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Introduction

Existence and uniqueness of antiperiodic solution for evolution inclusions generated by the
subdifferential of a convex lower semicontinuous even function appeared in a series of papers,
see [1, 2, 3, 14, 15, 18, 21, 22] and the references therein. In this paper, we present two epi-
graphical versions of the mentioned results involving new variational convergence techniques
and the stable convergence of Young measures [10]. In section 2, we summarize some basic
results of convergence for bounded sequences in L} ([0,7]) where H is a Hilbert space. In
section 3 we state some existence and uniqueness results of anti-periodic solutions for a first
order evolution inclusion generated by a subdifferential of a convex lower semicontinuous
even function defined on H and its application to a new existence of antiperiodic solutions.
Section 4 is devoted to the existence of anti-periodic solutions for a second order evolu-
tion inclusion via a variational approach [11, 12] involving the biting convergence, Young
measures and the characterization of the second dual of L};([0,7]) and other tools.

Preliminaries and Background

We introduce some basic notions and results. In this paper, H is a separable Hilbert space.
By L1([0,T]) we denote the space of all Lebesgue-Bochner integrable H-valued functions
defined on [0,7]. A sequence (¢,) of lower semicontinuous functions defined on H lower
epiconverges to a lower semicontinuous function ¢, defined on H if, for every sequence
(zn) in H converging to x, we have liminf,, @, (z,) > ¢oo(x). (©n) upper epiconverges
t0 @oo if, for every y € H, there exists a sequence (y,), in H converging to y such that
limsup,, ©n(Yn) < @oo(y). If (¢n) both lower and upper epiconverges to ¢, we say that
(¢n) epiconverges to po. These notions are easily extended to normal integrands (see e.g.
13, 23]).
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The following result is a particular form of a similar result given in ([11], Proposition
4.1).

Lemma 2.1. Let H be a Hilbert space. Let ¢ be a proper convexr lower semicontinuous
function defined on H with values in | — 0o, +00]. Let (un)nenu{so} be a sequence of mea-
surable mappings from [0, T] into H such that w,, — u pointwisely with respect to the norm
topology. Assume that ((n)neN is a sequence in Ly ([0,T]) satisfying

Cn(t) € Op(un(t)) ae. tel0,T]
for each n € N and o(LY, L5) converging to (s € L1 ([0,T]). Then we have
Coo(t) € Op(une(t)) ae. te]0,T)].

Proof. We will use Komlds techniques. See [16, 17, 19]. Namely we may assume that
(¢) Komlds converges to (o and (|¢,]) Komlds converges to poo € L5 ([0,T]), because the
sequence (¢,) (resp. (|¢n])) is bounded in L}, ([0,T]) (resp. Li([0,77])). Accordingly there
are a Lebesgue negligible set M in [0, T] and subsequences (¢',,,), (|¢’,,,|) such that

lim - 37 ¢ (0) = Gal),
m=1
tim = 37 1 (1) = poc (1)

n
m=1

for all ¢ € [0,T] \ M. Let € > 0 and let ¢t € [0,7] \ M. By lower semicontinuity of ¢ and
pointwise convergence of u,, t0 us, there is N € N such that ||um,(t) — uw(t)]] < € and
that @(um(t)) > @(us(t)) — e for all m > N.. Then we have the estimate

p(2) > p(uso(t)) — & + (2 — uco(t), ¢ () — [ [(t)e

for all x € H, using the classical definition of subdifferential in convex analysis and the
preceding estimate. Applying the previous Komlds convergences in the last inequality gives

P() = (uco(t)) — & + (z = u(t), (oo (1)) — pool(t)e

As ¢ is arbitrary > 0 we finally get

P(x) 2 p(tos (1) + (C(t), T — oo (1))
for all x € H. Whence we have ((t) € 0p(us(t)) a.e.. O
Let us recall and summarize another classical closure type lemma. See e.g. [6].

Lemma 2.2. Let H be a Hilbert space. Let ¢ be a proper convex lower semicontinuous
function defined on H with values in | — co,+00]. Let (un)nen U {00} be a sequence in
L2%.([0,T]) such that (uy)nen strongly converges to us € L%([0,T]). Assume that ((n)nen
is a sequence in L% ([0,T)) satisfying

Cn(t) € Op(un(t)) ae. tel0,T]
for each n € N and converging weakly to (~ € L%([0,T]). Then we have

Coo(t) € Op(uno(t)) ae. te€]0,T].
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Let us recall some facts on Young measures. Let X be a completely regular Suslin
space and let C®(X) be the space of all bounded continuous functions defined on X. Let
MEF(X ) be the set of all Borel probability measures on X endowed with the narrow topology.
A Young measure A : [0,7] — ML (X) is, by definition, a scalarly Lebesgue-measurable
mapping from [0,7] into M (X), that is, for every f € C’(X), the mapping ¢ — (f, \¢) :=
Jx f(z)dA(z) is Lebesgue-measurable on [0,7] . A sequence (A\") in the space of Young
measures Y([0, T); ML (X)) stably converges to a Young measure A € Y([0,T]; ML (X)) if

the following holds
hm/ / f(z)d\} (x)] dt = //f ) dAi(x

for every Lebesgue-measurable set A C [0, 7] and for every f € C*(X).

Existence Results Involving Anti-Periodic Boundary Conditions

The following deal with an evolution inclusion generated by subdifferential operators of
convex lower semicontinuous functions with anti-periodic boundary conditions and cwk(H )-
valued upper semicontinuous perturbations, here cwk(H) is the set of all nonempty convex
weakly compact subsets of H.

Proposition 3.1. Assume that ¢ : H —] — 00, 400] is convex lower semicontinuous, even,
with ¢(0) = 0 and D(p) closed and satisfying:

(a) for everyr >0, SUD e D (o) B (0,r) |0p(z)]o < +o00,
(b) for everyr >0, D(¢)NBg(0,r) is strongly compact in H, shortly D(y) is ball-compact.

Assume that F : [0,T] x H — cwk(H) 1is upper semicontinuous on [0,T] x H satifying
|F(t,z)] < a(l + ||z||) for all (t,z) € [0,T] x H for some positive constant o and G :
[0,T] x H — cwk(H) is a separately scalarly measurable on [0,T] and separately scalarly
upper semicontinuous on H such that |G(t,z)| < B or all (t,z) € [0,T] x H for some
positive constant 3. Assume further that F + G satisfies the following monotone condition:
there exists a positive constant v such that (x — y,u — v) > v|lu — v||?,Yu,v € H,Vz €
F(t,u) + G(t,u),Vy € F(t,v) + G(t,v) and Vt € [0,T]. Then there is a unique absolutely
continuous T'-anti-periodic solution u : [0,T] — H with & € LY ([0,T]) of the problem

0 € lt) + dp(u(t)) + F(t,u(t)) + G(t, u(t))
®{ w2

Proof. Existence and uniqueness of absolutely continuous solution of the problem

0 € a(t) + dp(u(t)) + F(t, u(t)) + G(t, u(t))
@ { u(0) = a € D)

follow from ([8], Theorem 3.1). Nevertheless we repeat the uniqueness argument for (Q)
because this led to the uniqueness of T-anti-periodic solution for (P). Let u and v be two
solutions of (Q) whose existence is ensured by Theorem 3.1 in [8]. There exist two functions
h and k in L% ([0,T]) such that for almost all ¢ € [0, 7], we have

—u(t) — h(t) € p(u(t)), (3.1)
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—0(t) — k(t) € dp(v(t)). (3.2)
with
h(t) € F(t,u(t)) + G(t,u(t)) and k(t) € F(t,v(t)) + G(t,v(t)).

Further, by our monotone condition on F' + G,

(h(t) = k(), u(t) — v(t)) = yllu(t) — o). (3.3)
Then (3.1)—(3.3) and the monotonicity of d entail, for almost all ¢ € [0, ],

(i(t) + h(t) = 0(t) — k(t),u(t) —v(t)) <0
and hence

(a(t) —o(t),u(t) —v(t)) < —(h(t) = k(t),u(t) —v(t)) (3.4)
< —Alfult) = v(@)|[* < 0.
From the preceding estimate we see by integrating on [s, s'] (s, s’ € [0,T])
[lu(s") = v(* < [fuls) —v(s)]|*.

Since this inequality is true for s = 0, we have u = v.

Now let a,b € D(p) and let u, (resp. up) be the solution of the above problem associated
with the initial value a (resp. b). Applying the last inequality in (3.4) by taking u = u, and
v = up, and integrating

llna() — un ()P <

| —

IIG*bIIQ*/O Vllua(s) = up(s)||* ds. (3.5)

Now, we finish the proof by checking that a — —u,(T) is a strict contraction on the closed
convex set D(¢), using similar arguments as in ([9], Theorem 5.3). It is enough to show that

[ua(T) — up(T)[| < [la =0,

if ||a — b|| > 0. By Lemma 5.4 in [9] asserting that, if ¢ is a continuous real valued function
such that

t
0< () <5 [ Bls)els)ds,
0
with § > 0 and 6(.) > 0 Lebesgue-integrable, then 1 (t) < 4, Vt € [0, T], so we conclude from

(3.5) that
|[ua(T) = up(T)|| < [la —b]|.

Let us consider the mapping U : a — —u,(T) from D(y) into D(p) because ¢ is even. Since
this mapping is a (strict) contraction, it has a unique fixed point that is the T-anti-periodic
solution of the problem (P). O

Here is an application of the preceding result. For this purpose, we need a useful result.

Lemma 3.2. Let w:[0,T] — H and w € L%([0,T)) satisfying:

g
—~

o~
=

Il

w(O)—%—/O w(s)ds, te€][0,T]
w(T) = —w(0).
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Then the following inequality hold

VT

[lwlleory < THU'}”L%{([O,T])‘ (a)
Assume further that
w e Cy([0,T]), w(T)=—w(0).

Then the following inequality hold

[ o< [ o pa (v
0 0

Proof. The proof is omitted, see e.g. [5, 7, 18]. Estimate (a) is quoted in several proofs
presented here. Estimate (b) is useful when dealing with the uniqueness of solutions of
anti-periodic second order inclusions with Lipschitzean perturbations. See the remark 2) of
Corollary 4.3.

Here is a useful application.

Corollary 3.3. Let w™ : [0,T] — H and w™ € L%([0,T)) satisfying:

w™(t) = w"(0) +/Ot w"(s)ds, te€10,T].

w'(T) = —w"(0), sup [@0™ [ 2, jo,17) < +00.
Then, up to extracted subsequences, there exist v™° € L% ([0, T]) and a absolutely continuous
mapping w™ : [0,T] — H satisfying

1) w™(t) = w>(0) + [y v>(s)ds, Vtel[0,T].

) w(T) = —w(0).
)
)

(

(2

(3) For every e € H, for every t € [0,T], lim,_,o (e, w™(t)) = (e, w>(t)).
(

S

4) For every h € L%([0,T)),

T

T
lim [ (h(t),w"(t))dt = /0 (h(t), w™ (t))dt.

n—oo 0

Proof. Applying Lemma 3.2 (a) to w™ gives

n T N
W™ llex o,y < =5 110" |3, o,
Whence (w™) is bounded in Cp([0,77]) because (") is bounded in L%([0,T]). Extracting

subsequences we may assume that (") converges weakly in L% ([0,77]) to a function v> €
L%([0,T]) and (w™(0)) weakly converges in H to an element 2°° € H. Let us set

W) = 2% /Ot v (s)ds, vt € [0, T.
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Whence

n—oo

fim (e (1) = (e.%) + (e, [ 0=(s)ds)

for every e € H and for every t € [0, T}, so that (w"(¢)) weakly converges in H to w™(t) for
every t € [0,T]. We have w™(0) = weak- lim,,_,o, w™(0) = 2*°. Since w™(T) = —w™(0), we
also have

w(T) = weak- lim w"(T) = —weak-limw"(0) = —z°° = —w>(0).
Then w™ is absolutely continuous with w> = v and satisfies w*(T') = —w®°(0). It remains

to check (4). For every h € L%([0,T]), we have

T T T t
/0 (h(t), w (t))dtz/o (h(t), w (0)>dt—|—/0 <h(t),/0 W™ (s)ds) dt

It is clear that lim, . (h(t), w™(0)) = (h(t),w>(0)). Hence
T T
lim [ (h(t), 0™ (0))dt = /0 (h(t), w™ (0))dt

n—oo 0

by Lebesgue convergence theorem. Similarly we have

n—oo

lim (h(t),/o w"(s)ds) = (h(t),/o v>®(s)dsy, Vtel[0,T].

By Holder inequality || f(f w"(s)ds|| < \/TH&)”HL%I([O,T]) < M for some positive constant M,
again by Lebesgue convergence theorem, we see that

T t T t
i [ (no), /0 " (5)ds)dt = /0 (h(t), /O o(s)ds)dt

n—oo
thus finishing the proof. O

Proposition 3.4. Assume that p : H —] — 00, 400| is convex lower semicontinuous, even,
with ¢(0) = 0 and D(p) closed and satisfying:

(a) for every r >0, SUP,c p(o) By (0, 109(@)|0 < +00,
(b) for everyr >0, D(o)NBy(0,r) is strongly compact in H, shortly D(p) is ball-compact.

Let v >0 and f € L%([0,T]). Then the problem

0 € a(t) + yu(t) + f(t) + dp(u(t))
e a2 ’

admits at least a T-anti-periodic absolutely continuous solution w : [0, T] — H which satisfies
[l 2, (o.71) < 1122, o, -

Proof. Step 1. Assume that f € Cy([0,T]). It is enough to apply Proposition 3.1 by taking
F(t,z) =yx+ f(t) and G(t,z) = 0 for all (¢,z) € [0,T] x H to get a unique T-anti-periodic
absolutely continuous solution for the problem (P;). Indeed we have (ya + f(t) — (yy +
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f),z —y) =~z —y||>,Va,y € H, and Vt € [0,T]. Using the classical chain rule formula
for lower semicontinuous functions and integrating on [0, 7] gives

T

0= [ NIt + pu(T)) = pu@) + [ (rute) + £0). (0.

0

Hence the inequality |[a[|z2, (o0,77) < |IfllL2, (jo,17) follows by anti-periodicity.

Step 2. Assume that f € T2 4([0,T7). Let (f,) be a sequence in Cy([0,77]) converging to
f with respect to the topology of the norm of L% ([0,7]). Let uy, be the T-anti-periodic
absolutely continuous solution of (P;) associated with f,

{ 0 € ay,(t) +up, () + fu(t) + Op(uy, (1))
uf, (T) = —uy, (0)

with [[iy, [[22 (o) < [ fallzz, o~ It is clear that (iy,) is bounded in L%(]0,T7). So we
may assume that (iis, ) weakly converges in L% ([0,7]) to v € L% ([0,T]. As ||uy,

cu((o,1]) <
gHuan 2, (o,7]) in view of Lemma 3.2 (a), using the ball-compactness assumption and
Ascoli theorem, we infer that (uy,) is relatively compact in Cy([0,T]). Taking account of
Corollary 3.3 we may assume that (uy, ) converges uniformly to a T-anti-periodic absolutely
continuous function u and wy, weakly converges in L%([0,7]) to @. For simplicity, let
gn = —Uf, — Yus, — fn. Then g,(t) € Op(uy,(t)) ae. and (gn) weakly converges in
L%([0,T] to — — yu — f. By invoking Lemma 2.2, we conclude that

—u(t) —yu(t) — f(t) € dp(u(t))  ae.

In otherwords, w is a T-anti-periodic absolutely continuous solution of (P;) satisfying
@l 22, (o.77) < I1f1|L2, jo.77) by antiperiodicity. O

Remarks. Proposition 3.4 seems to be a corollary of the general theory in [3]. The above
techniques led to a variational convergence result.

Theorem 3.5. Lety >0, f™ € L%([0,T]), ¢n, oo : H — [0,+00] are proper, convez, l.s.c,
even with ¢, (0) = vse(0) = 0,Vn € N U {oo} satisfying:

(i) for every n € N, for every r >0, SUP,c p, )1 By (0.r) 1090 (@)|o < +00,

(ii) for every r > 0, U,D(p,) N By (0,r) is relatively compact in H, shortly U, D(p,,) is
ball-compact.

Let u,, be a T-anti-periodic absolutely continuous of

{ 0 E(U)"( )+71(i )( )+ [ () + Opn(u(t), ae. te[0,T],

Assume that
(Hy): (f™) weakly converges to f € L%([0,T]).
s (H2): (¢n) epiconverges to Yoo

Then, up to extracted subsequences, (u™) converges uniformly to a T-anti-periodic absolutely
continuous solution u of the inclusion

{ 0Ocu+yu+ f+ 09I, (u),
u(T) = —u(0).
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with fOT Yoo (u(t))dt < 400, here OI,_ denotes the subdifferential of the convex integral
functional I, defined on L% ([0,T]) by

Iy

(u):{ o psu®)dt it [ poo(u())dt s finite
+o0o  otherwise.

Proof. Step 1 Thanks to the estimate [[4"[|z2 < [[f"||r2, and Lemma 3.2 (a) we have

n T - T n
e lewqorny < 511"z qo.ry < 511"z,

so that sup,,~; [|[u"]|c, (jo,7)) < +00. Furthermore, using the absolute continuity of ¢y, (u")
and the chain rule theorem [6], yields

d

(=" (6) = (6) = Fal8), () = o (9)
for every n € N. Hence by integrating
T T
+oo > sup [ |((0).4(6) 430" (1) + PO}t = sup [ S @)

Further apply the classical definition of the subdifferential to convex lsc funtion ¢,, yields

0= ¢n(0)) = n(u"(t)) + (u"(t),w" (t) +yu" () + f" (1))

0 < on(u(t)) < (u"(t), =" (t) — yu" (t) — [ (1))-

Hence sup,,>1 |¢n (u")[L1 (0,17) < +00. Now we assert that [, (u"(t))| < L for all ¢ € [0,T]
and all n € N, here L is a positive constant. Indeed we have

en(u(0)) < en(u" (1) = on(w"(0))] + @n(u"(t))

’ d n n
| Gt @)+ o),

IN

Hence

T d 1 T
on(u"(0)) < sup / 1% o (u(8))]dt + = sup / on (U (t))dt < +oc.
n>1.J0 dt TnZl 0

Whence we get the estimate

M :=sup sup |[u"(t)]| < +oo, L=sup sup ¢,(u"(t)) < +oo. (*)
n>1te€[0,T] n>1t€[0,T]

Using the ball-compactness assumption and Ascoli theorem we may assume that (u™) con-
verges uniformly to a T-anti-periodic absolutely continuous function u with @ € L% ([0, 7],
taking account into the above estimate. So, in view of (Hz) and (*) we have

T T
/ Voo (u(t))dt < liminf/ on(u™(t))dt < LT < +o0.
0 " 0



A VARIATIONAL CONVERGENCE PROBLEM 161

Step 2 w is solution of
Oca+yu+ f+0l, (u),
u(T) = —u(0).

with fOT Yoo (u(t))dt < LT < 400, OI,_ being the subdifferential of the convex integral
functional I,  defined on L% ([0,T]) by

L (w) = I poolu(®)dt if [ pao(u(t))dt s finite
oo 400 otherwise.

For simplicity let z" := u™ + yu™ + f™ and z := 4+ yu+ f. Then

—2"(t) € Dpp(u™(t)) (")

a.e. As (4") converges weakly to @ in L% ([0,T]), (z,) converges weakly in L% ([0,7]) to 2.
The proof will be achieved by using some facts developed in ([11], Lemma 3.4 and Lemma
3.7).

Fact 1 If h,,h are measurable mappings h,,h : [0,7] — H such that (h,) pointwisely
converges to h. Then

lim inf /B o (h" (1))t > /B oo (h(0))dt

n—oo

for every measurable subset B of [0, T}, using (Hs).
Fact 2 Let v € L$9([0,T]). Then there exists a bounded sequence (v,,) in L$7([0,T]) which
pointwisely converges to v and such that

liﬁsotip/Bgan(v"(t))dtS/Bgaoo(v(t)dt

for every measurable subset B of [0,T], using (Hz) and the estimate (*). From Fact 1 and
the result obtained in Step 1, we have

n—oo

T T
too > LT > liminf / o (U™ (1)) dE > / oo (1)) dt.
0 0
From (**) we have

pn(v(t)) Z @n(u"(t)) + (o(t) —u"(t), =2"(t)) ae. tel0,T]

for every v € LY ([0, 7). By integrating

T T T
/0 on(v())dt > / on (" (1))t + / (0(t) — u(t), 2" (1)),

For every v € L% ([0,T]), from Fact 2, there is a bounded sequence (v™) in L3 ([0, T]) which
converges pointwisely to v and such that

T T
timsup [ (0" (O)de < [ o (o(0)i
n— 00 0 0
Combining this with Fact 1 gives

T

T
lim [ (0" (8))dt = / oo (V1)) .

n—oo 0
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As
T

lim (™ (t) — u"(t), 2" (¢))dt = /0 (v(t) —u(t), z(t))dt

n—oo 0

because the sequence (v™ — u™) is bounded in L3 ([0,T]) and converges pointwisely to u — v
and the sequence (z™) converges to z with respect to the weak topology of L% ([0,T7]).
Finally by combining these facts and by passing to the limit when n — oo in the integral
subdifferential inequality

A %w%mmzA %mwmﬁ+4<wuww%m—wwwt
we get . . .
(A wwumnxuzié wwumwﬁu+1£ (0(t) — u(t), —=(0))dt.

Hence we conclude that —z = —4 — yu — f € 01, (u) with I, _(u) < LT < +o0. O

A Class of Second Order Evolution Inclusion via a Variational
Approach

This section is devoted to a generalization of some results developed by [3, 7] in second order
evolution inclusions with T-anti-periodic boundary conditions. For this purpose we will use
essentially an existence result obtained by [3, 7] and some variational techniques developed
in [10, 12]. We recall below some notations and summarize some results which describe the
limiting behaviour of a bounded sequence in L} ([0,77]). See ([10], Proposition 6.5.17).

Proposition 4.1. Let H be a separable Hilbert space. Let (¢,) be a bounded sequence in
L1;([0,T]). Then the following hold:

1) (¢n) (up to an extracted subsequence) stably converges to a Young measure v that is,
there exist a subsequence (C) of (¢n) and a Young measure v belonging to the space
of Young measure Y([0,T]; ML (H,)) with t — bar(v,) € Ly ([0,T]) (here bar(v;)
denotes the barycenter of vy) such that

n—oo

lim ; h(LCn(t)))dt):/o [/Hh(t,x)l/t(dx)]dt

for all bounded Carathéodory integrands h : [0,T] X Hyea) — R,

2) (¢n) (up to an extracted subsequence) weakly biting converges to an integrable function
f € LY ([0,T)), which means that, there is a subsequence (C),) of ((n) and an increasing
sequence of Lebesque-measurable sets (A,) withlim, A\(A,) = 1 and f € L ([0,T]) such
that, for each p,

lim mwxumﬁz/hmmﬂmﬁ

m—oee Ap Ap
for all h € LY ([0,T7),
3) (Cn) (up to an extracted subsequence) Komlds converges to an integrable function g €

L([0,T)), which means that, there is a subsequence (Cg(m)) and an integrable function
g € LY([0,T)), such that

N S,
lim —¥7 () (t) = g(t), a.e. €[0,T],

n—oo N
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for every subsequence (fymn)) of (fam))-

4) There is a filter U finer than the Fréchet filter such that U —lim, ¢, =1 € (LY), ok
where (LS9)) .ax 15 the second dual of L};([0,T1]).

wea

Let wy, € LY ([0,T)]) be the density of the absolutely continuous part l, of l in the decompo-
sition | = l, + 15 in absolutely continuous part l, and singular part ls. If we have considered
the same extracted subsequence in 1), 2), 3), 4), then one has

f@®) = g(t) =bar(vy) = wy, (t) ae. t €[0,T]

For more information on Young measures, see [10] and the references therein. Now comes
our second epigraphical convergence.

Theorem 4.2. Let H = RY, v € Rt. Assume that ¢ : R? — R, ¢, : R? — [0, 400[ are
C, even, convex, Lipschitzean with ¢, (0) = 0, Vn > 1 and, ps : R — [0, +00] is even
proper convex lower semicontinuous. Let (f™) be sequence in L% ([0,T]) weakly converging
to f° € L%([0,T]). Let u™ be a Wli’f([O,T]) solution of the problem

{ W (t) +ya"(t) — Vi (u™ (1) — f*(t) + Ven(u™(t) =0 t €[0,T7,
un(T) = — 1 (0), it (T) = — it (0)

Assume that
(i) @n epi-converges to Yoo.
(ii) There exist ro > 0 and o € R such that

T
sup  sup / n (@0 +700(t))) < +o00
€N weBLe (0.1 /0

here EL;’d([O,T]) is the closed unit ball in LY, ([0,T7).
(a) Then up to extracted subsequences, (u™) converges uniformly to an absolutely continuous
function u™ with u>(T) = —u*(0), (u") pointwisely converges to a BV function y> with

y>® = a® and u>®(T) = —u*°(0), and (4™) weakly biting converges to a function (*° €
L§.([0,T]) which satisfy the variational inclusion

(Qoo) 0€ (™ +yu> — f° = Vip(u™) + 0l, (u™)

here 01, denotes the subdifferential of the convex lower semicontinuous integral functional
I, defined on Lg.([0,T])

T
I (u) ::/O Goo(u(t)) dt, Yu € LZu([0,T]).

T T
Furthermore lim/ gon(u"(t))dt:/ Voo (U™ (t))dt.

0 0
(b) There are a filter U finer than the Fréchet filter, | € Lg,([0,T])" such that

U —lim[—i" — i + f* + Vip(u")] =1 € Lga (10, T]) yea



164 C. CASTAING, T. HADDAD AND A. SALVADORI

where Lg,([0,T7), is the second dual of Lp.([0,T]) endowed with the topology

weak

o(Lga([0,77), LRa([0,T7)) and m € Cra([0, T])yeqr Such that

T
Vh € CRd([O,T]),lim/ (hy —ii™ — 7" + [ + Vap(a™))dt = (hym)
nJo

here Cra([0,T)). ear denotes the space Cra([0,T]) endowed with the weak topology

wea

0(Cra([0,T1),Cra([0,T7)). Let l, be the density of the absolutely continuous part l, of I in
the decomposition | = l, + ls in absolutely continuous part l, and singular part ls. Then

T
la(h) = /0 (h(t), =C%(E) =i () + f2(t) + Vp(u™(2)))dt
for all h € Lg,([0,T]) so that
I (1) = Ipx (=€ = yu™ + f 4+ Vip(u™) + 0% (I, doml, )

here %, is the conjugate of 9o, L= the integral functional defined on Li4([0,T]) associated
with %, I5_ the conjugate of the integral functional I, , doml, = {u € Lg.([0,T]) :
I, (u) < oo} and

T
(m, h) = /O (¢ () = 7™ (1) + f%° 4+ Vip(u™(1)), h(t))dt + (ms, h)

Vh € Cra([0,T]) with (ms,h) = ls(h), Yh € Cra([0,T]). Further m belongs to the subdif-
ferential 0J,,_ (u>) of the convex lower semicontinuous integral functional J,_ defined on
Cra([0,77)

T
T (u) = / oo (u(t)) dt, Vu € Cra((0,T]).

0

(c) Consequently the density —(° —~yu® + f*° 4+ Vip(u™>) of the absolutely continuous part
mg

T
ma) = [ (=00 =90 + 7+ T @) )
for all h € Cra([0,T]), satisfies the inclusion
—(%°(t) = yU>= () + f>t) + VY(u™(t)) € 0poo(u™(t)), ace..

and for any nonnegative measure 6 on [0, T| with respect to which mg is absolutely continuous

T dmg T o dmg
| e Cgrananey = [ 0). S @yavt)

. ) .
here hyx denotes the recession function of @3, .

Proof. Existence of u™ for the problem

{ a"(t) +ya"(t) = Vip(ur(t)) — (1) + Ven(u™(t)) = 0 ¢ € [0,T],
Un(T) = —1un (0), 1 (T) = —11n (0)

is ensured by ([3], Lemme 3.6) or ([7], Theorem 3.1).
Step 1 Estimation of ||a™(.)[ Lz, (jo,ry)- Multiply scalarly the equation

@ (t) +yu(t) = Vi (u" (b)) + f*(t) = Veon(u" (1))
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by 4" (t) and applying the chain rule formula [20] for the C!, Lipschitzean function v — ¢,
gives

e d n n 1 . e n
V@I = 2™ (®) = en(™(®) = @ O] + @ @), £7(1)).
Hence by antiperiodicity conditions we get the estimate
W22, o,y < 112z, 0,71 (4.1)
From Lemma 3.2 (a)
[u"llex (0,17 < 7”“ |2, (jo.11)

and (4.1), it is immediate (u™) is bounded in Cgy([0,T]) and (V¢ (u™(.))) is uniformly
bounded.
Step 2 Estimation of ||4"™(.)||. As

2" (t) i= =" (t) =y (t) + " () + Vi (u"(t) = Von (u" (1))
by the subdifferential inequality for convex lower semi continuous functions we have
en(x) 2 on(u”(t)) + (x —u"(t), 2" (1))

for all z € R?. Now let v € ELood([O’T]), the closed unit ball of Lg,[0,77). By taking
R
x = w(t) := xg + rov(t) in the preceding inequality we get

pn(w(t)) = @n(u" (1)) + (w(t) —u"(t), 2" (1))-

Integrating the preceding inequality gives

T T T
/O<x0—|—7'0v(t)—u"(t),z”(t)>dt = /O<x0—u"(t),zn(t)>dt+ro/0 (v(t), 2" (¢))dt

IN

/0 <Pn($0+7°oﬂ(f))dt—/0 ©n(u™(t))dt.

Whence follows

o /0 (o(8), 2" (1)) dt < /0 o (0 + Tov(t))dt — /0 o (™ (£))dt — /0 (20 — u" (£), 2" (£))dt.

(4.2)
For simplicity, let us set v™(t) = u™(t) — zq for all t € [0,T]. We compute the last integral
in the preceding inequality.

T T
- / (20— u" (), ()t = — / (07 (1), 57 () + 7" (1) — () — V(™ (1))t
0 0
T
. / (0" (£), 5" () + " (£))dt (4.3)

T
+/ (W™ (t), f* () + Vp(u™(t)))dt.
0

Then it is immediate that the last integral

T
/0 (1), £ (1) + Vib(u" (1)) dt
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is bounded using the above estimates. By integration by parts and taking account into (4.2)
we have

T
*/0 (" (1), 8" () + 0" (E)dt = —[(W" (1), 0" (1) + " (O]

+ [0 + @) (44)

T
/ 0" (0)||2d¢ (by antiperiodicity).
0

By (4.1)—(4.4), we get

T

T T
ro/o <v(t),z”(t)>dt§/0 cpn(x0+r0v(t))dt+/0 i (8| |2dt + C (4.5)

for all v € EL:d([O,T]), where

C = Sup/o (6™ (8), £ (1) + V(™ (6))]dt < oo,

n>1
By (i), (4.1)—(4.5), we conclude that
(U" +yi" — f" = Vip(u"))

is bounded in L, ([0,T]), and so is (4"). It turns out that the sequence (@) of absolutely
continuous functions is bounded in variation and by Helly theorem, we may assume that (4")
pointwisely converges to a BV function v> : [0,7] — R? and the sequence (u™) converges
uniformly to an absolutely continuous function ©* with 4*° = v*> a.e. At this point, it is
clear that (4") converges in Lg,([0,7]) to v™, using (4.1) and the dominated convergence
theorem. Hence (i) converges in Ly ,([0,T]) to yv>°.

Step 3. Weak biting limit of ti,,. As (ii,,) is bounded in Li ([0, T1), we may assume that (i)
weakly biting converges to a function (*° € L%{d([O,T]), that is, there exists a decreasing
sequence of Lebesgue-measurable sets (B,) with lim, A\(B,) = 0 such that the restriction
of (iin) on each BS converges weakly in L, ([0,T]) to ¢>. Noting that (i,) converges in
La([0,T]) to v™®. It follows that the restriction of (2" = —ii, — Y, + f™ + Vo(u™)) to
each B weakly converges in L, ([0,T]) to 2 := —(> —yv> + f> + Vi)(u™), because

lim/ (i + tin — ™ — Vib(u™), Y dt = / (C° 440> — £ — Vap(u™), Y dt
nJB B
for every B € By N L([0,T]) and for every function h € Lg,([0,77).

Step 4. L= sup,ys, sUbyeo 71 on(u” (1)) < +00
From the chain rule theorem given in Step 1, recall that

G0, () + (1) — 7~ V") = o (1))
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that is p
(@"(t), 2" (1) = 2 lon(u" ()]

From the above estimate and the anti-periodicity of 4", it is immediate that (4 [¢,, (u"(t))])
is bounded in L ([0, 77]) so that (¢, (u™(.)) is bounded in variation. In fact, we get more here
by arguing as in the proof of Theorem 3.5. Apply the classical definition of the subdifferential
to convex lsc funtion ¢, yields

0= @n(0) = pn(u”(t)) + (—u"(t), 2" (1))
0 < pn(u"(t) < (u"(t), 2" (8)) = (u" (), =" (t) — ya" () + f"(t) + Ve (u"(t)).

Hence sup,,>1 |¢n (u")[L1 (o,17) < +00. Now we assert that [, (u"(t))| < L for all ¢ € [0,T]
and all n € N, here L is a positive constant. Indeed we have

en(u(0)) < en (W) = on(@™(0))] + @n(u"(t))

T a
/0 1L (6 ()t + (w7 (1)),

IN

dt

Hence

o (u(0)) < sup / | n ™ ()]t + - sup / on (u (1)) dt < +o0.

n>1 T p>1

Whence we get the estimates (*)

M: = sup sup [[u"(t)|| < +o0,(by Step 1)
n>1t€[0,T]
L = sup sup ¢,(u™(t)) < +oc.
n>1+€[0,T)

Step 5. Localization of the limits:
200 = —(° —yu™ + > + Vi (u™) € 01, (u™).

We will adapt the techniques developed in ([11], Lemma 3.7, Proposition 4.2). As (p,)
epiconverges to poo, by Lemma 3.4 in [11] we have

lim inf /B (™ (8)) dt > /B oo (u™(8)) dt,

n

for every B € L([0,T1]). Let h € L¥.([0,T]). Using the estimates (*) and applying Lemma
3.7 in [11] provides a bounded sequence (h™) in L% ([0,T]), such that (h™) pointwisely
converges to h and such that

lim sup /B (R (1)) dt < /B oo (h(1)) dE

n

for every B € £(]0,T]). Coming back to the inclusion z"(t) € dp, (u™(t)), we have

() 2 @n(u™ () + (x —u(t), 2" (1))
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for all z € R By substituting = by h™(t) in this inequality and by integrating on each
B e B;n L([0,T7),

/B o (h (1)) dt > /B on(u (1)) dt + /B (hn(8) — un (1), 2" (1)) di

and passing to the limit in the preceding inequality when n goes to 400, we get

/B poo(h(t)) dt > /B oo (U™ (1)) dt + /B (h(t) — u (1), 2 (1)) dt.

As this inequality is true on each BN B,
[ eatbmar = [ oy
BNBg BNBg
w2 )de
BNBg
and By 1 [0,T7], by passing to the limit when p goes to oo in the last inequality, we get

/B poo(h(t)) dt > /B oo (U™ (8)) dt + /B (2% (1), h(t) — u™(t)) dt
for all B € £([0,77]) and for all h € Lg,([0,77]). In other words,

2% = (% — i 4 f 4 V(u™) € I, (u™).

Step 6. limy, fy on(un(t))dt = [} oo (u(t))dt.

From the estimates in Step 4 and Helly theorem, we may assume that (@, (u,(.)) pointwisely
converges to a BV function 8. By (*), (¢n(un(.)) converges in Ly ([0,7]) to 8. In particular,
for every k € L, ([0,7]) we have

T

T
lim [ k(t)pn(un(t))dt = /0 k(t)B(t)dt.

n—oo 0

Using this fact and repeating the biting arguments via the epi-limit results given in Step 5,
it is easy to see that

/Bcpoo(h(t))dtz/Bﬁ(t)dtJr/B<z°°(t),h(t)—u°°(t)>dt

for all B € £([0,77]) and for all h € Lg,([0,77]). In particular, we get the estimate

[ extw=®yar= [ s

for all B € £([0,T]). Again by the epi-lower convergence result in Step 5, we have

/ Bt)ydt = lim [ @, (u"(t))dt
B B

n— oo

_ liminf /B o™ (1)) dt > / oo (W (1)) dt

n—oo B
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for all B € £([0,T7]). It turns out that @ (u™(t)) = B(t) a.e.

Step 7. Localization of further limits and final step.

As (2" = —i"—yu"+ f"+V(u™)) is bounded in L, ([0,7]) in view of Step 3, it is relatively
compact in the second dual L, ([0,7])" of L.([0,T]) endowed with the weak topology
o(Lga([0,77), LF.([0,T7)). Furthermore, (2") can be viewed as a bounded sequence in
Cra([0,T])". Hence there are a filter ¢ finer than the Fréchet filter, [ € Lg,([0,77])" and
m € Cra([0,T])" such that

U—limz" =1¢€ Lga([0,T))\pear (4.6)
and
lim Zn =mc CRd([07 T])iueak (47)

n

where L, ([0,T]),cqr is the second dual of Lg,.([0,7]) endowed with the topology

o(Lga([0,77), L. ([0,T1)) and Cra([0,T7).,.qs denotes the space Cra([0,T])" endowed with
the weak topology o(Cra([0,T])",Cra([0,T])), because Cra([0,T]) is a separable Banach
space for the norm sup, so that we may assume by extracting subsequence that (2") weakly
converges to m € Cra([0,T])". Let [, be the density of the absolutely continuous part I, of
[ in the decomposition | = [, + [ in absolutely continuous part [, and singular part [, in
the sense there is an decreasing sequence (A,) of Lebesgue measurable sets in [0,7] with
A, | 0 such that I,(h) = I5(1a,h) for all h € Lg,([0,7]) and for all n > 1. As (2" =
—U" —yu™ + "+ Vip(u™)) weakly biting converges to z°° = —(*®(t) —yu™ + f° 4+ Vi (u™)
in Step 4, it is already seen (cf. Proposition 4.1) that

T
L(h) = / (Bt), —C(8) — i (t) + 1 + Vib(u™))dt

for all h € Lg.([0,T]), shortly 2°° = —(>°(t) — yu™ + f*° + Vip(u™) coincides a.e. with the
density of the absolutely continuous part ,. By [13, 23] we have

L5 (1) = Ips (—C%° = 7™ + [ + Vip(u™)) + 6*(Is, doml,_)

here %, is the conjugate of o, I« is the integral functional defined on Ly, ([0,77]) asso-
ciated with %, I7  is the conjugate of the integral functional I,  and

domlI,_ :={u e LR.([0,T]) : I, (u) < oo}.
Using the inclusion
2% = = =70 4 [ + VY (u™) € I, (u™).
that is
Lo (=0 =70 + % + Vip(u™)) = (=¢% = 70> + f= + Vi (u™),u™) — L, (u™)
we see that
I, (1) = (=¢% = ya™ + f + Vip(u™),u™) — I, (u™) + 6" (ls, doml1, ).
Coming back to the inclusion z"(t) € dp, (u™(t)), we have

() 2 @n(u™ () + (x —u(t), 2" (1))
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for all z € R®. By substituting & by A(t) in this inequality, here h € L, ([0,T]), and by
integrating

T T T
/0 on(h(t)) dt > / on(u (1)) dt + / (h(t) — u™ (), 27 (1)) dt.

Arguing as in Step 5 by passing to the limit in the preceding inequality, involving the
epilimsup property for integral functionals fOT ©n(h(t))dt defined on Lg,([0,T1), it is easy
to see that

T T
/ poo(h(t)) dt > / oo (W (1)) dt + {h — u™, m).

0 0

Since this holds, in particular, when h € Cra([0,T]), we conclude that m belongs to the
subdifferential 0J,_ (u>) of the convex lower semicontinuous integral functional J,,  defined
on CRd([Oa T])

T
Tonw)i= [ poclult) dt, Y€ Cra((0.T).
As (2" = =" — 44" + " + Vip(u™)) weakly biting converges to 2 = —(*(t) — yu™> +
£°° 4+ Vi(u™) in Step 5, we see that

T
la(h) = /O (A(t), =C%(t) = va(t) + f=(t) + Vi (u™(1)))dt

for all h € Ly, ([0,T]) (see Proposition 4.1) so that

T
I(h) = / (—C2(8) — 7™ (1) + 1% + Vab(u™), h(t))dt + 1o (h)

Vh € Lg,([0,T]). Now let B : Cra([0,T]) — Lg.([0,77]) be the continuous injection and let
B* : LE,([0,T])" — Cra([0,T])" be the adjoint of B given by

(B*l,h) = (I, Bh) = (l,h), VIle Lg.([0,T]), Vh e Cra([0,T]).
Then we have B*l = B*l, + B*ls, | € LE,([0,7])" being the limit of (2" = —(" —yu™ +

f™ 4+ Voo(u™)) under the filter U given in section 4 and [ = [, + I being the decomposition
of [ in absolutely continuous part [, and singular part [s. It follows that

(B*l,h) = (B*lq, h) + (B*ls,h) = (la, h) + (L5, h)
for all h € Cra([0,T]). But it is already seen that

T
(onh) = [ (=020 =0 + £ + Volw=) A0t
for all h € LF,([0,T]) so that the measure B*l, is absolutely continuous
T
(Blouh) = [ (=050 =i (0 + 7 + Vo) b0}t Vh e Cra(0.7)

and its density —(®° — ya™ + f° + Vip(u™) satisfies the inclusion

—C(t) =™ (t) + f° + VY(u™) € dpoo(u™(t)), a.e.
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and the singular part B*[, satisfies the equation
(B*ls,h) = (ls,h), Vh € Cra([0,T]).

As we have B*l = m, using (4.6)-(4.7), it turns out that m is the sum of the absolutely
continuous measure m, with

T
(ma, h) = /0 (=¢7 () = 7> () + f° + Vip(u™), h(t))dt, Vh € Cra([0,T])

and the singular part mg given by
(mg,h) = (ls,h), Vh € Cra([0,T])

which satisfies the property: for any nonnegative measure 6 on [0, 7] with respect to which
my is absolutely continuous

T dm, T - dmg
/0 e, (=™ (1)db(t) = /0 {u(t), —g~ (£))db(t)

here h,- denotes the recession function of ¢ . Indeed, as m belongs to 9., (u>) by
applying Theorem 5 in [23] we have

T
i (m) =1, (dza) + /0 h:, (dg;s (£))d6(t) (4.8)

with r
I (v) = /O o= (u(8))dt, Yo € L. ([0,T)).

Recall that
dmyg

dt

=~ =90 + 2+ Vi(u™) € Ol (u™)
that is

dma S 0o . 00 00 0o oo
Lp;(W)JFI%(U ) = (=0 =™+ 7+ V™), u™) o qoo).Les, (o) (49)

From (4.9) we deduce

Jo(m) = (u™,m)ic . ((0,1).cra0.71)) — Jou (u™)

= (W, m) . (0,1)).Cra(0.7])) — Lo (u™)

- / (W (1), ¢ (t) — 4 (1) + [ + Vi (u))dt

T
[ =, S andse) - 1. )

0

= 1 (R [ o, S s,

Coming back to (4.8) we get the equality

T
0

r dm .
| e gz anase = [ w0, S 0pavt).
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Remarks. Combining biting argument with the characterization of the decomposition
formula in the dual of Lg,([0,77]) allows to localize the limits under consideration and their
relationships via Proposition 4.1 and the continuous injection B : Cgra([0,7]) — Lg.([0,77),
namely the absolute continuous part m, of the measure limit m and its singular part mg.
At this point, it is easy to see that, up to extracted subsequence, (z,) stably converges to a
Young measure v> € Y([0,T], ML (R?)) with

bar() = [ o) = =¢<(0) =00 + (0 + T (1)

for a.e. t € [0,T].

Taking account into the above remark and the results given in Theorem 4.2 and its
proofs, we obtain

Corollary 4.3. Under the hypotheses and notations of Theorem 4.2, assume that ¢}, is non
negative for all n € N U {oco} and (¢},)n>1 epilower converges to ¢k, then the following
hold:

T T
liminf/o @Z(—ﬁ"(t)—W"(t)+f”(t)+V1/J(U"(t)))dt2/0 [[R oo (@)1 (da)] dt. (%)

n d

Consequently the limits under consideration satisfy

T T
0= [ emian)an— [ e w)

[ emtu@nat- [ he (o))
TO * OT (**)
> [ e a [ par(v5). < 1) a

T . T dm,
+ [ el = [ s (g e)a000),

Proof. As (o) epilower converges to ¢* and (2" = —4"™ — yu™ + f™ + Vip(u™)) stably
converges to v € Y([0,7], M1 (R%)), by virtue of Lemma 3.4 in [11], we have

T T
fimint [ gh(=i(0) =i () + 110+ Vo) de> [ ([ @) ()

n d

Using the results obtained in the proof of Theorem 4.2 and (*), it is not difficult to check
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that
0 = timint] [ @50 = 70 + 170 + Vol (1) d
T T
+ [ 4 @) - 10 - Vol @) O)de+ [ euunt)dn
> [ e @ om [ et o)
T
= [ 1] et
+ [0+ = () = Vo= 0) = ) d
T T
- [ . G + [ et o)ar
= [ 1] et
T
+ [ 0 - (0 - Vo ) o) di
- [ b Gt + [ o) a
thus proving (**). O

Remarks. 1) Some comments are in order. It is worthy to mention that there is no rela-
tionship between the VU (x) and the Vi, () and dp(z). Without additional assumptions
one cannot expect to have the convergence of approximated solutions (u™)

{ @ (t) +ya"(t) — Vip(u (1) — f*(t) + Ven(u(t)) =0 t €[0,T],
un (T) = —un(0), 4 (T) = —1,,(0)

towards a Wéf ([0,T]) T-anti-periodic solution u™ of the problem

{ =i (t) =y (t) + Vip(u™(t)) + f>(t) € Opoc(u™(t)) € 0,T],
u>(T) = —u(0),4>(T) = —u>(0)

because (ii™) is bounded in L} ([0, 7). Nevertheless Theorem 4.2 shows that (u™) converges
pointwisely to the absolutely continuous T-anti-periodic mapping u®°, (4™) pointwisely con-
verges to the T-anti-periodic mapping 4>, (—i"™(t) — ya"(¢) + Vip(u"(t)) + f™(t)) weak*-
converges in Cra([0,T])* to a vector measure m € Cra([0,7])* such that the density of its
absolutely continuous part m, satisfies the inclusion

—C(t) = 7> (t) + Vo (u™ (1)) + (1) € Opoo(u™(t))

and such that the singular measure mg in the decomposition m = m, + m, satisfies the
equality

T dms T o) dms
| e Cgranane = [ 0). S @pavt)
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for any nonnegative measure 6 on [0, 7] with respect to which m; is absolutely continuous.
On account of the proof of Theorem 4.2, it is easily seen that when (i™) is bounded in
L%([0,T)), the proof of Theorem 4.2 is rather simple, because here one can assume that (u™)
converges uniformly to the T-anti-periodic mapping u> and (4™) converges pointwisely to
the T-anti-periodic absolutely continuous mapping 4> (see Corollary 3.3) and (i™) converges
weakly in L% ([0, T]) to ii> which satisfy the problem under consideration. In this particular
situation the variational inequality (**) in Corollary 4.3 is reduced to

T *
0> / o (i (1) — 7 (t) + T (u(1) + f(1)) dt
+ / (8% (1) + 7 (£) — Tp(u (1)) — F (1), u(1)) dt **)

T
+ [ ot a
that is equivalent to
—u(t) — ya>(t) + Vo (u™(t)) + f°(t) € 0o (u™(t)) a.e.

2) The existence and uniqueness of Wlif ([0,T]) T-anti-periodic solution for the inclusion of
the form

{ w(t) + ya(t) € f(t,u(t)) + 0p(u(t)), ae. tel0,T],
u>(T) = —u™(0),4(T) = —i>(0)

where ¢ is Isc even function, f : R x H — H is a Carathéodory mapping satisfying:
[|f(t,z) — f(t,v)|| < Lllx —y|| for all (¢,2) € R x H, for some positive constant L > 0 and:
there is a L% integrable function r : R — R* such that ||f(t,z)|| < r(¢) for all (¢,z) € RxH,
and 0 < T < 7, is avaiblable ([7], Theorem 3.2) using the specific inequalities given in
Lemma 3.2.
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