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Abstract: This paper proposes a semidefinite programming (SDP) relaxation based technique for a NP-
hard mixed binary quadratically constrained quadratic programs (MBQCQP) and analyzes its approximation
performance. The problem is to find two minimum norm vectors in N-dimensional real or complex Euclidean
space, such that M out of 2M concave quadratic functions are satisfied. By employing a special randomized
rounding procedure, we show that approximation ratio is upper bounded by O(M#%) in the real case and by
O(M 3) in the complex case, which are both independent of problem dimensions.
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Introduction

In this paper, we study a special mixed binary quadratically constrained quadratic pro-
gramming (MBQCQP) problem. It is well-known that semidefinite programming (SDP)
relaxation is an effective way to relax a nonconvex QCQP problem. Our focus is to investi-
gate approximation bound of the SDP relaxation for the following MBQCQP problem:

min [wl* + [lw2]|?
W17W2€]FN7,3
s.t. W{{szl > Bh 1= 1, s ,M
wilH;wy >1—-p;, i=1,--- M (1.1)

ﬁle{oal}a i:17"'7Ma

where F is either the field of real numbers R or the field of complex numbers C; 3 :=
(B, Pu) s Hy (i=1,--- , M) are N x N real symmetric or complex Hermitian positive
semidefinite matrices, | - | denotes the Euclidean norm in F¥ and M > 0 is a given integer.
We note that problem (1.1) is in general NP-hard, which will be proved in Section 2 in this
paper. Notice that the problem (1.1) can be easily solved either when N =1 or M = 1.
Hence, we shall assume that N > 2 and M > 2 in the rest of the paper.
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The problem is motivated by its application in wireless communication. Consider the
network with a single base station (BS) and M users. Let M = {1,--- , M} denote the set
of all users. Suppose there are two orthogonal time slots, and the objective is to properly
assign the users into these two time slots as well as to multicast the desired signal to each
time slot. Suppose the BS uses the linear transmit beams wq, wo € CV*1 to transmit
the signals in time slot 1 and 2, respectively. Let h; € CV*! denote the complex channel
coefficient between the BS and user 4, and let n; denote the environmental noise power at
the receiver of user i. Suppose that h; and n; remain unchanged during the considered time
slots. Then the signal to noise ratio (SNR) at the receiver of each user ¢ € M in time slot
q can be expressed as

T (2
SNR; = M,iEM,q:{LQ}. (1.2)
(3

Let v; denote the SNR level prescribed by user i. Then the Quality of Service (QoS)

constraint for a user ¢ that is served in slot ¢ can be expressed as the constraint on its

h;

e
received SNR level: % > ;. For notational simplicity, let h; £ - to be user i’s

n;
normalized channel. We are interested in assigning each user to either onewof the available
time slots, as well as to perform multicasting within each time slot to the selected users.
Mathematically, it can be formulated as a special case of (1.1) with H; = h;h?.

For solving nonconvex QCQP problems with continuous variables, there are many clas-
sical results on the quality bounds of SDP relaxation [1, 2, 7, 16, 18, 11, 26, 27, 14, 17].
However, most of them can only deal with the inequality constraints, which can not include
the discrete constraints as a special case.

For those QCQPs with only discrete constraints, there are also many existing results. In
the seminal work by [9], a special QCQP problem with discrete variables only, i.e., the max
cut problem, is investigated and the ratio of the optimal value of SDP relaxation over that
of the original problem is bounded below by 0.87856. ... Other related results can be found
in [25, 8.

Although SDP relaxation technique has been quite successful in solving continuous
QCQP or discrete QCQP, so far little is known about the effectiveness of applying it for
MBQCQP, except for two recent results [13, 24]. In those two papers, the authors study
MBQCQP models that differ substantially from that considered in this work. In [13], the
authors consider a quadratic maximization problem with a single cardinality constraint on
the binary variables. In [24], the authors consider an MBQCQP problem where the objective
is to find a minimum norm vector under some mixed binary concave quadratic constraints
and a single cardinality constraint on the binary variables. In the current work, we consider
a different problem where no cardinality constraint for the binary variables is involved. As
a result, the techniques and analysis developed in [13, 24] can not be applied directly. Ex-
cept for using SDP relaxation, some alternative approaches to MBQCQP have been recently
proposed in [4, 5, 20, 21, 3]. More detailed reviews of recent progress on related problems
can be found in the excellent surveys [6, 12, 15].

The paper is organized as follows. In Sections 2, we show that problem (1.1) is NP-
hard in general. We develop SDP relaxation for solving the MBQCQP problem (1.1) in
Section 3. Based on an optimal solution of the relaxed problem, an approximation solution
for the original problem is generated by a special randomization procedure. Moreover, we
analyze the quality of such approximation solutions by deriving bounds on the approximation
ratios between the optimal solution of the MBQCQP problem and its corresponding SDP
relaxation. In Section 4, some numerical results are shown. Some conclusions are listed in
the last section.
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Notations. For a symmetric matrix X, X = 0 (X > 0 ) signifies that X is positive
(semi)-definite. We use Tr[X] and X[i, j] to denote the trace and the (7, j)th element of a
matrix X, respectively. For a vector x, we use ||x|| to denote its Euclidean norm, and use
x[i] or x; to denote its ith element. Also, we use RV*M and CV*M to denote the set of real
and complex N x M matrices, and use SV and Sf to denote the set of N x N hermitian
and hermitian positive semi-definite matrices, respectively. Finally, we use the superscript
H and T to denote the complex Hermitian transpose and transpose of a matrix or a vector
respectively.

NP-hardness

In this section, we show that the problem (1.1) is NP-hard in general. We only consider the
real case of F = R, since the complex case can be handled similarly as in [16, 27]. To this
end, we consider a reduction from the NP-complete equal partition problem: Given positive

integers aq, as, - -, an, decide whether there exists a subset Z of {1,--- ,n} such that
Zai :Zai. (21)
i€T igT

Note that, by a linear transformation if necessary, the problem

min  x7Qx +y”Qy
x,y€FN

st. x| >1, or|y;] >1,i=1,--- ,n. (2.2)
is a special case of (1.1), where Q > 0. In the following, we will prove that (2.2) is NP-hard
by showing that a subset Z satisfying (2.1) exists if and only if the optimization problem
(2.2) has a minimum value of n. Let a = (ay,--- ,a,)7 and set Q = aa” + I where I is the

identity matrix. The optimal value of the problem (2.2) is n, if and only if there exists x
and y, which satisfy

aTX:Oa aTy:07 X; € {_17150}7 Yi S {_15170}7 |Xl‘+|Y’L| = 17 1= 17 , 1.

By setting z = x + y, which is then binary, i.e., z; = 1 or —1, and a’z = 0. Let Z = {i |
z; = 1}, and J be its complement set. The above suggests that we will have a partition of

a, such that
Z a; = Z Qj.

1€L i€J
The proof is completed.
Algorithm and Approximation Bound Analysis

The Proposed Algorithm

Introducing a homogenizing constant ¢, and transform {8;} to the domain {—1,1}, and
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denote the corresponding new variables by {«;}, then the problem is equivalent to

min [lw[* + w2

1
s.t. waiw1+1(ai—£)221i:17... M

1
W2HHZW2+Z(O[Z+£)2 Z 1) ’L:l, 7M

o e{-1,1},i=1,---,M, € {-1,1}.

Let ¢; € RM+DX1 denote the elementary vector with all zeros except its ith component,
which takes the value 1. Let e € RIM+D*1 denote the all 1 vector and denote

1 1 1 1
Cin = ZeieiT * ZeM‘Heﬂ-&-l - Zeieqﬂll-i-l - ZeJVIJ,-leZT,
C: 0 O
A, = 0 H, O c (C(M+1+2N)><(M+1+2N)
0 0 0
1 T 1 T 1 r 1 .
Ciz = 7 EM+iCM 4 * 1 EM+1€M 41 + 78M+i€M 41 + 78M+1€M s
Cio 0 0
Ai 2 = 0 00 c C(M+1+2N)><(M+1+2N).
0 0 H,
Let x(I) = [l 7T, x?@ = wy, x®) = wy and x = [X(I)T7X(2)T7X(3)T]T. Using these

notations, the problem can be written compactly as

min[x )2 4 x|

s.t. xHAMXZL t=1,--- M (P)
XHAZ‘,QXZ 1,+=1,--- M
(x[i)?=1,i=1,--- , M+ 1.
Let v¥ be the optimal value to this original problem. For a feasible solution x, let vF (x)

denote the objective value of problem (P). We consider an SDP relaxation of the problem
(P), expressed as follows

min Te[X®] + Tr[X )]

s.t. TI‘[A,’JX] Z 1,2 = 1, s ,M (SDP)
TI'[AZ"QX] Z 172 = 1,- s 71\4

diag(XM) = e
X e SSFM+1+2N)><(M+1+2N).

In the above formulation, X(1) € C(M+Dx(M+1) X (2) X(3) ¢ CN*N are the diagonal blocks
of the matrix X. Let X* denote the optimal solution to this SDP problem, and let v5PF (X*)
denote its optimal solution. Because the off diagonal blocks of X does not appear in either
the objective or the constraints of (SDP), without loss of generality, we can consider X* as
a block diagonal matrix of the following form

x*1 0 0
X*=10 X*2 0 . (3.1)
0 0 X+
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Moreover, it can be easily concluded that X*(1) is a real symmetric positive semi-definite
matrix.

Once we obtain the solution X*, we need to convert it into a feasible solution for the
problem (P). The randomization procedure listed in Table 1 is proposed for such purpose.

In essence, this procedure consists of two parts. The first part includes Steps S1 and
S2 in Table 1, in which we generate three random vectors 5(1), 5(2), 5(3) from the normal
distributions, and obtain the binary variable x(!) from X)* by using the simple sgn function
to do the rounding for 5(1). The second part includes Steps S3 in Table 1, where we
use similar scaling to the two continuous variables 5(2) and 5(3), to get x® and x(®. In

summary, by using the randomization procedure in Table 1, we obtain a feasible solution
x = [x(WT xAT xG)TIT t0 the problem (P).

Table 1: The Randomization Procedure

S0: Solve the SDP relaxation problem (SDP) to get (X(1)* X(2)* X)),

S1: Generate independent random vectors 6(1) e R”, 5(2) e F", 5(3) € F" from
the normal distribution A(0, X(*), N5(0, X®*), NF(0,X3)*) respectively;
$2: Let x(1) = sgn(¢™) with sgn(z) = 1 when z > 0 and sgn(z) = —1 otherwise.

S3: Let x(?) = té'(z), x() = p£(3) with

_ 1—(x<1))TC7¢,1x(1) .
t= maxi;=1,..-M W ]
1—(x<1>)Tci,2x(1) .

(5(3>)HH,£(3> ’

S4: Let x = [xWT xAT xG)TT.

p= \/maxi_l,-uM {

Analysis of the Approximation Ratio

Note that after a single execution of the algorithm, a feasible solution x for problem (P) is
obtained and v (x) = (£)2[|€? |2 + (p)2]|€®||2. In the following, we aim to evaluate the
quality of such solution. In particular, we would like to find a constant g > 1 such that

UP (X) S MUSDP (X*)

By using the fact that such generated solution is feasible for problem (P), we have v <
vP(x), which further implies that the same y is an upper bound of the SDP relaxation
performance, i.e.,

P < pSPF(X¥). (3.2)

The constant p will be referred to as the approzrimation ratio. Before we give the key
theorem, we need the following two lemmas.

Lemma 3.1. Let r; = min{Rank(H;), Rank(X*®)} and v be any given positive scalar,
after a single execution of the randomization procedure listed in Table 1, we have

M
P> <) > 1= (1-Pi(1,4)), (3.3)

=1
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where A is an arbitrary constant satisfying that 0 < A < 1 and P;(vy,A) := min{P; 1, P, P; 3}

and if F =R
2 2p. —
Pllzl—max{\/>7(rzl)2},
’ vy =2 7

1 1
Py, = - — —arcsin(—1+ A)
™

(N e I

otherwise if F = C,

N~ N

4 2 4
Pm:l—max{-, 16(ri—1)2-2},
3 7 gl
1 1 .
P, = - — —arcsin(—1+ A),
™

4 2 , 4

1-(xM)"C; 1 x(M)

= N

DO

Proof. Define t; = . We have the following probabilistic estimate

(5(2))HHiE(2>
P#?<y)=1-P(t*>9)=1-P{t?>v3i=1,- M)
M M
>1-Y Pt} >7)=1-) (1-P(t <7)). (3.4)
=1 i=1

Furthermore, we have the following estimates for P(t? < 7). Firstly, by the formula of total
probability, we have

P(t7 <)
=P (tf < | xWExW M +1) = —1) P (X(l)[i]x(l)[M +1] = —1)
+P (tf <~ [ xD[i]xW[M +1] = 1) P (x(l)[i]x(l)[M +1] = 1) . (3.5)

Note that if x(V[i]x(V[M+1] = —1, then (x(l))T C;1x") = 1 and thus t; = 0. Consequently,
we have

P (tf <~ [ xO[i]xM[M +1] = —1) =1 (3.6)

Since X* is semidefinite and X*[i,i] = 1, i = 1,--- ,M + 1, we have —1 < XM*[i, M +
1] < 1. Moreover, if 5(1) ~ N(0,XM)*) and x(M) = sgn(ﬁ(l))7 a well known result is that
EW[ExO[M +1]) = 2 aresin(XP*[i, M + 1]) (see [9, Lemma 1.2]), and thus

arcsin(XW*[4, M 4 1)), (3.7)

P(x(l)[i]x(l)[M )= _1> -

N = N
q= 3|

P(x VM 41 =1) = 5+ Lanesin(X M 4 1)) (38)
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By plugging in (3.6), (3.7) and (3.8) into (3.5), we have that

P(£2 < 7) —(; + %arcsin(X(l)*[i,M + 1})) P (12 <y | xORxOM 4 1] = 1)

2

In the sequel, given a constant A with 0 < A < 1, we analyze the right hand side probability
in (3.9) in the following three cases.

Case (I): 0 < XM*[j, M +1] < 1. By the fact that any probability is less than or equal
to 1, we obtain that

+ <1 - %arcsin(X(l)*[i,M + 1])). (3.9)

1 1
P(t7 <) 2(2 + = arcsin(XW*[i, M + 1])) P (t2 <A | xO[xD [ + 1] = 1)
™
1 1
+ (2 — Zaresin(XW*[i, M + 1])) -P (t? <A | xW[ExV[M + 1) = 1)

—P(t2<7|x [xW[M +1] = ) (3.10)

Since Tr[A; X*] > 1, we have 2 —AXW*[i, M +1]+Tr[H;X*®)] > 1, and thus Tr[H,X*?)] >
L+ %X(l)*[i,M +1] > 1 in thls case. Moreover, from the definition of ¢; and by simple
computation, we have that

P (t? < [ xO[ExO[M + 1) = 1)

=P (1(6®) T Hig® > 1 | xV[x V(M +1] = 1)

=P (7(¢?)"H® > 1) (3.11)
P (7(€®)TH® > 2ThH X))
>P; 1, (3.12)

where the second equality is due to the independence of &£ M and I3 (2), and the last inequality
is from [16, Lemma 1 and 3] and P; ; is defined in the lemma.

Case (IT): —1 < XMW*[, M +1] < —1 + A. From (3.9) and the nonegativity of the
probability, we have

1 1
P(t? <) 5 - arcsin(XM*[i, M + 1))
T
1 1
25 —arcsin(—1+ A) = P, (3.13)
7r

where we have used the monoton1c1ty of the function arcsin(-).
Case (III): —1 +A < XW*[j, M +1] < 0. Since Tr[A X*]
— X[, M +1] + Tr[H;X*@)] > 1, thus Tr[H;X*@)] > 1
(3.9) and (3.11), we have

P(t? < 7>

—p (ws(?))HHig@) > 1) - (; + 2 arcsin(X*[i, M + 1]))

in this case, we have

>1
+ix0 ) [i, M +1] > £. From

Nm—t

+ <; 1 aresin(XM*[i, M + 1])>. (3.14)
™



246 Z. XU AND M. HONG

Due to the fact that —1 + A < XM*[i, M + 1] < 0, Tr[H,;X*®] > £ and from (3.14), we

have
P <tf < 7)

2 1 1
>pP (v(s@)HHis@) > ATr[HiX*(Z)]> : (2 + — aresin(X 1[5, M + 1}))

1 1
+ (2 — —arcsin(XW*[i, M + 1]))
m

;[p <7(5<2>)HH1-5<2> > iTr[HZ-X*@)]) + 1}

_1 arcsin(XM*[i, M + 1)) {1 -P (7(5(2))HHZ-5(2) > zTr[HiX*@)]ﬂ
™

1 2
>3 [P (v(é”)HHis(?) > ATr[Hpc*‘(”]) + 1}
>P; 3, (3.15)
where the second last inequality uses the fact that arcsin(z) < 0 when 2 < 0, and the last

inequality is from [16, Lemma 1 and 3].
Combining (3.12), (3.13) and (3.15), we have proved that for each i =1,--- | M,

P(tfg'y) ZPZ(’y,A):mln{PZ71,P2,Pl73} (316)

The proof is completed by plugging in the above result into (3.4). O

Lemma 3.2. Let 7; = min{Rank(H;), Rank(X*®)} and v be any given positive scalar,
after a single execution of the randomization procedure listed in Table 1, we have

M
P(p* <) >1-) (1-F(v,4)), (3.17)

i=1
where A is an arbitrary constant satisfying that 0 < A <1 and Py(y,A) (i=1,--- , M) are
defined the same as P;(v,A) in Lemma 3.1 except that all r; are replaced by T;.

1-(xM)7C; ,x )

Proof. Define p; = . Similar to the proof of (3.4), we have the following

(£(S>)HH15(3>
probabilistic estimate
M
P*<y)>1-)Y (1—P(p; <7)). (3.18)
i=1

Next, we bound P(p? < ) as follows. By the formula of total probability, we first have that
Pt} <)
=P (2 <7 | xOEXO M +1] = 1) P (xDixV[M + 1] = 1)

+ P (p? <y [ xOEIxOM + 1] = 1) P (xD[ixO[M +1] = 1). (3.19)
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Note that if x(M[i]x(M[M + 1] = 1, then (x<1>)T C;ox™M =1 and thus p; = 0,
P (2 <y | xOExDM 1] =1) = 1.

Consequently, by (3.7) and (3.8), we have

1 1
P(p? <) :(2 - arcsin(X(l)*[i,M + 1})) -P (pf <~| X(l)[i]x(l)[M +1] = —1)
+ 5 + —arcsin(X'“W*[i, M 4+ 1]) ). (3.20)
T

By the definition of p;, we have that
P(pf <y [xVExDM 1] = -1) = P (1) HED 2 1) (321)

Combining (3.20) with (3.21), we have

P <) :G B %arcsjn(X(”*[@ M+ 1])) P (YD) HED > 1)
" (; * %arcsm(x(”*[i’ M + 1]))- (3.22)

Moreover, by Tr[A; 2X*] > 1, we have that

11
Tr[HX*®)] > 1 - i §X(1)[i7 M +1). (3.23)

Fix a A € (0,1). Let us bound the probability in (3.22) in the following three cases.
Case (I): Suppose X*(V[i, M + 1] < 0. From (3.23), we have that Tr[H,X*®)] > 1.
Consequently, we obtain from (3.22) that

P} <) = P (4(€P)THED > 1)
> P (1(€9) gD > mMEX ) > Py, (3.24)

where the last inequality is from[16, Lemma 1 and 3] and ]571 is defined the same with F; ;
in Lemma 3.1 except that r; is replaced by 7;.

Case (II): Suppose 1 — A < X*W[i, M +1] < 1. By (3.22), it can be easily concluded
that

P(p; <)

v

11
R arcsin(XV*[i, M + 1])
™

1
> — + —arcsin(1 — A)
™

|
— Do =

. arcsin(A — 1) = P, (3.25)
T

\}

where the second inequality is due to the monotonicity of the function arcsin(-), and P, is
defined the same as in Lemma 3.1.
Case (III): Suppose 0 < X*W[i, M + 1] < 1 — A. In this case, (3.23) implies that

A

Tr[H,X*®)] > 5
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Utilizing this inequality and by (3.22), we have

Tr[HiX*(S)]>

1 1 9
P(p; <) >(2 - arcsin(XM*[i, M + 1])) P <7(£(3))HHZ_£(3) > 2

1 1
+ <2 + = aresin(XW*[i, M + 1]))
77

1 2 1
=3 <1 +P (7(5(3))HHi§(3) > ATr[HZ«X*(B)]>> + = aresin(X*®[i, M + 1))

7r
2
X (1 - P (7(5(3))HH1»§(3) > ATr[HiX*(?’)]))
1 2 _
>3 (142 (€)1 > Znixeo) ) > R, (3.26)
where the second to the last inequality is due to the fact that arcsin(XM*[i, M +1]) >0
when X*(M[i, M +1] > 0, and the last inequality is from[16, Lemma 1 and 3] and P, 3 is the

same with P; 3 in Lemma 3.1 except that r; is replaced by ;.
Combining (3.24), (3.25) and (3.26), we have proved that for each i =1,--- | M,

P(p? <’}/) >P1(’}/,A):Hlln{Plyl,PQ,Pl’g} (327)

The proof is completed by plugging in the above result into (3.18). O

Theorem 3.3. There exists a constant > 0 such that
(3.28)

when F =R, and p = 224 when F = C.

where p = Sn? =

sm2 6*;”
Proof. Note that we have the following series of inequalities
(v < uSPP (X ))
(||x 2+ %@ < p(Te[X*?)] +TI[X*(3)]))
>P (||x(2)||2 < WTe[X* @), [x®|2 < uTr[X*(3)])
(

2 < 'y,pz <, ||€(2)H2 MTT[X*(Q ], ||£(3)||2 < :uTr[X*(B)])
1<) Pty -2, o9

where the last inequality is due to Markov’s inequality. By Lemma 3.1 and Lemma 3.2, we
obtain from (3.29) that

M M 9
P (vF < p0SPP(XM)) 213 (1 Fi(7,A)) = Y (1 - Pi(v,4)) - % (3.30)

=1 =1
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By applying a suitable rank reduction procedure if necessary, we can assume that the rank
i (r3) of optimal SDP solution X®* (X®)*) satisfies r¥(r: +1)/2 < M (i = 1,2); cf,,
[19, 23]. Thus, r; in Lemma 3.1 and 7; in Lemma 3.2 satisfy that r;, 7; < v2M. Let

Po(v,A) = min {P1,P2,P3}
with P, and 153 being defined the same with P;; and F; 3 in Lemma 3.1 except r; replaced
by v2M. Thus, we have
Pi(v,8) = Po(7, A). (3.32)
By (3.30), (3.31) and (3.32), we can easily obtain that

2
P (0P < PP (X)) > 1 2M (1 — Py(y, A)) — =L (3.33)
I
The Real Case. When F =R, let A = 2sin? e V= % and
18M?
p=8y=—5—. (3.34)
SN oM
It can be easily checked that Pi=1- %, Po=P3=1- ﬁ in this case. When M > 2,
we have A < i, thus for each i, we can have that
1
Py(v,A)=1— —.
By plugging in these results into (3.33), and set o = %, we obtain that
2 1 1
P P< SDPX* >1-2 -2 =_"_ .
(W7 <ptPPX)) 21 -5 - 1= 55 (3.35)
The Complex Case. When F = C, let A = 2sin? o Y= % and
32M
p=8y=—5—. (3.36)
Sin i

It can be easily checked that 151 =1- Q%TA/N Py, = 153 =1- SLM in this case. Obviously, when
M > 1, we have A < %, thus for each i, we can have that
1
Py(v,A)=1— —.
5, we obtain that
2 1 1
P (P < uoSPP(X*)) > 12 2 — =
By combining both the real and the complex cases, the proof is completed. O

By plugging these results into (3.33), and set o =

Remark. In the proof of Theorem 3.3, there may exist some other possible choices of
A and . However, it seems that by changing A and ~ it is not possible to obtain better
ratio in terms of the order of M. Therefore, we do not choose to do further optimization
over the constants.

Through Theorem 3.3, we have proved the approximation ratio for the proposed algo-
rithm is upper bounded by a constant u which is in the order of M* (resp. M?) when F = R
( resp. F = C). The ratios are independent of problem dimension N in both cases.
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Table 2: Mean and standard deviation of the approximation ratio over 100 independent

realizations of real Gaussian i.i.d. h; (i =1,---, M), when F = R.

M N min mean max Std #
N=4 1.0000 1.0604 1.2884 0.0064

M =5 N=8 1.0000 1.1185 1.3729 0.0093 | 4.1185 x 10*
N =12 | 1.0000 1.1258 1.3921 0.0103
N=4 1.0000 1.3161 1.9852 0.0406

M=10 | N=28 1.0001  1.5676 2.2997 0.0567 | 6.5716 x 10°
N =12 | 1.2036 1.6702 2.2181 0.0491
N =4 1.0774 1.6814 3.2398 0.1553

M=15 | N=28 1.4986 2.3431 3.6177 0.2298 | 3.3252 x 106
N =12 | 1.6155 2.6286 4.4366 0.2865

Numerical Experiments

In this section we perform numerical study for the proposed algorithms. Throughout, we
test the proposed procedure listed in Table 1 for (P) with different choices of M and N. We
generate the data matrix H; by using H; = h;hf (i = 1,--. | M), with randomly generated
vectors h;. For each given H;, we call the correspongding test problem a realization. The
SDP relaxation problems are all solved by CVX [10], and the optimal objective value for
the SDPs are denoted by vZil,.

The sample of 5(1) in Step S1 in Table 1 are repeated by 77 = 100 independent trials,
and for a given 5(1), T> = 100 independent couple samples of 5(2) and 5(3) are generated.
For a given realization, the best solution over these samples is recorded.

The solutions generated by kth trial are denoted by (x(M)*, (x(?))* and (x(®))*. Let

min : 2)\k (|12 3)\k (|2
Wgr = min I 4+ (<)

It is clear that v{}‘]ig“QP > P, as a result, v{?]iB“QP /v, is an upper bound of the true approx-
imation ratio (which is difficult to obtain in polynomial time).

Table 2 shows the minimum value (min), the average value (mean), the maximum value
(max) and the standard deviation (Std) of vi5typ/vSpp over 100 independent realizations
of ii.d. real-valued h;, (i = 1,---, M) from the standard normal distribution, for several
combinations of M and N. The last column in Table 2 shows the theoretic approximation
bound given in Theorem 3.3. Table 3 shows the corresponding results of UL‘TJ‘]%“QP Jodn, for
F = C. We can see that the results in both tables are significantly better than what is
predicted by our worst-case analysis. In all test examples, the average values of v{jllig“Qp / Ug“glé
are lower than 2.7 (resp. lower than 2.1) when F = R (resp. when F = C). Moreover, the
minimum values of U{In]ig’bp /S often equal to 1, which means that for these cases the
optimal solutions are obtained by our algorithm.

Figure 1 plots v{jjp /v8bp for 100 independent realizations of i.i.d. real valued Gaussian
h; (i=1,---,M) for M =5 and N = 4. Figure 2 shows the corresponding histogram. Fig-
ure 3 and Figure 4 show the corresponding results for i.i.d complex-valued circular Gaussian
h; (i =1,---,M). The mean of the upper bound v{}%“Qp/vglg{) are lower in the complex
case.

Moreover, our numerical results also collaborate well with our theoretic analysis. First,
the upper bound of the approximation ratio is independent of the dimension of w: the results
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Table 3: Mean and standard deviation of upper bound ratio over 100 independent realiza-
tions of real Gaussian i.i.d. h; (i=1,--- , M), when F = C.

M N min mean max Std ®
N=4 1.0000 1.0254 1.3166  0.0039

M=5 N =8 1.0000 1.0291 1.3153  0.0042 1.4644 x 10*
N =12 | 1.0000 1.0310 1.3460 0.0060
N=4 1.0000 1.4371 1.9028 0.0365

M=10 | N=8 1.0000 1.5951 1.9944  0.0484 1.1682 x 10°
N =12 | 1.0001 1.6106 1.9939 0.0459
N=4 1.2597  1.7009 2.1490 0.0376

M=15 | N=8 1.4668 2.0380 2.5418  0.0447 | 3.9410 x 10°
N =12 | 1.6498 2.0657 2.5358 0.0377

Figure 1: Upper bound on 11812“ / vé“gf) for M =5, N = 4, 100 realizations of real Gaussian
iid. h; fori=1,---, M in the real case.
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(maximum value) vary only slightly for different choices of N in both real and complex
cases, except the case that M = 15 and N = 4. Second, from Table 2 and Table 3, it can be
shown that for fixed IV, the maximum value and the average value of U{%HQP JvEin, over 100
independent trials grow as M increases in all test examples except the case that M = 5 and
N = 4 in Table 3. It corresponds to the result in Theorem 3.3. Moreover, the approximation
ratios reported in Table 2 and 3 are significantly better than the corresponding theoretic
bounds.

The above empirical analysis complements our theoretic worst-case analysis of the per-
formance of SDP relaxation for the special MBQCQP problem considered herein.
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Figure 2: Histogram of the outcomes in Figure 1.
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Figure 3: Upper bound on vgp'/vipp for M =5, N = 4, 100 realizations of real Gaussian
iid. h; fori=1,---, M in the complex case.
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Conclusion

This paper studies the quality bounds of SDP relaxations for a special QCQP problem with
mixed binary and continuous variables, for which the NP-hardness is also proved. Our
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Figure 4: Histogram of the outcomes in Figure 3.
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analysis is motivated by its important emerging applications in transmit beamforming for
joint physical layer multicasting and scheduling in wireless networks. Our theoretic analysis
provides the upper bound for the ratio between the SDP relaxation and the MBQCQP
problem, and for optimization variables defined over either real or complex field. Numerical
results show that our algorithm performs much better than the theoretic predicted result.
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