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Abstract: Second-order cone (SOC) complementarity functions and their smoothing functions play an
important role in the solution of the second-order cone complementarity problem. In this paper, we propose
a smoothing function of the generalized Fischer-Burmeister function, which is also called the smoothed
generalized Fischer-Burmeister function, and show its Jacobian consistency. Moreover, we estimate the
distance between the subgradient of the generalized Fischer-Burmeister function and the gradient of its
smoothing function. These reults will play an important role for achieving the rapid convergence of smoothing
methods.
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Introduction

The second-order cone complementarity problem (SOCCP) [12] is to find (x,y,() € R™ x
R™ x R! such that

reK, yeK, a'y=0, F(z,y,¢) =0, (1.1)
where F' : R" x R" x R' — R™ x R is a continuously differentiable mapping with I > 0
and n > 1. Here K C R™ is the Cartesian product of second-order cones (SOC), i.e.,
K=K"x K" x---x K" with m,ny,no,-++ ,ny, > 1, n =n1 +n9+ -+ +n,, and the
n;—dimensional SOC defined by
K" ={2' = (2};25) € Rx R™~ ' 2 — ||2%|| > 0} € R™.

The SOCCP has a variety of engineering and management applications, such as filter design,
antenna array weight design, truss design, and grasping force optimization in robotics [15,16].
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Moreover, the SOCCP contains a wide class of problems, such as the nonlinear complemen-
tarity problems (NCP) [2], the second-order cone programming (SOCP) [1,12,23], and so
on. For example, the SOCCP with ny = ng = +-- = n,, = 1 and F(z,y,() = f(z) —y is
the NCP, and the KKT conditions for the SOCP (possibly including nonlinear functions)
reduce to the SOCCP [13].

Without loss of generality we may assume that m = 1 and K = K™ in the following
analysis, since our analysis can be easily extended to the general case.

Recently great attention has been paid to smoothing methods, partially due to their
superior theoretical and numerical performances [7, 10,14, 19]. Based on the smoothing
functions of the SOC complementarity functions, smoothing methods usually reformulate
the SOCCP as a system of equations [3,4,22,24]. The smoothing parameter involved in
smoothing functions may be treated as a variable [21] or a parameter with an appropriate
parameter control [13]. In the later case, the Jacobian consistency plays an important role for
achieving the rapid convergence of Newton methods or Newton-like methods. Chen, Qi and
Sun [6] proposed a smoothing Newton method for the general box constrained variational
inequalities, and showed its global and superlinear convergence if the smoothing function f is
semismooth at the solution and satisfies the Jacobian consistency. Hayashi, Yamashita and
Fukushima [13] proposed a combined smoothing and regularized method for the monotone
SOCCP, and showed its global and quadratic convergence based on the Jacobian consistency
of the smoothed natural residual function. Ogasawara and Narushima [18] showed the
Jacobian consistency of a smoothed Fischer-Burmeister (FB) function for the SOCCP. Based
on the result in [18], Narushima, Ogasawara and Hayashi [17] constructed a smoothing
Newton method with appropriate parameter control for the SOCCP, which is shown to
possess the global and quadratic convergence with good numerical performances. Chi, Wan
and Hao [8] studied the directional derivative and B-subdifferential of a one-parametric class
of the SOC complementarity functions, proposed their smoothing functions, and showed the
Jacobian consistency of the one-parametric class of smoothing functions for the SOCCP.
Chen, Pan and Lin [5] presented a smoothing function of generalized FB function in the
context of the NCP, and proposed a global and local superlinear (or quadratic) convergent
smoothing algorithm for the mixed complementarity problem via the Jacobian consistency
of the smoothed generalized FB function.

In [20], Pan, Kum, Lim and Chen were concerned with the generalized Fischer-Burmeister
(FB) function ¢, : R" x R™ — R" defined by

QSp(l',ZJ) = F\)/ |1.|p + |y|p —T =Y, (12)

where p € (1,4) is an arbitrary but fixed parameter, and |z|? is the vector-valued function
(see Section 2 for the definition). When p = 2, ¢,, reduces to the FB function for the SOCCP
given by

orB(1,y) == V22 +y? —x —y,

where 22 = 2 o x being the Jordan product of x with itself, and \/z with 2 € K™ being the
unique vector such that /x o /z = x. They [20] showed that the generalized FB function
¢p defined by (2) is an SOC complementarity function, the generalized FB merit function

1
Un(@,y) = 5llop(z,y)]?

is smooth for p € (1,4) and provided the condition for its coerciveness.
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In this paper, we study the smoothing function of ¢,, i.e., the smoothed generalized
FB function for the SOCCP. The motivations for us to study the smoothed generalized FB
function are as follows. (i) The SOC complementarity function ¢, is typically nonsmooth,
and therefore it can not be directly used to smoothing methods for solving the SOCCP.
Thus it is necessary to present a smoothing function of the generalized FB function for the
SOCCP. (ii) In the setting of the NCP, the smoothed generalized FB function is shown
to share some favorable properties as the smoothed FB function holds [5] -for example, the
Jacobian consistency. Thus, it is natural to ask whether a smoothed generalized FB function
has the desirable properties of the smoothed FB function or not in the setting of the SOCCP.
This work is the first step to resolve these questions, and makes it possible to design the
smoothing methods for the SOCCP based on the generalized FB function ¢,.

The main contribution of this paper is to propose a smoothing function of the generalized
FB function ¢,, and study its favorable properties. We show the Jacobian consistency of
the smoothed generalized FB function, which will play an important role for achieving the
rapid convergence of smoothing methods. Moreover, we estimate the distance between the
subgradient of the generalized FB function and the gradient of its smoothing function, which
will help to adjust a parameter appropriately in smoothing methods.

The organization of this paper is as follows. In Section 2, we review some preliminaries
including the Euclidean Jordan algebra associated with the SOC, subdifferentials and Ja-
cobian consistency. In Section 3, we propose a smoothing function of the generalized FB
function for the SOCCP, and derive the computable formula for its Jacobian. In Section 4,
we show the Jacobian consistency of the smoothed generalized FB function for the SOCCP.
And in Section 5, we estimate the distance between the subgradient of the generalized FB
function and the gradient of its smoothing function for the SOCCP. Finally, we close this
paper with some conclusions in Section 6.

In what follows, we denote the nonnegative orthant of R by R;. The symbol || - || means
the Euclidean norm defined by ||z| := V2T« for a vector = or the corresponding induced

matrix norm. For simplicity, we often use x = (x1;22) for the column vector z = (z1,21)7.
For the SOC K™, int K™ and bd K™ mean the topological interior and the boundary of K",
respectively. For a given set S C R™*™, convS stands for the convex hull of S in R"™*",
and dist(X, S) denotes inf{||X — Y| : Y € S} for a matrix X € R™*",

Preliminaries

In this section, we review some concepts and results, which include the Euclidean Jordan
algebra [1,11] associated with the SOC K", subdifferentials [9] and Jacobian consistency [6].

First, we recall the Euclidean Jordan algebra associated with the SOC and some useful
results. For any x = (x1;22),y = (y1;%2) € R x R""!(n > 1), the Euclidean Jordan algebra
associated with the SOC K™ is defined by

Toy = (xTy;331y2 + y122),

with e = (1,0,---,0) € R™ being its unit element. Given an element x = (z1;z2) €
R x R !, we define

T
_ | Tt Z3
L(Z‘)_|: To $1I:|’
where I represents the (n — 1) x (n — 1) identity matrix. It is not difficult to see that
xoy = L(x)y for any y € R™. Moreover, L(z) is symmetric positive definite (and hence
invertible) if and only if © € int K™.
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Now we give the spectral factorization of vectors in R™ associated with the SOC K™.
Each z = (z1;22) € R x R"! has a spectral factorization associated with K™ given by

= A (2)ur(x) + Ao (z)ug (),

where Aj(z), Az2(x) and wui(x), uz(x) are the spectral values, and the associated spectral
vectors of x given by

Xi(z) = 21 + (=1)|z2,

(15 (~1) 2y) i 2 £0,

ui(w) = { (L; (-1)'w) otherwise,

for i = 1,2, with any w € R"! such that ||w| = 1. By the spectral factorization, a scalar
function can be extended to a vector-valued function for the SOC. For any given p € (1, +00),
we define the vector-valued functions

N[N

2 = [A1 (2)[Pur (2) + Ao (@) [Puz(z), Vo € R,

Vo= Y M(@)ui(@) + / Ae(2)us(z), Vo € K.

Definition 2.1 ([13]). For a nondifferentiable function ¢ : R™ — R™, we consider a function
¢+ R™ — R™ with a parameter ¢ > 0 that has the following properties:

(i) ¢4 is differentiable for any ¢t > 0;

(i) ltiﬁ} ot(x) = p(x) for any x € R™.

Such a function ¢y is called a smoothing function of ¢.

Let G : R™ — R"™ be a locally Lipschitzian function. Then G is differentiable almost
everywhere by Rademacher’s theorem [9]. The Bouligand (B-) subdifferential and the Clarke
subdifferential of G at z are defined by

0Gp(z) :={lim VG(2) : 2 € Dg} and 90G(z) = convdGp(z)

zZ—z

respectively, where Dg denotes the set of points at which G is differentiable. It is obvious
that 0G(z) = {VG(z)} if G is continuously differentiable at z.

Based on the concepts of subdifferentials, we give the definition of Jacobian consistency,
which was first introduced by Chen, Qi and Sun [6]. It is a concept relating the generalized
Jacobian of a nonsmooth function with the Jacobian of a smoothing function [13].

Definition 2.2 ([6]). Let G : R™ — R™ be a locally Lipschitzian function. Let Gy :
R™ — R™ be a continuously differentiable function for any ¢ > 0 such that ltif{)l Gi(z) = G(2)

for any z € R™. We say that G, satisfies the Jacobian consistency if for any z € R™,
ltiﬁ)l dist(VG(z),0G(z)) = 0.

It should be noted that the ”inf” appearing in the definition of dist(VGi(z),0G(z)) can
be replaced by "min”, since the set dG(z) is compact at all z € R™ [9].
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Smoothing Function

In this section, we propose a smoothing function of the generalized FB function for the
SOCCP, and derive the computable formula for its Jacobian.

Since the generalized FB function ¢, given by (1.2) is nonsmooth, we consider the func-
tion ¢, : R™ x R™ — R" defined by

Gpi(z,y) == {/|xlP + y|P + [tPe —z —y (3.1)

with p € (1,4) and the smoothing parameter ¢ € R.

In the following, we will show that the function ¢, given by (3.1) is a smoothing function
of ¢,. Thus we can solve a family of smoothing subproblems ¢, (x,y) = 0 for ¢ # 0 and
obtain a solution of ¢,(z,y) = 0 by letting |t| | 0.

For convenience, we give some notations. For any p € (1,4), let ¢ = (1 — p~1)~L.
For any © = (z1;22),y = (y1;92) € R x R" ! and any t € R, we define the mapping
w!: R?™ — R x R ! by

w' = (wiswy) = w'(z,y) = |2fP +[yl” +[t]7e,
and drop the subscript for simplicity for ¢ = 0, and thus
w = (wi;wz) = w(z,y) := |z[* + [y|".
By the definitions of |z|P and |y|P, we obtain

e Pe@P + M@ P + M)

tP = tP

e @ @ @) — @)

Wy B) 2 9 Y2 = wa,
where To = Hifj\l if x5 # 0, and otherwise Z, is an arbitrary vector in R™~! such that
|Z2]] = 1, and g has the similar definition. Therefore w' = (w};ws), and the spectral

factorization of w' is
w' = A (w)ug (w) + Ao (w)ug (w),

where Aj(w'), Aa(w?) are the spectral values and u;(w), ug(w) are the associated spectral
vectors of w! given by

Ai(w') = wi + [t + (=1)"Jwa]], (3:2)
1 .
u;(w) = 3 (1; (—=1)"ws) (3.3)
for i = 1,2. Here woy := HEH if wy # 0, and otherwise Wy is any vector in R"~! such that

[z = 1.
For any = = (z1;22),y = (y1;92) € R x R"! and any t € R, we can also define

2= (2 25) = 2wy y) = Vwt = /Jafp + [y[P + [t]Pe,

and for t = 0,

z = (21522) = 2(x,y) == {/|z|P + |y|P.
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The spectral factorization of 2t and z are given by respectively,

2t = /A (whug (w) + /Ao (wh)us(w),
z = /A (w)ur(w) + {/ Aa(w)usz(w),

and therefore

St — ¢/ Ao (wh) + /A1 (wh) i Ao (wt) — €/>‘1(wt)w
' 2 ’ 2= 2 2,
_ Y Ao (w) + /A (w) B ¢ a(w) — Y/ (w)
e 2 ’ 72 = 9 wa.

Thus we can partition R?" as R?" = S; U Sy U {(0,0)}, where

S1 ={(x,y) € R :w e intK"} = {(z,y) € R*>" : \a(w) > A\ (w) > 0},
Sy = {(z,y) € R?*" : w € bdK"\{0}} = {(z,y) € R*™ : 2wy = \y(w) > A\1(w) = 0}.

Theorem 3.1. For any (z,y) € R" < R"™ andt # 0, let ¢, and ¢p; withp € (1,4) be defined
by (1.2) and (8.1) respectively. Then the following results hold.
(i) The function ¢, is continuously differentiable everywhere and its Jacobian is given

by

B vgsoc(x)vgsoc(zt)fl .
v¢p,t(x7y) - |: vgsoc(y)vgsoc(zt)—l -7 :l ) (34)
where
{ psigrz(m)l)|m1|p_1[ : if x93 =0,
Vg*o(z) = b(x c(z)zd . (3.5)
()T a(@)] + (b(zx) — a(x))F7T ] if 2 70,
with
L @l = )P
S P R A WS Iy 30
b(a) = £ [sign(ha(e)) ha(@) P~ + sign( ) M) ] (37)
ex) = 2 [sign(Aa(a) Na(@) P~ — sign(Ai (@) A ()P 5 (3.8)

2
-1
and Vg*o¢(zt)~1 = (p Y wy + \t|P) I if wo =0, and otherwise

vgsoc(zt -1 _ 1(wt) —+ Lg(wt) + LS(wt)

L
{ e(w') —f(w')wg } (3.9)

with
1 1 —wd 1 1 0
Liw)= —— _2},Lwt—[ _%},310
1) 2pq/)\1(wt)[ Wo  WaWd 2(w) 2 Na(wh) | W2 W23 (3.10)
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Ly(w') = d(w') [ 8 I—(Z;wg“ ] . d(w') = Vizézg - ;{()‘;Eg) (3.11)

L 1 ! w' :i ! - : ) ’
=5 (e 7). 05 (e 7)o

(ii) For any (z,y) € R™xR™, }gr(l) Op.i(T,y) = Pp(x,y). Thus, ¢y is a smoothing function
of ¢p.

Proof. (i) Since w € int K™ for any (z,y) € R" x R" and any t # 0, it follows from the proof
of Lemma 3.2 [20] and the chain rule for that relation (3.4) holds. Relations (3.9)-(3.12) are
due to Proposition 5.2 and its proof in [12].

(i) Fix any z = (z1;72),y = (y1;92) € R x R L. For any t > 0, it follows from the
spectral factorization of w and w! that

= YA (w)ur (w Ag(w)uz(w) —z —y,
Opi(T,y) = Y\ Ao (wt)ug(w) — x — y,

where
Ai(w) = wy + (—1)"||wel|,

and \;(w') and u;(w) are respectively given by (3.2) and (3.3) for i = 1, 2. It is not difficult
to see that

lim Ai(w') = lim (i w) + [£7) = Ai(w)

t—0

for i = 1,2, and hence }in(l) opt(T,y) = ¢p(x, y). Therefore, it follows from (i) and Definition
—

2.1 that ¢, is a smoothing function of ¢,. O

Remark It follows from Ao(w') > A\j(w') > 0 for any we # 0 and t # 0, and \;(2") =
Ai(wt) (i =1,2) that

d(w') = A2 (wh) — /A (w?) _ A2(28) — A1(2Y) _ 1
Ao(w?) — Ar(w?) A2 (D) P = [Ai(z) P a(zt)’

where the functions a(-) and d(-) are given by (3.6) and (3.11), respectively.
Next we give some properties of ¢, (see Lemma 3.1 in [20]), which will be used in the
subsequent analysis.

Lemma 3.2. For any v = (x1;22),y = (y1;942) € R x R with w(z,y) € bdK™, we have
the following equalities:

wi(z,y) = [lwa(z,y)l| = 2" (Jor | + [y ]7) (3.13)

= llz2|l?, ¥5 = [yl 2191 = 23 Yo, T1Y2 = Y120 (3.14)
wa(z,y) .

If, in addition, wa(x,y) # 0, the following equalities hold with we(x,y) = Tos@ )T

23 wa(z,y) = 21, 21W2(2,y) = 22, Y3 W2(7,Y) = Y1, Y1Wa(T,Y) = Ya. (3.15)
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Jacobian Consistency

In this section, we show the Jacobian consistency of the smoothing function ¢, with p €
(1,4), which will play an important role for establishing the rapid convergence of smoothing
methods.

It has been shown in Lemma 2.5 [20] that the function ¢, with any p € (1,4) satisfies

dp(z,y) =02z K", ye K", (z,y) =0. (4.1)

Let (z,y,¢) € R" x R" x R and define

Byl C)i= | et | (1.2
Byl 0= | fn0 . (43)

It is easy to see that ®,.(z,y,{) = 0 is the perturbation of the system of equations
@, (x,y,¢{) = 0. On account of (1.1), (4. ) d (4.3), we have

¢, (z,y,() =0« (z,y,() solves (1.1).

Since ®,(z,y,() is typically nonsmooth, we can solve approximately the smooth system
®, (z,y,¢) = 0 by using Newton’s method at each iteration, and then obtain a solution of
®,(x,y,¢) = 0 by reducing the parameter ¢ to zero.

First, we show that the function ®,(x,y, () satisfies the Jacobian consistency.

Lemma 4.1. For any (x,y) € R" X R™, we have

0 o | =T
Jd)p (x,y) = %I_E% V¢p,t(xay) - |: Jy -1 :| (44)
with p € (1,4), where
Vgs"”(fﬂ)Vg”C(z)*l if (z,y) € 51,
sign(xy) |z [P [ 1 wd ] ‘
Jy = _ ° if (x,y) € S, 4.5
ayfnprlnp Lo 2 -mf | VIR -
if (x,y) = (0,0),
Vgsoz(y))rg‘mcgzrl . if (xz,y) € S,
sign(y1)|y1 [P~ 1 W, .
e ————— c ,Y) € So, .
R RV F i o1 ey ] TS, (+6)
O if (z,y) = (0,0).

Proof. By (3.4) and the symmetry of x and y, it suffices to show that
: soc soc/ t\—1 __
lim Vg**(2)Vg™*(z") " = J
Case (1) If (z,y) € S1, we have from (3.2) that

lim \; (w') = 1%m[l)[/\l(w) + [t]P] = Xi(w) >0
—

t—0
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for ¢ = 1,2, and then

lim 2t = %im [ A1 (wh)ug (w) + )\g(wt)uQ(w)}

= /A (w)ur(w) + /A2 (w)uz(w)

Therefore,
}g% vgsoc(x)vgsoc(zt)—l — VQSOC(J?)VQSOC(Z)_l — Jx

Case (2) If (z,y) € S, we obtain w € bdK™\{0} and Lemma 3.2 holds, and thus
wi = [Jwall = 2P (Jar [P+ |y P,

2w = )\Q(U}) > )\1(’11}) =0,
which imply wy # 0. Then for any ¢ # 0, we have from (3.2) that

A(wh) = M\ (w) + [tP = [t]P > 0, (4.7)

Aa(w') = Aa(w) + [t = 2P (Jo1 [P + [y [P) + [t]” > 0. (4.8)
If 3 = 0, we have = 0 from (3.14) and V¢*°°(z) = O. Therefore,
lim Vg*°¢(2)Vg*°c(z')™ =1im O Vgee(z!)"1 =0
t—0 t—0

Sl [ 1 af
24 |x1|p + |y1|p we 21 — wgwg
— ],

Hence, we consider x5 # 0 in the following analysis of Case (2). For any ¢ # 0, it follows
from (3.9) that
Voo (2") ™t = Li(w') + La(w') + Ly(w?).

We first show that Vg*°¢(z)L;(w') = O for any ¢ # 0. Since w € bdK™\{0} implies
(3.14) holds, i.e., |z1]| = ||z2||, we have from (3.6), (3.7) and (3.8) that

a(z) = 2p_1sign(x1)|x1|p_1, b(x) = 2”_2psign(x1)|x1|p_1, c(x) = 2p_2p|x1|p_1. (4.9)

Taking into account the fact that wy # 0,22 # 0 and w € bdK™\{0}, we obtain from (3.15)
that

T3y = sign(zy), wo = sign(x1)Zo. (4.10)

It follows from (4.9) and (4.10) that

Vg*oe(z) L (w')
_ 1 { b(x) c(z)zd } { 1 } (1 —al ]

2p¢/A1 (wh) c(x)Zo  a(x)] + (b(z) — a(x))T2Z5 —1g 2

2pltlp—1 | c(x)T2 — a(x)ws — (b(x) — a(x))Z2T; Wo (4.11)
_ 1 b(z) — sign(x1)c(x) } (1 —al |

2plt[p=1 | (c(x) — sign(z1)b(x))ZT2 — a(x)(we — sign(x1)Z2) 2

_ b() —2;1|<;§|I;(_3311)C(x) { L _szT}
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‘We next show
lim Vg*°¢(2)[La(w") + Lz(w")] = J,.

t—0

In fact, we obtain from (3.5), (3.10), (4.8), (4.9) and (4.10) that

lim V¢ (z) Ly (w")
=0
= lim ! ( ) c(x)z3 (1 @F |
=0 2p g /)\2 wh) | c(@)T2 a(x)] + (b(z) — a(x)) 7273 1I) 2
[ b(z) + sign(z1)c(z) } (1 @t ]
T 2pe/2n( |331|P + |y1|P +Slgn (21)b(2)) T2 + a(z) (W, — sign(z1)Z2) 2
_ b(x) +sign(z1)c { 1 ] (4.12)
2p /2P (|1 [P + |y1| W2 w2w2
_ sign(z) |z [P { ]
C2ymP A+ P wgwg .
Moreover, it follows from (3.5), (3.11), (4.7), (4.8), (4.9) and (4.10) that
lim Vg (x){ls(w)) ot :
b(z c(z)x 0 0
_ t 2
= i d(W) | @)zs a(@)] + (b(x) — alx))zaz] ] [ 0 I —wywl }
. 0 c(z) (2} — sign(xy)wd)
_ t 2 2
“ERD | 0 a1 - wand) + (4(r) — a(e)) (727} — sign(an) 720
. 0 0T (4.13)
— t
=A@ | o @)1 - waad) ]
I e A G R o
=i 2 ([P + | ) 0 27=Tsign (1) |1 [P~ (T — wyi])
_ sign(a1)lz1 P [0 0"
ol L0 1 — ooy
Combining (4.11), (4.12) and (4.13) yields
lim Vg™ (z) Vg™ (") ™! = lim Vg™ (x)[La(w') + Lz(w")] = J,. (4.14)
t—0 t—0

Case (3) If (z,y) = (0,0), then we obtain from Theorem 3.1 that Vg*°¢(z!)~1 =
(p/1t|P)~1I, Vg*°¢(0) = O, and therefore

lim Vg*¢(2)Vg™<(z)) ™' = lim O - (py/|t|P) 1 = O = J,.
t—0 t—0
This completes the proof. O

Lemma 4.2. For any (x,y) € R" X R™, we have

{ g: :§ ] € Opdp(,y)

with p € (1,4), where

Uy =+Z+J,, U,=J, (4.15)
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with J,, and Jy defined by (4.5) and (4.6) respectively, and

0] zf(azy) € 51,
T
7= ;{_; wi@} if (z,y) € Sa, (4.16)
I if (z,y) = (0,0).

Proof. Tt follows from Lemma 3.2 [20] and the chain rule for differentiation that the gener-
alized FB function ¢, for the SOC complementarity problem is continuously differentiable
at any (z,y) € S with

soc sSOC -1 _
V¢P(xvy) = |: gzsocggggisocgjgfl _ f :| € 8B¢p(xvy)’

Therefore, it suffices to consider the two cases: (z,y) € Sy and (z,y) = (0,0).
For any (x,y) € Sg or (z,y) = (0,0), let (Z,y) = (z +€e, y) with sufficiently small ¢ # 0,
and define
W = (W5 dg) := |27 + |y = [z + eef” + |y[",
2’ = (,7:’1,2?2) = %, 11)2 = &,
[[a]|
(D) := by + (=1)"Jabef, i=1,2.

Direct calculations yield

Ni(2) =21 +e+ (=1 22l = Ni(2) +6, i=1,2,

o Re@P M@ e+ M)
wy = 9 + 9 ’

(4.17)

Mo ()P = [Ny (2)IP A P_ |\ p
P Ll Y T el L O

(4.18)

Therefore, as € — 0 we have (Z,y) = (z,y), W = w, 2 = z and \;(®) — \;(w) for i =1,2.
By the definition of B-subdifferential and (1.2), it suffices to show

lim Vg*°(2)Vg*°(2) ™! = U,, (4.19)
e—=0

lim Vg™ (y)Vg™e(2) ™t = U, (4.20)

if ¢, is differentiable at (&, y).
Case (1) If (z,y) = (0,0), it is easy to see that @ = |¢|[Pe € intK", 2 = |e|e and ¢, is
differentiable at (£,y). Then we have

1
plefr—1

lim Vg*°¢(£)Vg*°¢(2)~1 = lim psign(e)|e|P~11 -
e—0 e—0

=4I =U,,

I = lim sign(e)!
e—0

3 soc soc(3\—1 _ 13 )

- 0=1,.
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Case (2) If (z,y) € Sz, we obtain w € bdK™\{0}. It follows from (3.14) and w € bd K™
that |z| + |y| € bdK™. Therefore, by Lemma 2.4 [20] we have that one of the following
subcases must hold: (i) z = 0,|y| € bdK™\{0}; (ii) |z| € bdK"\{0},y = 0; (iii) |z| €
bdK™\{0}, |y| € bdK™\{0}.

Subcase (2.1) If © = 0, |y| € bdK™\{0}, we have by (3.5), (4.17) and (4.18) that

Vg*°°(2) = psign(e)le[P 1,

O Pe@)P + )]
w1:| Q(y)| 2| 1(y)| +|€|p,

r_ p
by = [A2(y)| . A1 (y)| 7o

We first consider the case y; = ||y2|| > 0, and thus

A1() =y — [[ef| = |e]” > 0,
A2(W) =y + [z = [2y1[P + [e]? > 0,

()

Wy =
[

= Y2 = Wa.
Thus we obtain @ € int K™, which together with Lemma 3.2 [20] implies that ¢, is differen-
tiable at (&,y).

Now we will show
lim Vg™ (2)Vg*(2) ™! = U,.

By Theorem 3.1, we have Vg*°¢(2)™! = Ly () + Lao(w) + L3(w), where L (), L2(w) and
L3(w) are given by (3.10) and (3.11) w1th and w9 replacing w? and ws, respectively. Then
we obtain

. p—1 7
lim Vg0 (3) Ly () — lim PSEREIEFT { 1~ wy ]
e—0 e—0 2p\/w Woth (4 21)
. “af -
T2 —ng wngT ’
#) Lo (0 opsign(e)let [ 1 @]
lim Vg5°¢ L -1 1 0y
sljf(l) 9 (-1’) 2(’(1)) eg% 2p |2y1|P + |5|p 'LUng (4.22)
socC ( 4 - . pSign(E)|E|p_l ( ‘2y1|p + |E|p - ‘5‘) 0 ()T
V) = 291 [P [ 0 I—wywd ] (4.23)
=0.

Combining (4.21), (4.22) and (4.23) yields
lim Vg (2)Vg*c(2) ' =+Z + J, = U,.
E—r

Next we will show
hrn Vgsoc(y)vgsoc(é)—l _ Uy
e—0
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By following the proof of Case (2) in Lemma 4.1, we have
lim V=< (y) Vg™ (2)"
e—0
= lim Vg™ (y)[L1 (@) + La( )+L3 ()]
I
sign(y1)|y: [P~ [
2/l P
- sign(y)|y1 [P~ { 1 ]
24 |x1|p 1 |y1|p wy 21 — w2w2

—J, =U,.

s1gn(y |’f’1 0 07
w2w2 q

By using the same arguments, we can prove that (4.19) and (4.20) hold under the case
y1 = —lly2ll <0.
Subcase (2.2) If |z| € bdK™\{0},y = 0, we have from (4.17) and (4.18) that

b Da@P+M@P L Pa@P = @

o 2 T 2
We first consider the case z1 = ||z2]| > 0, and thus
AL() = iy — [z = [ef” >0,

Ao (W) = Wy + ||| = |2z1 +¢|P > 0,

)

g

'U~}2 - N :.%2 - PR
[

Then we obtain % € int K™, which together with Lemma 3.2 [20] implies that ¢, is differen-
tiable at (Z,y). It follows from (3.5), (3.6), (3.7) and (3.8) that

SOC( A\ ( ) C(i‘):fT
Vg™ (z) = @)z a(@)] + (b(2) —2(1(56))562sz ’
where
a(iy = B E el el gy o Prtel el

21‘1

b(z) = 3 [51gn(2x1 +¢)|221 + 5|p + s1gn(5)|5|p_1} ,

c(z) = g [sign(2z1 + €)|2z1 + P! — sign(e)|e[P7'] .

Now we will show
lim Vg™ (£)Vg™(2) ! = U,
e—0

By using (3.10), (3.11) and (4.10), and following the proof of Case (2) in Lemma 4.1, we
obtain

s0¢ (4 . b(&) —sign(zy)e(2) 1 —ao7
BV ORI ) | -
_ .. psign(e)le[PTh YelP~t 1 —o7
= lim B (4.24)

1m
e—0 2p ,‘1/|g|17
1 — 0y
2 —1D2 wgwg
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. o/ - o b(@) +sign(zy)e(z) [ 1 wd
Eh_r’%vg (&) La(0) 7511—1’% QpW Wy  Woy

o psign(2ry + €)[22;1 +¢|P1 { 1wl ]

e=0 2p/ 221 + ef? Wy Waly (4.25)
Cosign(zy) [ 1wl '
T2 Wo W3
_ sign(ay)|z [P [ 1wy }
2/ P | w2 w202
lim Ve () Ly () — lim a(@)d(a) | © O
e—0 e—0 0 I-— ’lf}g’lf)g
. 2xi+el—lel T O 0
- gl—{% 2 0 I- ﬂ)ng
1 2
0 (4.26)

=sien@) | g 1
_ sign(ay) P! { 0 0" }
Yo+l L0 I —wewz |7

Combining (4.24), (4.25) and (4.26) yields
lim Vg*(2) Vg™ (3) = +Z + J, = U,.
e—0
Under this subcase, we have from (3.5)
lim Vg™ (y)Vg™e(2) "' = lim O - Vg™ () ' =0 = J, = U,.
e—0 e—=0

By using the same arguments, we can prove that (4.19) and (4.20) hold under the case
1 = —|jz2]] <O.

Subcase (2.3) If |z| € bdK™\{0}, |y| € bdK™\{0}, we first consider the case x; =
lz2|| > 0,91 = —||ly2]] < 0, and thus from Lemma 3.2

Wy = sign(xl)a_:g = T2, Wy = sign(yl)gz = —Ya.

Then we have by (3.5), (4.17) and (4.18) that

_ o telP A el | 2nf

w 2 9
O el L Y 2 et O 1 8
2 = B 2 B Y2 = B) 2 B) 2
and thus
A1(W) = iy — [lz]| = [e’ >0,

Ag(W) = 1 + [|Wa| = 221 +€]? + [2y1]P > 0,

. W o
Wy = 7 = T2 = Wa.
([
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Then we have @ € intK", which together with Lemma 3.2 [20] implies that ¢, is differen-
tiable at (Z,y). It follows from (3.5), (3.6), (3.7) and (3.8) that

where

221 +¢fP — el

21}1

/221 + lP + [2y1]P — |¢]
|21‘1 +€|p + |2y1|P — |€|p

a(E) = , d(w) =

b(z) = g [sign(Zml +¢)|2x1 + E|p_1 + sign(5)|5|p_1} ,

c(@) = g [sign(2z1 + €) |21 + e[P~" — sign(e)|e[P '] .
By using (3.10), (3.11) and (4.10), and following the proof of Case (2) in Lemma 4.1, we

obtain

hm Vg (£)Vgsoc(2)~1
= hm ngoc( JL1 (W) + La(w) + L3(w)]

e—0 _ . 1r
I —wy sign(z1)|21 [P~ 1wy
2 L —Wa wgwg | 24 |m1|p + ‘y1|p i Wo wgﬂ)g

+Asign(ar1)lx1|”*1 [ 0 07

9P +Jpfp L0 1 Wotd

G

U1 —af | sin()lal [ 1 af
2| —w2 wowy | 2¢/|x|P + lyi|P [ W2 21 — Woy
=xZ+J,=U,.

Similarly, we have

hm Vgsoc( )Vgsoc(é)—l
—Elgr(l)VQS(’C(y)[Ll( W) + La(d )+L3w

_ o Sen)ln T 1 L sien()lya " [0 0T
o Wy w2w2

T
23/ |aa|P + |y1|p P + Ty P

0 I-— WaWs
_ mgn(yl)lyll” '
lwrP + ol L 02 20 = wazT
= Jy =,
By using the same arguments, we can prove that (4.19) and (4.20) hold under the cases:

zy = [[z2]] > 0,51 = |[g2ll > 0; 31 = —[|z2]| < 0,51 = —ly2l <05 and 21 = —[[z2]| < 0,51 =
lly2|l > 0. This completes the proof.

By Lemma 4.1 and Lemma 4.2, we obtain the following result.

Theorem 4.3. The function ®,, defined by (4.2) with p € (1,4) and t > 0 satisfies the
Jacobian consistency.
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Proof. By (4.2), it suffices to show the Jacobian consistency of the function ¢, ; with p €
(1,4) and t > 0. Let

Vi::[U;_I]

U, -1
where
Ub=(-1)'Z+Js, U, =1y,

for i = 1,2, and J,, J, and Z are given by (4.5), (4.6) and (4.16). Define
1 Jp—1

Vi=-(VI+ V) =] F .

=5

On the one hand, we obtain from (4.4) that V = Jgp(x,y) = %iII(l) Vo, i(z,y). On the
—

other hand, we have by Lemma 4.2 that V!, V2 € dp¢,(x,y) and therefore V = %(V1 +
V?2) € d¢,(z,y). This together with Theorem 3.1 and Definition 2.2 implies the Jacobian
consistency of ¢, with p € (1,4) and ¢t > 0. O

Estimation of the Distance Between V&, , and 09,

In this section, we estimate the distance between the subgradient of the generalized FB
function ®, and the gradient of its smoothing function @, ; in terms of ¢ precisely. There-
fore, we may control the parameter ¢ so that dist(V®, .(z,y, (), 0®,(x,y,()) becomes small
appropriately, which will help to establish a rapid convergence in smoothing methods. We
begin with two technical lemmas that will be used in the subsequent analysis.

Lemma 5.1 ([18]). Let o, 3,7 € R and v € R"~! with ||v|]| = 1(n > 2). Let

T
a—|7? Yo

—yv ol + (B8 — a)vw?
Then the eigenvalues of the symmetric matrix G are a of multiplicity n — 2 and 8 + .

Lemma 5.2. Let Ay > A1 > 0 and wy > 0 be arbitrarily fized. Then the functions g1, g2, gs :
[0,00) — R defined by

a(r) = 1 et TN+ (5.1)
! ' JRY) A+ T Ao — A1 ’ ’
{7)\2 + 7 — {’/)\1 + 7 1
= — , 5.2
g2(7) Xo — A pq,T = (5.2)
2w, +17— YT 1
g3(7) = ! VT (5.3)

2wy P/ 2w + T’

are all decreasing, and hence g1(0) > g1(7), g2(0) > g2(7) and g3(0) > gs(7) for all T > 0.
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Proof. For any fixed Ao > A1 > 0 and w; > 0, we prove our assertion only for g; and gs. The
claim for g3 can be proved similarly, since g3 can be given by (5.2) with 2w; and 0 replacing
Ao and A1, respectively.

We first show that the function g¢1(7) is decreasing in 7 € [0,00). Direct calculations
yield

paOu 47 P =) (g4 m)i (k)i
1
)\2"‘7' >\2_)\1 q(>\1+7-) ()\1+7)q
= i + -1
pg(Aa — M)A + 1)t | A2t T Ao+ 7 o+ 7
Ao+ T >\1+T>

_ —
pa(A2 — M)A\ + 1) A2+ T

g(r) =-

where the function f; : [0,1] — R is defined by
fils) =gs'To — (L4 q)s+1.
Since
fi(s) = (1+q) (st —1) <0

for any 0 < s < 1, the function f; is decreasing and 0 = f1(1) < f1(s) < f1(0) = 1 for any
s € [0,1]. For any 7 € [0,00), we have 0 < s = i;i: < 1, and thus 0 < fl(%) <1, and
therefore g (1) < 0.

We next show that the function go(7) is decreasing in 7 € [0, 00). By direct calculations,
we have

1
pq(he +7)at

(Mt T Ay — A\
)\2+T )\2+T

1 1

A +7)7 (M +7)e
1 ()\1 -|-T)‘I
= T q _— — 1
Pq(A2 — A1)(AL +17)7 A2+ T
1 ()\1 +T>
= lf2 )
pg(A2 — A1) (A1 + 1)« Ao+ T

where the function f; : [0,1] — R is defined by

, _ 1
92(7—) - p()\Q _ )\1)

fals) = =" + (L4 q)s0 —q.

Since
1 1 1
f5(s) = (1 + q) (—si+s 7»)>0

for any 0 < s < 1, the function f5 is increasing and —q = f2(0) < fao(s) < fo(1) = 0 for any
s € [0,1]. For any 7 € [0,00), we obtain 0 < s = iéii < 1, and thus —¢ < fg(%) <0,
and therefore g5(7) < 0. This completes our proof.

Theorem 5.3. Let p € (1,4) be given, and (z,y,¢) € R*"*! be any point. Let the function
O : R?>" — R, be defined by

O(x,y) = [[Vg*“(x) Vg W)l = VIIVg*e(x)> + Vg (y)?]],
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and for any t € R, the function h,: : R*™ — R, be defined by
1

e(w') + f(w') = o) TP if (x,y) € 51,
hp (2, y) = dwt) = W— It| i (2.9) € Sa. (5.4)
0 if (x,y) = (0,0).
Then for any nonzero t € R,
dist(V @y (2,9, (), 02p(2,y, () < O(z,y)[hp,0(z,y) — hpe(z,y)]. (5.5)

Proof. Since it follows from the proof of Theorem 4.3 that Jgp (z,y) =V € d¢p(z,y) for
any (z,v,¢) € R*"*! we obtain

0
B ()= (T ol O ¢ om0,

Thus, we have from (3.4), (4.2) and (4.4) that

diSt(vq)p,t(xaya C)a 8q)p($7ya C)) = min{"vq)p,t(xay,g) - W” : W € aq)p(x,?% C)}
< IVye(2,y.0) = I3, (29,0l

— IVpt .y, ) — T2 (2,5, ) (5.6)
J _ vgsoc(x)vgsoc(zt)fl
J _ Vg:soc( )vgsoc(zt)fl .

Jac _ vgboc(x)vgsoc(zt)fl
Ty = Vge(y) Vg*e (=)
A=\ (wt) and A; := \;j(w) for i = 1,2 in the following analysis.

Case (1) If (x,y) € S1, we have Ag > Ay > 0. Then it follows from (4.5) and (4.6) that

H Jx _ vgsoc(x)vgsoc(zt)fl ’ _ H vgsoc(x)vgsoc(z)fl _ Vgsoc(x)vgsoc(zt)fl ‘
Jy _ vgsoc(y)vgsoc(zt)—l vgsoc(y)vgsoc(z)—l _ Vgsoc(y)vgsoc(zt)—l

By (5.6), it suffices to estimate . For simplicity, we write

Vg™<(y)
=0O(z,y)lGl,

where G := Vg*°¢(2) ™ — Vg*°¢(2") 1. Now we will show ||G|| = hpo(x,y) — hypt(z, ).
Subcase (1.1) If (z,y) € S1 and wy = 0, we have A\ = Ay = wy > 0. By Theorem 3.1,

WV g°0¢ ] 3 coc B
H g () H Vg (2)-1 — Vgoc(=h) 1]

we have
IGI = [Vg=e(2)" = Vgeoe(z) Y| = || ——f — — T
pYwL pYfwr + P
1 1

LT
hp,()(xv y) - hp,t(xa y)

Subcase (1.2) If (z,y) € S; and we # 0, we have Ay > Ay > 0. Then by (3.9), the
matrix G can be written as

G = ngOC(Z)71 _ vgsoc(zt)fl

€y — €t —(fo— fo)w3
—(fo— fowe  (do —di)I + [(eo — et) — (do — dy)]wowd
B —ywy
—ywy ol + (B — a)wowd
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where d; := d(w?), e; := e(w?), f; := f(w?) are given by (3.11) and (3.12), and a = dg —
de, B := eg — e,y := fo — ft. From Lemma 5.1, the eigenvalues of the symmetric matrix
G are o and £ . Since Ag > A\; > 0 and A\l = \; + [t|P (i = 1,2), it is not difficult to
verify that dy = djy,es + fi = ey + fio) and e, — fy = e — fjy| are all strictly decreasing
functions in [¢| > 0, i.e., for any [t;| > |t2|, we have dy, < di,, e, + fi, < e, + fi, and
et, — ft, < e, — fr,. Therefore for any ¢t # 0,

o A2 — A1 AL — AL A2 — A\ Az — A1 ’ '

5+’Y:(eofet)Jr(fO*ft):(eoJrfO)*(etJrft):% <\q/1)\—1 ql/\t> >0, (5.8)

P

1 1 1
B—v=(eo—et) = (fo— fr) = (eo — fo) — (et — ft) = <%—W> >0. (5.9

Thus, for any ¢ # 0, the matrix G is a positive definite matrix with |G|| = max{a, 8 + ~}.
We will show below that 8+ > «a > § — v holds. For any ¢t € R, it follows from (5.1),
(5.7), (5.8) and Lemma 5.2 that

RV R R R
p(\“/ﬂﬁ)( Xa—XM da—X\
TR 2R 20 R 2 R 2
_(p\qm— Ao — M\ >_<p</g_ A2 — A\
=1(0) — g1 ([t[?) > 0.

(B+7)—a

By (5.2), (5.7), (5.9) and Lemma 5.2, we obtain for any ¢ € R that

IO R ek LA e 2 A VY S U

“ Vo= A2 — M A2 — M p \‘VE e/@
(omdn 1y (LEoy
o /\2—)\1 p\q/g )\2 _)\1 pq /\5
= 92(0) — g2(|t[?) = 0.

Therefore, we have proved g+ > a > 5 — v, and hence for any ¢ # 0,

1 1
oy @) = hpa(@y)
1

Case (2) If (z,y) € S2, we have 2w; = A2 > Ay = 0. Then from (4.14), we obtain

Gl =B+~ =

Jo = Vg* () [L2(w) + Lz(w)]

with Lay(w) = tlgr(l) Lo(w?), Ly(w) = }% Ls(w"). Therefore it follows from (4.11) and (4.14)
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that

H Jr = Vg*o(z)Vg™oe(2) ! H _ H Vg*°¢(x)[La(w) 4 Lz(w)] — Vg*(z)[La(w') + Lz(w")] H
Jy — Vg (y)Vg*oc(z) ! Vg (y)[La(w) + Lz(w)] — Vg (y)[La(w") + Lz(w")]

< H A H I La() + Ly(w) — La(wt) — La(w?)]

= O(z, 9G],

where G := Ly(w) + L3(w) — La(w') — Lz(w'). Now we will show again ||G|| = hyo(z,y) —
hp,t(xa y)
From (3.10) and (3.11), the matrix G can be written as

G = LQ(’U}) + L3(U}) — LQ(U:)t) — Lg(’wt)
1 [ 1 wd ca |0 0T
W Ag | W2 W5 ol o I—wwd
1

1wl g |0 0T
S opa/NE | Wy wowd | TP 0 I —wowd
p 2 2 2
. _

1 1wl 0 0T
= - - e do—d o
2p/ Ao 2p{‘/)\t2> | W2 Wowd } + (do t) [ 0 I—wywd ]
_ [ ) dwy }

dwy  al + (§ — a)wowd

with o := do — d; and 6 := 1[(eg — fo) — (e; — f;)]. By Lemma 5.1, the eigenvalues of the
symmetric matrix G are a, 0 and 26. Since 2w; = A2 > Ay = 0 and A\l = \; + [t|P (i = 1,2),
it is not difficult to verify that d; = d|; and e; — f; = e — fj) are all strictly decreasing
functions in |t| > 0, i.e., for any |t1| > |t2|, we have dy, < d;, and ey, — fi, < e, — ft,. Then
for any t # 0,

- - YN - X
« —do*dt— —

N — M N AL
_ 2w 2w + [t]P — ¢ =0
T 2un 2w, ’

20 =(eo— fo)— (et — fr) = (N}E - p{})?)
2

1 1 1
= - — > 0.
D <\“/2w1 2w + |t|P>

Therefore, it follows from (5.3) and Lemma 5.2 that for any ¢ € R,

9 _quu( L )
2un 2un p\ Vo oo i

_ V2w ! /2w + ]t — /]t 1

~ 2w, pd2un 2w, _pm>
= 93(0) — g3([t|?) = 0.
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Hence, for any t # 0, the matrix G is a positive definite matrix with

2w B {/ 2wy + [t]P — |t
2w

2’LU1

1G] =a=
= hp,O(‘ra y) - hp,t(m7y)'

(0,0), we obtain from (3.5), (4.5) and (4.6) that J, = J, = O,

Case (3) If (z,y) =
= O, and therefore

ngOC (x) — ngOC(y)

H Jw _ Vgsoc(l.)vgsoc(zt)—l
Ty = Vg©(y)Vg*e (=)~

o

Hence it is obvious that dist(V®, (z,y, (), 0P, (z,y,¢)) = 0 and (5.5) holds. This completes
the proof. O

Now we are in a position to estimate an upper bound of the parameter ¢ > 0 for the
predicted accuracy of the distance between the gradient of ®,+ and the subgradient of ®,.

Theorem 5.4. Let p € (1,4), > 0 be given, and (z,y,() € R*"*! be any point. Let 0(x,vy)
be any function such that 0(x,y) > O(x,y), and the function t : R** x R, — R, U {+oo}
be defined by

A (w)? (pd)? : 0(x,y)
if (z,y) € S1 and § < ————,
. K/ 0,y — M(w)pey T D) €5 /@)
r,9,0) =4 2w, . 0(z,y)
S do
a(x’y) Zf (.I',y) € o2 an < q le )
400 otherwise.

Then for any t € R such that 0 < [t| < t(z,y,d), we have
dist(V®pt(,y, ), 0Py (x,y,()) < 0.

Moreover, one of the easily computable functions 0(x,y) that dominate ©(x,y) is

0(x,y) = py/2r = (J2]>=2 + [ly[?=2).
Proof. (i) Without loss of generality, we may assume that 6(x,y) > 0, since otherwise
O(x,y) = 0, and thus Vg*°(x) = O, Vg*°°(y) = O, which together with (3.5) imply (z,y) =
(0,0) € S; U Ss. Therefore
dist(V®, +(0,0,¢),09,(0,0,{)) =0 < o

for any t € R. Then by Theorem 5.3, it suffices to show that

0(z,y)[hpo(z,y) = hp,t(2,y)] <&
for any (z,y) € S1 U Ss. We will show below that

hp.o(,y) = hp.i(x,y) < 0/60(z,y)

for any ¢t € R such that 0 < |¢| < &(z,y,d). For simplicity, we write A1 := A1 (w), 6 := 6(z,y)
and ¢ := t(z,y,d) in the following analysis.
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Case (1) If (z,y) € S1, we have by (5.4)

1 )
hpo(@,y) = hpe(2,y) < hpolz,y) = v
. 7 22 (pd)d
for any given § > p\fm and any t € RU{+o0}. Noyv let 0 < p\qeﬁ and t = {/eq_li%. By
(5.4), we obtain for any ¢ € R such that 0 < |¢| < ¢,
hpo(@,y) — hpa(zry) = — ! Vit -
,0 z,Y)— s €T,y = - =
P Pt pq/>\1 pi /\1_|_|t|p pQ/)\l q/)\1+|t|p
/1t 1

< =
PN Py

S — =
POYTENIT pyxs oft 4 6, T
)

=9

where the first inequality is due to the fact that ¢/a — ¥b < ¥/a — b for any a > b > 0.
Case (2) If (x,y) € So, we obtain from (5.4)

V2w
hpo (2, y) = hpe(2,y) < hpo(z,y) = =t

211]1

for any given § > 6/¢/2w; and any t € RU {+oc}. Now let § < 0/¢2w; and ¢ = 2w,4/6.
From (5.4), we have

<

S0

_ 2w 2w + P — [t

hp,O(xa y) - hp,t(zv y)

2’(1}1 211)1
Yw, 2wy — |t |t]
< - =L
Zwl 2’[01 2’[01
|t| 211)1(5
= %w 2w,
w
s 1
0
for any ¢ € R such that 0 < [¢| < ¢.
(ii) Since O(x,y) = ||[Vg*™°(x) Vg*°(y)| is not easy to compute in general, we estimate
O(z,y) as

1/2

Ol.s) =199 (a) Tl = |V V]| Gy |

()
= V[T @) + Vo)
< VIV =@+ Vg™

If 25 = 0, we obtain from (3.5) that

IVg*c (@)l = lIpsign(a)|z1 [P~ ]| = plas P71 = p(jaa| + [la2])7~.

If 25 # 0, we obtain from (3.5), (3.6), (3.7), (3.8) and Lemma 5.1 that the eigenvalues of
the matrix V¢°¢(z) are

b(z) + c(z) = psign(Az(x))[ Xz ()P
— c(x) = psign(Ai (z))[ A1

)

—~
&
~—
T
=

)
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la(@)] = plda(a) + (1 = v)Ai ()P~

for some v € (0,1), where the last relation is due to (3.6) and the mean-value theorem.
Then, the norm of the matrix V¢*°¢(z) is given by

V(@) = max{[b(z) + c(z)|, [b(z) — c(z)], |a()[}
= pmax{[Az(z) P71, [A1 (2) P71}
= p(lza] + [lw2l)P~,

and thus
O(z,y) < VIIVg=e(@)[? + [[Vg=c(y)[?
= p/ (2] + [l22])% 2 + ([ya] + [ly2[])?P—2
< pyv/2laa [ + 2[[z2]P)P~ + @l 2 + 2y )Pt
= pv/2r =1 ([|z[2P=2 + [y [P 2).
Therefore, we can take 0(z,y) = py/2P~1(]|z]|2~2 + |ly[|2P~2) as one of the easily com-
putable functions 6(z,y) that dominate ©(z,y). O

@ Conclusions

In this paper, we show the Jacobian consistency of the smoothed generalized FB function
¢p with p € (1,4). Moreover, we estimate the distance between the subgradient of the
generalized FB function ¢, and the gradient of its smoothing function ¢, ;. These results
will help to adjust a parameter appropriately, and play an important role for establishing the
rapid convergence of the smoothing methods for the SOCCP via the smoothed generalized
FB function.
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