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Abstract: In this paper, first order and second order dual models for a class of nondifferentiable program-
ming problems in which the objective function contains a support function of a compact convex set are
formulated. Weak and converse duality theorems for the two dual models are established by using Fritz
John necessary optimality conditions and some suitable conditions.
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Introduction

In [5], Mond first established a first order dual theorem for the following nondifferentiable
programming problem

=

(P) minimize f(z)+ (=7 Bx)
subject to z e R", g(z) >0,

where f and g are twice differentiable functions from IR" into IR and IR™, respectively, and
B is an n x n positive semi-definite (symmetric) matrix. Later, many authors gave first-
order duality theorems for nondifferentiable programming problem (P;) using first order
optimality conditions.

Second order dual models have also received extensive attentions for (P1). Mangasarian
[2] introduced a second order dual and obtained the duality result under a so-called “in-
clusion condition”. Mond [3] proved duality theorems under the condition which is called
“second-order convexity”. This condition is much simpler than that used by Mangasarian
[2]. Furthermore, Mond and Weir [4] reformulated a new type of second order duals. Later,
second order dualities in nonlinear programming were considered by Husain and Rueda and
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Jabeen [1], Yang et. al [8, 9] and Zhang and Mond [11], while Zhang and Mond [11] for-
mulated general first order and second-order dual models for nondifferentiable programming
problem (P;) and established weak, strong and converse duality theorems under certain con-
ditions. On the other hand, second-order dual models for a convex composite optimization
problem have also been studied in Yang [10] under a generalized representation condition.

We note that Mond and Schechter [6] studied nondifferentiable symmetric duality, in
which the objective function contains a support function. In this paper, based on Mond and
Schechter’s ideas in [6] and Zhang and Mond’s works in [11], we replace the term (27 Bz)2
in the objective function of (P1) by a somewhat more general function, namely, the support
function of a compact convex set, for which the subdifferential may be simply expressed.
That is, we will consider the following nondifferentiable programming problem:

P) minimize f(z) + s(z|C)
subject to ze€R", g(x) >0, (1.1)

where f and g are twice differentiable functions from IR" into IR and IR™, respectively, and
C'is a compact convex set of IR", the support function s(z|C) of C is defined by

s(2|C) := max{zTy,y € C}.

The support function s(z|C), being convex and everywhere finite, has a subdifferential
at every x in the sense of Rockafellar, that is, there exists z such that

s(y|C) > s(z|C) + 2T (y —x) forall ye C.

Equivalently,
2To = s(2|C).

The subdifferential of s(z|C') is given by
0s(z|C) :={z € C: 272 = s(x|C)}.
For any set S C IR", the normal cone to S at a point z € S is defined by
Ns(z) :== {yly" (z —x) <0, forall z€ S}.

It is readily verified that for a compact convex set C, y is in No(z) if and only if s(y|C) =
Ty, or equivalently, z is in the subdifferential of s at y.

In this paper, we will construct first order and second order dual models and establish
weak and converse duality theorems under suitable generalized convexity conditions.

First Order Duality
In this section, we introduce the following first order dual (GD;) to (P).

(GD1) maximize flu) — Z vigi(u) + uTw,

i€l
subject to Vi) +w—V(y g(u)) =0, (2.1)
Zyzgl(u> SO,O&Z 1725"' » Ty (22)
i€l
w e C, (2.3)

y >0,
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,
where u,w e R", y e R™, I, c M ={1,2,--- ,/m}, «a=0,1,2,--- ,r with |J I, = M and

a=0
I,N Iz =0 if o # B. We will obtain some weak and converse duality results for (P) under
generalized (F, p)—convexity assumptions.
We begin by recalling the following definitions of the generalized (F, p)-convexity due to
Preda [7].

Definition 2.1. A functional F' : D x D x IR®™ — IR is said to be sublinear if for any
z,u € D,
F(z,u;a1 + a2) < Fx,u;a1) + F(x,u;a2),Vay,as € IR™  and

F(x,u;aa) = aF(z,u;a),YVa >0, and a € R".

Let F be a sublinear functional, the function ¢ : D — IR be differentiable at u € D,
peR,and d(-,-): D x D — IR.

Definition 2.2. The function ¢ is said to be (F, p)-quasiconvex at u, if
d(z) < d(u) = F(x,u;Vo(u)) < —pd*(z,u), Vx € D.

Definition 2.3. The function ¢ is said to be (F, p)-pseudoconvex at u, if
F(z,u; Vo(u)) > —pd*(z,u) = ¢(x) > ¢(u), VY€ D.

Theorem 2.4 (Weak duality). Let x be feasible for (P) and (u,y,w) be feasible for
(GDy). If for any feasible (z,u,y,w), f(-) =Y ;cp, vigi(-) + ()Tw is (F, po)-pseudoconves
and =) icr vigi(+), @ = 1,2, 1 is (F, pa)-quasiconvez, and S 1 Pa+po >0, then

f@) +s@|C) = f(u) =Y yigi(u) + u"w.

i€lp

Proof. As x is feasible for (P) and (u,y,w) is feasible for (GD;), we have

Zyigi(x) >0=> Zyigi(u)v 0421,2,"' ) T

i€lq i€lq

By the (F) pa)-quasiconvexity of — > ,c; vigi(-), Va =1,2,--- ,r, it follows that

u; —V Z vigi () < —pad?(z,u), a=1,2,---,r (2.5)
i€l
On the other hand, by the sublinearity of F' and (2), we have

F(x,u; Vf(u Z Vyigi(u) + w) + ZF u; =V Z yigi(u))

i€l i€l
> F(z,u; Vf(u) +w — Vy" g(u)) = 0. (2.6)
Combining (2.5) and (2.6), as well as Y. _; po + po > 0, we get

F(z,u;Vf(u) = > Vyigi(u) Zpa z,u) > —pod”(, u).

i€lp
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The (F, po)-pseudoconvexity of f(-) — > ;c; wigi(-) + ()7 w then yields

Zylgz +x W>f Zyzgl +u w.

i€lp i€1p

From y > 0, g(x) > 0 and 27w < s(z|C), it follows that

f(z) +s(=|C) > f(u Zyzgz + vl w.
i€lp

O

Theorem 2.5 (Converse duality). Let (z*,y*, w*) be an optimal solution of (GD1) such
that

(A1) the matriz V2 f(z*) — V2y*L g(z*) is positive or negative definite;
(A2) the vectors {V Y ,c; y*;9i(z*), a =1,2,--- ,r} are linearly independent.

If, for all feasible (z,u,y,w), f(-) = X ;cs, vigi(-) + ()Tw is (F, po)-pseudoconvex and
— Ziela vi9i(-), a =1,2,--+ 1 is (F, po)-quasiconvex, and > . _; pa + po > 0, then z* is an
optimal solution to (P).

Proof. Since (z*,y*,w*) is an optimal solution of (GD;), by the generalized Fritz John
necessary conditions [6], there exist 9 € R, v € R", 7, € R,a = 1,2,---,r, f € IR,
~ € IR™, such that

o{=V (@) + > Vy'igia”) — w}
i€l
+{V2f(a") = V2 T g(a")} v + Z 7oV Y yhigi(z®)} =0, (2.7)
i€l

T09i(z*) — v’ gi(2*) —; = 0,4 € I, (2.8)
Tagi(@®) =0T Vgi(z*) =7 = 0,i € [y,a=1,2,--- |, (2.9)
T0x* —v = € Neo(w"), (2.10)
o Zy*lg,(x*) =0,0=1,2,---,r, (2.11)

i€l
vy =0, (2.12)
(0,71, 725+, Ty 3,7) 20, (2.13)
(05 T1, 25+ s Try By, 0) # 0. (2.14)

Right multiplying (2.9) by y*,,i € I,,a =1,2,--- ,r and using (2.11), we have

Tay 9 (") — vTVy*ig(x*) =0,1€ly,a=1,2,--- 1
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thus

Ta Z y*.gi(x*) — ot Z Vy*.9(z*) =0,a=1,2,--- 7.
i€l i€1,
From (2.11), it follows that
’UT Zvy*lg<x*) :0’04: 1,27... ST (215)

i€lq

Using (2.1) in (2.7), we have

T

> (o —10)V > ytigilat) + V(") — V2 g(a*)] v = 0. (2.16)

a=1 i€ly
Left multiplying (2.16) by v and using (2.15), we have
T2 f(2*) = V2T g(a*)]v = 0. (2.17)

By the assumption that V2 f(z*)—V2y*T g(z*) is positive or negative definite at (z*,y*, w*),
it follows that

v=0.
Then (2.16) gives
D Fa—T0)V Yy igi() =0. (2.18)
a=1 i€l

Since the vectors {V y*,9:(x*), a« =1,2,--- ,r} are linearly independent, (2.18) yields

1€l
Ta = 70, Oé:1,27"' y T (219)

If 9 =0, then 7, =0, = 1,2,--- ,r from (2.19), v = 0 from (2.8), (2.9) and v = 0, and
6 =0 from (2.10), i.e., (10, 71,72, , 7, 3,7,v) = 0, contradicts (2.14). So, 79 > 0. This
gives 7o, > 0, =1,2,--- ,r. It follows from (2.8) and (2.9) that

709i(z*) — i = 0,1 € Iy, (2.20)
Tagi(m*)_’yi:07i€-[a7a:1727"' y T (221)

Therefore g(z*) > 0 since v > 0 and 7, > 0, = 0,1,2,--- ,r. Thus, z* is feasible for (P),
and the objective functions of (P) and (GD;) are equal.
Multiplying (2.20) by y*,,i € Iy and using (2.12), we have

Toy"i9i(x7) = 0,4 € Io.
By 19 > 0, it follows that
Y igi(a") = 0,1 € Iop. (2.22)
Also, v =0, 79 > 0 and (9) give

o* € Ne(w*).
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Hence
s(z*|C) = 2T w*. (2.23)
Therefore, from (2.22) and (2.23), we have
F@) +5(2710) = ") = Dyl +u w0
i€lo

Thus, if for any feasible (z,u,y, w), f(-) =Y ;s vigi(-) + (-)Tw is (F, po)-pseudoconvex and
= ier, Yigi(+), a=1,2,--- 1 is (F, pa)-quasiconvex, and > 1 Pa+ po >0, by Theorem
2.4, then z* is an optimal solution to (P). O

Second Order Duality

In this section, following Mond and Weir [4], we propose a second-order dual model for
nondifferentiable programming problem (P).

(GD2) maximize Z vigi(u) + wTw — [sz(u) —Vv? Z yigi(u)]p
i€l i€l
subject to Vi) +w—V(y g(u))+ VQf(u)p — V3% g(u)p =0, (3.1)
I poo
i€l i€ly
w e C, (3.3)
y =0, (3.4)

where u,w,p e R", y e R™, I, c M ={1,2,--- ,m}, a=0,1,2,--- ;r with J I, =M

a=0
and I, (Ig = 0 if o # (3. This model is a generalization of the one in Zhang and Mond [11].
Before giving weak and converse duality theorems, we introduce the following second
order (F, p)-convex definitions.
Let F be a sublinear functional, the function ¢ : D — IR be twice differentiable at
u€ D, peR, and d(-,-) : D x D — IR be a distance function.

Definition 3.1. The function ¢ is said to be second order (F, p)-quasiconvex at u, if for all
peR”,
1
o(x) < d(u) — §pTV2¢(u)p — F(z,u;Vo(u) + V3p(u)) < —pd*(x,u), Vz € D.

Definition 3.2. The function ¢ is said to be second order (F, p)-pseudoconvex at u, if for
all pe R",

F(z,u;Vo(u) + V2p(u)) > —pd?(z,u) = ¢(z) > ¢(u) — %pTvzqﬁ(u)p, Vz € D.

Theorem 3.3 (Weak duality). Let x be feasible for (P) and (u,y,w,p) be feasible for
(GDy). If, for any feasible (z,u,y,w,p), f(-) =D ey, ¥igi(-) + ()YTw is second order (F, po)-
pseudoconver and — 3 ;c; Yigi(*), @ = 1,2, 1 is second order (F, po)-quasiconver, and

>y o+ o 2 0, then

f@)+s(z]C) > flu) = > yigi(u) + v wTw — *pT[sz(U) ~V*Y  yigi(uw)lp

i€lp i€lp
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Proof. As x is feasible for (P) and (u,y,w) is feasible for (GD;), we have
L 12
; vigi(z) > 0> ; Yigi(u) = 5P~V EZI: vigi(wp, a=1,2,---r

By the second order (F), p,)-quasiconvexity of — Zz’ela ¥igi(+), V a=1,2,--- r, it follows
that

F(z,u; —V Z yigi(u) — V2 Z vigi(u)) < —pad*(z,u), a=1,2,---,r (3.5)
i€la i€l
On the other hand, by (3.1) and the sublinearity of F', we have
F(z,u; V() + V2 f(wp+w—Y_ Vyigi(u) = > Vyigi(u

i€l i€lp

+ Z F(z,u; —V Z yigi(u) — V° Z Yigi(u)p)

i€ly i€l
> Fa,w; Vf(u) + V2 f(up +w — Vy' g(u) — Vy g(u)p) =0. (3.6)
Combining (3.5) and (3.6), as well as Y., _; po + po > 0, we get
F(z,u; V() + V2 f(wp+w—Y Vyigi(u) = > Vyigi(u

i€l i€lp

> 3 ) 2 0.
The second order (F, py)-pseudoconvexity of f(-) = >, %igi(-) + (-)7w then yields

= wigie) + 2w > fu) = yigi(u) +u"w - pTV2 )= > wigi(u) +uw]p.
i€lp i€ly i€ly

From y > 0,9(x) > 0 and 27w < s(z|C), it follows that

F@)+5(21C) > flw) = 3 yrgu(u) +u"wTw — ST (V3 (w) = 9 3 yigi(w)lp

i€1g i€1g
O

Theorem 3.4 (Converse duality). Let (z*,y*,w*, p*) be an optimal solution of (GD2)

such that

(B1) for all « = 1,2,---,r, either (a) the n x n Hessian matriz V* Y, ; y*;g:(z*) is
positive definite and p*T'V Yier, ¥ i9i(x*) > 0 or (b) the n x n Hessian matriz
V2 Ziela y*,9:(x*) is negative definite and Ty Ziela y*,9:(x*) <0,

(B2) the vectors {[V2 f(2*)=V? ¥icp, y"i9:(2")];, V2 Xiep, v7igi(@)]j a = 1,2, 1 j =
1,2,---,n} are linearly independent, where [V f(z*) = V? 3. y*,9i(x*)]; is the jth

row of [V2f(2*) = V2 Ycp0 v*sgi(a®)] and [V2 e, y'i0i(a*)]; is the j row of
V2 Y ser, vhi0i(),
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(B3) the vectors {V 3 ;c; y*;9i(z*), @ = 1,2,--- 7} are linearly independent.

If, for all feasible (z,u,y,w,p), f(-) — X ;s ¥igi(") + () Tw is second order (F,pg)-
pseudoconvex and — ZZ—GIQ ¥igi(+), « = 1,2,--+ ,r is second order (F, p,)-quasiconvex, and

> 1 Pa+ po >0, then * is an optimal solution to (P).

Proof. Since (x*,y*, w*,p*) is an optimal solution of (GD3), by the generalized Fritz John
necessary conditions [6], there exist 9 € IR, v € R", 7, € R, = 1,2,---,r, f € IR,

~v € R™, such that

* 1 * * *
1o{=VI@") + Y VY igi(a®) —w” + op VA () = V2 Y Dyt

i€1lg i€lp

+oT{V2f(a") = V2 T g(a®) + V[V f(a*)p* — V2 g(a®)p*]}r

+ Z TadV Y yigi(a") - %p*TV[V2 > yaa )y =0,

i€l i€l

mo{gi(2") = 5p*" V(2 )p*} — v {gi(a") + V2gi(a")p"} — 7 =0, i € I,

* 1 * * * * * *
Ta{gi(x*) = 5p" V(e )p"} — 0T {Vai(e®) + V2gi(a")p"} — 7 =0,

iel,a=12,

702" —v =0 € Neg(w"),

(rop” + o) {V?f(2*) = V> Y y"ig:(a")} — Z Tap” +0){V? D y"igi(@

i€1lp i€l

* * 1 * % o\ %
o 3 0higila) = 5 VS g = 0,0 = 1,2,

i€l, 1€l
'yt =0,
(10, 71,725+, Ty 3,7) 20,
(70, 71,727+ 3 T, 3,7, 0) # 0.
Because of Assumption (B2), (3.11) gives
Top +v=0 «a=0,1,2,---r
Multiplying (3.9) by y*,,i € I,,a =1,2,--- ,r and using (3.12), we have

1 * * * * * *
~p TV g ()t} — 0T {Vy g (at) + V2yTg(2t)p*) = 0,

i€ly,a=1,2--

7717

(3.7)

(3.8)

(3.9)

(3.10)

=0, (3.11)

(3.12)

(3.13)
(3.14)

(3.15)

(3.16)
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thus

* * 1 * * K\ ok
ol D ynoi(@”) = 5p Y VA" )p)

i€lq i€l

—T{Y Vyiget) + 3 Vi ga )ty =0, a=1,2,-- 1.

i€lq i€ly
From (3.12), it follows that
VIO Vytig@) + ) Vi gt )pt = 0,0 =1,2, - (3.17)
i€y 1€l

Using (3.1), we may deduce from (3.7) have

(rap”™ +0){V2f(2") = V* >y igi(a") + VIV (") = V2 >y 96
i€lp i€y

—Z Tap" +0) VD (@) + VIV Y ytigi(a)pt}

i€ly i€l
—1{V Y yhg@)+ V> yhigia)pT}
ieM\I ieM\Ip
-

—5mop VIV (") = V2 )y ioia
i€ly

+ Z Ta{V D y%0i(2") + V2D i

i€l i€ly
+Z L VIV Y g i} =0,
i€l

From (3.16), it follows that

T

D (e =104V D yhigi(@) + V> yrigi(@)p*)

a=1 i€l, i€1,
+ vT{V[V2 — V2 ytigi@)pt = VIV Y ytigi@)pT)} = 0.
iclo i€ M\Io
That is

T

D (Ta =104V D yhigi(@) + V> ytigi(@)p*)

a=1 i€l, i€,
1 * * * *
LTIV ) - v gty = 0. (318)
If for all « = 0,1,2,--- ,r, 7, = 0, then v = 0 from (3.16), v = 0 from (3.8) and (3.9),

and 3 = 0 from (3.10); that is, (7o, 71,72, -+ , ¢, 8,7, v) = 0, contradicts (3.15). Thus, there
exists an & € {Oa la 2; o ,7“}, such that Tx > 0.
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We claim that p* = 0. Indeed, if p* # 0, then (3.16) gives
(Ta —Ta)p" =0, =1,2,-- 1.

This implies 7, = 7& > 0, = 1,2,--- ,7. So, (3.17) and (3.16) yield

P Vytgat) + > Vgt )ptt =00 = 1,2,

i€y i€l
which contradicts assumption (B1). Hence, p* = 0. Based on (3. 17) and p* = 0, we have
v = 0. In view of (B3), (3.16), p* =0and 7% > 0 for some @ € {0,1,2,--- ,r}, (3.18) implies
Ta =Tg >0, forall « =0,1,2,--- ,r. Now from (3.8) and (3.9), it follows that

70Vgi(z") — v = 0,1 € Io, (3.19)

ToaVgi(x®) =y =0,i € I,,a=1,2,--- |1, (3.20)
Therefore g(z*) > 0 since v > 0 and 7, > 0, = 0,1,2,--- ,r. Thus, z* is feasible for (P),
and the objective functions of (P) and (GD3) are equal.
Multiplying (3.19) by y*,, € Iy and using (3.13), it follows that
Toy"i9i(x") = 0,4 € Io.
By 19 > 0, it follows that
y*,9:(x*) =0,i € Io. (3.21)
Also, v =0, 79 > 0 and (3.10) give
z* € No(w™).
Hence
(z*|C) = z*Tw*. (3.22)

Therefore, from (3.21), (3.22) and p* = 0, we have

Fa) +5(410) = @) = X0 sgla”) +uTw — T[S -V Y vt

i€lp i€lp
If, for all feasible (z, u, y, w,p), f(:)=>_icr, v:9:(-)+(-)Tw is second order (F, py)-pseudoconvex

and — ) ;c; ¥igi(-), « = 1,2, ,ris second order (F, p,)-quasiconvex, and > i Patpo >
0, by Theorem 3.3, then z* is an optimal solution to (P). O

Special Cases and Some Remarks

Let us consider C' = {Bw : w" Bw < 1}. Tt is easily shown that (z7 Bx)'/? = s(z|C) and
that the set C' is compact and convex. Then the primal problem (P) and the dual problems
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(GD;) and (GD-) in this paper become the primal problem (P;) and dual problems (GP);
and (2GP); by Zhang and Mond [11], respectively, where

(GD); : Maximize f(u) +u"Bw — Z yigi(u)
iclo
subject to Vf(u) 4+ Bw — y"Vg(u) =0,
Z ylgz(u) < 0,0é = 1727" T
i€1y
y >0,
wl Bw < 1.
and
.. 1
(2GD)y : Maximize flu)+ uT Bw — Z yigi(u) — ipT[sz(u) — V2 Z yigi(u)]p
iclo icly
subject to Vf(u) + Bw —y'Vg(u) + V2f(u)p — V9T g(u)p = 0,
1 ror
Zylgl(u)_ip V Zyzgz(u)pgoaa:1527 Ty
i€l i€ly
y >0,
wT Bw < 1.

It is obvious that the notations for the generalized first order and second order (F,p)-
convexity in this paper are generalizations of the notations of first order and second order
invexity in Zhang and Mond [11]. So our results in this paper improve and extend the main
works in [11].

In [11], Zhang and Mond obtained the following second order converse duality result:

Theorem 4.1 (see Theorem 6 in [11]). Let (z*,y*, w*,p*) be an optimal solution of
(GD3) at which

(C1) the nxn Hessian matriz V[V f(z*) —V2(y*Lg(x*))]p* is positive or negative definite,

(C2) the vectors {[V*f(2*) = V* X,c;, v i0:(2")]j. [V2 Xier, v igi(@)]j, 0 = 1,2,
j=1,2,---,n} are linearly independent, where [V f(x*) =V? 37,1 y*,gi(x*)]; is the
§ row of [V2f(2*) = V2 Y ,ep wagi(27)] and [V2 0, y7,gi(27)); is the 7 row of
(V23 ier, vigi(z*)].

If, for all feasible (z,u,y,w,p), f(-) = s, ¥igi(-) + ()T Bw is second order pseudoinvex
and Ziela ¥igi(+), @« = 1,2,--- r is second order quasincave with respect to the same 7,
then z* is an optimal solution to (P).

We note that the matrix V[V2f(z*) — V2(y*T g(x*))]p* is positive or negative definite in
the assumption (C1) of Theorem 4.1, and the result of Theorem 4.1 implies p* = 0 (see the
proof of Theorem 6 in [11]). It is obvious that the assumption and the result are inconsistent.
In our paper, we give an appropriate modification for this deficiency.
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