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STABILITY OF INEQUALITY SYSTEMS INVOLVING
MAX-TYPE FUNCTIONS

MARcCO A. LOPEZ AND VIRGINIA N. VERA DE SERIO

Abstract: We study the stability of certain inequality systems that arise in monotonic analysis and are
defined by certain classes of abstract linear functions. We consider the non-negative orthant R as a base
space and the class of abstract linear functions consisting of the family of the max-type functions of the
form a(z) := (a,z) = max;=1,2,...,n a;x;, with a and = in R". The stability, under perturbations of all
the coefficients, of the solution set mapping of systems of infinitely many max-type inequalities, {(a¢,z) >
bt, t € T} is studied from different points of view (lower semicontinuity, continuity in the Bouligand sense,
metric regularity, the existence of strong Slater points, adapted Robinson-Ursescu condition). Some Farkas
and Gale type solvability results are also presented.
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Introduction

In the preface of his remarkable book “Abstract Convexity and Global Optimization” [16],
A. Rubinov claims for the need of new tools in the analysis of the today complex optimiza-
tion problems. He also states that local approximation, and the subsequent techniques of
nonsmooth analysis, are of limited utility when one faces global optimization problems. They
require particular global tools and, so, generalizations of concepts like the convexr subdiffer-
ential, should be addressed by means of notions as global affine support and its extensions.
The idea behind is the so-called converity without linearity, theory known as abstract convex-
ity (see, also, [13]). This topic has an impressive number of applications, even in theoretical
fields, but its development has been mainly driven by applications in optimization. Very
recent papers as [3], [7], [11], [12], [17], [18], [19], [20], etc., show the maturity level reached
by the subject as well as the large number of applications.

Monotonic analysis is an advanced part of abstract convex analysis based on the use of
elementary functions which are monotone on cones; it has many applications in mathematical
economics (see e.g. [11]). In this paper we study the stability of inequality systems in R},
involving mazx-type functions of the form

(a,x) := WX a;%;, e RY,

where @ € R and I := {1,2,...,n}. Semi-infinite systems o := {(as,x) > by, t € T}
of max-type inequalities arise in monotonic analysis [16] describing the so-called co-normal
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subsets of R’. If f is any increasing function defined on R’ , then the upper level sets
{:1: eERY: f(x) > c} are co-normal. We study the stability of the upper level set, F' =
{:17 eRY: f(x) > O}, of an abstract concave function depending on its representation as a
solution set of some associated abstract linear semi-infinite system. For instance, a con-
tinuous increasing positively homogeneous function f can be represented as the pointwise
infimum of a subset of functions of the form (a,z) — b, for some a € R} ,b € R, so it is an
abstract concave function, e.g. f(x) = inf {{as,x) — by, t € T'}, for some (possibly infinite)
index set T. The upper level set F' of the function f is the solution set of the max-type
system o = {(a;,x) > b, t € T}.

The main objective of this paper is to study the stability of the solution set of o =
{{at,z) > b, t € T}, F, under small perturbations of all the coefficients involved in the
system. Perturbations of the coefficients in the nominal system o yield a new perturbed
system oy = {(a},x) > b, t € T}, and the associated perturbed solution set Fy. The
perturbations should be sufficiently small to guarantee {a},t € T} C R%. It is also assumed
that b, and b} are non-negative scalars, for all t € T.

We consider as a parameter space the set © of all the max-type inequality systems on R},

T
with a fixed index set T. This parameter space can be identified with (Rﬁ“) , since each

by
its solution set F' is non-empty. The subset of © formed by all the consistent systems will
be denoted by O..
The parameter space O is endowed with the topology of the uniform convergence of the
coefficient vectors, via the extended distance d: © x © — [0, 400] given by

CL% Q¢
(i) )
where [|-]| is the [*°—norm in R"*! (i.e., ||x|| = max;er |2;]). The condition that o belongs
to the interior set of O, is referred to as stability for the consistency.

Recently, Lépez et al.,[9], have studied the stability of inequality systems involving min-
type functions of the form (a, x)min := min;es a;x;, for a,2 € R} . They have found results
about solvability and stability in the environment of R’} , in some sense similar to the ones
we present here. One might think of a possible duality scheme by taking into account that
the max-type inequality (a,Z)max = (a,x) > b can be written as a min-type inequality
(%, Ly i < % through the variable transformation = — %, where % is the vector defined
by G)l = o if #; # 0 and by (}), = 0 if #; = 0. Nonetheless the results there and the
ones here cannot be obtained from one another as the following systems show: Consider the
max-type system

system o can alternatively be represented by {(“‘)} . The system o € © is consistent if
teT

d(o1,0) :=sup
teT

; (1.1)

o={{at,x) > b, t € T} = {{at, T)max > b, t €T} (1.2)

and the corresponding min-type system

(R D ke a2

where T = ]0,00[, a; = (1/t,1/t) for t € T , by =1/t for t > 1, and by = 1 for 0 < t < 1.
Then, both are consistent systems but 7 is stable with respect to the consistency while o is
not (see Remark 4.4 in Section 4 below).

Next, we summarize the structure of the paper. Section 2 is devoted to notation and
preliminaries. Section 3 includes some solvability results relative to max-type systems which
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are versions of Farkas and Gale alternative theorems. Section 4 provides different character-
izations of the stability of the feasible set mapping; i.e., the set valued function 7 : © = R%}
that assigns to each o € O its solution set F. In this section we prove that the condition
that o belongs to the interior set of ©. is equivalent to the lower semicontinuity of F at
o (also equivalent in this case to the continuity in the Bouligand sense of F at o), to the
existence of strong Slater points and to the adapted Robinson-Ursescu condition. In Section
5 we discuss some error bounds for the solution set F', linear regularity of the collection
{F;, t € T} of solution sets of the systems o, = {{a;,z) > b;}, t € T, and the metric
reqularity of certain associated mapping.

Notation and Preliminary Results

As it is usual, given a non-empty set X of a topological space the symbols int X, ¢l X and
bd X stand for the interior, the closure and the boundary of X, respectively. If X is a
subset of a vector space then conv X and cone X will represent the convex hull and the
conical convex hull of X. Consider the n-dimensional vector space R” with the [°°—norm.
This norm is symbolized by |||, whereas B is the unit open ball for this norm. If n =1 we
use R instead of R'. We also use the following notation:

e 1; is the i-th coordinate of a vector x € R™;

o ifr,yeR” thenzx >y x; >y, foralli=1,... ,n;

e ifr,ycR* thenz >y ax; >y foralli=1,... n;

e 0 is the null-vector in R™;

e 1 is the vector in R” whose coordinates are all equal to 1;
e lim; will be interpreted as limy_,;

e {z*} denotes the sequence zt, 2%, ..., 2%, ... ;

e R} :={zxeR":2 >0}

o R}, :={z cR":2>0};

o Ry :=R U{+oo} and R} = (Ry)"™;

° Ri is the set of all the functions defined from the set 1" into R, ;

e if a € R} and b € Ry then % is the vector in @i whose -th coordinate is %, where
we adopt the convention

b_{O, if b=0, 2.1)

0 | +oo, ifb>0;
e if h: X — Ry then the effective domain of h is domh := {x € X | h(z) < +o0}.
A set U C R} is called co-normal if

relU yeR andy>2 = yeU.

The empty set is co-normal by definition. If f is an arbitrary increasing function defined
on R’} then the level sets {x € R’ : f(x) > ¢} are co-normal (possibly empty) for all ¢ € R.
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The intersection and the union of a family of co-normal sets are co-normal. The solution
set of o = {{ay,x) > by, t € T} is closed and co-normal.

It is obvious that a nonempty co-normal set U is co-radiant; i.e., if x € U and A\ > 1,
then Az € U. Moreover, for each y > 0 a positive scalar A exists such that \y € U.

Solvability Results for Max-type Systems

Dual characterizations of the solvability of a max-type inequality system, o = {(at, ) > by,
t € T}, are provided in this section. In the ordinary linear case there are well-known
alternative theorems of Farkas and Gale; here we present non-convex versions of them. In
[16, §8.2], Rubinov presents a very general non-linear extension of the classical Farkas lemma
for finite systems of linear inequalities and also a dual characterization of inconsistency. For
max-type systems we provide straightforward proofs which have the advantage of avoiding
the use of conjugation theory.
If
Fy:={z eRY | (as,x) > b}, t T,

one easily observes, taking into account (2.1), that

Qg

b
E:Rf\%ﬂ0§x<t},

and, then, Fy = R%} if by = 0, and Fy = 0 if a; = 0 and b; > 0. The solution set of ¢ is,

accordingly,
bt
F = = n < —
m t R+\U{x0_9:< at}
teT teT
and, so,
b
06@&#U{xmgx<t}#R$ (3.1)
teT Gt

The following proposition can be considered a Gale-type theorem:

Proposition 3.1. The system o:={{as,x) > b, t €T} € O if and only if sup {HZ—ZH,t € T} <
0.
(Here the supremum is taken in R as a consequence of (2.1).)

Proof. (=) If z € F one has
by < {at,2z) < lla¢]| ||2]|, for every t € T.

If we divide by ||a¢|| (always having in mind (2.1)), we get

b
—_ < ||z||, for every t € T.

[lae |

(<) Reasoning by contradiction, o ¢ 6. and (3.1) would yield the existence of a sequence
{tx} C T such that, in ﬁl

S k1, k=1,2,... .
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Thus, Hzt—’“” > k and we arrive to the contradiction
Tk

b
lim —*— = oo
k Ha'tk ”
The following proposition is a semi-infinite abstract version of Farkas’ lemma.
Proposition 3.2. The inequality (a,x) > b is a consequence of the system o = {{at, ) > by,

t € T} if and only if
b
— 1
aec U{u

teT

0<u<bt}, (3.2)
Q¢

where the closure is taken in Ri.

Proof. Let us start with the inconsistent case; i.e., F' = (). In this case every inequality
(a,x) > b is a trivial consequence of 0. According to (3.1), we also have

U {

teT

b
0§u<t}Ri,
Qg

and this entails

=N

R, = c(RY)

:dLJ{u

teT

CclU{u

teT

Qg

b —n
Ogugt}CR+

Hence (3.2) trivially holds.

Now we approach the consistent case, F # ). Assume, first, that {(a,z) > b is a conse-
quence of the system o and that, reasoning by contradiction, (3.2) fails. Next we make the
following discussion:

i) The possibility a = 0 and b > 0 is excluded because {(a,x) > b is a consequence of the
consistent system o.

ii) b = 0 yields b/a = 0, which trivially belongs to the set |J,c {u ‘0 <u< Z—’t } , and
this possibility is also precluded by assumption.

iii) If @ # 0 and (3.2) fails b must be positive (otherwise, b/a = 0 and the same contra-
diction that in ii) arises).

The unfulfillment of (3.2) entails the existence of a sufficiently large scalar M > 0 and a
sufficiently small € > 0 such that the vector z whose components are

o %—5, if a; >0,
L M, ifai:(),

satisfy z > 0 and

z¢U{x|O§x<Z}.

teT



366 M.A. LOPEZ AND V.N. VERA DE SERIO

Therefore, z € F and the current assumption implies (a, z) > b. At the same time,

b
(a,z) = max a; < - s) = max {b—a;e} <b,

{i:a;>0} a; {t:a;>0}

and we get a new contradiction.
Conversely, let us assume that (3.2) holds and proceed with the following discussion:
i) If b = 0 it is obvious that (a,x) > b is a consequence of the system o.
ii) If a=0 and b > 0, (3.2) reads

ool ECIU {u

teT

OSqut}y

ay

and there exist sequences {tz} C T and {u*} C Ri such that

b
b < 2k =1,2,..., and u* > k1.
Cltk
Therefore,
b
lim —% = 0,
k Ha’tk”

and this contradicts o € ©. by virtue of Proposition 3.1.

iii) If @ # 0, b > 0, and (3.2) is satisfied, there will exist sequences {tx} C T and
{uk} ﬁi such that
bu

atk

uk < , k=1,2,..., and é = lim u".
a k

Because b > 0 there must exist kg such that b, > 0 for every k > k.
For each z € F one has
<atk72> Z btk> k 2 kOu

and there will exist an associated i € I such that the ix-th coordinate of the vector a,,
which we denote here by ay,, , satisfies

Qtpig Zi, = biyy k2> ko,

or, equivalently,

b
Zip > —2, k> k.
a’tkik

Then, there must exist iel appearing infinitely many times in the inequalities above; i.e.,
there is a subsequence {k;} such that iy, = ¢, and k; > ko. Therefore,

by
7> —L ZU?, ki > ko.

tkli
Taking limits for I — co we obtain 2 > b/ a.. Consequently,
(a,z) > a.z>b

and, certainly, the inequality (a,x) > b is a consequence of o. O
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Stability of a Semi-infinite Max-type Inequality System

In this section we study the stability of the system o = {{a;,z) > by, t € T} € O.. At this
point, we have to emphasize the idea that stability is relative to the representation of the
set F' = {x € R} | z is solution of o}, not to the set F' itself. So, the same set F' can have
“good” (stable) and “bad” (unstable) representations. To look for stable representations
of any relevant set in optimization underlies every pre-conditioning strategy in numerics.
Here we analyze some stability criteria studied in [1], in the context of ordinary nonlinear
programming, and in [4], [5], [6] and [8] relatively to semi-infinite linear programming. The
stability approach inspired in [14] does not apply here because the image sets of the mappings
considered in this section are in Rz (which is not a Banach space) and their graphs are not
CONVEX.

Since we start from a consistent nominal system (o € ©.), a first stability criterion to be
considered is the stability with respect to the consistency. This property means that small
perturbations in the coeflicients do not affect the consistency.

Definition 4.1. The system o € O, is stable with respect to the consistency (stable, in brief)
if 0 € int O,.

The following example shows that O, is not an open set in our parameter space (0, d),
in which case the stability with respect to the consistency would be trivially fulfilled.

Example 4.2. Consider the system in Ri
o = {max {twy,tzs} > t*, t €[0,1]}.
Observe that 1 is a solution of ¢ and, so, o € ©.. Consider the perturbed system
o = {max {aflml,af;xg} > 2, te|o, 1}, k=1,2,..,

where ]1 ]
E ok t7 iftEE,l,
atl_“tz_{ 0, iftel0,L].

‘We have

d(o—k,a): sup t= -,
0<t<1/k k

and limy d(og, o) = 0. Since o, ¢ O, we must conclude that o € bd O..

The following proposition provides a very simple criterion to recognize the stability with
respect to the consistency.

Proposition 4.3. Let 0 = {{ay,z) > b, t € T} € O.. Then o € int O, if and only if
0 ¢cl{a;, t €T}.

Proof. (=) Reasoning by contradiction, let us assume that
0ecl{a, t €T}

In this case we will see how to construct a sequence {0} C O\ O, converging to o, which
contradicts our present hypothesis.

Because 0 € cl{a;, t € T}, there will exist a sequence {t;} C T such that limj a;, = 0.
(If there is a to € T such that a;, = 0, we shall take t;, = tq, for every k.)
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Let o = {{af,z) > bf, t € T}, k =1,2,..., with
aF e 0, ift=ty,
T an, ifte TN{t),
and

br max{%,btk} if t =g,
tT by, if t € TN\{tx}.

Therefore,

1
d(og,0) < max{||as,| %}, k=1,2,..,

and o — 0. At the same time, oy, ¢ ©. because the inequality

1
{af ) =(0,z) > b} > e
is itself inconsistent.
(<) Since 0 ¢ cl{a;, t € T}, there will exist § > 0 such that

llat]| > 0, for every t € T.

Consider any possible system oy := {{a},z) > b}, t € T} € © such that d(oy,0) < §/2.
We shall prove that o7 € ©., which implies o € int ©..
Since o € O, and by Proposition 3.1, there exists M > 0 such that
bt

—— < M, forallteT.
[l

The definition of ||a;|| entails the existence of i, € I, associated with each ¢ € T, such that
la¢|| = at,, . Then we obtain, for any ¢ € T,

)
b% i< bt+§

fall =i, “a, -2
by [
_ Tl ]
- s
1= aa
M+ 1
< 2 =2M +1,
11
2
and hence 01 € O, again by Proposition 3.1. O

Remark 4.4. We can apply this proposition to the consistent system o (1.2) described
in the introduction to see easily that it is not stable with respect to the consistency. The
associated min-type system 7 (1.3) is stable in this sense by a direct application of the
condition given in the Proposition 4.1 in [9] because inf {1/b;,t € T} > 0.

Generically, in optimization, the stability of the feasible set is related to the existence of
strict feasible solutions which, in the semi-infinite context, are called strong Slater points.

Definition 4.5. The system o = {{a;,z) > by, t € T} is said to satisfy the strong Slater
condition (SS condition, in short) if there exist 20 and 7 > 0 such that <at, ac°> > by +n, for
all t € T. In this case z is called an SS point of o.
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Proposition 4.6. o € int O, if and only if o satisfies the strong Slater condition.
Proof. (=) By Proposition 3.1 there exists M > 0 such that

lﬂ|§ALﬂHaHtGT, (4.1)
ag

and Proposition 4.3 provides the existence of § > 0 such that
llat]| = o, for all t € T. (4.2)
Then, for every t € T,
(aes (M + 1)1) = (M +1) flae]| > by + 6,

and (M + 1)1 is an SS point with positive slack n = 4.
(<) If 2° is an SS point with slack n > 0, we have

<at,x0> > b+, forevery t € T,
and this entails 2% # 0. Then,
lac{|2°]] = {ar, %) > be +1 > n.
Thus,
llacl| > HTnOH’ for every t € T,

and Proposition 4.3 applies to conclude that o € int O,. O

The following propositions provide additional information about the SS points.

Proposition 4.7. If 0 € int O, and z > 0 is feasible for o, then Az is an SS point for all
A> 1

Proof. The reasoning used in the proof of the direct statement in Proposition 4.6 guarantees
the existence of K > 0 such that K1 is an SS point. Moreover, for p sufficiently large we can
be sure that K1 < pz, and pz will be also an SS point. We shall deal with the non-trivial
case p > A > 1.

Let us introduce now the function i : Ry — R defined by

h(p) := f ({ar, 2) o = by).

h is a increasing concave function (infimum of affine functions) and, so, for any possible

A €L, pf,
_ p—A A—1
h(\) = h(p—11+p—1a

p—A A—1

> 27 P

> p_lha%+p_1mm
A—1

> — .

> p_lmm

Since pz is an SS point, h(p) > 0 and, consequently, Az is an SS point with slack (A —

Dh(p)/(p—1).

Finally, if A > p it is absolutely obvious that Az is again an SS point. O
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Remark 4.8. The condition z > 0 cannot be omitted in the last proposition, as the
following example shows.

Example 4.9. Consider the system in R%
o = {max {tz1, (1 —t)x2} > ¢, t €[0,1]}.

Observe that z = ((1)) is a solution of o, but Az with A > 1 is not an SS point, because the

inequality associated with ¢ = 0 does not allow for a positive slack at this point
max{0-A,1-0} =0>0.
Corollary 4.10. Ifo € int©. and z € int F, then z is an SS point for o.

Proof. z € int F' entails z > 0 and the existence of A €]0, 1] such that Az € F. Then, we
write z = %()\z) and Proposition 4.7 applies. O

Remark 4.11. If 2° > 0 is SS point for o, then 2° does not need to belong to int F.

Example 4.12. Let us consider the system in Rﬁ_
o = {max {txy,txa} >t —1, t € [1,00[}.

Observe that z = (}) is an SS point (with positive slack n = 1), but z ¢ int F, because
(}) ¢ F, for every A € [0, 1[.

The following characterizations of the stability of o are formulated as properties of the
feasible set mapping F : © = R”, which assigns to each o € O its solution set F i.e.,
F(o) = F. Remember that F is lower semicontinuous in the Berge sense (B-lsc, in brief)
at o € O, if, for each open set relative to R’ , W, such that F (o) N W # 0, there exists an
open set U, relative to O, containing o and such that F(oq1) N W # () for every oy € U.

Proposition 4.13. Let 0 € ©.. Then o € int ©. if and only if the feasible set mapping F
is B-lsc at o.

Proof. (<) It is obvious from the very definition of the lower semicontinuity.

(=) Suppose that o € int©. and that W is an open set relative to R’} such that
F(o) N W # (). We shall prove the existence of § > 0 such that o; € © and d(o1,0) < §
imply F(o1) N W # (.

Pick a point y € F(o) N W. It is obvious that we can find z € F(o) N W such that z > 0
(take z = y + €1 with & > 0 small enough). If A > 1 is sufficiently close to 1 we can be sure
that Az € W and, by Proposition 4.7, Az is an SS point for o with some positive slack 7.

If we define § := 1++\IZH7 and o1 = {(af,z) > b}, t € T} € O verifies d(o1,0) < §, we
can write, for every t € T,

(af, \z) = )\r?ealx a;,z > )\r?ea;((ati —0)z

2 M(maxar, z;) — 0|2} = (ae, Az) — Ad ||z

An ||z]]

>by+n—

=TT TNl
n 1
I P ‘
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Hence, Az € F(o1) N W, and this set is obviously non-empty. O

~

In relation to our feasible set mapping F, we shall consider the inner limit liminfsz_., F ()
which is the set of points that are limit points of sequences {z"}, 2" € F (0,), for all pos-
sible sequences {o.}, 0, — o; whereas the outer limit limsup;_,, F () consists of all
possible cluster points of such sequences. When F (o) = limsups_,, F (7) it is said that F
is outer semicontinuous (osc) at o and, similarly, F is inner semicontinuous (isc) at o if
F (o) = liminfs_,, F (7). Following [15] we say that F is continuous in the Bouligand sense
at o € O, if

liminfs;_,, F(0) = limsup;_,, F (¢) = F (o) ;

i.e., if F is simultaneously osc and isc at o. The continuity in the Bouligand sense is equivalent
to require that limz_,, F(7) = F (o) in the sense of Painlevé-Kuratowski.

According to [15], the inner semicontinuity of F at o is equivalent to the lower semi-
continuity of F at o (in the sense of Berge). Moreover, the outer semicontinuity of F at o
is equivalent to the closedness of F at o, property that is defined in the following terms,
relatively to F:

F is closed at o € O, if, for all sequences {0} C O, and {zk} C R satisfying limy, o, =
o, limg 2% = z and 2* € F (0}), one has z € F (o).

The following result has its convex semi-infinite counterpart in Theorem 4.1 in [10].

Proposition 4.14. Let 0 € ©.. Then o € int ©. if and only if the feasible set mapping F
18 continuous in the Bouligand sense at o.

Proof. According to the comments above the only thing that is still to be proved is that F is
always closed at any o € O, but this property is a straightforward consequence of the fact
that all the coefficients of the systems in {o}} are pointwise convergent to the coefficients
of o and also of the continuity of (-,-). O

The last characterizations of the stability of F given in this paper are related with
the relevant property of metric regularity. They also bring the appealing conclusion that
o € int O, is equivalent to the fact that ¢ remains consistent for small perturbations of the
intercepts b, t € T.

Associated with the fized function a : T — R, let us introduce the set valued function
MR} = Rz defined by

M(z) = {f € RL | (a(-),2) > f(-)}.

Given the function b € RZ, we have b € M(z) if and only if z is a solution of the system
{{as,x) > by, t € T}. In other words, M~1! is the feasible set mapping restricted to those
systems with fixed a;, t € T. The following definition is based on [14].

Definition 4.15. The system o = {{a;,z) > b, t € T} satisfies the Robinson-Ursescu
condition if b € int M(R}).

Proposition 4.16. Given o € O, o € int O, if and only if o satisfies the Robinson-Ursescu
condition.

Proof. b € int M(R7) if there is § > 0 such that sup,c |h(t)] < 6 and b+ h € R conjointly
entail b+ h € M(R?).
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(=) Let § > 0 be a scalar such that oy € © and d(o1,0) < § entail o7 € ©.. Let
h : T — R be an arbitrary function satisfying |h(t)| < §, for every ¢t € T, and such that
by + h(t) >0, for all t € T. Then

o1 = {{ag,z) > b+ h(t), t € T} € O,
and we can pick a point z' € Fy and observe that
<at, zl> > by + h(t), for every t € T,

entails b+ h € M(z') € M(R%, ). Since h is arbitrary, we conclude that b € int M(R?).
(<) If b € int M(R?), and n > 0 is sufficiently small, the constant function h(t) = 7, for

every t € T, satisfies b+ h € M(R"). Hence a point 2% exists such that (as,2%) > by + 7,

for every t € T, and 2 is an SS point. If we apply Proposition 4.6, the proof is finished. [

Remark 4.17. From a theoretical point of view all the Propositions 4.3, 4.6, 4.13, 4.14
and 4.16 could be used to analyze the stability of the inequality system. Nonetheless, for
practical reasons, Proposition 4.3 is very simple to apply just by looking into the set of
the coefficients a;; also, by finding a strong Slater point of the system o one can directly
apply Proposition 4.6. So, these two propositions are quite useful in order to establish the
stability of the systems; in fact they can be checked to conclude the validity of the B-lsc or
Bouligand-continuity of the feasible set mapping F or of the Robinson-Ursescu condition of
the system o.

Metric regularity and error bounds

Definition 5.1. Given o = {(a;,x) > by, t € T} € O, and z € F(0), we say that M is
metrically reqular at z for b if there exist two positive scalars k and ¢ such that

d(y, MTH(b")) < kd(b*, M(y)), (5.1)
provided that y € R, bl € Rz, and

ly — 2|l <&, sup|by —by| <e. (5.2)
teT

In our context, it can be easily checked that

d(b", M(y)) = sup(by — (ar, y)",

teT
with a™ := max{a,0}.

Proposition 5.2. Let 0 = {{a,z) > by, t € T} € ©.. Then o € int O, if M is metrically
regular at z for b, for every z € F.

Proof. We shall prove that o satisfies the Robinson-Ursescu condition and, then, apply
Proposition 4.16.

Take z € F and let k and ¢ be a pair of positive scalars such that (5.1) holds provided that
the conditions (5.2) are fulfilled. Reasoning by contradiction, assume that b € bd M(R"}),
which entails the existence of a function h : T" — R satisfying |h(t)| < 5, for every t € T,
such that b+ h € RL and

b+h¢ M(RY). (5.3)
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Ifb! := b+h, it is evident that sup,eq |bf — be| < § < € and that M~!(b') = . Nevertheless,

sup(b; — (ag, 2))" = sup(by + h(t) — {as, 2))

teT teT
< sup |h(t)] 4 sup(b; — (as, 2))
tET teT
< e
2’

whereas d(z, M~1(b')) = d(z,0) = +o0, and this contradicts (5.1) for y = z.
(Notlce that (5.1) can be valid when M~1(b!) = @, but in this case the value of
sup,er(by — (at,y))* must be +00.) ]

We have just shown that the metric regularity at any point of F for b implies the stability
with respect to the consistency of the system o . With respect to the reverse implication,
we show the existence of a global error bound on any cone K in R”} defined by the condition
minivi ~ ~ where v is any fixed positive real number. This property will allow us to prove

max; Yi
the converse implication to Proposition 5.2 at any z > 0.

Theorem 5.3. Let 6 and v be any pair of positive real numbers. If o = {{a,z) > by, t €
T} € ©, is such that ||as|| > & for allt € T, then

d(y, M~ (b")) < %d(bl,/\/l (v)) (5.4)

for any b* € RY and for all y € R} with ;““1 Yi > ~. Moreover, for y = 0 it holds:

ax; Yq

d(0,M~ ' (b)) < Sd(bl M (0)).

Proof. i) The case M~! (b') # @ miniyi ~ ~  Without loss of generality we may assume

’ max; Y;

that d (y, M~ (b')) > 0 and d (b*, M (y)) < +oo. Since d(y, M~1(b')) > 0 we have

0< sup(b% —{a,y)) T = sup(b% —(at,y)) < oo. (5.5)
teT teT

Let us introduce the function h : R — R defined by

h(X) := fg(bi — {ag, y) \).

We have 0 < h(1) < oo, by (5.5). Moreover, h is a lsc decreasing convex function (supremum
of affine functions) and, so, it is continuous on [1, +ocol. (It is evident that [1, +o00[C dom h.)

Suppose that A\; > 1 is taken large enough to guarantee A\;y € M~1(b!) and, so, h(\;) <
0 (this is possible because y > 0, as a consequence of the condition % >y > 0). The

Bolzano theorem provides \g €]1, A\] satisfying h(\g) = 0 and, accordingly, \gy € M~1(b1).
Now

d(y, M7 (b)) < lly = doyll = (o = D) Iyl
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and thus,
d (b', M (y)) = sup(b} — {ar,y))*
teT
= sup(b; — (ar,y))
teT
= sup {b (at, Aoy) + (Ao — 1) (ay, >}
teT

teT
1€

> sup {8 = (o) + O = 1) e i

minieI Yi
maxier Yi

> dyd(y, MTH(bY)).

=0+ (Xo—1)lyllo

ii) The case M~ (b') = @,y € R™.. Obviously, d(y, M1 (b')) = +00. We will show that
d (b, M (y)) = +oc as well. Observe that M~! (b') = @ gives that sup,cp (bt / [lac||]) = +oo
by virtue of Proposition 3.1. Now,

d (b, M (y)) = sup(by — (ar,y))*

teT

= sup(b; — (ar,y))
teT

> Sup (b% — llac| flyll)

1
=sup||at||( - ||y||)
bl
zmp( : ||y>

teT’ ||atH

bl
= d sup ( ) =yl
terr \ llatl]

= —"—OO,

where T' = {t €T : oy > ||yH}.
i7i) The case y = 0. Now,

d (b*, M (0)) = sup (b; — (at,O))Jr =supb; = B'.

teT teT

If B! = 400 there is nothing to prove. For B! < +oco put o = —1 and observe that
Bl
<at7$> = ? ||at|| Z .B1 2 bt,
for all t € T. Hence z € M~1(b') and, so

1

40, M7 (1)) < ol = o = 1 (b, M(0)
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Remark 5.4. Notice that we have actually proved that
d(y, M71(b)) = +oo = d (b', M (y)),
for all y € R} , whenever the system o1 = {({a;,z) > b}, t € T} is not consistent.

Corollary 5.5. Let 0 = {{as,z) > by, t € T} € int O, then M is metrically regular at z
for b, for every z € F such that z > 0.

Proof. Let z > 0, take € = %minig zi >0and vy = W Since o € int ©., Proposition 4.3
gives the existence of ¢ > 0 such that [|a;|| > 0, for every t € T. Moreover, if y € R’ and
lly — z|| <e, then
miny;, > minz;, —€ =2 —e=¢
icl

icl
and
maxy; <maxz; +¢ = ||z|| + ¢,
iel iel
s0 _
MINier Yi
— 2>
maX;eg Y;

By the last theorem we get
d(y, M~ (b')) <kd (b', M (y)),

for k = % = szjg. Therefore, (5.1) holds at z for b. (Notice that we do not establish any
condition on b'.) O

The following property, which is called linear regularity (see, for instance, [2] will allow
us to prove, under an extra condition on the coefficients a}s, the existence of a global error
bound in R} .

Proposition 5.6. If F; = {x € R} /(as,x) > b },t €T, F = MerFy # @ and y € RY,
then

b +
d(y, F) =supd (y, F;) = sup min (t - y) ,
teT teT i€l (ar)

i

+
where I (a;) = {i € I : a, # 0}. (In case of a; = 0 we consider miney, (q,) (;Tt - yi) =
0.)

Proof. Notice that the second equality follows immediately from the definition of F;. We
will show the first one. Let y € R’} and r, = d(y, F}) for all t € T. Put r := sup,cp 7.
Since F; D F it follows that r; < d(y, F'); hence

r=supd(y, ;) <d(y, F).
teT
Now, due to the fact that each F} is co-normal, y+7;1 € F;. From r > r; we have y+r1 € F}
forallt € T,ie. y+7r1 € F and so d(y, F) < r. Therefore d(y, F') = r = sup,er d (y, F}) .
O

Remark 5.7. The very definition of the linear regularity property of the collection {F}, ¢ €
T} reads as d(y,F) < ksup,erd(y,Fy) for some positive constant k. In our case this
family of co-normal sets is strongly linearly regular in the sense that actually the equality
d(y, F) = sup,cr d(y, Fy) holds true.



376 M.A. LOPEZ AND V.N. VERA DE SERIO

Proposition 5.8. If o = {{(at,z) > b, t € T} € O, and
inf{ati NS I+ ((Lt> 7t S T}' =77 > 07
then the solution set I’ has a global error bound on R’y with bound k < ~~ L.

Proof. Take y € R". If y € F there is nothing to prove; assume that y ¢ F', then

d(y,F) = supd(y,F;)
teT

Jr
. by
= sup min | — —y;
teT €1y (ar) \ A,

b
= sup min (t—yi>
teT €1y (ar) \ A,

1
= sup min — (by —as. y;
teiEiGbr(at) ag, (b i)
1
< —sup min (b —agy;
< Ssop e, (B anss)
: ( >
= —sup|b— max ayy;

7 teT i€l (at)

1
= —sup (bt - <at7y>)
Y teT

- %d(b,M ).
[l

Finally, we show that, under this last condition on the coefficients, the stability of o with
respect to the consistency yields the metric regularity, i.e., the reverse implication of (5.1).

Theorem 5.9. If o = {{a,x) > b, t € T} € int O, and
inf{ati NS I+ (at) ,t € T} =7> 0,
then )
d (y7M71 (bl)) S ;d (bl’M (y)) 9
for any b' € RSC and all y € R . In particular, M is metrically regular at any y € F' for b.

Proof. Our present assumption leads, by virtue of Proposition 4.3, to the existence of § > 0
such that [|a;|| > 6, for every t € T. If b* € RY is such that M~! (b') = @&, then the
Remark 5.4 gives that both terms are +oo. If b! € Rz is such that its associated system
o1 = {{a,x) > b}, t € T} is consistent, an application of Proposition 5.8 to oy yields the
result. O

In view of Proposition 5.2 we get the following characterization for finite systems.

Corollary 5.10. If T is finite and o is consistent, then o € int O, if and only if M is
metrically reqular at any z € F forb.
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