202 Py, 6,

% Yokohama Publishers

AomeCal _/SSN 1349-8169 _ONLINE JOURNAL

\('oko'$

THE MINIMUM SPANNING SUBGRAPH PROBLEM WITH
GIVEN CYCLOMATIC NUMBER*

QIN WANGT AND JINJIANG YUAN

Abstract: This paper discusses the minimum spanning subgraph problem with given cyclomatic number &,
where the cyclomatic number of a graph G, denoted by 3(G), is the dimension of its cycle space. For a given
weighted graph G = (V, E,w), the problem asks to find a spanning subgraph F' of G such that B(F) = k
and w(F') is as small as possible. We show that this problem is strongly NP-hard. When both G and F are
required to be connected, we present a strongly polynomial-time algorithm to solve this problem. In this
case, we also consider its reverse problem, which asks how to modify the weight function w under some given
bounds in graph G such that the total modification cost plus the total weight of F' under the new weights
is minimized. A strongly polynomial-time algorithm is also proposed to solve this reverse problem.

Key words: minimum spanning subgraph, reverse problem, cyclomatic number, polynomial time algorithm,
strongly NP-hard
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Introduction

Graphs considered in this paper are finite and loopless. For a weighted graph G = (V, E, w),
its vertex set and edge set are denoted by V = V(G) and E = E(G), respectively. We
use w = (w(e) € R: e € E(G)) to denote the real weight vector defined on E(G). For a
subgraph T of G, the weight of T, denoted by w(T'), is defined by w(T') = >_.c (1) w(e).
The cyclomatic number [2] of graph G, denoted by S(G), is the dimension of its cycle space
and equals |E(G)| — |V(GQ)| + ¢(G), where ¢(G) is the number of the connected components
of G. Throughout the paper, for a set F, we use |F| to represent its cardinality. Readers
can refer to [2] for other graph theory terms not defined here.

The cyclomatic number is an important software measurement to indicate the complexity
of a program and it has been intensively studied (see, for example, [1, 3, 4, 6]). In this
paper, we consider the minimum spanning subgraph problem with cyclomatic number k,
which includes the following two kinds of problems.

MSS-CN-£ problem (Minimum spanning subgraph problem with cyclomatic number
k): Find a spanning subgraph F' of a weighted graph G = (V, E,w) such that 8(F) =k <
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B(G) and w(F) is as small as possible.
When both G and F' are required to be connected, we obtain the following problem.

MCSS-CN-k problem (Minimum connected spanning subgraph problem with cyclo-
matic number k): Find a connected spanning subgraph F' of a connected weighted graph
G = (V, E,w) such that 3(F) = k < 3(G) and w(F) is as small as possible.

When k£ = 0, the MCSS-CN-k problem is equivalent to the minimum spanning tree
problem which is well solved.

In this paper, we show that the MSS-CN-k problem is strongly NP-hard even when the
weight of each edge is unit. We give two optimality conditions for the MCSS-CN-k problem
and present a strongly polynomial-time algorithm for solving it. We also consider a model
of reverse MCSS-CN-k problem as follows.

Let F be the family of all connected spanning subgraphs with cyclomatic number k& of
graph G and let ¢ = (c(e) € Ry : e € E(Q)) be the given cost vector. For each e € E, ¢(e)
stands for the cost of modifying (increasing or decreasing) w(e) by one unit. Let b € R
be a bounding vector of maximum allowable modifications (increases or reductions). Let
x € RE be such that w(e) — b(e) < z(e) < w(e) + b(e) for all e € E. We call z an adjusted
weight vector. The reverse MCSS-CN-k problem considered in this paper can be described
as follows.

R-MCSS-CN-k problem (Reverse MCSS-CN-k problem): Find an adjusted weight
vector  such that
(a) 0 < |w(e) — z(e)| < b(e) for each e € E, and
(b) the total cost f(x) = > cp(c(e)lw(e) —xz(e)|) + minper Y cp2(e) is minimum.

Reverse problems play an important role in practice and have been intensively inves-
tigated in the literature. Here the term “reverse” was initially suggested by Zhang et al.
in [8, 9, 10]. In this paper, we will show that the R-MCSS-CN-k problem is equivalent to
that of weight reduction, that is, there will be no weight increasing when modifying the
edge weights. As a result, we develop a strongly polynomial-time algorithm for solving this
problem.

The paper is organized as follows. In Section 2, we show that the MSS-CN-k problem is
strongly NP-hard by transforming the clique problem into this model. We present strongly
polynomial-time algorithms for the MCSS-CN-k problem and for the R-MCSS-CN-k problem
in Section 3 and Section 4, respectively. Some concluding remarks are given in Section 5.

NP-Hardness of the MSS-CN-£ Problem

In this section we will show that the MSS-CN-k problem is strongly NP-hard even when
the weight of each edge is unit. We will use the strongly NP-hard clique problem [5] for the
reduction.

For a simple graph G, a vertex subset X C V(G) is called a clique of G if its induced
subgraph G[X] is complete. The decision version of the clique problem can be described as:
for a given simple graph G and a positive integer r with r» < |V(G)|, is there a clique X of
G such that | X| = r?
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Theorem 2.1. The MSS-CN-k problem is strongly NP-hard.

Proof. Let (G,r) be an instance of the clique problem, where G is a simple graph and r is
a positive integer with r» < |[V(G)|. Without loss of generality, suppose r > 3. We construct
an instance of the decision version of the MSS-CN-k problem as follows. The graph in
consideration is still G. Define the weight w(e) = 1 for each edge e € E(G). The value of k
is defined by k = (r — 1)(r — 2)/2 > 1. The threshold value is defined by Y = r(r — 1)/2.
The decision version of the MSS-CN-k problem asks whether there is a spanning subgraph
F of G such that (F) = k and w(F) < Y. Note that this is equivalently to ask whether
there is a subgraph F' of G such that 8(F) =k and |E(F)| <Y.

First, it is trivial to see that this decision problem is in NP. It can also be observed that
the above construction can be done in polynomial time. In the following, we show that the
instance of the clique problem has a solution if and only if there is a subgraph F' of G such
that B(F) =k and |E(F)| <Y.

Suppose first that the instance of the clique problem has a solution. Then there is a
clique X of G such that |X| = r. Define F = G[X]. Then |E(F)| =r(r—1)/2 =Y and
B(F)=|E(F)|—|V(F)|+1=r(r—1)/2—r+ 1=k, as required.

Conversely, suppose that there is a subgraph F of G such that 8(F') = k and |E(F)| < Y.
Then

|E(F)| - [V(F)| + ¢(F) = k and [E(F)| < r(r — 1)/2.
This implies that
[V(F)| <r—1+4c(F). (2.1)

If F is disconnected, let Fy, Fs, ..., F. be the connected components of F', where ¢ = ¢(F).
Write n; = |V(F;)|, 1 <¢ < c. Since a tree has cyclomatic number zero, we can assume that
n; > 3 for 1 <i < ¢. Since |E(F;)| < n;(n; —1)/2, we have 8(F;) <n;(n; —1)/2—n; +1 =
(n; — 1)(n; — 2)/2. Consequently,

BE) = Yi<i<cBE)
Zlgigc(ni —1)(n; —2)/2

(r—1(r—-2)/2
= K

A A

where the last inequality follows from (2.1). But this contradicts the assumption that
B(F) = k. Hence, F' is a connected graph with |V (F)| < r. Note that (F) = k > 1
means that |V (F)| > 3.

If [V(F)| <r—1,then |[E(F)| < |[V(E)|([V(F)| —1)/2 < (r — 1)(r — 2)/2. Thus

BF) =E(F)| = V(F)|+1<(r=1)(r—2)/2=k

Again, this contradicts the assumption that 5(F) = k. Hence, |V(F)| = r. Consequently,
we have

|[E(F)|=B8F)+|V(E)|—1=(r-1)(r-2)/24+r—1=r(r—1)/2.

Since |V(F)| =r and |E(F)| = r(r — 1)/2, we conclude that V(F) is a clique of G such
that |V (F)| = r. The result follows. O

From the above NP-hardness proof of Theorem 2.1, we can observe that, for a graph
G = (V,E,w) with w(e) = 1 for each edge e € E(G) and for a positive integer r with
2 <r < |V(G)|, F is a spanning subgraph of G with S(F) = (r — 1)(r — 2)/2 and w(F) <
r(r —1)/2 if and only if the nontrivial component of F' is a clique of r vertices of G. So, the
clique problem is a special case of the MSS-CN-k problem.
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The MCSS-CN-k Problem

In this section, we consider the case where both G and F' are required to be connected.
Clearly, a connected spanning subgraph F' of graph G has cyclomatic number S(F) = k if
and only if |[E(F)|=|V(G)|+k — 1.

We use C(G) to denote the set of the cut edges of G. We further write C(G) = E(G) \
C(G). For two distinct vertices u and v of G, we define

C(G,u,v) = {e € E(G) : u and v are disconnected in G — e}.
For a connected spanning subgraph F of graph G and e € C(F'), we define
C*(Fie)={2y € E(G):z € X, ye Y},

where X and Y are the vertex sets of the two connected components of F' — e.
First, we have the following equivalent conditions for the MCSS-CN-k problem.

Theorem 3.1. Let G = (V,E,w) be a connected weighted graph. Let F be a connected
spanning subgraph of G with B(F) = k. Then the following statements are equivalent.

(a) F is a minimum connected spanning subgraph of G with B(F) = k;

(b) for eache € C(F) and each f € C*(F,e), we have w(e) < w(f), and for each g € C(F)
and each h € E(G) \ E(F), we have w(g) < w(h);

(c) for each f =uv € E(G)\ E(F) and each e € C(F,u,v)UC(F), we have w(f) > w(e).

Proof. (a) = (b): Suppose that condition (a) holds. If statement (b) does not hold, then
either there are e € C(F) and f € C*(F,e) such that w(e) > w(f) or there are g € C(F) and
h € E(G)\ E(F) such that w(g) > w(h). If the former occurs, then F —e+ f is a connected
spanning subgraph of G with 8(F) = k such that w(F—e+f) = w(F)—w(e)+w(f) < w(F),
contradicting the assumption of (a). If the latter occurs, then F' — g + h is a connected
spanning subgraph of G with S(F) = k such that w(F —g+h) = w(F)—w(g)+w(h) < w(F),
contradicting the assumption of (a) again. Hence, statement (b) holds.

(b) = (c): Suppose that condition (b) holds. Suppose, to the contrary, that statement
(c) does not hold. Then there are f = uwv € E(G) \ E(F) and e € C(F,u,v) U C(F)
such that w(f) < w(e). If e € C(F,u,v), then e € C(F) and f € C*(F,e). But then
w(e) > w(f), contradicting the assumption of (b). If e € C(F), then f € E(G)\ E(F)
such that w(e) > w(f). This contradicts the assumption of (b) again. Hence, statement (c)
holds.

(¢) = (a): Suppose that condition (c) holds. Suppose, to the contrary, that statement
(a) does not hold. Then F is not a minimum connected spanning subgraph of G with
B(F) = k. Let T be a minimum connected spanning subgraph of G with 5(T) = k such
that |E(T) N E(F)| is maximum. Then |E(T)\ E(F)| > 0. Let f = uv € E(T)\ E(F) such
that w(f) is minimum. Then f = wv € E(G) \ E(F). By the assumption of (c), for each
e € O(F,u,v) UC(F), we have w(f) > w(e). We distinguish the following two cases.

Case 1 f € C(T). We claim that there is e € C(F,u,v) UC(F) such that e € C*(T, f).
Otherwise, denote the union of (u,v)-paths in F' be Pp. Then E(Pr) C C(F,u,v)UC(F).
So, E(Pr) N C*(T, ) = 0, which means that v and v are still connected in G — C*(T, f), a
contradiction. Hence, the claim holds. By picking such an edge e in the claim and setting
H =T — f 4+ e, we obtain a new minimum connected spanning subgraph H of G with
B(H) = k. But then |E(F)NE(H)| > |E(F)N E(T)|. This contradicts the choice of T'.
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Case 2 f € C(T). We claim that C(F)\ C(T) is not empty. Otherwise, C(F) C C(T).
We use C(T') and C(F) to simply denote the edge induced subgraph of 7" and F' induced by
C(T) and C(F), respectively. Then

B(C(T)) = B(T) =k and B(C(F)) = B(F) = . (3.1)
Since f ¢ C(F), we have C(F) C C(T) — f. Hence,
BC(F)) < BC(T) — ). (3.2)
Since f is not a cut edge of T, it is also not a cut edge of C(T"). This implies that
BIC(T) ~ f)=B(C(T)) — 1=k~ 1. (3.3)
But then, (3.1), (3.2) and (3.3) imply that k = B(C(F)) < B(C(T) — f) = k—1, a
contradiction. This completes the proof. O

Now we present an algorithm for the MCSS-CN-k problem. Suppose that G = (V, E, w)
is a connected weighted graph.

Algorithm 1. Find a minimum spanning tree 7' of G = (V, E,w). Sort the edges in
E(G) \ E(T) such that w(e1) < w(eg) < -+ < w(e:), where e = |E(G) \ E(T)|. Set
F =T+ {ey,eq,...,e;} and end the algorithm.

Lemma 3.2 ([7]). Let G = (V, E,w) be a connected weighted graph and let T be a spanning
tree of G. Then T is a minimum spanning tree of G if and only if for each e € E(T) and
each f € C*(T,e), w(e) < w(f).

Theorem 3.3. Algorithm 1 correctly find a minimum connected spanning subgraph F of
G = (V,E,w) with B(F) = k.

Proof. Let T, F, and {ei,ez,...,ex} be the same as in Algorithm 1. Let F; = T +
{e1,e2,...,¢;}, 0 < j < k. We need only show that, for each j with 0 < j < k, Fj is
a minimum connected spanning subgraph of G with 3(F};) = j. The assertion holds trivially
for j = 0 since Fy = T is a minimum spanning tree of G.

Inductively, suppose that 1 < 7 < k£ and F;_; is a minimum connected spanning subgraph
of G with B(F;_1) = j — 1. From Theorem 3.1(b), for each e € C(Fj_1) and each f €
C*(Fj_1,e), we have w(e) < w(f), and for each g € C(F;_1) and each h € E(G)\ E(F;_1),
we have w(g) < w(h), where the conclusion for F;_; = Fy = T with j = 1 follows from
Lemma 3.2. Since e; has the minimum weight among the edges in E(G) \ E(F;_1), the
condition in Theorem 3.1(b) still holds for F; = Fj_1 +e;. It follows from Theorem 3.1 that
F; is a minimum connected spanning subgraph of G with §(F;) = j.

The above discussion implies that a minimum connected spanning subgraph F with
cyclomatic number k can be constructed by a minimum spanning tree 7" and k shortest
edges of E(G) \ E(T). It follows that Algorithm 1 works correctly. This completes the
proof. O

In Algorithm 1, sorting the weights of all the edges in E(G) \ E(T) costs O(eloge) time
which is dominated by the running time for finding the minimum spanning tree. Hence,
Algorithm 1 can be performed with the same time complexity O(|E|log |E|) as the minimum
spanning tree problem.
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Remark. It can be verified that, when G is a connected graph, (E, F) forms a matroid,
where F consists of the subset F' C E so that |F| < |V|+ k — 1 and either G[F] is acyclic
or G[F] is spanning and connected. Then F' C E is a basis of (E,F) if and only if |F| =
|[V|+ k — 1 and either G[F] is acyclic or G[F] is spanning and connected. Thus, the greedy
algorithm for finding the minimum weighted basis of (E, F) does work for the MCSS-CN-k
problem. It seems that Algorithm 1 is a concentration of the greedy algorithm in this special
matroid.

The R-MCSS-CN-k Problem

First, we will show that the R-MCSS-CN-k problem is equivalent to that of weight reduction,
that is, there will be no weight increasing when modifying the edge weights. We have

Theorem 4.1. Suppose that T is an optimal solution of the R-MCSS-CN-k problem, then
Z(e) <wl(e) for each e € E.

Proof. Suppose, to the contrary, that there is an edge g € F such that z(g) > w(g). Then

clearly
o w(e), ife=g,
=(e) = { z(e), otherwise
is a feasible solution of the R-MCSS-CN-k problem. Note that
Y (e(@)lw(e) —a'(e)) = D (e(e)lwle) — z(e)]) — elg)(@(g) — w(g)).
ecE ecE
Since ¢(g) > 0 and Z(g) > w(g), we have
D (e(e)wle) —a'(e)) < Y _(cle)|w(e) — z(e)]).

Moreover, it is obvious that minper ) . p2'(e) < minper > . .pZ(e). So, f(z') < f(Z),
contradicting the assumption that Z is an optimal solution of the R-MCSS-CN-k problem.
Hence, we have Z(e) < w(e) for each e € E. This completes the proof. O

Based on Theorem 4.1, in the following, we need only deal with the weight reduction
case of the R-MCSS-CN-k problem, and we call it the R’-MCSS-CN-k problem, which can
be described formally as follows.

R/-MCSS-CN-k problem: Find an adjusted weight vector = such that
(a) 0 < w(e) —xz(e) < b(e) for each e € E, and
(b) the total cost f(x) =" cpcle)(w(e) —z(e)) + minper ) . px(e) is minimum.

For convenience, we call a weight vector z satisfying the condition (a) a feasible weight
solution. The following theorem can be observed.

Theorem 4.2. Suppose that T is an optimal solution of the R'-MCSS-CN-k problem and
F is an optimal solution of the MCSS-CN-k problem mingcr ), . pZ(e). Then

. z(e), ifecF,
w(e) = w(e), otherwise

is also an optimal solution of the R'-MCSS-CN-k problem.
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For each e € E, we define

w(e) —ble), if c(e 1,
w*(e){ (¢) = ble), if efe) <

w(e), if ¢(e) > 1.

Let w(e) = c(e)(w(e) — w*(e)) + w*(e) for each e € E. We use F' to denote an optimal
solution of the MCSS-CN-k problem minper ) . wi(e) under the weight w;. Moreover,
we define z; by the following way:

x1(e) =

w*(e), ifeeF!,

w(e), otherwise .

By the definition of z; and w*, it is easy to see that 0 < w(e) — z1(e) < b(e) for each
e € E. Hence, 1 is a feasible weight solution of the R/-MCSS-CN-k problem.

In the following we will show that z; is also an optimal solution of the R’-MCSS-CN-k
problem. First, we have,

Theorem 4.3. FEvery feasible weight solution x has the total cost

f(x) = C =" cle)(wle) —zi(e)) + Y zi(e).

eckE ecF!

Proof. Suppose  is an optimal weight solution of the R’~-MCSS-CN-k problem and F? € F
is an optimal solution of the MCSS-CN-k problem mingcr ) . Z(e). Define a new weight
solution 2’ by setting
z(e), ifeeF?,
z'(e) =
w(e), otherwise .

By Theorem 4.2, ' is also an optimal weight solution. Note that f(z') = > 5 c(e)(w(e) —
x'(e)) + > .cpe ' (). Moreover, we have

C=3 cle)(wle) —zi(e)) + Y wi(e)

eclE ecF?
= > ce)(wle) —w(e) + Y w(e)
ecF! e€F1
— Z wi (e). (4.1)

From the definition of w; and F!, we have

Yowie) < Y wi(e) < Y ele)(wle) —a'(e)) + Y a'(e) = fla). (4.2)

e€EF1 ecF? ecF? e€F?

Since f(z') is the optimal value of the R’-MCSS-CN-k problem, from (4.1) and (4.2), we
have

C < f(a') < f(z).
The result follows. O
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In the following, we need only show that F* is the optimal solution of the MCSS-CN-k
problem under weight vector ;.

Theorem 4.4. F' is the optimal solution of the MCSS-CN-k problem under weight vector
X1.

Proof. By contradiction. Suppose that F'! is not optimal and let F' € F be an optimal solu-
tion of the MCSS-CN-k problem under weight vector z1. Then ) . x1(e) > D cpx1(e).

Define weight solution zo by:
zi(e), ife€eF,
xa(e) =

w(e), otherwise.

Then the total cost of G under weight vector zo is given by

flx2) = Yeepnpele)(wle) —ai(e)) + Xocp z1(e)

< ZeEFl c(e)(w(e) - 1’1(6)) + ZeeFl l‘l(@)
= 07
contradicting Theorem 4.3. The proof is completed. O

Combining Theorem 4.4 with Theorem 4.3 we conclude that weight vector z; is an
optimal solution of the R’-MCSS-CN-k problem. Now we outline the strongly polynomial-
time solution procedures for the R’-MCSS-CN-k problem in the following.

Algorithm 2. Step 1 Define the revised weight vector w; by

wn(e) = { cle)b(e) +w(e) —ble), if cle) <1,
w(e), if e(e) > 1,

for each e € E.

Step 2 Use Algorithm 1 to solve the MCSS-CN-k problem minger ) | . wi(e) and denote
the optimal solution by F*.

Step 3 Construct the adjusted weight vector x by

() = { w(e) —ble), ifcle)<1andee F!,

w(e), otherwise.

for each e € E. Then z is the optimal solution and the optimal value is f(z).

The running time used in Step 1 for computing the new weights wy (e), e € E, is O(| E|).
Solving the MCSS-CN-k problem in Step 2 by Algorithm 1 takes O(|E|log |E|) time. The
running time used in Step 3 for computing the adjusted weights z(e),e € E, is also O(|E]).
So the time complexity of Algorithm 2 is given by O(|E|log |E|).

Concluding Remarks

We have proved that the MSS-CN-£ problem is strongly NP-hard and both the MCSS-CN-&
problem and the R-MCSS-CN-k problem can be solved in strongly polynomial times. In
fact, Algorithm 2 can be applied to solve many reverse optimization problems when F is
the family satisfying the following Assumption 5.1.
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Assumption 5.1. We assume that the problem

(A1): mig}_w(F) =min Y w(e)

can be solved in polynomial time.

There are many cases in which the assumption is satisfied. For example, when F is
the family of all spanning trees, or all matchings of a graph, or all perfect matchings of
a complete bipartite graph G = (X,Y; E) with |X| = |Y|, then problem (Al) becomes
the well-known minimum spanning tree problem, maximum weighted matching problem, or
assignment problem, and so, there are strongly polynomial-time algorithms to solve these
problems. So, under Assumption 5.1, Algorithm 2 can solve a large class of such kind of
reverse optimization problems in polynomial time.

We can also consider other kinds of reverse problems, for example, in the model of the
R’-MCSS-CN-k problem, the modification bounds are on each edge of G and they are not
affecting each other. If we give an overall budget B > 0 on the total modification, we have
the following R”-MCSS-CN-k problem.

R”-MCSS-CN-k problem Find an adjusted weight vector = such that
(a) 0 <w(e) —xz(e) < b(e) for each e € E,
(b) X, plw(e) — a(e)) < B, and
(c) the total cost f(x) =) cpcle)(w(e) —x(e)) + minper ) . px(e) is minimum.

In further research, we can study the complexity of the R”-MCSS-CN-k problem. It
seems that this problem is also polynomially solvable. Moreover, it may be meaningful to
consider whether other relevant models under other norms are polynomially solvable.
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