 (so are x2 and y, by the above analysis). It follows from z1y; =
2y = aylys = ay? that a = % Hence, the last equality of (3.7) holds in this case. Thus,
(3.7) is proved to be true. While s1 = 1(0(|A1|P+ | Ao [P+ |1 [P+ [p2]P) + (1 —0) (| A1 [P +[A2|P)),
(3.6) follows from (3.7) and s ¢ int K™ immediately.

Part IT We prove (3.8) by discussing several cases in the following way.

(i) 22 = yo2 = 0. This case can not happen since sy # 0.

(i) z2 = 0,y2 # 0. In this case, we have z = 0 by (3.7). Hence, s = 0|y|P + (1 —0)|y|? =
lyP. It is evident that (3.8) holds.

(iil) 22 # 0,y2 = 0. In this case, the results are evidently satisfied by the symmetry of z
and y in s and the item (ii) above.
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(iv) 3 # 0,y2 # 0 while x5 + yo = 0. In this case, |z + y|P ¢ int K" since 6 € (0,1).
We have  + y = 0, and hence, it reduces to the one considered in [25, Lemma 3.3] by
multiplying a constant. So, the result holds from a similar proof as the one in [25, Lemma
3.3].

(v) z2 # 0,92 # 0,29 + y2 # 0. Using (3.7), we could get
|331 + U

\
[E2I
|y1|

T
|22 +yall = | —v2 + v2
U1

So, if 1 = ||z2|| and y1 = —||y=2]|, we have

A =0; Ao =2w1; p1 =2y pe=0;
M=0; X=2(x14y1), ifzi+y >0;
5\1 :2("171-|-y1)7 5\2:07 1fx1+y1 < 0.

Furthermore,

X
2evss = 0 (Nl — MP) -+ (al? — N1|p)1yz>
o] el

T1T2 + T1Y2
|72 + ol

- (!
+A = 0)([Xal” = [M]7)
- (!

0 (Rl — P) -2 4 (al? — #1|p)y19€2)
o] el

T1To + Y122

—|—(1 9) )\2 P )\1 p (39)
(el = ) T,
If 21 + 31 > 0, from (3.9) we have
T
2mise = 0((Pal = INP) T + (el = ) )
[E2Y] 192
3 3 T1+0n
+(1 = 0)(|A2)? — | A|P) ——T=x2
(1= )Rl — Py
= 2°0 (| |” + |y [P) w2 + 2P (1 — O) |21 + 11 [P
= 2[|solz2;
and if x1 + y1 < 0, similar analysis will yield 159 = ||s2||z2. Similarly, 152 = ||s2||x2 can
be obtained under each of the following cases: (a) z1 = ||z2|| and y1 = ||y2||; (b) 1 = —||22||
and y1 = ||y2|l; (¢) 1 = —||z2]| and y1 = —||y2||. So, we obtain that the second equality

of (3.8) holds. Furthermore, x1'sy = 2 x5||s2]|/z1 = x1]|s2]|, i.e., the first equality of (3.8)
holds. The rest equalities of (3.8) can be obtained directly from the symmetry of x and y
in s.

Thus, Part IT holds from (i)-(v).

By combining Part I with Part II, we complete the proof. O

Unless stated otherwise, we always assume in the following that g(a) := |a|? (o € R) for
all p > 1. Let sgn(a) denote the sign function. By [12, Proposition 5.2], we have

Vi(z) = p-sgn(xy)|z [P~ ifxy =0, (3.10)
and
T
Vg(z) = 6?359)22 s+ (bC%)iQa(m))irzizT if 29 0, (3.11)
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where

2 g(z) = De@P @

T2 = Yoo Xe(@)Ai(@)

(3.12)

b(z) = p[sgn(A2(m))\Ag(z)|f’*12+sgn(>\1(z))|>\1(x)\1’*1]’

o(x) = PEEMO: @)D @17 —SENOs @) @I” ]

Through a similar discussion as the one given in [25, Page 10], we have that Vg(t) € ST
for any (z,y) satisfying s € int K", and furthermore, for ¢ > 1 satisfying 1 + ¢ = 1,

1 1 85 85
1| Geen7E T a7 a7 a(s)i/a
2 3 5 528F 528F 2p(I—5253)
Pl i — o meehs T maeys T am

Vat)™t = (3.13)

From the above analysis, the following lemma can be easily obtained.

Lemma 3.3. The function t defined by (3.5) is continuously differentiable at any (z,y) €
R x R™ satisfying s € int K™, and furthermore,

Vat(z,y) = (0Vg(z) + (1 — 0)Vg(z +y))Va(t)
Vi t(z,y) = (0Valy) + (1 — 0)Va(z +y))Vg(t) ™,

where g is the Lowner function induced by the scalar function g.

Smoothness of Merit Function Wy,

For z,y € R, and 0 € (0,1),p € (1,+00), we define

Yop(,y) = %H(bep(ﬂc,y)l\2 and - oy (2) = Yop(z, F(2)), (4.1)

where F' is given in (1.1). Then, Uy, is a merit function of (1.1). In this section, we
investigate the smoothness of the functions Wy, defined by (4.1).

Theorem 4.1. The function g, defined by (4.1) is differentiable everywhere when 6 € (0,1)
and p € (1,2). Furthermore, the following results hold.

(i) If (z,y) = (0,0), then Vathgy(x,y) = Vythop(a,y) = 0.
(i) If s € int K™, then
Vatbop(,y) = ((0Vg(z) + (1 - O)Vg(a +4))Vg(t) ™" — 1) dop (. y); (4.2)
Vyvep(2,y) = ((0V3(y) + (1 = 0)Vg(z +y))Va(t) ™" —I) dop(,y),
with Vg given by (3.10)-(3.12) and V=1 given by (3.13).
(iii) If s ¢ int K™, then

Vaﬂﬁep(@?,y) = Dl('r7 y)¢9p(xay)7 vy¢9p(x7y) = D2(m7y)¢0p(xa y>7 (43)
with
D1(z,y) fsgn(ar)|z1 [P~ + (1 = O)sgn(as +yi)le +wa[P~! 1:
n Oz1 [P + [yal?) + (1 = 0)[1 + v [P) /4 ’
Datary) i PGP (L OsenCes by)les + T
e Ozl + [ya]P) + (1 = O)|x1 4+ 1 |P) V4 ’



SMOOTHNESS OF GENERALIZED MERIT FUNCTIONS 559

Proof. We divide the proof into three parts, i.e., Part I, Part II, and Part III, to show
the results in (i), (ii), and (iii) listed in this theorem, respectively. In Part ITI, we first
show the differentiability of 1¢, in Step 1 and Step 2, and then derive the formulae given
in case (iii) in Step 3.

Part I In this part, we prove the results given in the case (i). Obviously, ¢g,(z,y) = 0.
For any (h,k) € R" x R™, let I; and Iz (I3 < l3) denote the spectral values of s(h, k), and ¢;
and co denote the corresponding spectral vectors. Then,

Ipop(hs k)| = [lif ex + 15 ca = h— kIl < [lIf ell + 113 2]l + [|Bl] + |1 %]
1] 1
< 205 —s + (Bl + Ikl = V215 + 1B + 1K,
while
M2+ NP p P 1P+ [ Xo|P
Iy — 9<| 1P + A2 ‘;‘\Nﬂ + [p2] >+(1_9)| 1 ‘;‘\ 2|

Mol? — IN|P - P _ P, Mol? — [\ ]P ——
+|9(| 2| 2| 1| h2+|M2| 2|/v51| k‘2>+(1—9) 2| 2| 1| (h+k‘l>2H

< S0+ b+l + ) + 2 A 4 )
F 00+ Pl el + e + LD A ey
= O(A]” + [A2f” + [pa]” + |p2l?)
+(L = 0)([h1 + k1 — [[h2 + E2[|” + [h1 + k1 + [[h2 + K2 |[[7)
< (NP + of? + [ [P+ [p2fP) + 2211 = 0)(|h1 + Ka [P + |2 + ko|P)
< 0N+ Dol il al?) + 2% (0= )l P+ Bl )
< O+ Dal? + lmf? -+ [al?) + 20— O P+ P+ Dol? + o)

ro([ALl? + af? + | l? + |p2l?),

where the notations are similarly defined as (2.1), (3.1)-(3.3) with h, & instead of x,y; the
second inequality follows from the fact that |a + bP < |la] + |b]|P < (2max{|al|, |b|})? <
2P (lalP + |b|P) for any a,b € R and p € (1,2); the third inequality from the above fact
and that ||hg + k2||P < (||he|| + ||k2]|)P; the last inequality from the above fact and |h|P <
(max{|A1],|X2|})P; and ko used in the last equality is given by ko = 22P3 4 (1 — 22P+3)9.
Furthermore,

1

1 1 1 1
Iy (Ro(IAL” + [Aal” + [ [P + |p2l?)) ¥ = 65 ((IAL]” + Aol + [pal? + [p2]”)) 7

< wg (Ml haf + ] + Ial) < w6 V2(I1RI] + (1K)

IA

A

Hence, ¥gp(h, k) = 1 ¢ap(h, k)||> = O(||h]|*> + ||k]|?), which demonstrates that g, is differ-
entiable at (0,0) with the gradient (0, 0).

Part II In this part, we prove the results given in the case (ii). From Lemma 3.3 and
the definition of 1, it is easy to obtain that 1y, is continuously differentiable in this case
with the gradient formulae given by (4.2).

Part III In this part, we prove the results given in the case (iii). It is sufficient to
consider the case of (z,y) # (0,0) € " x R™ and s(z,y) ¢ int £ (hence sy # 0 by using
Lemma 3.2 when (z,y) # (0,0)). Denote s = s(x,y) = (s1,82) = n1¢1 + n2ce with 1y and
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72 being the spectral values of s and ¢; and ¢y being the corresponding spectral vectors. It
follows from the definition of g, (x,y) that

1 1 1
2p(,y) = |dop(z,)|I* = lIs7 — 2 =yl = l|s¥ |* + |z + y|* = 2(s7, z + ),

while

1 12 12
s3I = Suf +5ud; (4.4)

1 1

P P
P % Z1t
n? —n? . "\ T2+
2

2(3%,x—|—y)
32

3 (22 + y2)

sT(x + 1 S
2 (w2 yz))+n2p(x1+y1+ T2l
2

[ls2l]

). (4.5)

1
= n{(z1+y1 —

Hence, in order to prove that ¢g,(-,-) is differentiable at (z,y), it is sufficient to prove that
both functions given in (4.4) and (4.5) are differentiable at (z,y). We complete the proof
by the following three steps.

Step 1 This step is dedicated to the differentiability of s; and so, which are viewed as
functions of x and y. For any (Z,7) € R" x R, with Z3 # 0,72 # 0 and I3 + g2 # 0,
sufficiently close to (z,y), we define

- Xy 1P X [P (i 1P| o | P i P Xo [P
- g(l 1Dl i 17 o )+(1f9)‘ Pt Dal?,

S1 ’

< PalP—13a[” 55 | |d2lP—l@al? _go Pl —11[P Foto
S = (Al 2 12l —iPal Y2 1—6 Lary
2 ( 2 Y P man ) + ( ) TZ2+2]?

where the related notations are similar to those in the above analysis. Then, §; and 33,
viewed as functions of (Z, §), are differentiable at (Z,7) = (x,y). Indeed, when x5 # 0,y2 # 0
and xo + y2 # 0, §1 and 89 are clearly differentiable at (Z,3) = (z,y) since 5\1, A, i1, fio,
A, Az, [|Z2]l, [[F2]l, [|Z2 + §=|| are differentiable at (Z,7) = (z,y) and |a|P is continuously
differentiable on # for p > 1. When xo = 0 and yo # 0 (hence x5 + y2 # 0),

[P + |f2l” AP+ AP (A2l — |lP e Xol? — [M|P E2+ G2
2 ’ 2 7 2 7=l 2 1 Z2 + 7|l

are differentiable at (Z,9) = (x,y). By using the continuous differentiability of |a|P and the
Mean-Valued Theorem, we obtain that

|5\1\p = |MP+p-sgn[(l - 041)5\1 + o A]lar A + (1 — 041);\1|p_1(;\1 - A1)
= pesgn((1—a)\)[(1— )M [P (@ — [[Z2l) (0< a1 <1),
MaolP = pesen((l—a2)X)|(1 = a2)de|P M (@1 + [[2l]) (0 < a2 <1),
AaP = [Ai]P + 2p-sgnfashs + (1 — ag)Ae]|ashs 4+ (1 — as) AP Z2] (0 < as < 1).

Since 2 = 0 by Lemma 3.2 in this case (i.e., 2o = 0), it follows that As, \; — 0 when (Z,7)
tends to (z,y), and hence, the above equalities imply that

~ i - i XolP — | \ifP & -
P = oflal), [Bal” =offal), and PP o),
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Therefore, [A|P + |Az|P and M ”22” are differentiable at (Z,9) = (z,y). Similarly,
51 and §9 are differentiable at (x,y) (x,y) in each of the following cases: (a) y2 = 0 and
x9 # 0 (hence xo + y2 # 0); (b) z2 # 0, y2 # 0 and x5 + y2 = 0.

Step 2 In this step, we prove the differentiability of g, given in the case (iii). It
follows from Step 1 that the second items in the right-hand side of both (4.4) and (4.5)
are differentiable at (Z,9) = (x,y). Similarly, 7; (defined similarly), viewed as a function of
(Z,7), is also differentiable at (Z,9) = (x,y) since 52 # 0. Since § ¢ int K™, we have 7, = 0.
Usmg the first Taylor’s expansion of 7 at (z,y) we obtain that 71 = O(||Z — x| + ||y — yl|),
so, iy = O[(||# — z| + |7 — E } Thus, the first item in the right-hand side of (4.4)
is differentiable at (Z,7) = (x,y) since 2 > p > 1. Furthermore, ; + g1 — % is

differentiable at (Z,§) = (z,y) by Step 1. From the fact that sy # 0, s ¢ int ™ and (3.8),

ST X ~ ~ S xT ~ ~
we get a1 + gy — SERE 0. So, iy + i — HEEE) = O(|7 — o + |5~ y])), and hence,
L/l - §T(i‘2+gg) . - 1
i (”““”_ ) = oWl -yt

= o[z — x| + g = yl)-

This implies that the first item in the right-hand side of (4.5) is differentiable at (Z, §) = (z,y)
with the gradient being zero. Thus, the differentiability of g, is proved in this case.

Step 3 In this step, we derive the derivative formulae given in the case (iii). Without
loss of generality, we assume that xo # 0,y2 # 0,22 + yo # 0. It follows from the definition
of g, and Step 2 that the gradient of 21y, is the sum of the gradients of |z + y||?, the
right-hand side of (4.4), and the second item in the right-hand side of (4.5). The gradient
of ||z + g||* with respect to & evaluated at (Z,9) = (x,) is 2(z +y); and the gradients of 5;
and ||Sz2|| with respect to Z evaluated at (Z,9) = (x,y) are

p [ my p ms3
— d
2 ( my ) BT P ( my )

with
my = O(sgn(A2)|XaP 7! +sgn(A) A PTH) + (1= 0)(sgn(A2)[ A2 [P~ + sgn(Ag) A [P7);
ma = WsgO)el ™ —seln T
- T\ e + Y2
+(1 — 0)(sgn(X2) [ Xa|P~ 1 — sgn( A1) |\ plL;
(1 - 0)(sgn(X2)[ Ao gn (A1) )||x2+y2||
p—1 p—1 T3 82
my = 0(sgn(A2)|A2|P"" — sgn(Ar)[ A )||ac2||
- -~ +y2)T52
+(1 — 0)(sgn(Xa) | Xa[P~ — sgn(A)|A po1) (@2 T y2) 52,
(1 - 0)(sgn(X2)[ Ao gn(A)| A7) 72+ 1]
X Z‘T X Ty T
ma = OO Pl OO (o — o L2t

(22 + y2) (w2 + y2)T
|22 + v
22 + yal® = (w2 + y2)" (x2 + y2)
[[(z2 + yo)I?

+(1 = 0)(sgn(A2)[ A2~ + sgn(Ar)| A"

52

1= O (Rl = )

S9.



562 S.-L. HU, Z.-H. HUANG AND N. LU

. M 2 __ 2 T s2 __ S2 2 _ 2 T s2 __
By using the equalities o7 = [|ea|2, 2d 125 = w1, 21 p22p = 22, 97 = wall? o] 125 = un,

and yluj—zn = g9 in Lemma 3.2, both the above gradient formulae could be simplified as

20=2p(Osgn(z1)|z1 [P~ + (1 — O)sgn(z1 + y1)ley + 1 [P7)
202 (Gsgn(xy )|y [P 1220 4 (1 — O)sgn(zy + y1)|ay 4 yp [P71) 22t

[EA] llza+y2l

1
= 2P ?p(fsgn(z1)|z1 [P~ + (1 — O)sgn(ay + y1)|zy + [P 7h) < =2 > )

lIs21]

Hence, the gradient of fj, = §; + ||s2|| with respect to # evaluated at (Z,7) = (,y) is

_ _ _ 1
2~ Lp(Bsgn(on) o P+ (1= O)sgnler + -+l o1 )
S92
Furthermore, by using the product and quotient rules of differentiation, the gradient of

s3 (xatya) . = 5 oY ;
T1+ Y1 + =25 with respect to I evaluated at (Z,9) = (z,y) is

1
( 5o +Vz252(w2+y2)\|82H—VmQSszﬁszT(wz-&-yz)

lIs21] lls21I?

1 1
= . (w24y2) [l s2ll— 7227 53 (w24y2) = ( £ ) )
( Moo T V252 it ) Moo

T
where the last equality follows from Lemma 3.2 (i.e., we use the fact that % =z1+y1

and (z1 + yl)\l%\l = x5 + y2). Hence, the gradients of the second items in the right-hand

sides of (4.4) and (4.5) with respect to & evaluated at (Z,§) = (x,y) are respectively given
by

2 B _ _ 1
(112) 5" 2P = (Gsgn(a) 1 [P~1 + (1 — O)sgn(ay +y1)|zy + y1 | 1)< 52 >

lIs2l

and

1_ _ _ 1
(z1+y1)(n2)7 2P (Osgn(z1)|w1 [P~ + (1 — O)sgn(a1 + y1) |1 + P 7") ( 52 )

TsaT
HW);( |s1'2| >

It is easy to see that the gradient of the first item in the right-hand side of (4.4) with respect
to & evaluated at (Z,9) = (z,y) is zero when 1 < p < 2. Hence,

o

2 _ B _ 1
Wobsy = (12)3 27 (Bsgn(ay)an [P+ (1 — O)sgner + y1)ler + g l? 1)( ! )

lIs2l

a1+ y0)(m2)E 2 (Bsgn(a) e P — (o) ( : ) Lo 4 y)

lls2ll

1
+(1 = 0)sgn(xr +y1)|z1 + 1P ( 52 ) , l<p<?2, VOe(0,1).

l[s2l
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From s ¢ int K", we have 11 = 0, and hence,

1 1 1
dupte) =tz —a =y = 5m)? (a ) = (o)
S2
The last two equalities, together with xluj—z” = x5 and 1y szl\ = yo by Lemma 3.2, yield
that
1_ _
2V, e, = (m2)7 127 (Osgn(xy)|x|P!

+(1 = 0)sgn(ar + y1)|z1 + 1P (bop (2, y) + 2+ y) — 260, (2, y)
—(12)7 2P (Bsgn(a1) |21 [P + (1 B)sgn(z1 + ya)las + plP ) (@ + y)
= (m)? ' 2°(Bsgn(zy) |z [P
+(1 = 0)sgn(ar +y1)|z1 + 1"~ ) (Pop(, ) — 200p(2,y)
Osen(z1)|z1 [P~ + (1 — O)sen(z, + 21+ y Pt
= T T (o o 1) o)
(1<p<2, VOe(0,1))

where the last equality follows from 7y = 2s; = 2P(0(|z1|P + |y1|P) + (1 — 0)|z1 + y1|P).
Hence, the first equality of (4.3) follows. In addition, the second equality of (4.3) follows
immediately from the symmetry of x and y in s.

Combining Step 1, Step 2 and Step 3, the proof of Part III is complete.

Combining Part I, Part IT and Part III, the theorem is proved. (|

Remark 4.2. It is hard for us to prove that the function vy, defined by (4.1) is differentiable

for 8 € (0,1) and p > 2 just following the proof of Theorem 4.1, since ar (p > 2) is not
differentiable at « = 0 (hence, it is hard to get the differentiability of the function given in
Eq. (4.4)).

In the following, we will show the continuity of the gradient of 1y, defined by (4.1), i.e.,
the smoothness of g, when 6 € (0,1) and p € (1, 2).

Lemma 4.3. Suppose that 6 € (0,1) and p € (1,2). Let s and t be defined by (3.4) and
(8.5), respectively. Then, there exists a constant & > 0 such that for all x,y € R™ satisfying
s € int K™,

HLGIx\PflL;plflllF < R, ||L9\y\P*1L;p171 HF < R, ||L(1—0)|x+y|P*1L;plfl||F < R,
where || - || denotes the matriz Frobenius norm on R™ ™.

Proof. The proof is similar to that in [25, Lemma 4.1], we omit it here. |
Under the assumptions of Lemma 4.3, it follows from Lemma 4.3 and Lg|yjp-1 = 0Lz p-1

that ||Lj,pp-1 L, || < &. Thus, we have

1 p p é 2 )% % 1 _p=2 r
Aa(s)a > (G(MI ;'A"" )> > (9(“1' + [Aaf) > = 0327 ||z||7.

2

Furthermore, by a similar analysis as the one in [25, Remark 4.1], it follows that for all
x,y € RN satisfying s € int K",

PalP~1(1 — 2880) + M [P1 (1 + 4T 5)

1

Ax(s)s
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and

[X2|P72(1 — &3 82) + [\ [P 2(1 + 23 52)

A (s)7

= 0(1).

Lemma 4.4. Suppose that 0 € (0,1) and p € (1,2). Let s and t be defined by (3.4) and
(8.5), respectively, and Vg(x) be given by (3.10)-(3.12). Then, there exists a constant k > 0
such that for all x,y € R™ satisfying s € int K,

1(0Vg(z) + (1 — 0)Vg(z +y))Vg(t) 'lr < &,
1(6Vg(y) + (1 — 0)Va(z +y))Vg(t) | r < k.

Proof. The results could be similarly proved as those in [25, Lemma 4.2]. We omit it here.

|

In the following, we establish one main result of this section, i.e., the continuity of the
gradient function of g, defined by (4.1).

Theorem 4.5. The function g, defined by (4.1) is smooth everywhere on R™ x R™ for all
6 €(0,1) and p € (1,2).

Proof. Tt is sufficient to prove V1, is continuous on ™ x N for all § € (0,1) and p € (1,2)
by Theorem 4.1 and the symmetry of x and y in Vig,. We divide the proof into the following
three parts.

Part I For any (z,y) € R™ x R™ satisfying ¢ € int K", the result follows form Part IT
in the proof of Theorem 4.1 immediately.

Part IT If (z,y) = (0,0), then V,4,(0,0) = 0 by Theorem 4.1. Let (h, k) € R" x R™.
On one hand, if t(h, k) € int K™, then by Theorem 4.1,

Vatbop(h k) = ((0VG(h) + (1 = O)Vg(h + k))Vg(t(h, k)" = I) ¢p(h, k).
Thus, by using Lemma 4.4, the continuity of ¢g,, and ¢g,(0,0) = 0 by Theorem 3.1, we
have that Vg, (h, k) — 0 as (h, k) — 0. On the other hand, if (h, k) # (0,0) and t(h, k) ¢
int ™, then by Theorem 4.1,

ngn(hl)\hl\p_l + (1 — 9)sgn(h1 + k‘l)|h1 + k1|p—1
O([Pa[P + [k1[P) + (1 = ) |1 + ka[P)Y/a

Vatbgp(h, k) = ( - 1) bop(h, k).

Thus, by combining the continuity of ¢g, with ¢g,(0,0) = 0 and the uniform boundedness
of the function

Osgn(hy)|hy [P~ + (1 — 0)sgn(hy + ki)|hy + kP71 B
(O(IhalP + [ka[P) + (1 = 0) |1 + Ka[P) 1/

L,

we obtain that Ve, (h, k) — 0 as (h, k) — 0.

Part III For any (z,y) # (0,0) € ™ x R™ satisfying ¢ ¢ int K", we consider the case of
(h,k) — (x,y) with (h, k) € R™ x R". Since (z,y) # (0,0), it follows that (h, k) # (0,0) for
any (h, k) sufficiently close to (z,y).

On one hand, if (h, k) # (0,0) and t(h, k) ¢ int £, then by Theorem 4.1,

ngn(hl)\hl\p_l + (1 — 9)sgn(h1 + kl)lhl + k1|p—1
(O([Pa[P + [k1[P) + (1 = 0) |1 + ka[P)Y/a

Vatbgp(h, k) = ( - 1) Pop(h, k).
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Thus, from the continuality of both ¢4, and
9sgn(h1)|h1|p*1 + (1 — 9)sgn(h1 + k1)|h1 + k1|p*1 1
(O [P + [k1|P) + (1 = 0)|hy + Ka [P)1/ ’
it follows that Ve, (h, k) — Vatbep(z, y).
On the other hand, if ¢(h, k) € int K™, then
Vatbop(hok) = ((0Vg(h) + (1 = 0)Vg(h + k))Vg(t(h,k)) ™" — I)dgy(h, k)

= (0Vg(h) + (1 = O)Vg(h + k)V(t(h, k)~ t(h, k) — dop(h, k)
—(0Vg(h) + (1 = 0)Vg(h + k))Vg(t(h, k)~  (h + k). (4.6)

Since ss(x,y) # 0 by Lemma 3.2, we have so(h, k) # 0 for any (h, k) sufficiently close to
(z,y). Thus, from (3.13) and the spectral decomposition, we have

—

t<h,k>=xl<s<h,k>>é< k) >+Az<s<h,k>>%< ss(h.k) )

||92(h Bl lls2(h.E)l

Furthermore, we have

1 11 11 1
v9<t<h,k>>1t<h,k>=2p(xl<s<h,k>>»q+A2<s<h7k>>w)< s (1) )

B

Since sa(z,y) #0, = — l >0 and ¢ > 0, it follows that s» and t¥ 4 are continuous at (z,y).
From Lemma 3.2, when (h,k) — (z,y), we have

1 _» 1_1 1
Vg(t(h, k) t(h, k) — 52 (021" + [y1]”) + (L = O)|z1 +ya[P)» 7w ( s2(2,) )
[Is2(z,y)l

Since Vg(-) is continuous, it follows that Vg(h) — Vg(z) when (h,k) — (z,y). From
Lemma 3.2 we have that min{|A{], |A2|} = 0 and min{|A;[, [A\2]} = 0, and hence,

(33) 2r- Sgn($1)|$1|p_1a b(z) = 2P %p -sgn(z1) |z [P, c(z) = 2P 2pla [P
a(z +y) = 2" sgn(xy + y1)|zr + P71,
b(z +y) =2°P"?p - sgn(x1 + y1)|z1 + yl|p Looclw4y) =20 play + P

where a(+), b(:) and ¢(-) are defined by (3.12). So,

T
1 Lo
Vg(x) = 2°%p-sgn(ay)a Pt 00 T |
?21 %I + (1 - %)x;?
1 (waty2)T
P _ p—2, . p—1 z1+Y
Vi ty) = 27psm@wletnl T o7 T e
zityr P P (w14y1)?

Hence, when (h,k) — (x,y), we have
(0Vg(h) + (1 = 0)Va(h + k)Vg(t(h, k)~ t(h, k)
. Osgn(zy)|z1 [P~ ms + (1 — O)sgn(xy + y1)|or + y1 [P~ e
200|217 + |1 |P) + (1 = 0|21 + 3 [P) o>

; (4.7)



566 S.-L. HU, Z.-H. HUANG AND N. LU

where
: % ( : >
ms = T Toxd s2(2,y) ;
2o+ =05 Toa(ew)]
1 (z2+y2)” 1
me = T2ty2 2 i 21 (za+y2)(za+ya)T s2(z,y) .
T pl T (1- E)W lls2(zy)ll

Thus, the right-hand side of (4.7)
Osgn(w1)|zq [P~} 1
(B((alP + [y ]?) + (1= O)|rr + )55 ( e )
(1 —0)sgn(z1 +y1)|zy +ya [P 1
(0122l + lya[P) + (1 = O)lwr + ) "5 < e )
_ Osgn(z)|z [P~ + (1 — O)sgn(zs + yo)|os + P~ ( ! > . (4.8)

1.1 s2(z,y)
Olz1 P + |ya|P) + (1 = O) |21 +ya )7 T Ts2(@, )]

can be simplified by Lemma 3.2 as

In addition,

o p—1 1— 3 b1
Vatbop(,y) <Gbgn(x1)|x1| +( O)sgn(x1 + y1)|z1 + v

@211+ g1 |?) + (L= O)ar +paP)7e 1) Por(:9)
Bsgn(z1)|a[P~" + (1 = O)sgn(es +yo)las + [P~ ( 1 )
(O |P + [ya]P) + (1= )1 +galp) >+ e
~Osgn(ay)|z Pt + (1= O)sgn(zy +yi)|es + [P
Ol + g1 ]P) + (1 = O)|as + 3 |r) "7 * 5
—dop(x,y), (4.9)

where the first equality follows from Theorem 4.1; and the second follows from

(z+y)

<0<|x|1’+y|P>+<1—0>|x+y|P>=W’y”“( o) )

2 To2 (0T

< : )
s2(z,y) .
ls2(2,9)l

To complete the proof, by (4.6), (4.8), and (4.9), we only need to prove that
(095(h) + (1 — 0)Vg(h + k) Vg(t(h, k)~ (h + k)
_ Osgn(z1)|z1 P~ + (1 — O)sgn(zy + y1)|o1 + 1 [P
01 [P + [ [?) + (1= Oy +yalr) >

D=

= (0(z1[" + |y1[") + (1 = O)[z1 + 31 [")

(z+y) (4.10)

when (h, k) — (z,y). Let
(L, l2) = (0Vg(h) + (1 = O)Vg(h + k) Vg(t(h, k)~ (h + k).

Then (4.10) reduces to

Osgn(z1)|z1 [P~ + (1 — O)sgn(zy + y1)|o1 + 1 [P1

b 1 (r1 +31); (4.11)
(O(z1|? + [y1|P) + (L = O)|z1 + 3 |P) "> 5
5 p—1 1— 5 p—1
Iy bsgn(ey)|aa [ + )sen(a, +y1)|x1:fi‘ (2 + y2). (4.12)
O(z1]P + |y P) + (1 = O)|z1 + 31 |P) "7 75
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The proofs of (4.11) and (4.12) are omitted here. Hence, the proof of Part III is complete.
Combining Part I, Part II with Part III, we complete the proof. O
From Theorem 4.5, we obtain the main result of this paper as follows.

Theorem 4.6. If I is smooth everywhere on R", then the merit function ¥y, defined by
(4.1) for the SOCCP (1.1) is smooth everywhere on R"™ for all 6 € (0,1) and p € (1,2).

Numerical Results
In this section, we report some numerical results for solving

min Wy, (), (5.1)
where Uy, (z) is the merit function defined by (4.1) for the SOCCP (1.1). The purpose of
the numerical testings is to show some intuitive usefulness of the merit functions proposed
in this paper, which is also one of the motivations of this work. All experiments are done
on a PC with CPU of 2.4GHz and RAM of 2.0GB, and all codes are written in MATLAB.

We use an iterative algorithm to solve problem (5.1), where the iterative direction is
chosen as the steepest descent direction, and the iterative step-length is obtained by a non-
monotone Armijo line search [14], i.e., we compute the smallest nonnegative integer h such
that

oy (xp + pldy) < Cr — op" Vg, (21),

where

0 ifk <s,

di = =VWgp(p), Cpi=  max k\IJGP(zi)’ and my, ;= { min{myg_1 + 1,7} otherwise.

i=k—my,...,
Throughout the experiments, the parameters we used are: m = 5, s = 5, p = 0.25 and
o = 1075, We adopt the following stopping rule: gap < 1073 and Wy, (zx) < 107°, where
gap := Y. |27 F;(z)| with z; € K™ and F;(z) being the corresponding part to z; of F(z).
We test problem (1.1) using (5.1) with different 6 € (0,1], p € (1,2) or 6 € (0,2), p = 2. The
test problems are the following Examples 1 and 2. We will map the number of iterations
for the two examples into Figures 1 and 2 for numerical analysis. We divide the cases we
tested into four groups according to different values of p (1.25, 1.5, 1.75 and 2). For every
p, a marked point on the corresponding curve in Figures 1 and 2 represents a tested 6.

Example 5.1. We test the SOCCP (2.2) with F(z) := Mz + g, where M € R100%100 and
g € R19%: and we let K := K19 x K0 x ... K19, We generate a random matrix A € R100x100
and a vector ¢ € R!% uniformly on [—1, 1] for its every element, respectively, then we set
M := A+ 10I. The starting point zg is chosen randomly uniformly on [—1, 1] for its every
element. We test every case ten times, and record the average number of iteration for every
case for numerical analysis. The numerical results are mapped in Figure 1.

Example 5.2. Consider a nonlinear SOCCP (1.1), which is taken from [15] with

24211 — x9)% + exp(xy — x3) — 4wy + 75

F(z) = —exp(r1 — x3) + —5@za4523) 3x4 + bxs

\/ 1+(3w2+5w3)2
4x1 + 69 + 33 — 1

—x1+ Txo — bxg + 2
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and K := K2 x K2. The starting point z, is chosen as (1,1,1,1,1)”. We record the number
of iterations for every case and map the results in Figure 2.

In our testings, all cases are solved by the above method without failure. From Figures
1 and 2, we see that the best numerical results do not appear when 6 = 1 and p = 2, i.e.,
the case of the FB function. We see also that Wy, with parameters p = 1.5 and p = 1.75
while 8 = 0.5 work well for Example 5.1, and p = 1.5 and p = 1.75 while § = 0.9 for
Example 5.2. However, these cases are not included in the cases given in [2, 22, 21, 24, 25].
Therefore, from the view of the numerical results obtained above, the SOC C-functions
¢op and the corresponding merit functions Wy, proposed in this paper are valuable for the
tested problems that we considered. We have also tested some other problems, and the
computation effect is similar.

@ Conclusions

Based on the two generalized SOC C-functions proposed in [24, 25], we gave a generaliza-
tion of the two generalized SOC C-functions in this paper. In particular, we proved the
smoothness of the merit functions generated by the new SOC C-functions and their related
merit functions. Such a property is important in designing some algorithms for solving
the SOCCP, such as the merit function method for the SOCCP [24, 25]. The preliminary
numerical results indicate that the SOC C-functions proposed in this paper are valuable
for investigating the SOCCP. It is worthy to investigate the numerical behaviors of various
algorithms for solving the SOCCP when the new SOC C-functions are used. The second
further issue is to investigate other properties of the new SOC C-functions, such as, the
coercivity, the (strong) semismoothness, etc.. The third issue is to extend various results
related the new SOC C-functions to the framework of symmetric cones [19, 20].
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