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Introduction

In the last two decades, many results on the existence of solutions to various kinds of
vector variational inequalities and vector equilibrium problems have been established, see
[6, 9] and the references therein. Recently, the semicontinuity, especially, the lower semi-
continuity of the solution sets to parametric vector variational inequalities and paramet-
ric vector equilibrium problems has been studied intensively in the literature, such as
[1,2,4,5,7, 11, 13, 14, 15, 17, 18, 19, 20].

Lower semicontinuity and upper semicontinuity are both required in the continuity of
a solution set mapping. Generally speaking, the lower semicontinuity of the solution set
mapping for a parametric vector variational inequality or a parametric vector equilibrium
problem is much stronger than upper semicontinuity, and consequently, it is much more
difficult to derive conditions that guarantee lower semicontinuity because of the complexity
of the problem structure. In the literature there are several approaches to study the lower
semicontinuity and continuity of solution set mappings for parametric vector variational in-
equalities and parametric vector equilibrium problems. Cheng and Zhu [7] obtained a result
on the lower semicontinuity of the solution set map to a parametric vector variational in-
equality in finite-dimensional spaces based on a scalarization method. Recently, by virtue of
a density result and scalarization technique, Gong and Yao [13] have first discussed the lower
semicontinuity of the efficient solutions to parametric vector equilibrium problems, which
are called generalized systems in their paper. By using the ideas of Cheng and Zhu [7],
Gong [11] has discussed the continuity of the solution set mapping for a class of parametric
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weak vector equilibrium problems in topological vector spaces. Anh and Khanh [2], Kimura
and Yao [17] discussed the semicontinuity of solution mappings of parametric vector quasi-
equilibrium problems by virtue of the closedness or openness assumptions for some certain
sets. Huang et al.[14] used local existence results of the models considered and additional
assumptions to establish the lower semicontinuity of solution mappings for parametric im-
plicit vector equilibrium problems. Li and Chen [19] discussed the continuity and Hausdorff
continuity of the solution set map for a parametric weak vector variational inequality by
using a key assumption in virtue of the so-called parametric gap functions. Based on similar
assumptions, both results on the upper semicontinuity and the lower semicontinuity of more
general vector variational inequalities and a dual weak vector variational inequality were
also obtained, see [4, 5, 20].

In this paper, we discuss and improve the results on lower semicontinuity and continuity
of the efficient and weak efficient solution sets to parametric generalized systems given in
the aforementioned papers [13] and [11], respectively. Based on a well-known conclusion
with respect to the upper semicontinuity of a set-valued mapping (see Proposition 2.2), we
show that the uniform compactness assumptions used in proving the lower semicontinuity
of the efficient solution set in [13] and the weak efficient solution set in [11] are superfluous.
Furthermore, we point out that under the assumptions of lower semicontinuity theorems,
the solution set mappings are continuous actually. The upper semicontinuity of the solution
set mappings are derived by scalarization methods and without using uniform compactness
assumptions. In addition, we also give some continuity results of various proper efficient
solution sets to parametric generalized systems.

The rest of the paper is organized as follows. In Section 2, we introduce the parametric
generalized system (PGS), and recall some concepts and their properties. In Sections 3, 4
and 5, we discuss the continuity of the efficient solution set, the weak efficient solution set
and various proper efficient solution sets for (PGS), respectively.

Preliminaries

Throughout this paper, let X be a real Hausdorff topological vector space, let Y be a real
locally convex Hausdorff topological vector space and let Z be a metric space. Let Y* be
the topological dual space of Y. Let C be a pointed closed convex cone in Y with intC' # ().
Let C*:={f €Y*| f(y) > 0,Vy € C} be the dual cone of C. Denote the quasi-interior of
C* by Ct, ie., Ct:={f € Y* | f(y) > 0,Yy € C\{0}}. Let D be a nonempty subset of Y.
The cone hull of D is defined as cone(D) := {td | t > 0,d € D}. Denote the closure of D by
cl(D) and the interior of D by intD. A nonempty convex subset M of the convex cone C' is
called a base of C if C' = cone(M) and 0 ¢ cl(M). It is easy to see that C* # () if and only
if C has a base.

Let A be a nonempty subset of X and let F': A x A — Y be a bifunction. We consider
the following generalized system (GS): find « € A such that

F(Jf,y)g—K, V?JeAa

where K U {0} is a convex cone in Y.
(GS) includes as a special case a vector variational inequality (VVI) involving

F(Z‘,y) = <T(.Z‘),y—l‘>,

where T is a map from A to L(X,Y), the space of all continuous linear operators from X
to Y.
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When the set A and the function F' are perturbed by a parameter p which varies over a
set A of Z, we can consider the following parametric generalized system (PGS): find x € A(u)
such that

F(x?y7/’[/) ¢ _Ka Vy € A(/’[/)a

where A : A — 2% is a set-valued mapping, F : B x B x A — Y is a trifunction with
A(p) C B for all € A and K U {0} is a convex cone in Y.

In this paper, we will discuss the continuity of the efficient solution set, the weak efficient
solution set and various proper efficient solution sets of (PGS).

Let ¢ : Ax A — Y. The mapping ¢ is called C-monotone on A x A if p(z,y) + ¢(y,z) €
—C, for all z,y € A. The mapping ¢ is called C-strictly monotone on A x A if ¢ is
C-monotone and, if z,y € A,z # y, then ¢(x,y) + ¢(y,z) € —intC.

Let ¢ : A — Y. The mapping ¢ is called C-convex if, for every z1,22 € A, t € [0,1],
tp(x1) + (1 —t)(ze) € Y(txy + (1 —t)x2) + C.

We say that D C Y is a C-convex set if D + C' is a convex set in Y.

Let A, Q be Hausdorff topological spaces and let G : A — 2 be a set-valued mapping
with nonempty values. In what follows, the symbol Oq denotes the origin of the space €.

Definition 2.1. (i) G is called lower semicontinuous (l.s.c) at A € A if for any open set
Q C Q with G(A)NQ # (), there exists a neighborhood N()) of A such that G(\)NQ #
0, for all A € N()). Remark that G is L.s.c at A if and only if for any net {\o} C A
with A\, — X and any # € G()), there exists z, € G(\,) such that z, — 7.

(ii) G is called upper semicontinuous (u.s.c) at X if for any open set Q C WithiG(j\) CQ,
there exists a neighborhood N(A) of A such that G(\) C @, for all A € N(A).

(iii) G is called Hausdorff lower semicontinuous (H-Ls.c) at A if for each neighborhood By of
Ogq, there is a neighborhood N () of A such that for every A € N(A\), G(\) C G(\)+ By.

(iv) G is called Hausdorff upper semicontinuous (H-u.s.c) at A if for each neighborhood By of
Ogq, there is a neighborhood N () of A such that for every A € N(X), G(A) C G(X)+ By.

(v) Gis called closed at A if for each net (Ao, zq) € graph(G) := {(\,z) | A € A,z € G(\)},
(Ao, Ta) — (A, T), it follows that (A, Z) € graph(G).

(vi) G is called uniformly compact near X, if there exists a neighborhood U of A such that
cl(Uxey G(A)) is compact.

We say G is Ls.c (resp. u.s.c, H-Ls.c, H-u.s.c, closed) on A, if it is l.s.c (resp. w.s.c,
H-l.s.c, H-u.s.c, closed) at each A € A. G is said to be continuous (resp. H-continuous) on
A if it is both Ls.c (resp. H-l.s.c) and u.s.c (resp. H-u.s.c) on A. Moreover, we say that G
has compact (resp. closed, convex) values, if G(\) is a compact (resp. closed, convex) set
for each A € A.

The following proposition is a well-known fact in the literature, for instance, we can refer
to [8, p.23], [22, Proposition 1] and [21, Lemma 2.1]. For its importance in this paper and
for the convenience of the reader, we shall give its proof.

Proposition 2.2. If G has compact values, then G is u.s.c at A if and only if for any net
{Aa} C A with Aoy — X and for any zo € G(\y), there exist T € G(\) and a subnet {xg} of
{z}, such that xg — Z.
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Proof. “=" Suppose that there is no subnet of the net {z,} converges to a point in G(\).
Then for each x € G()), there exist an open neighborhood N(z) of z and some a(x) such
that zo & N(z), Yo = a(z). Clearly, G(A) C U,cq(x) N(2). By the compactness of G(X),

there exist x; € G(\), i = 1,--- ,n such that

G(\) C 0 N(z;) =:U.

i=1

Moreover, z, € U, Va > max{a(x;) :i=1,--+ ,n}.

On the other hand, since G(-) is u.s.c at \, there exists an open neighborhood V of X
such that G(V) := U,y G(A) C U. 1t follows from A, — A that A, € V eventually, and
hence G(\,) C U. Consequently, we get x, € G(\,) C U eventually, which leads to a
contradiction.

“<” Suppose that G(-) is not u.s.c at A\. Then there exist an open set V satisfying
G(\) C V, and nets A\, — A and 2, € G(\a), such that z, € V, Va. Whence, there exist
T € G(\) and a subnet {xg} of {x,} such that x5 — Z. Since T € V, there exists 3; such
that xg € V when 8 > (3, a contradiction. O

Proposition 2.3. (i) If G is w.s.c at X, then G is H-u.s.c at \. Conversely if G is H-u.s.c
at A and G(\) is compact, then G is u.s.c at \.

(ii) If G is H-l.s.c at \, then G is Ls.c at X. Conversely if G is L.s.c at X and cl(G()\)) is
compact, then G is H-l.s.c at \.

(iii) If G(X) is compact, then G is w.s.c at X if and only if G is H-u.s.c at A, and G is l.s.c
at X\ if and only if G is H-l.s.c at \.

Proof. (i) See Proposition 3.1(i) of [1].

(ii) The first implication is obvious from the definition.

For the inverse suppose to the contrary that G is not H-Ls.c at A\. Then there exists a
neighborhood By of Og, nets {\,} C A with A, — X and {x,} such that z, € G(\) but
o € G(Aa) + By, Va.

Since cl(G(\)) is compact, we may assume that there exists xog € cl(G())) such that
T, — xo. Because ¢ € cl(G(N)), so for any neighborhood V (zg) of zg, V(zg) N G(X) # 0.
Hence, there exist yo € G()\) and a neighborhood U of Oq satisfying U C By such that
To — Yo € U.

For A\, — A and yg € G(N), by the lower semicontinuity of G at A, there exists yo, € G(A\s)
such that y, — yg. It follows from z, — y, — ¢ — yo that there exists some a; such that
ZTo — Yo € U whenever o > «;. Consequently, we get that x,, € yo +U C G(Ay) + By, which
leads to a contradiction.

(iil) It follows from (i) and (ii) readily. O

We remark that the second implication of Proposition 2.3(ii) improves Proposition 2.1(b)
of [16], where the compactness of G(A) but not cl(G(X)) is required.

Continuity of the Efficient Solution Set

For each p € A, let V(A, F, 1) denote the efficient solution set of (PGS), i.e.,

V(A F,p) = {x € A(n) | F(a,y,p) € —~C\{0}, ¥y € A(w)}.
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In this section, we discuss the continuity of V/(4, F,-) as a set-valued mapping from the set
A into X.

For each f € C*\{0} and for each p € A, let V¢(A, F, u) denote the set of f-efficient
solutions to (PGS), i.e.,

Vi(A, Fop) ={z € A(p) | f(F(x,y,1)) >0, Yy € A(u)}.

The following lemma is an improvement of Lemma 2.2 in [13] (also Lemma 4.2 in [11]),
which plays an important role in proving the lower semicontinuity of V (A, F, -), because the
uniform compactness of the mapping A used in Lemma 2.2 of [13] (also Lemma 4.2 in [11])
is not required here.

Lemma 3.1. Let B be a nonempty set such that A(u) C B forallp € A. Lety: BxA —Y
and ¢ : Bx Bx A —Y be mappings. Suppose that the following conditions are satisfied:

(i) A is continuous with nonempty compact convex values on A;
(ii) v 4s continuous on B X A and ¢ is continuous on B X B x A;

(iii) For any given pu € A, p(x,xz,u) € C for all x € A(w) and (-, -, u) is C-strictly mono-
tone on A(u) X A(u);

(iv) For each p € A and for each © € A(p), (-, 1) + ¢(z, -, 1) is C-conver on A(u).

Then, for each f € C*\{0}, Vy(A,F,-) is a singleton and is continuous on A, where
F(Ia Y, ,LL) = 1/)(2/7 /‘L) + QD(LE, Y, ,LL) - Z/}(.T, /u‘)

Proof. Since all conditions of Lemma 2.1 of [13] are satisfied, V(A, F, i) is a singleton for
each p € A and for each f € C*\{0}.

Now we show that Vi € A, Vy(A, F,-) is continuous at . Given any net p1o, — p. Let
{z} = V§(A, F, ) since Vy(A, F, 1) is a singleton. Then, € A(y) and

fQb(y, 1) + flo(z,y, 1)) — f(b(x, 1)) >0, Vye Ap). (3.1)

Since A is Ls.c at p, there exists o € A(pa) such that z, — . Let {2} = Vi (A, F, pa).
Then z, € A(uq) and

F@(y, 1a)) + f(0(za: Y, o)) = f(¥(2as a)) 20, Vy € A(pa). (3:2)
It follows from (3.2) and x, € A(ue) that
F@W(za, pa)) + f(@(2as Tas tha) = f(¥(2as fa)) = 0. (3.3)

Since A is u.s.c at g with compact values, by Proposition 2.2, for the nets {u,} and
{#a}, there exist z € A() and a subnet {z3} of {z,} such that zg — z.
It follows from (3.1) that

fW(z,m) + flo(@,z, 1)) — f(b(x, 1)) = 0. (3.4)
By (3.3) and the continuity of f,, ¢, taking limit on both sides of (3.3), we get
fW(@,w) + fe(z 2, 1) — f(¥(z,1) = 0. (3.5)

From (3.4) and (3.5), we obtain

fle(w, 2z, 1) + (2,2, 1)) > 0.
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Assume that z # z. Since (-, -, u) is C-strictly monotone, we have
o, 2, ) + (2,7, 1) € —intC.
Thus, it follows from f € C*\{0} that

flo(w, 2, 1) + (2,2, 1)) <0,
which leads to a contradiction. Therefore z = = and consequently, V¢ (A, F, ug) — Vi(A, F, ).

Hence, by Proposition 2.2 we see that, Vy(A, F, -) is continuous at p since Vy (A, F, -) is single-
valued. O

The following result on the lower semicontinuity of V' (A, F,-) has been obtained by Gong
and Yao [13] recently, see Theorem 2.1 in [13]. However, noting that the well-known fact of
Proposition 2.2, we see that the uniform compactness of A in Theorem 2.1 of [13] can be
removed actually.

Theorem 3.2. Suppose that all conditions of Lemma 3.1 are satisfied. Moreover, assume
that Y(A(u)) and D = {p(x,y, 1) | z,y € A(u)} are bounded subsets of Y for each p € A,
C* £ 0 and intC # 0. Then, V(A, F,-) is l.s.c on A.

Furthermore, we point out that under the assumptions of Theorem 3.2, the solution
mapping V (A, F,-) is continuous.
Theorem 3.3. Suppose that all conditions of Theorem 3.2 are satisfied. Then, V(A, F,-)

18 continuous on A.

Proof. We need to prove that for each u € A, V(A, F,-) is u.s.c at u. Suppose that there
exists some pg € A such that V(A, F,-) is not u.s.c at po. Then there exist an open set M
satisfying V (A, F, uo) C M, and nets puo — po and zo € V(A, F, po), such that z, & M,
Va.

By Lemma 1.2 of [13] (or Theorem 2.1 of [12]), for each fixed u € A, we have

U VHA Fop) C VA F o) C el | V(A Fop)).
fect fect

Since zo € V(A, F pa) C cl(Usecr Vi(A, F, pa)), for any neighborhood U(0) of 0x we have

(o +U0)) 0 | Vi(A F,pa) #0.
fect
Thus, there exist a symmetric neighborhood U;(0) of 0x (i.e., U1 (0) = —U;(0)) such that
U1(0) + U1(0) C U(0), and 2o € Upecs V(A F, pa) such that zo — x4 € U1(0). Then there
exists f’ € CF such that {2,} = V/(A, F, p1a). Let {x0} = Vi (A, F, o). Since Vi (A, F,-)
is continuous at po by Lemma 3.1, it follows from the above U;(0) that there exists a
neighborhood U (ug) of po such that for all € U(uo), Vi (A, F,pn) € Vi (A, F, po) + U1 (0).
Because i, — fio, there exists a; such that p, € U(uo) when o > . Whence,

Vfr(A, F ) € Vf/(A,F, Mo) + Ul(O).
That is, zo — 29 € U1(0). Consequently, we get
Lo — Lo =Lo — 2a + 20 —Xo € —Ul(O) + Ul(O) = Ul(O) + Ul(O) C U(O)

By the arbitrariness of U(0), we obtain zo — xo. Note that zo € U;ccs Vi(A, F,p0) C
V(A, F,puo) C M. Tt follows from 2, ¢ M and the openness of M that ¢ & M, which leads
to a contradiction. O
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Corollary 3.4. Let Y be a real metric space. Suppose that all conditions of Lemma 3.1 are
satisfied, C* # 0 and intC # (. Then, V(A, F,-) is continuous on A.

Proof. Tt follows from the continuity of ¢, ¢ and the compactness of A(u) for each p € A
that ¢(A(u)) and D = {p(z,y,u) | z,y € A(u)} are compact subsets of Y for each p € A.
Since Y is a metric space, ¥(A(u)) and D are bounded subsets of Y for each p € A. Thus,
all conditions are satisfied and hence V' (A, F, -) is continuous on A. O

Continuity of the Weak Efficient Solution Set

For each 1 € A, let Viy (A, F, 1) denote the weak efficient solution set of (PGS), i.e.,
Vi (A, F 1) = {x € A(p) | Fla,y, ) & —intC, Yy € A}

In this section, we discuss the continuity and closedness of Viy (A, F, ) as a set-valued map-
ping from the set A into X.

Very recently, Gong [11] has obtained the following result on the lower semicontinuity of
Vw (A, F,-), see Theorem 4.1 in [11]. Here, by virtue of Lemma 3.1, we point out that the
uniform compactness of A in Theorem 4.1 of [11] is also superfluous.

Theorem 4.1. Suppose that all conditions of Lemma 3.1 are satisfied and intC # (). Then,
Viv (A, F,-) is l.s.c on A.

Furthermore, we point out that under the assumptions of Theorem 4.1, the solution
mapping Viy (A, F,-) is continuous and closed. We remark that the upper semicontinuity
of Viv(4, F,-) is derived as follows by a scalarization method and without using uniform
compactness assumption, which is totally different from the proof of Theorem 3.1 in [11]
with respect to the upper semicontinuity of the solution mapping. Our result improves
Theorem 4.2 of [11].

Theorem 4.2. Suppose that all conditions of Theorem 4.1 are satisfied. Then, Viy (A, F,-)
is continuous and closed on A.

Proof. We shall first prove that for each u € A, Viy (A, F,-) is u.s.c at p. Suppose that there
exists some g € A such that Viy (A, F,-) is not w.s.c at pg. Then there exist an open set M
satisfying Viy (A, F, po) C M, and nets po — po and o, € Viy (A, F, po), such that x, & M,
Va.

For each p € A and for each x € A(u), since ¥(-, p) + ¢(x, -, u) is C-convex on A(u),
F(z,A(u), ) = {F(z,y,1) | v € A(p)} is a C-convex set. Then by Theorem 2.1(iii) of
[10] (or Theorem 2.1 of [11]), we have that zo € Vi (A, F, o) = Usec\joy Vi(A ), tta),
thus there exists f' € C*\{0} such that {z.} = Vy/(A, F,ua). Let {zo} = Vi (A, F, po).
Since Vy/(A, F,-) is continuous at po by Lemma 3.1, we have z, — zo. Note that z¢ €
Urecgor Vi(A, Fopo) = Vi (A, F, po) € M. 1t follows from o ¢ M and the openness of
M that zo ¢ M, which yields a contradiction. Thus, we prove that Vi (A, F,-) is u.s.c at p.
By the arbitrariness of u, we have that Vi (A, F,-) is w.s.c on A.

Next, we prove that Vi (A, F,-) has closed values on A. Take arbitrary po € A and
To € Vw(A, F, o) with z, — x9. It follows from z, € Viy (A, F, o) that z, € A(uo)
and F(xq,y, po) € —intC, Yy € A(ug). Since A(ug) is a compact set, z9 € A(uo). By
the continuity of ¥ and ¢, we get for any fixed y € A(uo), F(a,y,uo) — F(xo,y,uo).
Thus, F(zg,y,up) ¢ —intC, Yy € A(uo). This shows that xg € Viy (A, F, pp) and hence
Viv (A, F, o) is a closed set.

Since Viy (A, F, -) is u.s.c on A with closed values, Vi (A, F,-) is closed on A by virtue of
Proposition 7 of [3, p.110]. O
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Now we give a sufficient condition of Hausdorff continuity and closedness for the solution
mapping Viy (4, F, -).

Corollary 4.3. Suppose that the conditions of Theorem 4.2 are satisfied. Then Viy (A, F,-)
is H-continuous and closed on A.

Proof. From the proof of Theorem 4.2 we see, Viy (A, F, 1) is a closed set for each u € A.
Tt follows from Vi (A, F,u) C A(u) and the compactness of A(u) that Viy (A, F,pu) is a
compact set for each p € A.

In view of Theorem 4.2, Vi (A, F, ) is continuous and closed on A. Since Vi (A, F, -) has
compact values on A, by virtue of Proposition 2.3, the continuity of Viy (A, F,-) is equivalent
to the Hausdorff continuity of Viy (A, F, -). O

Remark 4.4. Let X = R", Y = RP andC:Rﬁ. Let g : BXxA— R", i=1,2,---,p,

be mappings. Let ¢(z,y, n) = ((91(z, ),y — ), -, {gp(@, 1),y — x)), where (-,-) denotes
the inner product in the Euclidean space. Then Vi (A4, F,-) reduces to the solutions set of

the parameterized weak vector variational inequality (WVVI), considered in [11]. Theo-
rem 4.2 improves Corollary 5.1 of [11], because the uniform compactness is not required.
Furthermore, let ) = 0. Theorem 4.2 also improves Theorem 3.1 of [7].

Continuity of Proper Efficient Solution Sets
Let M be a base of C. Set
C® ={f € C*| 3t > 0 such that f(b) >t,Vbe M}.

By the separation theorem of convex sets, we know that C2 # (). It is clear that C® C C*.
Since M is a base of C, 0 & cl(M). By the separation theorem of convex sets, there exists
f € Y*\{0} such that » = inf{f(b) | b€ M} > f(0) =0. Set

Vu ={y e Y [[f(y)l <r/2}.

Then, V,; is an open convex circled neighborhood of Oy.
Now we define some concepts of proper efficient solutions to (PGS). Let p € A and

x € A(p). Define F(z, A(p), p) == {F(z,y,p) | y € A(u)}.
A vector x € A(p) is called a globally efficient solution to (PGS) if there exists a point

convex cone H C Y, with C\{0} C intH, such that

F(a, A(p), ) N ((H)\{0}) = 0.

The set of globally efficient solutions to (PGS) is denoted by Vi (A4, F, 1).
A vector x € A(u) is called a Henig efficient solution to (PGS) if there exists some
neighborhood U of 0y with U C Vj; such that

cone(F(z, A(p), 1)) N (—int cone(U + M)) = ().

The set of Henig efficient solutions to (PGS) is denoted by Vg (A, F, u).
A vector z € A(p) is called a super efficient solution to (PGS) if, for each neighborhood
V of Oy, there exists some neighborhood U of 0y such that

cone(F(x, A(u),u))N{U —-C)CV.

The set of super efficient solutions to (PGS) is denoted by Vs(A, F, u).
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A vector x € A(u) is called a cone-Benson efficient solution to (PGS) if
cl(cone(F (z, (), 1) + C)) 1 (~C) = {0}.

The set of cone-Benson efficient solutions to (PGS) is denoted by V._p (A, F, ).

When A(u) = A, where A is a nonempty subset of X, and F(x, A(u), ) = F(x, A), the
above concepts of proper efficient solutions of (PGS) reduce to the corresponding concepts
of proper efficient solutions of (GS) introduced in [10].

Theorem 5.1. Suppose that all conditions of Lemma 3.1 are satisfied and C has a base.
Then, Va(A, F,-) and Vg (A, F,-) are continuous on A.

Proof. For each p € A and for each x € A(p), since ¢(-, p) + ¢(z, -, u) is C-convex on
A(p), Fx, A(p), p) = {F(x,y,p) | y € A(p)} is a C-convex set. Thus, in view of Theorem
2.1(i)-(ii) of [10], for each fixed u € A, we have that

Vo(A, Fop) = | Vi(A F o),
fect

and
V(A F.p) = ) Vi(AF p).
fecs

For each fixed pu € A, take arbitrary x € Va(A, F,u) = Upeer Vi(A, Fiop) and {pa}
with f1, — p. Then there exists f/ € C* such that {z} = V;/(A, F, ). By Lemma 3.1,
Vir(A, F,-) is continuous at u. Hence, there exists {zo} = Vy/ (A, F, o) such that z, — z.
Since zo = Vi (A, F pa) € Upecs V(A Fipa) = Va(A, F, pa), we obtain Vg (A, F,-) is Ls.c
at . On the other hand, by the similar proof of Theorem 4.2, we can prove that Vg (A, F, )

is u.s.c at p. By the arbitrariness of u, we have Vi (A, F, ) is continuous on A.
The continuity of Vg (A, F,-) can be deduced by the similar proof of Vs (A, F, -). O

Theorem 5.2. Suppose that all conditions of Lemma 3.1 are satisfied and C' has a bounded
base. Then, Vs(A, F,-) is conlinuous on A.

Proof. Since F(z, A(n), 1) = {F(z,y,u) | y € A(u)} is a C-convex set, in view of Theorem
2.1(iv) of [10], for each fixed u € A, we have that

Vs(A, Fp) = | Vi(A Fop),
fE€intC*

where intC* denotes the interior of C* (with respect to the strong topology B(Y™*,Y) for
Y™*). Then, the continuity result can be deduced by the similar proof of Theorem 5.1. [

Theorem 5.3. Suppose that all conditions of Lemma 3.1 are satisfied and C has a weakly
compact base. Then, V._g(A, F,-) is continuous on A.

Proof. By virtue of Theorem 2.3 of [10], we have that V._pg(A, F,u) = Vs(A, F, u) for each
1 € A. Thus, it is clear that the conclusion holds because of Theorem 5.2. O
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