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Abstract: In this paper we consider a primal-dual interior point method for solving nonlinear semidefinite
programming problems, which is based on shifted perturbed Karush-Kuhn-Tucker (KKT) conditions. The
main task addressed by the interior point method is to obtain a point that approximately satisfies shifted
perturbed KKT conditions. First, we propose a differentiable merit function whose stationary points always
satisfy the conditions. This function is an extension of the one proposed by Forsgren and Gill for nonlinear
programming problems. Next, we develop a Newton-type method that finds a stationary point of the
merit function. We show the global convergence of the proposed Newton-type method under some mild
conditions. Finally, we report some numerical results, which show that the performance of the proposed
method is comparable to the existing primal-dual interior point method based on perturbed KKT conditions.
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Introduction

In this paper we consider the following nonlinear semidefinite programming (SDP) problem:

minimize f(x),
zeR™ (11)
subject to g(x) =0, X(z) > 0,

where f : R® - R, g: R" — R™ and X : R” — S? are twice continuously differentiable
functions, and S¢ denotes the set of d x d real symmetric matrices. Let Si L (Si) denote the
set of d x d real symmetric positive (semi)definite matrices. For a matrix M € S, M = 0
and M > 0 mean that M € Si and M € Si+, respectively. If the functions f, g and X are
linear, the nonlinear SDP (1.1) can be reduced to a linear SDP.

Nonlinear SDP includes a wide class of mathematical programming problems and it has
many applications [2,6,8,22,26]. Linear programming, second order cone programming,
linear SDP and nonlinear programming can all be recast as nonlinear SDP. Linear SDP has
been studied extensively by many researchers [1,4,7,23-25]. However, there exist important
applications that are formulated as nonlinear SDP, but cannot be reduced to linear SDP. For
example, the Gaussian channel capacity problem [26], the minimization (or maximization)
of the minimal (or maximal) eigenvalue problem [18], the nearest correlation matrix problem
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[19] and the static output feedback problem [20] are such applications. Thus, it would be
useful to develop methods for solving nonlinear SDP.

Previous studies have proposed several solution methods for nonlinear SDP [6,10,11,14,
21,28]. Basically, these methods are extensions of existing methods for nonlinear program-
ming, such as sequential quadratic programming methods, successive linearization methods,
augmented Lagrangian methods and interior point methods.

Freund, Jarre and Vogelbusch [6] proposed a sequential semidefinite programming method
for nonlinear SDP. However, they only considered the case where the objective function is
quadratic and the constraint functions are affine. Kanzow, Nagel, Kato and Fukushima [11]
extended the successive linearization method using a certain exact penalty function and a
trust region-type technique. They showed that the extended method is globally conver-
gent under rather strong assumptions on the generated sequence, which are not verified in
advance. Stingl [21] presented an augmented Lagrangian method for nonlinear SDP. He
showed its global convergence under rather restrictive conditions such as the second order
sufficient optimality condition. Yamashita, Yabe and Harada [28] applied the primal-dual
interior point method to nonlinear SDP and they exploited a nondifferentiable L; merit
function to determine a step length. They showed the global convergence of their algorithm
under some unclear assumptions regarding the generated sequences. These assumptions are
discussed in Section 4.3.

The aim of the present study is to propose an interior point method for (1.1) that
converges globally under milder conditions compared with the methods described above. In
particular, we specify the conditions related to the problem data, i.e., f,g and X. We also
show that these conditions hold for linear SDP.

Recently, Kato, Yabe and Yamashita [12] proposed a primal-dual interior point method
based on shifted perturbed Karush-Kuhn-Tucker (KKT) conditions, which is an extension
of the method proposed by Forsgren and Gill [5] for nonlinear programming. This method
generates points that satisfy shifted perturbed KKT conditions at each iteration. In order
to find such points, Kato, Yabe and Yamashita [12] used a merit function, which is an
extension of [27]. However, since the merit function is rather complicated, it might be
difficult to implement it appropriately. In this paper, we propose a new merit function F
whose stationary points satisfy shifted perturbed KKT conditions. This is an extension of
a merit function [5] developed for nonlinear programming. It consists of simple functions of
matrices, such as log-determinant and trace, and hence it is easy to implement. We show
the following important properties of the merit function F'.

(i) The merit function F is differentiable;
(ii) Any stationary point of the merit function F is a shifted perturbed KKT point;
(iii) The level set of the merit function F' is bounded under some reasonable assumptions.

Kato, Yabe and Yamashita [12] also showed that their merit function satisfies (i) and (ii),
but they did not show the property (iii). These properties mean that we can find a point
that satisfies shifted perturbed KKT conditions by minimizing the merit function F. To
minimize F', we also propose a Newton-type method based on nonlinear equations in shifted
perturbed KKT conditions. We show that the Newton direction is sufficiently descent for the
merit function F. As a result, we prove the global convergence of the proposed Newton-type
method. These details are provided in Section 4.

The present paper is organized as follows. In Section 2, we introduce some operators and
important concepts, which are used in the subsequent sections. In Section 3, we present a
primal-dual interior point algorithm based on shifted perturbed KKT conditions. In Section



A DIFFERENTIABLE MERIT FUNCTION FOR THE NONLINEAR SDP 559

4, we first propose a merit function F' for a shifted perturbed KKT point and present
its properties. Secondly, we propose a Newton-type algorithm that minimizes the merit
function. Moreover, we prove the global convergence of the Newton-type algorithm. In
Section 5, we report some numerical results for the proposed method. Finally, we make
some concluding remarks in Section 6.

Throughout this paper, we use the following notations. Let p and g be positive integers.
For matrices A, B € RP*? (A, B) denotes the inner product of A and B defined by (A, B) =
tr(AT B), where tr(M) denotes the trace of a square matrix M, and the superscript T denotes
the transposition of a vector or a matrix. Note that if ¢ = 1, then (-,-) denotes the inner
product of vectors in RP. For a given vector w € RP and a matrix W € RP*?, w; denotes
the i-th element of the vector w, and W;; denotes the (4, j)-th element of the matrix W.
Moreover, ||w|| denotes the Euclidean norm of the vector w defined by ||w|| = /(w, w), and
IW||F denotes the Frobenius norm of the matrix W defined by |[W||r = /(W,W). Let
Y =R" x R™ x 8¢, For a given v € V, we use the following notations for simplicity.

X
or v=(z,y,%2),

N <

where z € R”, y € R™ and Z € S, respectively. We also define the inner product (-, -)
and the norm || - || on V as (vy,ve) = (x1,22) + (y1,y2) + (Z1, Z2) and ||v]| = \/(v,v), where
vy = (21,91, Z1) € Vand vy = (12,52, Zo) € V. For a given matrix U € 8¢, A\ (U),..., \g(U)
denote the eigenvalues of the matrix U. In particular, Apin(U) and Apnax(U) denote the
minimum and maximum eigenvalues of the matrix U, respectively. For a given matrix
V e Si, Vi € Si denotes the matrix such that V = V2V, Note that Vi = QAQT,
where

0 | Xa(V)

and @ is a certain orthogonal matrix such that V = QA%2QT. Let ® : P, x P, — P3, where
P, and P, are open sets. We denote a Fréchet derivative of ® as V®. We further denote
a Fréchet derivative of ® with respect to a variable Z € P, as Vz®. Moreover, if ¢ is a
vector-valued function, then Jg denotes a Jacobian of ®.

Preliminaries

In this section, we first introduce some operators. Then we present some useful properties
of the log-determinant function on S% Moreover, we introduce the (approximate) KKT
conditions related to the primal-dual interior point method for nonlinear SDP.

Some operators and their properties
Let U,V € 8¢, P,Q € R%*? and z,w € R™. We use the following notations.
(i) The product o of the matrices U and V is defined by U o V = LY,

(ii) The partial derivative of X (z) with respect to z; is denoted by A;(z) € S?, that is,
Ai(z) = %X(m) fori=1,...,n.
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n d s _
= 1 [P nn .
(iii) The operator A(z) from R"™ to S* is defined by A(x)w = w1 A1(x) + ... + w, A (2)

(iv) The adjoint operator of A(z) is denoted by A*(x), that is, A*(z)U =
[(A1(2),U),..., (A, (2),U)]T for all U € S%.

(v) The operator P ® Q from S? to 8¢ is defined by

(PUQT +QUPT). (2.1)

N | =

(POQ)U =

If X(x) = 2141 + ... + 7,A, with some constant matrices A; € S% i = 1,...,n, then
Ai(x) = Ag,i = 1,...,n. Note that U oV = 0 is equivalent to UV = 0 if U and V are
symmetric positive semidefinite.

@ Properties of the log-determinant function

Let ¢ : S‘_f_+ — R be defined by ¢(M) = —logdet M. Let Q be defined by Q@ = {z €
R"| X (x) > 0}, and let ¢ : 2 — R be defined by

p(x) = ¢(X (). (2.2)
We first give the differentiability and convexity of ¢.
Proposition 2.1.

(a) The function ¢ is differentiable on , and its derivative is given by V(x) =
—A* ()X (z)7L.

(b) Suppose that
XAu+ (1=Nv) = AX(u) = (1=X)X((w) =0 for A €[0,1] and u,v € Q. (2.3)
Then @ is convex on Q. Moreover, if X is injective on ), then ¢ is strictly convex.

(c) Suppose that (2.3) holds. Suppose also that Ai(x),. .., Ap(x) are linearly independent
for all x € Q. Then ¢ is strictly conver.

Proof. (a) From [23, Section 5] and the chain rule, the desired equality holds.

(b) First note that det A < det B if 0 <= A and 0 < B — A from [9, Corollary 7.7.4]. Tt
then follows from (2.3) that for any A € [0,1] and u,v € £, det[AX (u) + (1 — \) X (v)] <
det[X (Au+ (1 —N)v)]. Since — log is a decreasing function on (0, c0) and ¢ is strictly convex
from [9, Theorem 7.6.7], we have p(Au+ (1 — A)v) < Ap(u) + (1 — N)p(v).

Suppose that u # v. Then, since X is injective on Q, X (u) # X (v). Moreover, since ¢

is strictly convex, p(Au+ (1 —A)v) < Ap(u) 4+ (1 — X)p(v) for A € (0,1). Thus, ¢ is strictly
convex.
(c) Since X is twice differentiable, X (v+A(u—v)) — X (v) = M(v)(u—v) +0o(N) for u,v € Q
and A € (0,1). Then (2.3) can be written as AA(v)(u — v) — A(X (u) — X(v)) + o(A\) = 0.
Dividing both sides by A, we have A(v)(u —v) — X (u) + X(v) + @ > 0. Letting A — 0
yields

A)(u —v) — X (u) + X (v) = 0.
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Let M = A(v)(u—v) — X (u) + X (v). Since M and X (v)~! are symmetric positive semidef-
inite, there exist M2 and X (v)~2. Then we have

(X ()", M) = tr(X () TM) = te(X (v) EMEM2 X (0)"%) = | M2 X (v) 2|3

From the convexity of ¢, (2.2) and V(M) = —M 1, we obtain

where the last inequality follows from (a).

Since ¢ is convex by (b), it suffices for (¢) to show that u = v if and only if p(u) —p(v) =
(Vo(v),u —wv). If u = v, then it is clear that p(u) — p(v) = (Vp(v),u —v). Conversely,
suppose that ¢(u) — p(v) = (Vp(v),u — v), then the equality holds in (2.4). It follows from
(2.4) that |M2X(v)"2||p = 0 and ¢(X (u)) — (X (v)) = (~X(v) ", X (u) — X (v)). Then,
we have A(v)(u — v) = 0 from the definition of M. Since A;(z),...,A,(z) are linearly
independent for all € 2, we have u = v. O

Note that Proposition 2.1 (b) does not assume the differentiability of X.

We next give sufficient conditions under which matrices in a level set of ¢ is uniformly
positive definite, which is a key property for the level boundedness of the merit function
proposed in Section 4.

Proposition 2.2. For a given v € R, let Ls(v) = {U € ST, |p(U) < ~}. Let T be a
bounded subset of S%. Then, there exists A > 0 such that Ayin(U) > A for allU € Lo(y)NT.

Proof. Suppose the contrary, that is, there exists a sequence {U;} C L4(7) NT such that
Amin(Uj) = 0 as j — oo. Then

—log Amin (Uj) — 0. (2.5)

Since U; € L4(v), we have v > ¢(U;) = —logdetU; = — Z?:l log A;(U;). Then, (2.5) im-
plies that there exist an index k and an infinite subset 7 such that lim;_, jes —log \x(U;) =
—00, that is, lim; o je 7 Ak (U;) = oo. However, this is contrary to the boundedness of {U; }.
Therefore, there exists A > 0 such that Ayin(U) > A for all U € Ly(y)NT. O

Shifted perturbed KKT conditions for nonlinear SDP

We first introduce the optimality conditions for nonlinear SDP (1.1). Let v = (z,y, Z). The
Lagrangian function L of (1.1) is given by

L(v) = f(z) = g(x) "y — (X(2),Z),

where y € R™ and Z € S? are the Lagrange multiplier vector and matrix for g(z) = 0 and
X (z) = 0, respectively. The gradient of the Lagrangian function L with respect to x is given
by

VaoL(v) = Vf(x) = Jo(2) Ty — A" () Z.
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The Karush-Kuhn-Tucker (KKT) conditions of (1.1) are written as

V.L(v) 0
glz) | =10 (2.6)
X(2)Z 0
and
X(z)=0, Z=0. (2.7)

Most of the solution methods for nonlinear SDP is developed to find a point v = (x,y, Z)
that satisfies the KKT conditions. However, it is difficult to get such a point directly due
to the complementarity condition X(x)Z = 0 with X(z) > 0 and Z = 0. To overcome
this difficulty, the primal-dual interior point method proposed by Yamashita, Yabe and
Harada [28] exploits the following perturbed KKT conditions with a parameter p > 0.

V.L(v) 0
g(x) =10/, X(z) = 0, Z > 0. (2.8)
X(x)Z — pul 0

They [28] proposed a Newton-type algorithm to get a point satisfying the perturbed KKT
conditions.
In this paper, we focus on the following shifted perturbed KKT conditions. For p > 0,

V. L(v) 0
g@)+py | =|0 (2.9)
X(x)Z — pul 0
and
X(z) >0, Z = 0. (2.10)

The above shifted perturbed KKT conditions are derived by Forsgren and Gill [5] for non-
linear programming. In what follows, we call a point v satisfying the shifted perturbed KKT
conditions a shifted perturbed KKT point. Furthermore, we define the set W C V by

W={(z,y,2) €V | X(z) = 0,Z > 0}.

We call a point v € W an interior point.

Primal-Dual Interior Point Method Based on Shifted Perturbed
KKT Conditions

In this section, we introduce a prototype of an interior point algorithm based on the shifted
perturbed KKT conditions (2.9) and (2.10). Note that the prototype has already been
proposed in [12].

The primal-dual interior point method generates a sequence {v;} C R™ x R™ x S? such
that the point v approximately satisfies the shifted perturbed KKT conditions (2.9) and
(2.10) with p = ug > 0, where {u} is a positive sequence such that pr — 0 (k — o).

To construct a concrete algorithm, it is important to define an approximate shifted
perturbed KKT point, and to provide a method for finding an approximate shifted perturbed
KKT point.
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We first give a concrete definition of an approximate shifted perturbed KKT point. To
this end, let

Vx() \/

For a given € > 0, a point v € W is called an approximate shifted perturbed KKT point if it
satisfies p(v; u) < e. Note that p(v; ) = 0 and v € W if and only if v is a shifted perturbed
KKT point. Note also that p(v;0) =0, X (z) > 0 and Z > 0 if and only if v is a KKT point
of the nonlinear SDP (1.1).

Now, we give the framework of the primal-dual interior point method.

2
r(v;p) = + X (2)Z - pI|%

Algorithm 1.

Step 0. Let {ur} be a positive sequence such that pur — 0 as k — oco. Choose constants
o, >0. Set k=0.

Step 1. Find an approximate shifted perturbed KKT point v with € = oug, that is,
Vg1 € W such that p(vgy1;pr) < opg.

Step 2. If p(vk41;0) < ¢, then stop.
Step 3. Set k =k + 1 and go to Step 1.

The following theorem gives conditions for the global convergence of Algorithm 1. It can
be proved in a way similar to [28, Theorem 1]. Thus, we omit the proof.

Theorem 3.1. Suppose that an approximate shifted perturbed KKT point vi41 is found in
Step 1 at every iteration. Moreover, suppose that the sequence {xy} is bounded and that the
Mangasarian-Fromovitz constraint qualification condition holds at any accumulation point
of {zk}, i.e., for any accumulation point x* of {xr}, the matriz Jy(x*) is of full rank and
there exists a nonzero vector w € R™ such that

Jg(z*)w =0 and X(z —|—sz

Then, the sequences {yx} and {Z} are bounded, and any accumulation point of {vy} satisfies
the KKT conditions (2.6) and (2.7). 0

The theorem guarantees the global convergence if an approximate shifted perturbed KKT
point viy1 is found at each iteration. Thus it is important to present concrete algorithm
that finds the point. In the next section, we will propose a merit function for the shifted per-
turbed KKT point and a Newton-type algorithm for solving the unconstrained minimization
problem of the merit function.

Finding a Shifted Perturbed KKT Point

In order to find the approximate shifted perturbed KKT point in Step 1 of Algorithm 1, we
may solve the following unconstrained minimization problem:

minimize p(v; u)?,

subject to v €V,
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where YV = R" x R™ x S¢. Unfortunately, a stationary point of the problem is not necessarily
a shifted perturbed KKT point unless Vr(v; 1) is invertible. In this section, we first construct
a differentiable merit function F' whose stationary point is always a shifted perturbed KKT
point. Moreover, we show that a Newton direction for the nonlinear equations r(v;u) = 0
is a descent direction of the merit function F'. Next, we propose a Newton-type algorithm
for solving the unconstrained minimization of the merit function F. Finally, we show that
the proposed algorithm finds a shifted perturbed KKT point under some mild assumptions.

Merit function and its properties

We propose the following merit function F': W — R for the shifted perturbed KKT point.
F(:r,y, Z) = FBP(‘T) + VFPD(Ivya Z)a

where v is a positive constant, and the functions Fgp : & — R and Fpp : W — R are
defined by

Far(z) = f(2) + 5 9(a)|F — nlogdet X (),

and
1
Fpp(z,y,Z) = ﬂHg(x) + myl|? + (X (), Z) — plogdet X () det Z,
respectively. The functions Fgp and Fpp are called the primal barrier penalty function and
the primal-dual barrier penalty function, respectively. Note that F' is convex with respect
to x when f is convex and g, X are affine. The merit function F is an extension of the one
proposed by Forsgren and Gill [5] for nonlinear programming.

Remark 4.1. For the shifted perturbed KKT conditions, Kato, Yabe and Yamashita [12]
also proposed the following merit function F' : W — R.

F(z,y,Z) = Fpp(z) + vFpp(z,y, Z),

where Fpp(w) is defined by

i (X(2),2) + |22 X (2) 2% — ul||%
. :

~ 1 2
Fpp(2,y,2) = S llg(@) + py|* + log (det(X (z)Z))4

They showed that F has nice properties like the merit function F. However, F is more
complicated than F’, and hence it might not be easy to implement the Newton-type method
based on F in [12]. Furthermore, even if f is convex and g, X are affine, F' is not necessarily
convex with respect to x.

In the rest of this subsection, we present some useful properties of the merit function F
such as the differentiability, the equivalence between a stationary point of F' and a shifted
perturbed KKT point, and the level boundedness.

First of all, we present a concrete formula of the derivatives of the merit function F.

Theorem 4.2. The merit function F is differentiable on W. Moreover, its derivative is
given by

VFBP(.’E) + VVmFPD(’U})
VF(w) = vV, Fpp(w) ,
Z/VZFPD(UJ)
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where VEpp(z) = Vf(x) + 5 Jy(2) Tg(z) — pA* (2) X (2) ™, VoFpp(w) = 5 Jg(2) T (g(z) +
py) + A (@)(Z — pX (x)"), VyFpp(w) = g(x) + py and VzFpp(w) = X(z) —pZ~". O

Next, we show the equivalence between a stationary point of the merit function F' and a
shifted perturbed KKT point.

Theorem 4.3. A point w* € W is a stationary point of the merit function F if and only if
w* is a shifted perturbed KKT point.

Proof. First, let w* = (z*,y*,Z*) € W be a stationary point of the merit function F'.
Theorem 4.2 yields that

V() + ing*)T {(1+ )g(a®) + vay™} + A (@") {v2° = p(1+ )X (@)} = G4.1)
g(&) +uy" =0, X&) —p(Z) " =0, (4.2)
Thus we have
VoL(w) = Vf(a*) - Jy(a") Ty — A" (@) 2"
— Vi) + iJgu*)Tg(x*) — A (@) X (")
= 2y T (o) '} - v @)X (@) X @) - (27} 2
=0,

where the second and third equalities follow from (4.2) and (4.1), respectively. Therefore,
w* is a shifted perturbed KKT point.

Conversely, let w* = (z*,y*, Z*) be a shifted perturbed KKT point. Then, we obtain
that

VoL(w*) =0, g(z*)+py* =0, X(@*)Z"—pl=0.
From Theorem 4.2, it is clear that V,F(w*) = v{g(z*) + py*} = 0 and VzF(w*) =
{X(2*) — w(Z*) 1} = v{X(2*)Z* — ul}(Z*)~! = 0. Moreover,
Vo F(w®) = Vf(z®) + %Jg(ﬂf*)T {1+ v)g(@™) +vpy™y + A (") {vZ" — p(1 + )X (@)~}
= V) + %Jg(x*)Tg(f*) — pA* (@)X (2) 7
+ %Jg(ﬂf*)T {9@™) + py"} + v A" (") {Z* — uX (2") 7'}

14

=V L(z") + ;Jg(l’*)T {9(a") + py"} + v A (@)X (") H{X (%) 2" — ul}
=0.
Therefore, we have VF(w*) = 0, that is, w* is a stationary point of F. O

This theorem is an extension of [5, Lemma 3.1] for nonlinear programming.
From this theorem, we can find an approximate shifted perturbed KKT point by solving
the following unconstrained minimization problem.

minimize F(w),

subject to w € W. (4.3)
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One of the sufficient conditions under which descent methods find a stationary point is
that a level set of the objective function is bounded. Thus, it is worth providing sufficient
conditions for the level boundedness of the merit function F. For a given o € R, we define
the level set £(«) of F' by

L(a)={weW ]| F(w) <a}.
We first give two lemmas. The following lemma follows directly from [28, Lemma 1].
Lemma 4.4. Let w = (x,y,Z) € W and u > 0. Then the following properties hold.
(a) (X(z),Z) — plogdet X (z)Z > du(l —log ).
(b) Fpp(w) > du(l—log ). The equality holds if and only if g(x) 4+ py =0 and X (x)Z —

ul =0.
(¢) lim Fpp(w)=o00 and lim  Fpp(w) = occ.
(X(2),2)10 (X(2),Z)1o0
Lemma 4.5. Suppose that an infinite sequence {w; = (x;,y;,7Z;)} is included in L(c).

Suppose also that the sequence {z;} is bounded. Then, the sequences {y;} and {Z;} are also
bounded. In addition, the sequences {X(z;)} and {Z;} are uniformly positive definite.

Proof. Since {z;} is bounded, the sequence {—logdet X (z,)} is bounded below. Thus, there
exists a real number M, such that My < Fpp(z;) for all j. Then, the definition of F' and
w; € L(a) imply that Fpp(w;) < 2(a— M) for all j, which can be rewritten as

— M,

1 5
_— . 2 <« 7
2MH9($J)+MZ/J|| <=

CY—Ml

— (X (x)), Zj) + plogdet X (z;)Z; < — dp(1 —log ),
where the last inequality follows from Lemma 4.4 (a). Hence, the sequence {y;} is bounded.

Next, we show that {X(z;)} is uniformly positive definite. From Lemma 4.4 (b), we
have

My < Fpp(z;) = F(wj) — vFpp(w;) < a—vFpp(w;) < a—vdu(l —log ) for all j,

and hence, the sequence {Fpp(z;)} is bounded. It then follows from the boundedness of
{z;} and Fpp(z;) = f(z;) + i”g(:rj)H2 — plogdet X(z;) that {—logdet X (z;)} is also
bounded. From Proposition 2.2, the boundedness of {—1log det X (z;)} and {X(z;)} implies
that {X(z;)} is uniformly positive definite, that is, there exists A such that Ayin (X (z;)) >
A > 0 for all j.

Next we show that {Z;} is bounded. From Lemma 4.4 (b), we have

| —

du(l —logp) < Fpp(w;) < —(aw— My) for all j,

v

and hence the sequence { Fpp(w,)} is bounded. Then, Lemma 4.4 (c) yields that {(X(z;), Z;)}
is bounded. Thus, there exists a real number Ms such that for all j,

d
My > t1(X (25)Z5) > Amin (X (2))t2(Z;) > Atr(Z) = XD Me(Z;) (4.4)
k=1

where the second inequality follows from [3, Proposition 8.4.13]. Since {Z,} is positive
definite, A\(Z;) > 0 for k = 1,...,d. Then, (4.4) implies that {\;(Z;)} is bounded for
k=1,...,d, and hence {Z;} is bounded.
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Finally, we show that {Z;} is uniformly positive definite. Recall that
1
Fpp(w;) = ﬂ”g(%‘) + pyslI* + (X (), Z;) — plogdet X (x;) — plogdet Z;,

and that the sequences {z;},{y;}, {(X(z;),Z;)}, {—logdet X(z;)} and {Fpp(w;)} are
bounded. Therefore, {—logdet Z;} is also bounded. It then follows from Proposition 2.2
and the boundedness of {Z;} that {Z;} is uniformly positive definite. O

We now give sufficient conditions under which any level set of the merit function F is
bounded.

Theorem 4.6. Suppose that the following five assumptions hold.
(i) The function f is convex;
(ii) The functions g1, ..., gm are affine;

(iil) The function X satisfies X (Au+ (1 — X)v) = AX (u) — (1 = M) X (v) = 0 for XA € [0,1]
and u,v € §);

(iv) The matrices Ai(x), ..., Ay(x) are linearly independent for all x € Q;
(v) There exists a shifted perturbed KKT point w*.
Then, the level set L(«) of F is bounded for all « € R.

Proof. Let {(xk,yx, Z)} be an infinite sequence in L£(«). We first show that the sequence
{z1} is bounded. In order to prove this by contradiction, we suppose that there exists a
subset Z C {0,1,...} such that limy_, o kez ||zk]| = 0o. Since F(wg) < o and Fpp(wy) >
du(1 —log i) from Lemma 4.4 (b), Fpp(zr) = F(wy) — vFpp(wg) < a — vdu(l — log p).
On the other hand, since w* is a shifted perturbed KKT point, Theorem 4.2 implies that

0= V,L(w) = VIa) + 5 7y(a") gla") = p A" (@)X (@) = VFop(a). (45

Note that Fpp is strictly convex from Proposition 2.1 (¢) and the assumptions (i)—(iv). Thus,
(4.5) implies that x* is the unique global minimizer of Fgp. Note that * € Q and X (z*) > 0.
Then, there exists € > 0 such that {z* +ecu | ||u|| =1} C Q and min{Fpp(z* +cu) | ||ul| =
1} > Fgp(z*). Let dp = L(ap — %) (k € 7) and F§p = min{Fpp(z* + cu) | |lul| = 1}.
Note that ||dx|| = oo (k — oo, k € T). Without loss of generality, we suppose that ||dg| > 1
for all £ € Z. From the convexity of Fgp, we have
MFBP(I'*) + iF'Bp(if* + Edk) > FBp <£L'* +€dk> > FE’P’
[l [l [l |

which implies that FBp(aik) = Fpp(z* + Edk) > HdkH(F]EgP - FBP(-'E*)) + FBP(,T*). Thus,
since Fgp — Fpp(z*) > 0, we have Fpp(zy) — oo (kK — 00,k € T). However, this result
contradicts Fpp(zx) < o — du(1 — log pt). Hence, for any sequence {zx, Y, Zr} C L(a), the
sequence {xy} is bounded. Since {z} is bounded and {F(w;)} is bounded above, it follows
from Lemma 4.5 that the sequences {y} and {Z;} are also bounded. 0

Remark 4.7. The level boundedness of the merit function for nonlinear programming is
not given in [5]. Applying Theorem 4.6, it is easy to show that the merit function M in [5]
is level bounded if the objective function f is convex, the constraint functions ¢; (i € £) are
affine, and rank(J.) = n.
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Remark 4.8. Kato, Yabe and Yamashita [12] showed that their merit function F is differ-
entiable and its stationary point is a shifted perturbed KKT point. However, they did not
discuss the level boundedness of their merit function.

Remark 4.9. Theorem 4.6 assumes that f is convex and g is affine. These assumptions
are rather restrictive for some applications. We can replace these assumptions with the
following coerciveness condition.

1
in o (70 + 5 la@)) = .
lzll—~o0,z€ ||| 2p
Due to Theorems 4.2—4.6, we can solve the unconstrained minimization problem (4.3) by
any descent method, such as the quasi-Newton method and the steepest descent method, and
hence we can get an approximate shifted perturbed KKT point vi11 in Step 1 of Algorithm
1.

Newton algorithm for minimization of the merit function

In this subsection, we propose a Newton-type method for the unconstrained minimization
problem (4.3) of the merit function F'.
We exploit the scaling of X (z) and Z. Let T € R?*¢ be a nonsingular matrix such that

TX(2)T' T~ " 2T =T "ZT17'TX (2)T". (4.6)
Let X (z) and Z be defined by
X(2)=TX@)T =T oT)X(x) and Z=T "2T'=(T""oT ")z,

respectively. Note that X(z) and Z commute, that is, X(z)Z = ZX () from (4.6). As
seen later, the scaling enables us to analyze and calculate a Newton direction easily. In the
subsequent discussions, for simplicity, we denote X (z) and X (z) by X and X, respectively.

Next, we give a Newton direction, and show that it is a descent direction for the merit
function F. The Newton direction is derived from the nonlinear equations r(w;p) = 0 in
the shifted perturbed KKT conditions (2.9). However, the matrix AZ of a pure Newton
direction (Ax, Ay, AZ) for r(w;u) = 0 is not necessarily symmetric due to XZ — ul = 0.
Thus, we consider the following symmetrized shifted perturbed KKT conditions with scaling.

V. L(w) 0
rs(wip) = | gl@)+py | = |0 (4.7)
XoZ—pul 0

and
X0, Z=0.

Note that X o Z — pl = 0 is equivalent to XZ — ul = 0 if X and Z are symmetric
positive semidefinite [28]. Moreover, X (z) > 0 and Z > 0 if and only if X(z) > 0 and
Z > 0. Therefore, the symmetrized shifted perturbed KKT conditions (4.7) are essentially
the same as the original shifted perturbed KKT conditions (2.9).

We apply the Newton method to the equation (4.7). Then, it follows from [12] that

GAzx — J,(z) " Ay — A*(2)AZ = V. L(w), (4.8)
Jo(x)Ax + pAy = —g(z) — py, (4.9)
ZAX + AXZ + XAZ+AZX =2ul — X7 — ZX, (4.10)
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where GG denotes the Hessian matrix of the Lagrangian function L with respect to = or its
approximation. In what follows, we call the solution Aw = (Az, Ay, AZ) of the Newton
equations (4.8)—(4.10) the Newton direction.

Next, we give the explicit form of the Newton direction Aw. It follows from [12] that

(G FH+ ;Jq(x)TJq(x)) Aw=— (Vf(x) + %Jg(x)Tg(x) _ ,uA*(x)X‘l) (a11)
Ay = = (g(a) + -+ Jy()Aa). (1.12)
AZ=pX'—Z—(TToTHNXoD) " (ZoI)(ToT)A)Az, (4.13)

where the elements of H € R™*"™ are written as
Hy = <Ai(x), TTeTHXeo)  ZeoD)(Toe T)Aj(m)> . (4.14)

Since Jy(x) " J,(z) is positive semidefinite, we can solve (4.11) with respect to Az if G+ H
is positive definite. Fortunately, H is positive semidefinite. The following lemma can be
proved by using the similar arguments as in [28, Theorem 3].

Lemma 4.10. Suppose that X and Z are symmetric positive definite. Then, H is symmetric
positive semidefinite. Furthermore, if Ai(x),..., Ap(z) are linearly independent for all x €
R”, then H is symmetric positive definite. a

Remark 4.11. In the case of linear SDP, A;(x),..., A, (z) are usually supposed to be
linearly independent for all x € R™. Then, H is positive definite from Lemma 4.10.

To summarize the discussion above, we give the concrete formulae of the Newton direction
Aw in the following theorem.

Theorem 4.12. Let p >0 and w = (z,y,Z) € W. Suppose that G + H s positive definite.
Then, the Newton equations (4.8)—(4.10) have the unique solution Aw = (Ax, Ay, AZ) such
that

1 -1 1 . )
Ax = — (G +H+ MJg(x)TJg(x)) (Vf(x) + ;Jg(x)Tg(x) — pA* ()X ) (4.15)
Ay = = {al@) + o+ Jy(2)A)
AZ=pX'—Z-TToTHX o) Y ZoI)(ToT)A)A.

Proof. It is clear that %Jg(x)TJg(a:) is positive semidefinite. Thus, the positive definiteness
of G+ H and (4.11) yield that

1 - 1
Ax = — (G +H+ MJg(a?)TJg(:r)) (Vf(:r) + ;Jg(:c)Tg(:z:) - ;LA*(;E)X1> .
Furthermore, Ay and AZ directly follow from (4.12) and (4.13), respectively. O

One of the main burdens during the computation of the Newton direction Aw is the
calculation of the operator (X ®I)~! in (4.13) and (4.14). Note that (X ®1)~! in (4.13) and

(4.14) appears as ()?@I)_l(ZGI). Hence, when X = [ it is clear that ()?@I)_l(ZQI) =
Z ® 1. On the other hand, when X = Z, (X © I)~}(Z ® I) is the identity mapping. Thus,
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if we choose the scaling matrix T" such that X =1 or X = Z, we do not have to handle the
operator (X ® I)~! explicitly. This is one of the reasons why we exploit the scaling. Note

that the choices of T such that X = I or X = Z are well known as the HRVW /KSH/M
choice or the NT choice.

(i) HRVW /KSH/M choice

Let T = X~ 2. Then we have X = I and Z = X2 ZX?. This choice corresponds to the
dual HRVW /KSH/M choice for the linear SDP [7,13,15].
(ii) NT choice

Let T = Wz, where W = X2(X2ZX%)"2Xz. Then we have X = W 2XW 2 =
W2ZW? = Z. This choice corresponds to the NT choice for linear SDP [16,17].

Next, we show that the Newton direction is a descent direction for the merit function F'.
For this purpose, we first show the following two lemmas.

Lemma 4.13. Let > 0 and w = (z,y,Z) € W. Suppose that G + H is positive definite.
Let Az be given by (4.15). Then we have

1
VFpp(z) Az = —Az' <G +H + MJg(m)TJg(x)) Az <0.

Furthermore, VFgp(x) " Ax = 0 if and only if Ax = 0.

Proof. We easily see that G + H + iJg(sc)TJg(ac) is positive definite from the positive
definiteness of G+ H. Since VEpp(z) = Vf(z)+ iJg(x)Tg(x) — . A*(x) X ~1 from Theorem
4.2, (4.11) yields that

VFpp(z)"Azr = Az’ (Vf(x) + iJg(x)Tg(a:) — MA*(m)X_1>
= Az’ 1 x) ", (x T
—_A <G+H+MJ9( )T, ( ))A
<0.

Furthermore, since G+ H +5.Jy(2) T J4(2) is positive definite, VFpp(2) " Az = 0 if and only
if Az =0. O

Lemma 4.14. Let > 0 and w = (z,y,Z) € W. Suppose that G + H is positive definite.
Let Aw = (Ax, Ay, AZ) be given in Theorem 4.12. Then we have

(VFpp(w), Aw) = —il\g(x) +py|* = (X 2)"% (ul = XZ) |} < 0.

Furthermore, (VFpp(w), Aw) = 0 if and only if g(z) + py =0 and XZ — pI = 0.

Proof. Let ¥; : W — R and ¥y : W — R be defined by ¥;(w) = ﬁ”g(a:) + pyl|? and
Uy(w) = (X, Z) — plogdet X Z, respectively. Note that Fpp(w) = ¥y(w) + Uo(w). Then,
we have

(V¥ (w), Aw) = i(g(ﬂﬁ) +uy) " (Jg(x)Az + pAy) = —illg(w) + pyl* <0,

where the second equation follows from (4.9). The equality holds if and only if g(x)+ uy = 0.
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On the other hand, (V¥y(w), Aw) = —|(XZ)"2(ul — XZ)|%2 < 0 holds from [28,
Lemma 3]. Moreover the equality holds if and only if XZ — uI = 0. a

We show that the Newton direction Aw is the descent direction for the merit function
F.

Theorem 4.15. Let u > 0 and w = (x,y, Z) € W. Assume that G+ H is positive definite.
Then, Aw = (Az,Ay,AZ) given in Theorem 4.12 is a descent direction for the merit
function F, i.e.,

(VF(w), Aw) = —Az" (G +H4 ;Jg(ac)TJg(x)) Az

v S~ 1 ==
- ﬁllg(x) +pyl? = v|(X2)72 (ul - XZ)|%
<0.

Furthermore, (VF(w), Aw) = 0 if and only if w is a shifted perturbed KKT point.

Proof. Tt is clear that the first part of this statement holds from Lemmas 4.13 and 4.14.
Now, we show the second part of this theorem. Suppose that w is a shifted perturbed KKT
point, i.e., Vf(z) — Jy(z) 'y — A*(2)Z = 0, g(z) + py = 0 and XZ — ul = 0. Then, we
obtain (VFpp(w), Aw) = 0 from Lemma 4.14. Moreover, we have

Vf(x)+ iJg(ff)Tg(x) — pAN (@)X = V(@) = Jy(2) Ty — A" (@) Z =0,

and hence Ax = 0 from (4.15). Then, VFpp(z) Az = 0, and hence (VF(w), Aw) = 0.
Conversely, suppose that (VF(w), Aw) = 0. It then follows from Lemmas 4.13 and 4.14
that Az =0, ¢g(x) + py = 0 and XZ — I = 0. Then we have from (4.15) that

* 1 * —
VoL(w) = Vf(z) = Jy(x) Ty — A"(2)Z = Vf(z) + ;Jg(x)TQ(m) — pA*(z) X7 =0.
Thus, w is a shifted perturbed KKT point. O

Theorem 4.15 guarantees that F(w + aAw) < F(w) for sufficiently small a > 0 if w is
not a shifted perturbed KKT point.

Now, we discuss how to choose an appropriate step size « such that F(w+aAw) < F(w).
The merit function F' and the Newton equations (4.8)—(4.10) are well-defined only on W.
Therefore, the new point w + aAw is required to be an interior point. Thus, we must choose
a step size o € (0, 1] such that X (z + aAz) = 0 and Z + aAZ > 0. To this end, we first
calculate

- T —— if Amin(X"2AXX"2) < 0 and X is affine
C_YI == )\min(X 2AXX 2 )
otherwise
and
T if Ain(Z7FAZZ7E) <0
O_[Z = Anin(Z72AZZ™ 2)
otherwise,

where 7 € (0,1) is a given constant. Set

& = min{l, a,, a.}. (4.16)
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Then Z + aAZ - 0 for any « € (0, @]. Moreover, X (z 4+ aAz) = 0 for any a € (0,a] if X is
affine. Note that if X is nonlinear, X (z + cw/Ax) is not necessarily positive definite for any
a € (0,a].

Next, we choose a step size o € (0, @] such that F(w+aAw) < F(w) and X (z+aAz) =
0. For this purpose, we adopt the following Armijo’s line search rule. Find the smallest
nonnegative integer ! such that

F(w+ af'Aw) < F(w) + goaf' (VF(w), Aw), X(z+ apf'Az) =0

and set o = @A, where 3, € (0,1). Note that the second condition is not necessary when
X is affine.

Now, we describe a concrete Newton-type method for Step 1 of Algorithm 1. Recall that
the script k& denotes the k-th iteration of Algorithm 1.

Algorithm 2. (for Step 1 of Algorithm 1)
Step 0. Choose 8,e0,7 € (0,1) and set j = 0 and wp = vg.
Step 1. If p(w;; p) < o, then set vy = w; and return.

Step 2. Obtain the Newton direction Aw; = (Azx;, Ay;, AZ;) by solving the Newton equa-
tions (4.8)—(4.10).

Step 3. Set a; = a; 8%, where @; is given by (4.16) and [, is the smallest nonnegative integer
such that

F(wj + @j,Blewj) < F(wj) + 806@‘5” <VF(’LUj),ij> s X(LL‘]’ + @jﬂlel‘j) > 0.
Step 4. Set wj41 = w; + a;Aw; and j = j + 1, and go to Step 1.

Global convergence of Algorithm 2

In this subsection, we prove the global convergence of Algorithm 2. For this purpose, we
make the following assumptions.

(A1) The functions f,g1,...,9m and X are twice continuously differentiable.
(A2) The sequence {z;} generated by Algorithm 2 remains in some compact set Q2 of R™.

(A3) The sequence {G; + H; + iJg(xj)TJg(zj)} is uniformly positive definite and the
sequence {G;} is bounded.

(A4) The sequences {7} and {ijl} are bounded.

Note that Assumption (A2) holds under the assumptions of Theorem 4.6. Assumption (A3)
guarantees that the Newton equations (4.8)—(4.10) have a unique solution.

Remark 4.16. Assumptions (A1)—(A3) hold for linear SDP such that A;(z;),..., An(z;)
are linearly independent. In fact, it is clear that Assumption (A1) holds. Theorem 4.6
guarantees that Assumption (A2) holds. Moreover, H; is positive definite from Remark
4.11 and G; = 0. Thus, Assumption (A3) holds.

Remark 4.17. Yamashita, Yabe and Harada [28] showed the global convergence of their
Newton-type algorithm under the boundedness of the sequence {y;}, in addition to Assump-
tions (A1)—(A4). However, they did not give sufficient conditions for the boundedness of

{y;}-
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Remark 4.18. Kato, Yabe and Yamashita [12] also showed that a Newton-type algorithm
with the merit function F' can find a shifted perturbed KKT point under the same assump-
tions. However, concrete sufficient conditions were not given for Assumption (A2).

First of all, we show that the sequence {w;} generated by Algorithm 2 is bounded.

Lemma 4.19. Suppose that Assumptions (A2) holds. Then, the sequence {w; = (x;,y;,Z;)}
generated by Algorithm 2 is bounded. Furthermore, the matrices {X;} and {Z;} are uni-
formly positive definite.

Proof. Since the sequence {F(w;)} is monotonically decreasing, we have F'(w;) < F(wy) for
all j. From Assumption (A2) and Lemma 4.5, we have the desired results. ]

Note that the lemma above guarantees that Assumption (A4) holds if the scaling matrix
T is given by HRVW/KSH/M choice or NT choice.

Lemma 4.20. Suppose that Assumptions (A2)-(A4) hold. Then, the sequence {Aw;} gen-
erated by Algorithm 2 is bounded.

Proof. Assumptions (A2)-(A4), Lemma 4.19 and Theorem 4.12 yield that the sequence
{Aw;} generated by Algorithm 2 is bounded. a

We now show the global convergence of Algorithm 2.

Theorem 4.21. Suppose that Assumptions (A1)-(A4) hold. Then the sequence {w; =
(5,95, 2Z;)} generated by Algorithm 2 is bounded. Moreover, any accumulation point w* =
(x*,y*, Z*) of {w;} is a shifted perturbed KKT point.

Proof. Since the sequence {w;} is bounded from Lemma 4.19, it has at least one accumula-
tion point w*.

Next, we prove that w* is a shifted perturbed KKT point. To this end, we first show that
the sequence {&;} given in Step 3 of Algorithm 2 is bounded away from zero, that is, there
exists a real number & such that 0 < & < @; for all j. Note that from Lemmas 4.19 and
4.20, the sequences {X,}, {Z;}, {AX;} and {AZ;} are bounded. Moreover, the matrices
{X;} and {Z;} are uniformly positive definite. Thus, the sequences {)\min(Xj_%AXij_%)}
and {/\min(Zj_%AZij_%)} are also bounded. Then, the definition of &; yields that there
exists a real number & such that 0 < & < &; for all j.

Next, we show (VF(w;), Aw;j) — 0 as j — oco. From the Armijo’s line search strategy
in Step 3, we have F(w;4+1) — F(w;) < goa; 84 (VF(w;), Aw;) and X (x; + ;8% Ax;) = 0.
Summing up the above inequalities from j =1 to j = 7, we have

F(U’EH) - F(w;) < Eozdj/jj (VE(w;), Aw;) .
j=1

It then follows from (VF(w;), Aw;) <0 by Theorem 4.15 and & < @; that

F(ijrl) - F(Wl) S Eo@Zﬁl‘j <VF(1,UJ), Aw]> .
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Since the sequence {w;} is bounded, the sequence {F(w;)} is also bounded, and hence

—00 < ¥ BY(VF(w;), Aw;) 0.

j=1
Therefore, we have

lim Y (VF(w;), Aw;) = 0.

J—00

Now, we consider two cases: liminf; . Bb > 0 and lim inf; o0 gl =0.
Case 1: liminf; ,o 8% > 0. Then, we have lim;_,o (VF(w;), Aw;) = 0.

Case 2: liminf; , Bl = 0. In this case, there exists a subset J C {0,1,...} such that
limj oo jegsl; = oco. Since {X(x;)} is uniformly positive definite and {Axz;} is
bounded, there exists [ such that X (z; + &;8%Ax;) = 0 for all I; > I. Therefore,
without loss of generality, we suppose that X (z; + a;8% 1Az;) = 0 for all j € J.
Furthermore, since [; — 1 does not satisfy the Armijo rule in Step 3, we have

eotj (VF(w;), Aw;) < F(wj +t;Aw;) — F(w;),

where t; = a;8571. Let h(t) = F(w; + tAw;). By the mean value theorem for h,
there exists 6; € (0,1) such that

eotj (VE(wy), Awj) < F(w; + tjAw;) — F(w;)
= h(t;) — h(0)
= t;1'(0,t;)
= t; (VF(w; + 0;t;Aw;), Awy) ,
which yields that

0< (80 — ].) <VF("UJ]), Aw]> < <VF(U)J + thjAU)j) — VF(’UJ]), A’U.)]>
< IVEF(w; + 05t;Aw;) — VEF(w;)[[| Aw; |, (4.17)

where the last inequality follows from the Cauchy-Schwarz inequality. Since {w;} and
{Aw;} are bounded and lim;_, jes t; = 0, we have from Assumption (A1)

j_}loiorgej |VF(w; + 6;t;Aw;) — VF(w;)| = 0.
Then, lim;_, o jeq (VF(w;), Aw;) = 0 from (4.17).
From both cases, we can conclude that
lim (VF(w;), Aw;) = 0. (4.18)

j—o0

From the boundedness of {w;} and Assumptions (A3) and (A4), there exists a subset
K c {0,1,...} such that {w;}x,{G,;}x and {T}}x converge to w*,G* and T*, respec-
tively. Moreover from (2.1), the sequences {T; © Tj }x and {T; ©T }x converge to T* © T™*
and (T*)T ® (T*) 7, respectively. Then we have from (4.14) that {H;}x converges to H*.
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Note that the matrix G* + H* + 1.Jy(a*) T Jy(2*) is positive definite from Assumption (A3).
Thus, (4.15) implies that the subsequence {Ax;}x converges to Az*, where

* * * 1 *\ T * - * 1 *\ T * * * *\—1
Ar*=—(G"+H —i—;Jg(a:) Jg(x™) Vf(x)—i—;Jg(x) g(x*) — pA* (2*) X (x™) .
Similarly, {Ay;}x and {AZ;}x converge to Ay* and AZ*, where

Ay* = —i(g(af*) +uy* + Jy(2)Az"),
AZ* = uX (@) — 75 — (T 0 (TH VX (") © DY (Z* © )(T* 6 T*)A(z")Az",

and Z* = (T*)~T®(T*)~T)Z*. Then, (VF(w*), Aw*) = 0 by (4.18). Therefore, Theorem
4.15 yields that

V.L(w*)=0, g(z*)+py* =0 and X(z*)Z*—ul =0,

i.e., w* is a shifted perturbed KKT point. a

Numerical Experiments

In this section, we report some numerical experiments for the proposed algorithm (Algorithm
1 with Algorithm 2). We compare the proposed algorithm with the interior point method [28]
based on the perturbed KKT conditions (2.8). We present the number of iterations and the
CPU time of both algorithms. The program is written in MATLAB R2010a and run on
a machine with an Intel Core i7 920 2.67GHz CPU and 3.00GB RAM. The parameter
used by both algorithms is updated by pg+1 = px/10 with po = 0.1. Moreover, we use the
approximate Hessian G}, updated by the Levenberg-Marquardt type algorithm [28, Remark
3]. We employ the scaling matrix T = X ~2 and the following parameters.

e=10"%, 6=35 v=10, 7=095 =095 -¢c=0.50.

We solve the following three test problems described in [28] by using the initial points
indicated in [28].

Gaussian channel capacity problem:

N BN
maximize 5210g(1+ti)’

1 — —al ,
subject to ~ > Xy < P, X;; >0, t; >0, Lmaiti Vi o =1, ,n),
n

— " - Vi aiXy +ri| T
where the decision variables are X;; and t; for i = 1,...,n. In the experiment, the constants
r; and a; for ¢ = 1,...,n are selected randomly from the interval [0,1], and P is set to 1.

Note that the objective function of the problem is concave and the constraint functions are
affine.

Minimization of the minimal eigenvalue problem:

minimize tr(IIM (q)),
subject to tr(Il) =1, II =0, q € Q,
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where Q C RP, and M is a function from RP to S™, and decision variables are ¢ € RP
and IT € S™. In the experiment, p is set to 2 and the function M is given by M(q) =
q1q2M71 + 1 M5 + qo M3, where My, Mo, M3 € S™ are constant matrices whose elements are
selected randomly from the interval [—1, 1]. The constraint region @ is set to [—1,1] x [—1, 1].
Note that the objective function is nonconvex and the constraint functions are affine.

Nearest correlation matrix problem:

1 2
inimize - [|X — A
minimize & | 7
subject to X =nI, X;; =1, (i=1,...,n),

where A € S™ is a constant matrix and n € R is a positive constant. Note that X > nl
is equivalent to X — nl = 0. In the experiment, the elements of the matrix A are selected
randomly from the interval [—1,1] with A;; = 1 for i = 1,...,n. Moreover, we set n = 1073,
Note that the objective function is quadratic and convex, and the constraint functions are
affine. Therefore, the problem is convex.

The numerical results are presented in Tables 1-3. In these tables, SDPIP denotes the
interior point algorithm of [28]. From Tables 1-3, we see that the results obtained by using
Algorithm 1 are comparable to those produced with SDPIP.

(6] Concluding Remarks

In this paper, we proposed a new merit function F for shifted perturbed KKT conditions. We
also showed the properties of the merit function F'. In particular, we gave the level bound-
edness of the merit function F', which is not given in other related papers for nonlinear SDP.
Moreover, we proposed a Newton-type method (Algorithm 2) to find an approximate shifted
perturbed KKT point. We further proved the global convergence under weaker assumptions
than those in [28]. In the numerical experiments, we showed that the performance of Algo-
rithm 1 was comparable to that of the interior point method [28] based on the perturbed
KKT conditions.

As future research, it is worth to show the superlinear convergence of Algorithm 1 under
appropriate conditions.
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Table 1: Gaussian channel capacity problem

Algorithm 1 SDPIP
n  iteration time(s) iteration  time(s)
) 126 5.17 128 5.25
10 142 19.52 153 20.36
15 190 87.58 175 84.04
20 148 184.57 126 169.09
25 169 500.51 145 432.62
30 70 472.58 63 429.41
35 106 1421.61 79 1119.49
40 110 3033.11 80 2020.00

Table 2: Minimization of the minimal eigenvalue problem

Algorithm 1 SDPIP
n iteration time(s) iteration  time(s)
5) 6 0.23 9 0.28
10 7 1.16 10 1.60
15 7 7.19 10 10.09
20 8 39.03 10 46.88
25 8 108.23 11 162.18
30 8 241.76 14 443.60
35 8 560.41 16 1161.47
40 10 1289.72 16 2092.33

Table 3: Nearest correlation matrix problem

Algorithm 1 SDPIP
n  iteration time(s) iteration  time(s)
5) 8 0.13 9 0.15
10 8 1.52 10 1.79
15 10 10.33 11 11.02
20 11 37.47 12 40.68
25 10 151.93 11 180.84
30 9 307.40 10 328.88
35 11 875.31 11 872.60

40 11 1503.82 11 1461.04
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