o0 Py ]

/’w =~ ¢
: Yokohama Publishers pucitic Jy
2 ISSN 1349-8169 ONLINE JOURNAL Vol. 6, No. 2

Sinee 1990 ‘

rYUkO/

QUANTITATIVE RESULTS ON OPENNESS OF SET-VALUED
MAPPINGS AND IMPLICIT MULTIFUNCTION THEOREMS

M. DUREA AND R. STRUGARIU

Abstract: The aim of this paper is to obtain some quantitative results of openness for usual and parametric
set-valued mappings in terms of coderivatives. In particular, we obtain a proof of the Robinson-Ursescu
Theorem. Then, implicit multifunction results are obtained by simply specializing the openness results.
Moreover, we study a kind of metric regularity and the Lipschitz-like property of the implicit multifunctions.
The results of the paper generalize and put in the same framework several results in literature.
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Introduction

In this paper we deal with some quantitative openness results for set-valued maps. We
consider separately the non-parametric and the parametric case and then we get several as-
sertions on implicit multifunctions. To this end, we strongly exploit a wide-used coderivative
condition, i.e. there exist ¢ > 0, r > 0, s > 0 such that for every (x,y) € Gr F' N [B(Z,r) x
B(7,s)] and every y* € Y*, * € D*F(z,y)(y"),

clly™ll < fl==1I (1.1)

where D* F' stands for the Fréchet coderivative of the multifunction F acting between some
Asplund spaces X, Y. This condition was firstly developed in [7, Theorem 5.6] and we quote
here, without being exhaustive, the references [9], [2], [4]. However, most of the results hold
as well for other coderivatives on appropriate spaces (see Section 3).

First, we give an openness result which, in contrast to the existing similar theorems, has
the advantage to exactly point out the constants involved in the openness property. The
estimation of the radius of the neighborhood where the linear openness holds allows us to
pass to the study of the parametric case and to put it in dialog with the non-parametric
case. The link we establish here between these two cases is one of the main features of
the paper. Besides its own interest, these exact estimations provide the necessary basis to
obtain as well some results for implicit set-valued maps.

The study of openness with linear rate started with the Banach open principle and
continued with several famous results as Lyusternik-Graves Theorem and Robinson-Ursescu
Theorem. In these results the setting was extended from the case of linear bounded operators
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to the case of (strictly) differentiable functions and convex, closed-graph set-valued maps,
respectively. Until now, the Robinson-Ursescu Theorem was included in the framework of
the results obtained on the base of condition (1.1) only in the particular case of Asplund
spaces (see [6, Theorem 4.21]). At the end of the third section, we observe that our main
openness result holds on general Banach spaces if F' is a convex-graph multifunction, and
on this basis we provide a new proof of the Robinson-Ursescu Theorem.

The fourth section concerns the case of parametric set-valued maps. We show an openness
result for this case and we give again exact estimations for the constants. Moreover, we
present a discussion on the equivalence between the main results of the previous section
and those of the current section. We emphasize the fact that when we want to obtain the
parametric result directly from the non-parametric result, we get a weaker estimation of the
constant.

The last section and maybe the most important one deals with implicit multifunctions,
showing how several properties of the initial parametric set-valued map transfer to them.
These results would not be possible without the estimations mentioned before. The prop-
erties we envisage are: the lower semicontinuity, several kinds of metric regularity and the
Lipschitz-like property. Moreover, on this basis we recover a formula for the coderivative of
the implicit multifunction.

Preliminaries

Let X and Y be topological spaces. Consider a set-valued mapping F' from X into Y. As
usual, the domain and the graph of F' are denoted respectively by

Dom F :={z € X | F(z) # 0}

and
GrF={(z,y) e X xY |y € F(x)}.

If A C X then F(A) := U F(z). The set F'(X) is denoted by Im F' and is called the image of
r€EA

F. The inverse set-valued map of Fis F~!: Y = X givenby F~!(y) = {z € X |y € F(x)}.

The following concepts are standard in the theory of set-valued maps.

One says that F' is lower semicontinuous (lsc for short) at x € X if for every open set
D CY with F(z) N D # (), there exists U € V(z) such that for every #’ € U, F(2')ND # ()
(where V() stands for the system of the neighborhoods of ).

In what follows, we shall use some weaker continuity assumptions (see, e.g., [6, Definition
1.63]). One says that F is inner semicontinuous at (z,y) € Gr F' if for every openset D C Y
with y € D, there exists U € V(z) such that for every 2’ € U, F(z')ND # 0. It is easy to see
that this notion is strictly weaker that the lower semicontinuity at = (in fact F' is Isc at « iff
it is inner semicontinuous at every (x,y) with y € F(z)). For example, the set-valued map
F :R = Rgiven by F(0) = [—1,1], F(z) = {0} for every z € R\ {0} is inner semicontinuous
at (0,0) but it fails to be Isc at 0.

Suppose now that X,Y are normed vector spaces. In this setting, B(x,r) and D(x,r)
denote the open and the closed ball with center x and radius r, respectively. Sometimes
we write Bx, Dx, Sx for the open and closed unit balls of X and for the unit sphere of
X, respectively. If z € X and A C X, one defines the distance from z to A as d(z, A) :=
inf{||z — a|| | « € A}. As usual, we use the convention d(z,) = co. For a non-empty set
A C X we put cl A, aint A for the topological closure and the algebraic interior, respectively.
When we work on the product space X x Y, we consider the sum norm.
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One says that F is open at (Z,7) € Gr F if the image through F of every neighborhood
of T is a neighborhood of 3. Let us observe that F' is inner semicontinuous at (Z,7y) € Gr F'
if and only if F~! is open at (7,7).

A stronger openness property is the openness with linear rate. One says that F': X =Y
is open with linear rate ¢ > 0 around (Z,7) € Gr F if there exist two neighborhoods U € V(Z),
V € V(y) and a positive number € > 0 such that, for every (z,y) € Gr F N (U x V) and
every p € (0,¢),
B(y, pc) C F(B(z, p)).

It is well known that this property is equivalent to the metric regularity property of F
around (Z,%y) which requires to exist a > 0 and two neighborhoods U € V(Z), V € V(¥) such
that for every v € U and every v € V to have

d(u, F~(v)) < ad(v, F(u)).

Another property closely related with the previous two is the Lipschitz-like property:
one says that F'is Lipschitz-like around (Z,y) € Gr F' with modulus [ > 0 if there exist two
neighborhoods U € V(Z), V € V(7) such that

F(z)NV C F(u) + ld(z,u)Dx for all x,u € U.

It is well-known that F is Lipschitz-like around (%, %) iff F~! is metrically regular around
(z,7) iff F~1 is open with linear rate around (Z,%). For more details see [6, Sections 1.2.2,
1.2.3).

One of the main tools for the proofs of our main results is the well-known Ekeland
variational principle (see [1]).

Theorem 2.1 (Ekeland variational principle). Let (X,d) be a complete metric space
and f : X — RU{oco} be a proper function (i.e. dom f := {x € X | f(z) € R} # 0) which
s Isc and lower bounded on X. Then for every T € Dom f and every ¢ > 0 there exists
xe. € X such that

f(xe) < f(f> - Ed(fa xs)
and, for every x € X \ {z.},

flze) < f(z) + ed(zx, x;).

Most of the results of this paper work for several types of generalized differentiation
objects as we shall made precise later. But, for the clarity of our discussion we mainly use
the constructions developed by Mordukhovich and his collaborators (see [6]). We briefly
remind these concepts and results. First, recall that X* denotes the topological dual of
the normed vector space X, while the symbols w,w* are used for the weak and weak-star
topologies of the dual system (X, X*). The symbol (-, -} denotes the duality pairing between
X and its topological dual. Given a nonempty set S and a function f : X — R, we use the
following notations:

8l

x ,ifz —>ZTand x € S,

I= =

x=>7Z, fzx—7and f(x) — f(T).
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Definition 2.2. Let X be a normed vector space, S be a non-empty subset of X and let
x € 5, e > 0. The set of e—normals to S at z is

N.(S,z):={a2* € X* | limsupM <e;p. (2.1)
P T o]

If e = 0, the elements in the right-hand side of (2.1) are called Fréchet normals and their
collection, denoted by N (S, z), is the Fréchet normal cone to S at x.

Let T € S. The basic (or limiting, or Mordukhovich) normal cone to S at T is

*

N(S,7)={z" € X* | Fen | 0, 2, > 7, 2% 5 2%, 2 € N..(S,2n), ¥n € N}.

If X is an Asplund space (i.e. a Banach space where every convex continuous function
is generically Fréchet differentiable), the formula for the basic normal cone takes a simpler
form, namely:

N(S,z)={z" € X* | Jx, if, x N ¥, xn € N(S,z,), ¥n € N}.
Let f: X — R be finite at T € X; the Fréchet subdifferential of f at T is the set

Of(®) == {a" € X* | (2", —1) € N(epi f, (=, f(#)))}

and the basic (or limiting, or Mordukhovich) subdifferential of f at T is

of(z) :=={a* € X* | (¢*,—1) € N(epi f, (Z, f(Z)))},
where epi f denotes the epigraph of f. On Asplund spaces one has

of(x) = 1imsup5f(:v),

I
=T

and, in particular, ) f(@) Cc of(z). If f is convex, then both these subdifferential do coincide
with the classical Fenchel subdifferential. If dg denotes the indicator function associated
with a nonempty set Q@ C X (i.e. do(z) =0if z € Q, do(z) = 0o if 2 ¢ Q ), then for any
T € Q, 559(?) = N(Q,7) and 960 (z) = N(Q,Z). Let Q C X be a nonempty set and take
T € §); then one has:

9d(-,Q)(@) = N(2,7) N Dx-,N(Q,7) = | JAdd(-, Q)(@).
A>0

If, in addition, Q is closed, then N(Q,%) = | J Add(-,Q)(Z).
A>0
An element z* € 9f (%) is called Fréchet subgradient of f at T and admits a smooth
variational description which will be useful in the sequel (see [6, Theorem 1.88(i)]):

Proposition 2.3 (Smooth variational description of Fréchet subgradients). Let
f: X — R be finite at T. Given x* € X*, if there are a neighborhood U of T and a function
s: U — R which is Fréchet differentiable at T with the derivative Vs(T) = x* such that f—s
achieves a local minimum at T, then x* € 5f(§) Conversely, if x* € 5f(f) then there are a
neighborhood U of T and a function s : U — R which is Fréchet differentiable at T such that

s(Z) = f(T), Vs(T) =" and s(x) < f(z) for every x € U.
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The next fuzzy sum rule for the Fréchet subdifferential is another main tool for obtaining
the desired openness results (see [6, Theorem 2.33]):

Theorem 2.4 (Fuzzy sum rule). Let X be an Asplund space and ¢1,p2 : X — RU {0}
be such that p1 is Lipschitz continuous around T € dom 1 Ndom py and p2 is lower semi-
continuous around T. Then for any v > 0 one has

A pr1+¢2)(@) C | {091 (21)+0p2(22) | 21 € THYDx, |0i(:) — 0i(F)| < 7,0 = 1,2} +7Dx-.

The basic subdifferential satisfies a robust sum rule (see [6, Theorem 3.36]): if X is
Asplund, f1, fo,..., fn_1 : X — R are Lipschitz around T and f, : X — R is Isc around this
point, then

mech%@-

Definition 2.5. Let F': X = Y be a set-valued map and (Z,y) € Gr F. Then the Fréchet
coderivative at (Z,7) is the set-valued map D*F(Z,7) : Y* = X* given by

D*F(@,3)(y*) = {z* € X" | (2", ~y*) € N(Gr F, (%,7))}.
Similarly, the normal coderivative of F' at (%, %) is the set-valued map Dy F(Z,7) : Y* =
X* given by

Dy g)(y") == {2" € X7 | (¢, —y") € N(Gr F\ (z,9))}.

Note that, in fact, the concept of normal coderivative, independently of the normal cone
used in its definition, was introduced in [5]. If we consider convex-graph multifunctions, we
obtain a special form for these two coderivatives, which will be useful to derive a new proof
of the Robinson-Ursescu theorem from our openness results (see [6, Proposition 1.37]).

Proposition 2.6. Let F : X = Y be convex-graph and (Z,5) € GrF. Then one has the
following coderivative representation:

D*F(z,3)(y*) = DY F(T,7) (")

(e 1m0 = e o)~ 0l

In this case, we denote by D*F(Z,7y)(y*) any of the preceding two coderivatives.

Openness Results

We start with an openness result for set-valued mappings. The conclusion and the technique
of proof displayed in the next (main) result are fundamental in the sense that it can be used
as well (as we shall see later) for deriving openness results for parametric set-valued maps
and implicit multifunctions theorems. This technique as well as the following result can be
found in [9, Theorem 2.3] but we obtain here a more precise estimate for the neighborhoods
of (Z,7) involved in the openness property. This will be essential in the sequel. For these
reasons we completely establish and prove here the result.
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Theorem 3.1. Let X, Y be Asplund spaces, F : X =Y be a set-valued map and (T,7) €
Gr F. Suppose that the following assumptions are satisfied:

(i) Gr F is closed;

(ii) there exist ¢ > 0, r > 0, s > 0 such that for every (z,y) € Gr F N [B(Z,r) x B(y,s)]
and every y* € Y* z* € ﬁ*F(gc,y)(y*)7

cllyll < fla=|l -

Then for every a € (0, c) and for every p € (0,¢), where € := min (% (Cfrl — a;jrl) , GLH, %),
1t holds
B(y, pa) C F(B(Z, p)).

Proof. Take a € (0,¢), b € (ﬁﬂ,% (CJ%I + %H)) and p € (0,e). We have

b+p < 5, (3.1)

b ap < b_laaf;l <. (3.2)

Choose v € B(y, pa) and define f: GrF — R, f(x,y) := |[v —y||. Since Gr F' is closed we
can apply the Ekeland variational principle for f for obtaining (up,vy) € Gr F' such that

l[op — vl <[g —oll = b(|7 — w[| + |7 — vsl]) (3-3)

and
ve — || < [ly —vll +b(llz — upl| + ly — vs|)), for every (z,y) € Gr F.

From (3.3) and (3.2) we have
17— wll <51 g — ol < blap <1,
[ —osll <17 — vl +[lv =l <27 — o] <2pa <.
Hence, (up, vp) € Gr F N [B(Z,r) x B(y,s)]. If v, = v, then
bz — | < (1-b) I — vl < (1~ bap < bp,

hence up € B(Z, p) and v € F(B(Z, p)), which is exactly the conclusion.
We want to prove that v, = v is the sole possible situation. For this, suppose that v # v
and consider the function

hiX xY =R, hiz,y) = Jy— vl + bz — usl| + ly = vol]).

From the second relation of the Ekeland variational principle, we have that the pair (up, vp)
is a minimum point for h on the set Gr F, or, equivalently, (up,vp) is a global minimum
point for the function h + dg; p. Applying the generalized Fermat rule, we have

(0,0) € A(h(-,-) + Scw (-, ) (up, vp).

Using the fact that A is Lipschitz and g, g is Isc, we can apply the fuzzy calculus rule
for the Fréchet subdifferential. Choose v € (0, p) such that

D(uy,v) € B(z,r),
v & D(vy,7) C B(Y, s)
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and obtain that there exist
(ul,v}) € D(up,v) x D(vy,v) C B(Z,7) x B(7, s),

(uz,vi) € [D(up,y) x D(vp,y)] N Gr F C [B(Z,r) x B(y,s)]NGr F

such that ~ R
(0,0) € 3h(u,1y,v,1y) + 35Grp(u,2y,vgy) + p(Dx+ x Dy~).

Observing that A is the sum of three convex functions, Lipschitz on X x Y, Oh coincides
with the sum of the convex subdifferentials. Remarking also that v # v,ly € D(vp,7), we
obtain

(0,0) € {0} x Sy« + b(Dx+ x {0} + {0} x Dy+) + N(Gr F, (u?,v2)) + p(Dx+ x Dy+).

v Uy

We find then yj € Sy-, y5,y3 € Dy~, 27,25 € Dx~ such that

(—ba} — pay, —yi — bys — py3) € N(Gr F, (u2,v2))

b} — pas € D F(u2,02) (g + by + py).

Using that (u2,v2) € Gr F N [B(T,r) x B(Y, s)], we obtain
b+p > |[=bat — pasll = ellyr +bys + pyzl| = (1 = b - p),
which is a contradiction with the inequality (1 —b— p)~1(b+p) < c. O

Of course, the conclusion of the above theorem can be stated for a neighborhood of
(Z,7) making some changes of the constants. We are mainly interested by the situation
described in the above result for the reasons which can be seen in the next section. Another
remark concerns the fact that Theorem 3.1 can be obtained (as well for a neighborhood of
the reference point) under the assumption that Gr F' is only locally closed at that point:
it should define the multifunction on an appropriate neighborhood of (Z,7) and then make
some technical manipulations on the involved constants. We write down such a result; see
[6, Theorem 4.1].

Theorem 3.2. Let X, Y be Asplund spaces, F : X =Y be a set-valued map and (T,7y) €
Gr F such that Gr F' is locally closed at (Z,y). Then the following assertions are equivalent:

(i) There existr > 0, s > 0 and ¢ > 0 such that for every (z,y) € Gr FN[B(T,r)x B(7, s))
and every y* € Y* x* € ﬁ*F(m,y)(y*),

clly™ll < ll="l -

(ii) There exist « > 0, 8 > 0, ¢ > 0 and € > 0 such that for every (x,y) € GrF N
[B(z, ) x B(y, B)], every a € (0,c¢) and every p € (0,¢],

B(y, pa) C F(B(z,p)).

The key condition (i) is fully discussed in [9, Section 3| for the general case where instead
of D* one has a positively homogeneous map. We just point out that in the particular case
when Gr F' is convex then one can speak about a convex duality between the derivative of
F at a point (x,y) € GrF (denoted by DF(z,y) : X = Y and defined as the set-valued
map whose graph is the tangent cone to Gr F' at (x,y)) and the coderivative of F at (z,y).
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In this case DF(x,y) is a convex process (i.e. its graph is a convex cone) and, taking into
account Theorem 1.3.16 in [11], the condition (i¢) becomes:

(i7)" There exist 7 > 0, s > 0 and a > 0 such that for every (z,y) € [B(%,r) x B(y,s)] N
GrF

B(0,a) C 1 DF(z,y)(B(0,1)). (3.4)

This condition (#i)’ describes a property of uniform ”almost” openness of the derivative. The
word ”almost” is due to the presence of the closure in the right hand side of (3.4). So, in this
particular situation, Theorem 3.1 deduces a genuine openness property of a multifunction
from the ”almost” openness property of its normal derivative (see also [10]). Further, for the
case when ' =T is a linear bounded operator, denoting by T* the adjoint of T, condition
(#3) becomes |[|[T*y*|| > ~v||y*|| for every y* € Y* and for some v > 0. This relation is in turn
equivalent with the surjectivity of T.

Remark 3.3. We can see from the proof of Theorem 3.1 that the assumption that X and YV
are Asplund spaces is used only to apply the fuzzy calculus rule for the Fréchet subdifferential
of the sum. So, the results hold as well if one considers other types of subdifferentials which
satisfy similar calculus on the appropriate classes of Banach spaces. For, example, this is
the case of the following objects:

e the proximal subdifferential on the class of Hilbert spaces;

o the Fréchet subdifferential of viscosity on the class of Banach spaces which admit a C*
Lipschitz bump function;

e the [-subdifferential of viscosity on the class of Banach spaces which admit a (-
differentiable bump function.

Of course, in the case when the subdifferential satisfies exact calculus rules the results
holds as well. We illustrate by another well-known examples (for details, see Subsection
3.2.3 and the commentaries to it from [6], as well as [8]):

e the limiting (or Mordukhovich) subdifferential on the class of Asplund spaces;
e the approximate (or Ioffe) subdifferential on the class of Banach spaces;

e the Clarke subdifferential on Banach spaces.

Remark 3.4. Observe that if we add the assumption that Gr F' is convex, we do not need
X and Y to be Asplund spaces, because in this case dg, r is a convex function and we can
use the classical sum rule for the convex subdifferential instead of the fuzzy sum rule for
the Fréchet subdifferential on Asplund spaces, so Theorem 3.1 holds in this case on general
Banach spaces. In this way, we obtain another proof of the well-known Robinson-Ursescu
theorem, as follows.

Theorem 3.5 (Robinson-Ursescu). Let X and Y be Banach spaces and F: X =Y be a
set-valued map whose graph is convex and closed. Let (T,5) € Gr F such that g € aint(Im F).
Then for every V € V(T) we have F(V') € V(7).
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Proof. The first part of the proof is classical, showing that there exists v > 0 such that
D(y,7v) C cl F(D(%,1)) (see, for example, [11, Theorem 1.3.5]) and it is based on the obser-
vation that F(D(%,1)) — 7 is absorbing and convex and on the Baire’s Theorem.

Take now (z,y) € [D(%,1) x D(y,27 )] N Gr F. We have then

D(y,27'y) € D(7,7) C l F(D(%,1)) C cl F(D(x,2)). (3.5)

Choose v* € Y™ arbitrary, u* € D*F(x,y)(v*) and using the representation of the
coderivatives from Proposition 2.6 we have

Wy —v)y < {u*,xz —u), for every (u,v) € GrF.

By (3.5), for every v € D(y,271y) we find (v,) C F(D(z,2)) such that v, — v and
consequently (u,) C D(z,2) such that v, € F(u,) for every n € N. Hence

(V%Y —vn) < (U2 —up) < U] lz — unl < 2{[u”. (3.6)
Passing to the limit in (3.6) we obtain
(v*,y —v) < 2||u*|, for every v € D(y,27 '),

showing that 271y ||v*|| < 2 ||u*]| .
We have shown that (i) from Theorem 3.1 holds with 7 := 1,5 := 27!y and ¢ := 47 15.
Let V € V(Z) and a € (0,¢). Then we can find p > 0 sufficiently small such that
B(Z, p) C V. In view of the Remark 3.4, we can use Theorem 3.1 to obtain that B(g, pa) C
F(B(z,p)) C F(V), whence the conclusion. O

If one fully exploits the conclusion of Theorem 3.1 then one obtains another known thing
(see, e.g., [11, Theorem 1.3.11]), namely the fact that under the assumptions of Robinson-
Ursescu Theorem one has openness with linear rate. We would like to mention that the
proof presented here is not (necessarily) simpler than other proofs in literature, but it has
the advantage that it is included in the framework of the results obtained on the base
of condition (1.1). Note that the derivation of the Robinson-Ursescu Theorem from the
coderivative condition in Asplund spaces was given in [6, Theorem 4.21].

Parametric Multifunctions

In the sequel we show that the openness theorem and its proof from the previous section
can be used to derive openness of some parametric set-valued maps. Moreover, we show a
partial equivalence between the non-parametric and the parametric cases.

Theorem 4.1. Let X,Y be Asplund spaces, P be a topological space and F': X x P =Y
be a set-valued map. Denote Fp(-) := F(-,p) and take (T,7,p) € X XY x P such that
y € F(Z,p). Suppose that the following hypothesis are satisfied:

(i) there exists Uy € V(D) such that, for every p € Uy, Gr F,, is closed;

(ii) F(z,-) is inner semicontinuous at (p,7);

(iii) there exist r,s,c > 0 and Us € V(D) such that, for every p € Us, every (x,y) €
Gr F, N [B(z,r) x B(y,s)] and every y* € Y*, z* € ZA)*Fp(a:,y)(y*),

cllyll < fla=|l -

Then for every a € (0,¢) and p € (0,e), where € := min (% (;51 - #) T %Z) ,
there exists U € V(p) such that for every p € U,

B(7,%) C Fy(B(T,p)).
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Proof. Take, as above a € (0,¢), b € (%ﬂ,% (CJ%I + %H)) , p € (0,¢) and use the inner
semicontinuity of F(Z,-) at (p,y) to find Us € V(p) such that, for every p € Us, F(Z,p) N
B (7, %) # 0. Choose U := U; NU; N Us and fix p € U. Then there exists y’ € F,(T) such
that [ly' — 71l < 2.

Take v € B (y, a—z”) C B(y',ap) and apply the Ekeland variational principle for the
function

fiGrE, =R, f(z,y):=[v—yl

for obtaining (up,vp) € Gr F), such that
lve = oll < [ly" = vl = b(I1Z = usll + 5" — wsll)

and
lve —vll < lly — o[l + b([|z — up|| + |y — ve||), for every (z,y) € Gr F,.

Observe that

1Z —wl <0ty —vl|<blrap < (a+1)p <,
17 = voll <17 = vl + llv = vl < 27 ap + [y — o]
<27ap+|ly' =gl + g —vll <27'3ap < s.

In the following, the proof is similar with that of Theorem 3.1. O

Let us observe that we can use directly Theorem 3.1 to obtain under the same assump-
tions as above a slightly weaker estimation. Namely, in this case € can be obtained as

min (1 (cil - ﬁ) s oFT? 3a) To see this, fix a € (0,¢) and p € (0,¢). Using the inner

semicontinuity of F(z,-) at (p,7), we can find as above Us € V(p) such that, for every
p € Us, F(z,p) N B (@, 22) # ). Choose again U := U; NU; N Us and fix p € U. Then there
exists y' € F,,(T) such that ||y’ — y| < %, hence B (g, %£) C B(v/, ap).

Denote s’ := 2. Then

B(y'.s') C B(y,% + %) C B(y,s)

and p € (O min (1 (c+1 ail) , ail, 2@)) We can apply now Theorem 3.1 for F),, s’ and
(Z,y') instead of F,s and (Z,y), respectively, to prove that B(y',ap) C F,(B(Z,p)), which

completes the proof.

Another interesting fact is that Theorem 4.1 can be used to prove Theorem 3.1.

For this, suppose that all the assumptions of Theorem 3.1 are satisfied, take P := Y and
define the set-valued map F : X x Y =Y, F(z,y) := F(z) — y. Denote F, y() = F(-,y) and
notice that

Grﬁy =GrF+ (0,—y), for every y € Y.

Because (Z,y) € Gr F, we have (Z,7,0) € Gr F'. Using the closedness of Gr F, we observe
that (i) of Theorem 4.1 is satisfied for U; :=

Also, F(z,-) = F(T) — - is obviously inner semicontinuous at (g, 0).

To prove that (ii7) of Theorem 4.1 is satisfied, take r, ¢, s > 0 such that for every (z,u) €
Gr FN[B(Z,r) x B(¥, s)] and every y* € Y*, 2* € D*F(x,u)(y*), the relation ¢|jy*| < ||z*|
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holds. Define U, := B(7, ;) and take y € Us. Then for every (z,z) € Gr ﬁy N [B(z,r) x
B(0, 32)] we have

(z,z24y) € GrFN[B(Z,r) x B(y,2)] € Gr FN[B(Z,r) X B(Y, s)].
Also, for every y* € Y*, z* € ﬁ*ﬁy(x,z)(y*), we have
(z*,—y*) € N(Gr F,, (z,2)) = N(Gr F, (z, 2 + v)),

hence the relation ¢ ||y*|| < [|z*| holds.
We can apply now Theorem 4.1 for F,(z,%,0) and s’ := 3% to prove that for every

a € (0,¢) and every p € (O,min (l ( e _a ) T 2—sl>) , there exists U € V(y) such

2 c+1 a+1l )’ a+1’ 3a
that, for every y € U,

B(0,%) C Fy(B(z,p)) = F(B(z,p)) — v,

or, equivalently, for every a € (0, c) and every p € (0, min (% (Cil - a%rl) A i)) , there
exists U € V(¥) such that

U B, %) c F(B(z, p)).
yeU

Moreover, we can see from the proof of Theorem 4.1 that U = U; N Uy N Uz, where
Us € V() is chosen such that

F(Z,y) N B(0, %) # 0 for every y € Us. (4.1)

Take Us := B(¥, %) and see that 7 € B(y, %) N F(T) for every y € Us, which shows
(4.1). Also, % < 7, hence U = B(y, ¢) and

B(,ap) = | B(y, %) C F(B(7, p)).
yelU

Implicit Multifunctions
In the following, we seek for results concerning implicit multifunctions, using the openness
theorem above stated for the parametric multifunctions. For a set-valued map F': X x P =
Y, we can define the implicit multifunction H : P x Y = X by

z € H(p,y) < y€F(z,p).

Denoting Hy(-) := H(p,-), we have H, = F; ' for every p € P. Following the classical
theory, we can further define G : P = X as H(-,0), so for every p € P,

Glp) ={re X[0€ F(z,p)}.

The next result is an implicit multifunction theorem, showing that certain properties of
the multifunction F' can be transferred to H and G.
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Theorem 5.1. Let X,Y be Asplund spaces, P be a topological space and F': X x P =Y
be a set-valued map such that § € F(T,p). Suppose that all the assumptions of Theorem
4.1 are satisfied. Then there exist U € V(p),6 > 0 and p > 0 such that, for every p € U
and y € B(y,9), the multifunction (p,y) = H(p,y) N B(T,p) takes nonempty values. In
particular, if § := 0, the multifunction p = G(p) N B(T, p) takes nonempty values for every
peU.

If, in addition, the next hypothesis is satisfied:

(iv) There exist Us € V(p) and o > 0 such that F(x,-) is lsc on Us for every x € B(T, o),
then there exist Uy € V(P),dp > 0 and po > 0 such that the multifunction (p,y) = H(p,y)N
B(z, po) is lsc on Uy x B(g,d0). Again, if § = 0, the multifunction p = G(p) N B(Z, po) is
Isc on Uy.

Proof. Choose a € (0,¢) and p € (0, min(e,r)) that provide U from the conclusion of the
Theorem 4.1. Then for every p € U, B(y,2 ap) C F,(B(Z,p)). Take § := 27 'ap and
(p,y) € UxB(7,0). There exists x € B(T, p) such that y € F,(z), hence x € H(p, y)NB(Z, p).

For the second part, take again a € (0,¢) and p € (0, min(e,r, «)) to obtain U. Take
Uy := UNUs, § := 27tap and py := p and choose (p,y) € Uy x B(y,d). There exists
x € H(p,y) N B(T, po), which is nonempty from the first part. We have to prove that
for every 6 > 0 arbitrarily small, there exist U’ € V(p) and §’ > 0 such that, for every
(',y') €U’ x B(y,d"), H(p',y') N B(T, po) N B(x,0) # 0.

For this, choose 6 > 0 sufficiently small, 8 € (0, 0) such that B(z, 3) C B(z,0) C B(Z, p)
and v > 0 such that B(y,v) C B(7, s). With an analogous argument as in the proof of the
first part of the theorem, applied for (z,p,y) instead of (Z,p,y), we can find U' € V(p),
p € (0,8) and & > 0 such that, for every (p',y’) € U’ x B(y,d"), H(p',y') N B(z,p') # 0.
Because H(p',y') N B(z,p') € H(p',y') N B(x,5) C Hp',y') N B(%, p) N B(x,0), we have
the conclusion. O

Theorem 5.1 generalizes in several directions Theorem 3.1 from [3]. To be explicit, the
assumption (A2) is not needed, while (A3) can be meaningfully relaxed and, moreover, the
main result can be written to illustrate an openness property and to give some more details
about the neighborhoods of the reference point (7, p,y) where that property holds.

The next theorem shows a sort of metric regularity, as well as a graphical regularity for
the implicit multifunctions.

Theorem 5.2. Let X, Y be Asplund spaces, P be a topological space and F: X x P =Y be
a set-valued map such thaty € F(T,p). Suppose that the following assumptions are satisfied:

(i) there exists Uy € V(P) such that, for every p € Uy, Gr F), is closed;

(ii) F is inner semicontinuous at (T,D);

(iii) there exist r,s,c > 0 and Us € V(D) such that, for every p € Us, every (x,y) €
Gr F, N [B(z,r) x B(y, s)] and every y* € Y*, z* € ﬁ*Fp(ac,y)(y*),

cllyll < fla=|l -

Then the following are true:
(a) For every a € (0,c), there exist U € V(p), 6 > 0 and 7 > 0 such that, for every p € U,
y € B(y,0) and x € B(T, 1),

d(z,H(p,y)) < +d(y, F(xz,p)), (5.1)
hence if y =0, for every p € U and x € B(T,T),
d(, G(p)) < 1d(0, F(a,p)). (5.2)
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(b) If P is a metric space, denoting Hy(-) := H(-,y), for every a € (0,c), there exist

Yo >0,00 >0, 171 >0andl:=1 Jr% such that, for every p € B(p,70), y € B(y,dp) and
x € B(T,19), one has

d((p, z), Gr Hy) < ld((2,p,y),Gr F), (5.3)

hence if § = 0, for every p € B(p,v0) and x € B(Z, 1),
d((p,z),GrG) < ld((z, p,0),Gr F). (5.4)

Proof. (a) Let a € (0,¢) and p € (O,min (% (c% - GLH)  Fag D) ﬁ)) . Using the inner
semicontinuity of F' at (Z,p), we can find Uy € V(p) and v > 0 such that for every (z,p) €
B(E, V) x Uy,
F(z,p)n By, ) # 0. (5.5)
Denote U := UyNU; NUs, T :=min(v, 5),0 := %4 and take (z,p,y) € B(Z,7) x U x B(Y,9).
If y € F(x,p), then (5.1) trivially holds. Suppose that y ¢ F(z,p) and then, for every
e >0, we can find y. € F(z,p) such that

lye —yll < d(y, F(z,p)) +e. (5.6)

Because from (5.5) and the choice of y we have d(y, F(z,p)) < ap, we can take ¢ > 0
sufficiently small such that d(y, F(z,p)) + € < ap. Using (5.6), we have

y € B(ye,d(y, F(z,p)) +¢) C B(ye, ap).

Moreover,
B(z,27'r) C B(z,r),
B(y=,27"'s) C B(y,27's + ap)
C B(@,2 s +ap+ 2 tap)
C B(y, s).

Hence we can apply Theorem 3.1 for (z,y.) € GrF,, ro := 27!r, 59 := 27!s and
po := (d(y, F(z,p)) + €) < p, showing that

B(ye,apo) C Fy(B(x, po))-

We can find then = € B(z, pg) such that y € F,(Z), or © € H(p,y). Hence
d(z, H(p,y)) < llz - || < ;(d(y, F(z,p)) + ).

Making & — 0, we obtain (5.1) with k := 1.
(b) The proof is similar with the proof of (a), but has some important different points.

2 4(a+1)
semicontinuity of F' at (Z,p) and find the neighborhood Uy of p and v > 0 such that for
every (z,p) € B(z,v) x Uy, (5.5) holds. If P is a metric space, we can find v > 0 such
that B(p,v) C Up N Uy N Us. Take &y := min(%, F), 70 := min(g,v, 1), Y0 := 3 and choose
(z,p,y) € B(Z,79) x B(D,v) x B(7,d).-
We have

Take as above a € (0,¢) and p € (0, min (1 (C_‘%l — ﬁ) Y T ﬁ)) , use again the inner

d((z,p,y),GrF) < |z —Z| +dp,p) + ly -l <i+3+3=%
d((z,p,y),Gr F) < d(y, F(z,p)) < ap.
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Without loss of generality suppose that y ¢ F(z,p), hence for every ¢ > 0 sufficiently
small such that d((z,p,y), Gr F') + & < min(ap, 2%) we can find (x,pe,ye) € Gr F satisfying

max(|lye = yll, d(pe,p)) < lly= — yll + [lze — [l + d(pe, p)

<d((z,p,y),Gr F) + ¢. (5.7)
Hence,
p- € B(p, ) C B(p. ),
y € B(ye, d((,p,y),Gr F) + ) C B(ye, ap) (5-8)
and

B(ze,47'r) € B(z,4 ' + ap) C B(x,27'r) C B(z,r),
B(y.,27"s) C B(7, ).
Then we can apply Theorem 3.1 for (z.,y.) € GrF,_, r' := 471, s’ := 2715 and
p' == 1(d((z,p,y), Gr F) 4+ ¢) < p and obtain
B(ymap/) - FPE(B(anp,))'
Using (5.8), we have that there exists € B(z., p’) such that y € F,_(Z), or (Z,p.) €
Gr H,. Hence, using (5.7),
d((p,x), Gr Hy) < |7 — || + d(pe, p)
< |17 = x|l + [le — [ + d(pe, p)
< g(d((z,p.y), Gr F) + £) + d((x,p,y),Gr F) + .
Making again & — 0, we obtain (5.3) with { =1 + 1. O

Theorem 5.2 covers Theorem 3.2 in [3], again with the relaxation of some assumptions.

The next result presents a formula for the coderivative of GG, following the similarity with
the classical implicit function theorem, where a formula for the derivative of the implicit
function is present. This formula was shown in [2, Proposition 3.8], but here is obtained as
a consequence of (5.4).

Theorem 5.3. Suppose that all the hypotheses of Theorem 5.2 are satisfied for y = 0
and that P is an Asplund space. Then there exist v > 0 and 7 > 0 such that, for every
(z,p) € B(p,7y) x B(T, p) such that x € G(p) and for every z* € X*, the following inclusion
for the Fréchet coderivative of G holds:

D*G(p,x)(a") > |J {p" € P*|(=a",p") € D" F(x,p,0)(y")}. (5.9)
y*ey*

Moreover, if Gr F' is closed, for every ¢ > 0 and every z* € X*, p* € lA)*G(p,a:)(a:*)7
there exist (Te,pe,ye) € GrF and (z%,p%,yf) € X* x P* x Y™* such that

||x5 - JJH <g, pr _pH <g, HyEH <g,
(_$;7p:) S D*F(xEvaayE)(y:)v
22 — ™| <& |pz —p*|| <e.

Hence, if the multifunction F is N—regular at (z, p,0) (i.e. D*F(z,p,0) = Dy F(z,p,0)),
we have equality in (5.9).
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Proof. Take v > 0 and p > 0 such that for every p € B(p,v) and z € B(T,7), (5.4) holds.
Choose = € G(p) N B(T, p) and z* € X*, p* € P* such that there exists y* € Y* for which

(—x*,p*) € D*F(x,p,0)(y*). Then we have
(71‘*3])*, 7y*) € ]/\}(Gr F7 (ﬂf,p, 0)) - §5GTF($7pa O)

Using the smooth variational description of Fréchet subgradients, we can find o > 0,
B >0, 0 >0 and a Fréchet differentiable function

s: B(z,a) x B(p, ) x B(0,0) - R
such that
Vs €,p, 0) = (_x*vp*v _y*)v

(
S(l},p, O) = 5G1‘F(I7p7 0) = 07
s(Z,p,9) < écrr(Z,D,7), for every (z,p,y) € B(z,a) x B(p, 5) x B(0,6).

Defining 5: B(p, 3) x B(z,a) — R by 3(p, ) := s(Z, p,0), we have from (5.10)

(5.10)

Vs(p,z) = Vgas(z,p,0) = (p*, —z%),
s(p, @) = s(z,p,0) = 0 =darc(p; @),
5(p,x) = s(z,p,0)
< ¢ r(Z,p,0) = dcra(p, T), for every (p,Z) € B(p,3) x B(x, ).
Hence, (p*,—2*) € §5Grg(p, x) = ]V(Gr G, (p,x)), or p*AE IA)*G(p7 x)(z*), showing (5.9).
For the second part, takeAs > 0 and z* € X* p* € D*G(p,x)(z*). Then there exists
A > 0 such that (p*, —z*) € 9[Ad((-,"), Gr G)](p, z). Using (5.4), we can find 7/, > 0 such

that

for every (7,p,y) € B(z,7') x B(p,7') x Y C B(%,7) x B(p,7) x Y.
Now we define the functions f, g : B(z,7') x B(p,7') x Y — R by

f(iaﬁ,@ = 5GrF(%7§a§D + Al ||gH )
9(@,p,y) = Ad((Z,p), Gr G).
Using that f(z,p,0) = g(x,p,0) =0 and f < g, we obtain
(—x*,p*,0) € 5g(a:,p, 0) C 5f(a:,p, 0).

Because Gr F is closed, we can apply the fuzzy calculus rule for the Fréchet subdifferential
of f and e chosen before to obtain that there exists (zc,pe,ye) € X x P x Y such that

H(xsapsays) - ((E,p7 0)” <g,

||5GrF(xs7pe7ys) - 6GrF(z7p7 O)” <e¢ (511)

and
df(x,p,0) C 80r p(xe,pe,ye) + {0} x {0} x AIDy+ + £(Dx+ x Dp+ x Dy-).
_ Using (5.11) we have (z¢,pe,y:) € GrF and consequently there exist (—z%,pk, y¥) €
N(Gr F,(x¢,pe,y:)) and z* € Dy« such that
(—z* +a,p" —pi,—yl — Nz") € e(Dx+ X Dpx X Dy~),

which completes the proof.
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Finally, we present a theorem that shows how the Lipschitz-like property transfers from
F' to the implicit multifunctions H and G.

Theorem 5.4. Let all the assumptions of the Theorem 5.2 be satisfied. In addition, suppose
that F is Lipschitz-like with respect to p uniformly in x around (T,p,7), which means that
there exist 63,73, L > 0 and Us € V(p) such that for every x € B(T,T3) and every p1,pa € Us

B(y,d3) N F(x,p2) C F(z,p1) + Ld(p1, p2) Dy . (5.12)

Then for every a € (0,c) there exist 5,7 >0 and U € V(p) such that for everyy € B(F,0)
and every p1,p2 € U

B(Z,7) N H(pz,y) C H(p1,y) + £d(p1,p2)Dx,

which means that H is Lipschitz-like with respect to p uniformly fory € B(y, d) with modulus
L
a

In particular, if § = 0, the implicit multifunction G is Lipschitz-like with the same
modulus.

Proof. Fix a € (0,c¢) and take 6 := min(§,83), 7 := min(7, 73), [77:: U NUs, with §,7 and U
provided by Theorem 5.2, (a). Choose now y € B(y,0),p1,p2 € U and x € B(Z,7)NH (p2,y).
Then, using (5.12), we obtain that

y € F(x,p2) N B(y,0) C F(x,p1) + Ld(p1, p2) Dy

and using (5.1), i.e. d(z, H(p1,y)) < Ld(y, F(z,p1)), we have

d(xaH(phy)) < %d(yaF(x7p1)) < %d(plapQ)'
The proof is complete. O
We mention that the above result is again a generalization of the corresponding result

in [3].
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