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Abstract: In this paper, we introduce the concepts of global efficient solution, and Henig efficient solution
for set-valued vector equilibrium problems, and study the existence and connectedness of the global efficient
and the Henig efficient solution sets for a kind of the set-valued vector equilibrium problems and the set-
valued Hartman-Stampacchia variational inequality in normed linear space.
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Introduction

Vector variational inequality was introduced by Giannessi [10] in 1980. Later on, vector
variational inequality and its various extensions have been studied by Chen and Cheng [5],
Chen and Yang [6], Chen [7], and other authors (see [8,16,17,21,24,25]). Lee, Kim, Lee
and Yun [18], Cheng [9] both have studied the connectedness of weak efficient solution sets
for single-valued vector variational inequalities in finite dimensional Euclidean space. Gong
[12-14] introduced the concepts of f-efficient solution, Henig efficient solution, global efficient
solution, super efficient solution, cone-super efficient solution, Benson efficient solution for
vector equilibrium problems, and studied the connectedness and scalarization of the solution
sets in infinite dimension space. Ansari, Oettli and Schldger [1] introduced the set-valued
vector equilibrium problems. Later on, Fu [11], Hou, Yu and Chen [15], Tan [22], Peng, Lee
and Yang [20], and Long, Huang and Teo [19] have studied the existence of solutions for
set-valued vector equilibrium problems and set-valued vector variational inequalities. Chen,
Gong, and Yuan [4] studied the connectedness and compactness of weak efficient solutions
for set-valued vector equilibrium problems.

Because that the concepts of Henig efficient solution and the global efficient solution are
very important concepts for vector equilibrium problems. In this paper, we will introduce
the concepts of global efficient solution, and Henig efficient solution for set-valued vector
equilibrium problems, and study the existence and connectedness of the Henig efficient and
the global efficient solution sets for set-valued vector equilibrium problems and the set-valued
vector Hartman-Stampacchia variational inequality in normed linear space.

*This work was supported by the National Natural Science Foundation of China and the Natural Science
Foundation of Jiangxi Province (2008 GZS0072), China.
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Preliminaries

Throughout this paper, let X, Y be two normed linear spaces, let Y* be the topological
dual space of Y, and let C be a closed convex pointed cone in Y. Let A be a nonempty
subset of X, and F : A x A — 2Y be a set-valued map.
We consider the following set-valued vector equilibrium problem (in short:SVEP): find
Z € A, such that
Fz,yyn(—K)=0 foralyeA,

where K U {0} is a convex cone in Y .
Let
C*={feY*: f(y)>0 forallyeC}

be the dual cone of C.
Denote the quasi-interior of C* by C#; i.e.

C*={feY*: fly)>0 forallyc C\{0}}.
Let D be a nonempty subset of Y. The cone hull of D is defined as
cone (D) ={td:t>0,d € D}.
A nonempty convex subset B of the convex cone C' is called a base of C' if
C =cone(B) and 0 ¢ cl(B).

It is easy to see that C# # () if and only if C' has a base.
If C has a base B, we can associate C' with another closed convex pointed cone C; (B),
defined by
C. (B) = cl(cone (B +¢U)),

where
0<e<d=inf{|b]|:be B},

and U is the closed unit ball of Y. The notion é and U will be used in the rest of this paper.
By [3],if 0 < e < ¢’ <4, then C. (B) is a closed convex pointed cone,

C\ {0} C intC. (B),

and
C: (B) C cone (B +¢€'U).

Let
CA(B) = {f € C#: there exists t > 0,such that f (b) >t for all b € B} .

By the separation theorem of convex sets, we know that C2(B) # 0.
Now we introduce the concepts of global efficient solution, Henig efficient solution for
SVEP.

Definition 2.1. A vector z € A is called a global efficient solution to the SVEP if there
exists a point convex cone H C Y, with C\ {0} C intH, such that

F(z,y)n((—H)\{0}) =0 forallye A.

The set of global efficient solutions to the SVEP is denoted by Vg (A, F).
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Definition 2.2. Let B be a base of C' . A vector xz € A is called a Henig efficient solution
to the SVEP if there exists a 0 < & < §, such that

F(z,y)N(—intC. (B)) =0 forall y € A.
The set of Henig efficient solutions to the SVEP is denoted by Vi (A, F).

Definition 2.3. Let f € C*\ {0}. A vector x € A is called a f-efficient solution to the
SVEP if

f(F(z,y)) >0 for all y € A,

where f(F (z,y)) > 0 means that f(z) > 0, for all z € F(x,y). The set of f-efficient
solutions to the SVEP is denoted by Vy (A, F).

Definition 2.4. Let A be a nonempty convex subset in X. A set-valued map F : AxA — 2Y
is called to be C-convex in its second variable if, for each fixed x € A, for every y1,1y2 € A,
t € [0, 1], the following property holds:

tF (z,y1)+ (1 —t) F(x,y2) C F(x,tyr + (1 —t)y2) + C.

Definition 2.5. Let A be a nonempty convex subset in X. A set-valued map F : AxA — 2Y
is called to be C-concave in its first variable if, for each fixed y € A, for every x1,x2 € A,
t € [0,1], the following property holds:

F(tzy + (1 —t)ze,y) CtF (z1,y) + (1 — ) F (z2,y) + C .

Definition 2.6. Let G be a set-valued map from a topological space W to another topo-
logical space @.

(i) We say that G : W — 2% is upper semicontinuous at xo € W if, for any neighborhood
U(G(x0)) of G(zp), there is a neighborhood U(zg) of g such that
G(z) CU(G(zg)) for all z € U(xp).

G is said to be upper semicontinuous on W if it is upper semicontinuous at each x € W.

(i) G is said to be lower semicontinuous at xo € W if, for any yo € G(zp) and any
neighborhood U (yo) of yo, there exists a neighborhood U(xg) of xo such that

G(x)NU(yo) #0, forall x € U(xyp).

G is said to be lower semicontinuous on W if it is lower semicontinuous at each x €
W. G is said to be continuous on W if it is both upper semicontinuous and lower
semicontinuous on W.

(ili) @ is said to be closed, if Graph(G) = {(z,y) : © € W, y € G(x)} is a closed subset
in W x Q.

Definition 2.7. Let T : A — 2L(XY) he a set-valued map, where L(X,Y) is the space of
all bounded linear operators from X into Y [let L(X,Y’) be equipped with operator norm

topology].

(i) Let f € C*\{0}. T is said to be f-pseudomonotone on A if, for every pair of points
z,y € A, f((s,y—2x)) >0, for all s € T, then f((t,y —x)) >0, for all t € Ty.
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(ii) T is said to be v-hemicontinuous if, for every pair of points x,y € A, the set-valued
map

J(a):=T(w+(1-a)z),y-=), ac01],

is lower semicontinuous at 0 .

Definition 2.8. Let X be a Hausdorff topological vector space, let K C X be a nonempty
set. G : K — 2% is called to be a KKM map, if for any finite set {21, - -, 2,} C K, the
relation

co{z1, - xn} C UJ G(z;)
i=1

holds, where co{x1, - -, z,} denoted the convex hull of {zy,- - -, z,}.
The following FKKM theorem plays a crucial role in this paper.

Lemma 2.9. Let X be a Hausdorff topological vector space. Let K be a nonempty convex
subset of X, and let G : K — 2K be a KKM map. If for each x € K, G(x) is closed in X,
and if there exists a point xg € K such that G(x) is compact, then ﬂKG’(CL’) # 0.

€

By definition, we can get the following lemma.

Lemma 2.10. Let A be a nonempty convex subset of X. Let F : A x A — 2V be a set-
valued map, and let C C'Y be a closed convex pointed cone. Moreover, suppose that F (x,y)
is C-convez in its second variable. Then, for each x € A, F (x,A) + C is convez, where

F(z,A) = U F (z,y).

yeA

Scalarization

In this section, we extend the scalarization results of the global efficient and the Henig
efficient solution sets in [14] to set-valued map.

Theorem 3.1. Suppose C' has a base B. Then
(1) UfeC# Vf (A7F) CVG (AvF)
(ii)  if for each x € A, the set F' (x, A) + C is a conver set, then

Vo (A F) = Vi (A, F).

fec#

Proof. (i) Let @ € Ujccos Vr (A, F), then exists some f € C#, such that z € Vy (A4, F).
Hence
f(F(z,y)) >0 forallye A (3.1)

Let
D={ueC, f(u) =1},

and

v={uevfwl<lh}.
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We have
D+UC{u€Y,f(u)21/2},

D+ U is a convex set and 0 ¢ ¢l (D + U). Let
Cy (D) =cone(D+U).
It is clear that Cy (D) is a convex pointed cone, and
C\ {0} C intCy (D). (3.2)

By (3.1), we have
F(z,A) N (-Cy (D)\{0}) = 0. (3.3)

By definition, we know = € V5 (A, F'). Thus
U cw Vi (A F) C Ve (A F).

(ii) By (i), we only need to prove that Vi (A, F) C Usccs Vi (A F). Let z € Vi (A, F),
then there exists a point convex cone H C Y, with C'\ {0} C intH, and

F(z,y)N((—H)\{0}) =0 forally € A.
Hence, we have F (z, A) N ((—H)\ {0}) = (. Because H is a convex cone,
(F(z,A)+ C)N (—intH) = (.

By assumption, F (z, A) 4 C is a convex set, by the separation theorem of convex sets, there
exists some f € Y*\ {0}, such that

inf {f(F(z,y)+c):ye A,ce C} >sup{f(—2):z€intH}. (3.4)
By (3.4), we obtain that f € H* and
f(F(z,y)) >0 foralye A.

Because C\ {0} C intH, we know that for each x € C\ {0}, f(x) > 0. Hence f € C#.
Therefore, © € Usccs Vi (A, F). Hence, Vi (A, F) C Upeox Vi (A, F). Thus, we have

Vo (A F) = Vi (A, F).

fec#

Theorem 3.2. Suppose C has a base B. Then
(1) UfeCA(B) Vf (Aa F) - VH (A7F)

(ii)  if for each x € A, the set F (x,A) + C is a conver set, then

UfecA(B) Vi (A, F)=Vy (A F).



378 X.-H. GONG, B. CHEN AND H.-M. YUE

Proof. (i) Let ® € Useca(p) Vi (A F), then exists some f € C2(B), such that z €
Vi (A, F). That is
f(F(z,y)) >0 foralyeA.

Thus,
F(zy)N{ueY:f(u)y<0}=0 foralyeA (3.5)

Since f € C2(B), there exists t > 0 such that

f()>t forallbe B.

Set
V={ueY: f(u)<t}.

Then V is a neighborhood of zero. Choose 0 < € < 9§, such that eU C V. We have
(eU—-B)c{ueY: f(u)<0}. (3.6)

Pick 0 < &’ < e. By [3], Ccr (B) is a closed convex pointed cone and C./ (B) C cone (B + U).
Let v € —intC./ (B). Then

u € —intCes (B) C —Cyr (B) C —cone (B +¢€U).

We have
u=-ANv+b) =A(—-v-0>),

where A > 0,b € B,v € eU. It follows from (3.6) that f (u) < 0. We obtain that
—intCer (B) C{u €Y : f(u) <0}, (3.7)
which combining with (3.5), we have
F(z,y) N (—intCer (B)) =0 for all y € A.

Thus,
zeVy (Av F)v

and hence
UfeCA(B) Vi (A, F) C Vi (A F).

(ii) Let @ € Vi (A, F). By the definition, there exists 0 < € < ¢ such that
F(z,y)N(—intC. (B)) =0 for all y € A.

It is clear that
(F(z,A)+ C)N (—intC: (B)) = 0.

By assumption, F (x, A) + C is a convex set. By the separation theorem of convex sets,
there exists some f € Y*\ {0}, such that

inf {f (F (z,y)+¢):y€ AceC} >sup{f(—2):z€intC: (B)}. (3.8)

From this, we get
f(F(z,y)) >0 forallye A,
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and f € (C. (B))". It follows that
f(U+B)>0.
Since f # 0, there exists u € eUsuch that f (u) < 0. Thus
f(u+b)>0 forallbeB.

This implies that f € C*(B) . Hence, Vg (A, F) C UfeCA(B) Vi (A, F). Thus,

Vi (A, F) = Vi (A, F).

recam) !

Existence of Solutions

In this section, we present the existence of solutions of the global efficient and Henig efficient
for set-valued vector equilibrium problems.

Theorem 4.1. Let A be a nonempty compact convex subset of X, and let C' C'Y be a closed
convex pointed cone with a base. Let F : Ax A — 2Y be a set-valued map with F (z,x) C C
for all x € A. Suppose that F (x,y) is lower semicontinuous in its first variable, and that
F (z,y) is C- convex in its second variable. Then, for any f € C#, V; (A, F) # 0, therefore,
Vo (A, F) £ 0.

Proof. Let f € C#. Define the set-valued map G : A — 24 by
Gy)={ze€A: f(F(x,y)) >0}for all y € A.

By assumption, y € G (y), for all y € A, so G (y) # . We claim that G is a KKM map.
Suppose to the contrary that there exists a finite subset {y1,- - ,yn} of A, and there exists
n

Z € co{yr, -, yn} such that £ ¢ | G (y;). Then, T = > t;y; for some t; > 0,1 < i < n,
~ .

% i=1

with Y ¢; =1, and T ¢ G (y;) for all i = 1,--- ,n. Then, there exist z; € F (Z,y;), such
i=1
that

f(z) <0, forali=1,---,n (4.1)

As F (z,y) is C-convex in its second invariable, we can get that
tF(T,y1) +t2F (Z,92) + -+ + 1o F (Z,y,) C F (2,2) + C. (4.2)

By (4.2), we know that there exist z € F' (z, ), ¢ € C, such that

tiz1 +tazo+ - thzn =2+ c.

Hence, f(z2+4c¢) = f(t121 +taza + -+ tnz,). By assumption, we have f(z+¢) > 0. By
(4.1), however, we have f (121 + toz2 + - tpzn) < 0. This is a contradiction. Thus, G
is a KKM map. Now, we show that for each y € A, G (y) is closed. For any sequence
{z,} C G(y) and x,, — xo. Because A is a compact set, we have ¢ € A. By assumption,
F (z,y) is lower semicontinuous in its first variable, then by [2], for each fixed y € A, and
for each zp € F (z¢,y), there exist z,, € F (z,,y), such that z, — z¢. Because {z,} C G (y),
we have
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f(F (zn,y)) 2 0.

Thus f (2,,) > 0. By the continuity of f, and z, — 2y, we have f (z9) > 0. By the arbitrary
of zg € F (x9,y), we have f (F (x0,y)) > 0. That is, o € G (y). Hence, G (y) is closed,

since A is compact, G (y) is compact. By Lemma 2.9, we have () G (y) # 0. Thus, there
yeA
exists ¢ € () G (y). This means that
yeEA

f(F(z,y)) >0forally € A.

Therefore, € V¢ (A, F). It follows from Theorem 3.1 that V; (A4, F) C Vg (A, F), thus,
Vo (A, F) #0. O

In the same way, we can get the existence theorem of Henig efficient solution for set-
valued vector equilibrium problems.

Theorem 4.2. Let A be a nonempty compact convex subset of X, and let C' C'Y be a closed
conver pointed cone with a base. Let F : Ax A — 2Y be a set-valued map with F (x,z) C C
for all x € A. Suppose that F (x,y) is lower semicontinuous in its first variable, and that
F (z,y) is C- convex in its second variable. Then, for any f € C*(B), V; (A, F) # 0,
therefore, Vi (A, F) # 0.

Now we give the existence theorem of global efficient solution for set-valued vector
Hartman-Stampacchia variational inequality.

Similarly to the proof of Theorem 4.2 of [4], we can get the following theorems.

Theorem 4.3. Let A be a nonempty compact convex subset of X, and C CY be a closed
convex pointed cone with a base. Let f € C#. Assume that T : A — 2LXY) g g -
hemicontinuous, f-pseudomonotone mapping. Moreover, assume that the set-valued map
F:AxA—2Y defined by F (x,y) = (Tx,y — x) is C-convex in its second variable. Then
Vi (A, F) # 0, that is, there exists x € A, for all s € Tz,

f{(s,y—x)) >0 forallye A
holds. Hence, Vg (A, F) # 0.

In the same way, we can get the existence theorem of Henig efficient solution for set-
valued vector Hartman-Stampacchia variational inequality.

Theorem 4.4. Let A be a nonempty compact convex subset of X, and C C'Y be a closed
convex pointed cone with a base. Let f € C®(B). Assume that T : A — 2HXY) s ¢
v-hemicontinuous, f-pseudomonotone mapping. Moreover, assume that the set-valued map
F:AxA—2Y defined by F (z,y) = (Tx,y — z), is C-convex in its second variable. Then
Vi (A, F) #0, that is, there exists x € A, for all s € Tz,

f((s,y—x)) >0 forallye A

holds. Hence, Vi (A, F) # 0.
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Connectedness of the Solutions Set

In this section, we present the connectedness of the global efficient and the Henig efficient
solution sets for set-valued vector equilibrium problems.

Theorem 5.1. Let A be a nonempty compact convex subset of X, C CY be a closed convex
pointed cone with a base, and let F : A x A — 2Y be a set-valued map. Assume that the
following conditions are satisfied:

(i)  F(z,y) is lower semi-continuous in its first variable.

(ii)  F(x,y) is C-concave in its first variable and C-convex in its second variable.
(iii) F(z,z)CC, foralazeA.

(iv)  {F(z,y):z,y € A} is a bounded subset in'Y .

Then Vg (A, F) is a nonempty connected set.

Proof. We define the set-valued map H : C# — 24 by

H(f)=V;(AF), feC”.

By Theorem 4.1, for each f € C#, we have H (f) # 0. So Vg (A, F) is a nonempty set. It
is clear that C'# is convex, so it is a connected set. Now we prove that, for each f € C#,
H (f) is a connected set. Let x1, 29 € H (f), for i = 1,2, we have

f(F (zi,y)) >0 forally € A. (5.1)

Because F(x,y) is C-concave in its first variable, for each fixed y € A, and for every
x1,x2 € A, t € [0,1], we have

F(tzy + (1 —t)xe,y) CtF (z1,y) + (1 —¢) F (z2,y) + C.

Hence, for each y € A, z € F (tz1 + (1 — t) x2,y), there exist z1 € F (21,y), 22 € F (22,y),
c € O, such that z =tz + (1 —t)zg + ¢. As f € C* and by (5.1), we have

fz)=tf(z1) + (A=) f (22) + f(c) 2 0

Thus,
f(F(tzr + (1 —t)xe, y)) >0 forallye A.

That is tz1 + (1 —t)x2 € H (f). So H (f) is a convex set, therefore it is a connected set.

Now we show that H is upper semicontinuous on C#. Since A is a nonempty compact
set, by [2], we just need to prove that H is a closed map. Let the sequence {(fy,zn)} C
Graph (H), and (f,,zn) — (fo,20), where {f,} converge to fo with respect to the norm
topology. As (fn,x,) € Graph (H), we have

Ty, € H (fn) =V, (A, F).

That is, fn (F (zn,y)) > 0, for all y € A. As z,, — ¢ and A is compact, then zy € A.
Since F' (z,y) is lower semi-continuous in its first variable, for each fixed y € A, and each
z0 € F (x0,y), there exist z, € F (z,,y), such that z, — zy. From f, (F (z,,y)) > 0, we
have

fn (zn) 2 0. (5.2)
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By the continuity of fy and z, — zg, we have

fo(2n) = fo(20) - (5.3)

Let D = {F (z,y) : z,y € A}. By assumption, D is a bounded set in Y, then, there exists
some M > 0, such that for each z € D, we have ||z|| < M. Because f,, — fo — 0 with respect
to norm topology, for any € > 0, there exists ng € N, when n > ng, we have || f, — fol| < e.
Therefore, there exists ng € N, when n > ng, we have

[fn (zn) = fo (zn)| = [(fn = fo) (zn)| < lfn = foll [[zn]l < Me.

Hence,

i (fa(2n) — fo(zn)) = 0. (5.4)

n— oo

Consequently, by (5.3), (5.4), we have

lim f,(z,) = lim (fn(2n) — fo(zn) + fo (2n))

= nlggo (fn (zn) = fo(2n)) + nhj;o (fo (zn)) = fo (20) -

By (5.2), we have fo(20) > 0. So for any y € A and for each zg € F (zo,y), we have
fo (z0) > 0. Hence

fo (F (z0,y)) >0 forallye A

This means that
ro € Vi, (A7F) = H (fo)-

Hence, the graph of H is closed. Therefore, H is a closed map. By [2], H is upper semi-
continuous on C#. Because F (x,y) is C-convex in its second variable, by Lemma 2.10, for
each x € A, F (x,A) 4+ C is convex. It follows from Theorem 3.1 that

Vo (A F) = Vi (A F).

fec#

Thus, by the Theorem 3.1 in [23], V& (A, F) is a connected set. O

In the same way, we can show the connectedness theorem of Henig efficient solutions set
for set-valued vector equilibrium problems.

Theorem 5.2. Let A be a nonempty compact convex subset of X, C CY be a closed convex
pointed cone with a base, and let F : A x A — 2Y be a set-valued map. Assume that the
following conditions are satisfied:

(i)  F(z,y) is lower semi-continuous in its first variable.

(i)  F(x,y) is C-concave in its first variable and C-convex in its second variable.
(iii) F(x,x) C C, forallx € A.

(iv) A{F(z,y):x,y € A} is a bounded subset in'Y.

Then Vi (A, F) is a nonempty connected set.
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Theorem 5.3. Let A be a nonempty compact convexr subset of X, and C CY be a closed
convez pointed cone with a base. Assume that for each f € C#, T : A — 2LXY) s ¢
v-hemicontinuous, f-pseudomonotone mapping. Moreover, assume that the set-valued map
F:AxA—2Y defined by F (z,y) = (Tx,y — ) is C-conver in its second variable, and the
set {F (x,y):x,y € A} is a bounded set in' Y. Then, Vo (A, F) is a nonempty connected
set.

Proof. We define the set-valued map H : C# — 24 by
H(f)=V;(AF), feC”.

By Theorem 4.3, for each f € C#, we have H (f) = V (A, F) # 0, hence Vg (A, F) # 0.
Clearly, C# is a convex set, hence it is a connected set. Define the set-valued maps E,
G:A—24by

E(y)={xe€ AVs e Tz, f((s,y—x)) >0},y € A

Gy) ={recAVseTy, f((s,y —2)) 2 0},y € A.

Now, we prove that for each f € C#, H (f) is a connected set. Let zi,70 € H (f) =
Vi (A, F), then z1,25 € () E(y). By assumption, we can see that (| G (y) = () E (y),
yEA yeA yeA
so z1,22 € () G (y). Hence, for i = 1,2 , and for each y € A, s € Ty, we have
yeEA

f(s,y —xi)) = 0.

Then, for each y € A, s € Ty, and t € [0, 1], we have

f((s,y = (o1 + (1 =) 22))) 2 0.

Hence, tz1 + (1 —t)ze € () G(y) = () E(y). Thus, tx1 + (1 —¢t)z2 € H(f). Conse-
yeA yeA

quently, for each f € C#, H (f) is a convex set. Therefore it is a connected set. The follow-

ing is to prove that H is upper semicontinuous on f € C#. Since A is a nonempty compact

set, we only need to show that H is a closed map. Let sequence {(fn,x,)} C Graph (H),

and (fn,zn) — (fo,70), where {f,,} converges to fo € C# with respect to the norm topology

of Y*. As (fn,n) € Graph (H), we have

£y € H(fu) = Vy, (AF).
Then, for each s’ € Tz,,, we have that
fu (s, y —xn)) >0, forallye A

By assumption, for each n, T : A — 2L(X:Y)is f, -pseudomonotone, hence, for each y € A,
for above z,, and for each s € Ty, we have

fn (89 —2,)) >0, forallye A (5.5)

As xz, — x9, we have (s,y —x,) — (s,y — o), and fo ((s,y — xn)) — fo((s,y —x0)). As
x, — o, and A is compact, we have g € A. Let D = {F (z,y) : z,y € A}. By assumption,
D is a bounded set in Y. Then, there exists M > 0, such that for each z € D, we have
Izl < M. Because f, — fo — 0 with respect to the norm topology, for any £ > 0, there
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exists ng € N, when n > ng, we have || f,, — fol| < €. Therefore, there exists ng € N, when
n > ng, we have

[ (89 = 2n)) = fo (s, = )| = |(fn = fo) ((s,y — zn))| < Me.

Hence,
i (fo (5,9 = 20) = fo (5, = 2a))) = 0.
Then,
nh_{gofn((syy_xn)) = nh_)ngo(fn((svy_xn))_fO((svy_xn))+f0((87y_$n)))
= Jo((s,y = m0)). (5.6)

Then by (5.5), (5.6), for each y € A , and for each s € Ty, we have fo ((s,y — o)) > 0.
Since T is fo-pseudomonotone, for each s* € Tz, we have fo ((s*,y —x0)) > 0. Hence,
zo € H (fo) = Vy, (A, F). Therefore, the graph of H is closed, and hence H is a closed map.
By [2], we know that, H is upper semicontinuous on C#.

Because F (z,y) is C-convex in its second variable, for each z € A, F' (x, A)+C' is convex.
It follows from Theorem 3.1 that

Vo (4, F) = Ufec#

Then, by Theorem 3.1 in [23], we know that Vi (A, F) is a connected set. O

Vi (A, F).

In the same way, we can get the connectedness theorem of Henig efficient solutions set
for set-valued vector Hartman-Stampacchia variational inequality.

Theorem 5.4. Let A be a nonempty compact convex subset of X, and C C'Y be a closed
convex pointed cone with a base. Assume that for each f € C*(B), T : A — 2L(XY) s g
v-hemicontinuous, f-pseudomonotone mapping. Moreover, assume that the set-valued map
F:AxA—2Y defined by F (z,y) = (Tx,y — ) is C-conver in its second variable, and the
set {F (x,y) :x,y € A} is a bounded set in' Y. Then, Vi (A, F) is a nonempty connected
set.
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