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Abstract: We consider a pessimistic two-stage model where a leader, according to its risk-averse proneness,
solves a MinSup problem with constraints, corresponding to the reaction set of a follower, defined by the
solutions of a (quasi)variational inequality.

We show that, in general, the security value of a MinSup problem with (quasi)variational inequality con-
straints is not stable under perturbations, in the sense that the sequence of the security values for the
perturbed problems may not converge to the security value of the original problem even in presence of nice
data. So, we introduce different types of approximate security values, close to the exact value also in the
case of possibly discontinuous functions, and we investigate their asymptotic behavior in the presence of
perturbations and under suitable assumptions of minimal character.
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Introduction

Variational problems with contraints defined by solutions to other variational problems mod-
elize numerous economic and engineering problems [35], [14], [8], [12]... Usually, in these
models two levels can be distinguished: a lower level in which a variational problem is solved
by a follower in reaction to every decision imposed by a leader which solves an optimization
problem at an upper level. In this paper the leader is assumed to be a minimizer. When the
set of solutions to the lower level (called best responses of the follower) is not a singleton, to
choose a best decision for the leader can become problematic if he cannot predict the follower
choice simply on the basis of his own rational behavior. According to the risk proneness of
the leader, two possible extremes situations are:

(i) the optimistic case, when the leader assumes that the follower, in reaction to any decision
of the leader, chooses, amongst its best responses, one which minimizes the objective of the
leader;

(ii) the pessimistic case, when the leader assumes that the follower can choose, amongst its
best responses, one which mazimizes the objective of the leader.

So, according to its risk proneness, if Q(z) is the set of best responses to the leader decision of
the follower and f is the objective function of the leader, then the leader minimizes the func-

tion inf f(z,u) in the optimistic case and the function sup f(z,u) in the pessimistic
u€Q(x) u€Q(x)
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one. Therefore, the leader modelizes the upper level as a MinInf (risk-prone) problem in the
first case and as a MinSup (risk-averse) problem in the second one.

When the lower level corresponds to an optimization problem, these two formulations con-
figure, respectively, a strong (optimistic) and a weak (pessimistic) Stackelberg problem (also
called bilevel optimization problem) (see, for example, [7], [10], [28]....)

When the lower level is defined more generally by the solutions set of a variational or a
quasi-variational problem, the optimistic case has been extensively investigated from var-
ious point of view [40], [35], [21], [23], [10], [14].... More recently, in [26], the asymptotic
behavior of the infimal values of optimistic bilevel programs with variational inequalities
constraints under perturbations has been investigated.

On the contrary, in this paper, we consider a pessimistic two-stage model with quasi-
variational inequality constraints. More precisely, we assume that (X, 7) is a Hausdorff
topological space, H C X is a nonempty closed set, K C R” is a nonempty convex and
closed set, A is a function from H x K to R" and S is a set-valued map from H x K to
K with nonempty values. Then, for every © € H, we consider the following parametric
quasi-variational inequality

(QVI)(xz) find u € S(x,u) such that (A(z,u),u—w) < 0 Vw e S(z,u).

The solution map Q : x € H — Q(x) associates to every = € H the set Q(z) of solutions to
(QVI)(@).

It is worth noting that Q(x) may be not a singleton even under very restrictive conditions
on the function A ([4]).

Then, given the objective function of the leader f : H x K — R U {—o00}, the MinSup
(pessimistic bilevel) problem with quasi-variational inequality constraints, (MS) for short,
consists in finding & € H such that

sup f(Z,u) = min sup f(z,u)
weQ(#) T€H ye0(x)

and the corresponding infimal value, called the security value is

w = inf sup f(z,u).
2€H co(x) ( )

Differently from what concerns optimistic two-stage models, there are quite a few papers
devoted to MinSup problems with quasi-variational problem constraints ([37], [38]). This
is probably due to the intrinsic theoretical difficulties of the problems presented in both
levels [20], [14], [11]... Indeed, referring to classical weak Stackelberg problems, it is known
that they may fail to have a solution also in presence of regular data [7], even if some
restricted classes of functions ensuring existence results have been determined in [34], [36]
and [32]. Moreover, at the lower level, a quasi-variational inequality has to be solved, that
is a problem in which a fixed-point problem is combined with a variational inequality over a
set depending on the solution itself, and that amounts, therefore, to an implicit variational
problem [4], [22]... Finally, note that their "bilevel” nature does not allow to get general
convergence results for solutions and security values under perturbations of the data (see, for
example, [32]). An attempt to overcome these difficulties consisted in defining appropriate
regularized problems admitting solutions whose security values approach the initial security
value under reasonable conditions. Investigations of regularizations for weak Stackelberg
problems, parametric or not, have been presented in a sequential setting, [31] and [32], as
well in a topological one [20], together with approximation methods (like Tykhonov, least-
norm regularization, Molodtsov and interior penalty methods) [30], [29] and [28].
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Aim of this paper is now to investigate the asymptotical behavior of the security values of
the pessimistic model with quasi-variational inequality constraints under perturbations on
the data, having in mind to obtain conditions of minimal character which guarantee the
convergence of the security values of suitable reqularized perturbed problems to the security
value of the unperturbed problem. So, some useful tools of Variational and Set-valued
Analysis ([3],[25],[39]...), necessary to reach results of minimal character involving possibly
discontinuous data, will be recalled in Section 2.

More precisely, let (A, ), be a sequence of functions from H x K to R", (S,), be a sequence
of set-valued maps from H x K to K and (f,), be a sequence of functions defined on
H x K and valued in RU{—o0}. For each positive integer n, we denote by Q,, the map that
associates to x € H the solutions set of the problem

(QVID,(x) findue K : ue€S,(zx,u) and (A, (z,u),u —w) < 0 Vwe S,(z,u).
For each n € N, we denote by w,, the security value for the corresponding problem (MS),,

w, = inf su T, U
n weHule)(z) fn(@, u),

We show in Section 3 that the sequence of the exact security values w,, may not converge
to the exact security value w even under ”nice” assumptions on the data. So, we define ap-
proximate security values for MinSup problems with quasi-variational inequality constraints
(without perturbations) by the security values of suitable regularized MinSup problems with
quasi-variational inequality constraints.

More precisely, we assume that e = (e1,£2), 1 > 0 and 2 > 0 and we consider the following
approrimate solutions map

Q.:zxeH— 9 (x)={ue K :d(u,S(z,u)) <ep and (A(z,u),u —w) < egVw e S(r,u)}.
(1.1)

Then, we formulate the following regularized MinSup problem

find & € H suchthat sup f(Z, u) =min sup f(x,u),
u€Q, (#) z€H ycq_(x)

whose corresponding approximate security value is

we = inf sup f(z,u),
: z€H ycq_(x)

and we investigate the convergence of w. to the exact security value w as ¢ is converging to
0.

Finally, in Section 4, we assume the presence of perturbations as defined above and we inves-
tigate the asymptotic behavior of the approximate security values wl = inIf{ sup  fo(z,u).

Te€H yeQn(z)

The case where H and S are described by inequalities is analyzed and, in both sections 3
and 4, results concerning MinSup problems with variational inequality constraints are en-
lightened. We emphasize that such results can open a way for motivate the use of numerical
approximations as discretizations and penalizations since they allow to define a general
scheme for approaching the security value w by the sequence w! of security values of regu-
larized perturbed problems.
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Preliminaries

The following notions ([3], [21]) will be used in the paper. Let (K,), be a sequence of
nonempty subsets of R”.

The Painlevé-Kuratowski upper and lower limits of the sequence (K, ), are defined respec-

tively

by

e z € limsup K, if there exists a sequence (zy); converging to z such that z, € K, for a
n

subsequence (K, )i of (K,), and for each k € N

e 2 € liminf K, if there exists a sequence (z,), converging to z such that z, € K, for n

n
sufficiently large.
We recall that both these sets are closed and may be empty.

A function h : H — RU{—o00} is coercive on H if for every ¢t € R there exists a sequentially
compact set C; C X such that
Levih ={zxe€ H :h(z) <t} C C;.

A function g : H x K — RU{—o00} is coercive with respect to u on K uniformly with respect
to x € H (coercive in u on K for short) if for every ¢ € R there exists a compact set Y; C R"
such that

(Levi g) () ={ue K :g(xz,u) <t} C Y; for every z € H.

A set-valued map F from X to K is sequentially lower semicontinuous over X, lower semi-
continuous for short, if for every 2 € X and every sequence (z,), converging to x in X

F(z) C liminf F(x,).

A set-valued map F from X to K is sequentially closed over X, closed for short, if for every
x € X and every sequence (z,), converging to x in X

limsup F(z,) C F(x).

n

A set-valued map F from X to K is sequentially subcontinuous over X, subcontinuous for
short, if for every x € X and every sequence (x,), converging to x in X, every sequence
(un)n such that u, € F(x,), for every n € N, has a convergent subsequence;

A sequence (Fp,), of set-valued maps from X to K lower converges to F in X if for every x
and every sequence (), converging to x in X

F(z) C liminf F,(z,).
A sequence (F},), of set-valued maps from X to K upper converges to F in X if for every

x € X and every sequence (z,), converging to x in X

limsup F,(z,) C F(x).

n

A sequence (T},),, of functions from K to R”:



MINSUP WITH QUASI-VARIATIONAL INEQUALITY CONSTRAINTS 753

— is G~ —converging to T in K if for every u € K there exists a sequence (u,,), converging
to w in K such that lim T, (u),) = T'(u), that is
n

graphT C liminf graphT,.

— is equi-coercive on K if there exist a point v, € K and, for every ¢t € R, a compact set
Z, C R" such that
{ue K : (Th(u),u—v,) <t} C Z forallneN.

A sequence of functions (g )n, gn : H x K = RU {—o00}:

— sequentially continuously converges to a function g in H X K, ¢c—converges to g for short,
if for every (z,u) € H x K and every sequence (&, u, ), converging to (z,u), in H x K, one
has lim g, (2, u,) = g(x, u);

n

— is equi-coercive on H x K if for every t € R there exists a sequentially compact set
W, C X x R" such that
Levign, ={(z,u) € Hx K :gy(xz,u) <t} C W, forallneN.

For examples that illustrate and compare the above concepts see [21].
The next lemma is a basic result for the next sections and can be proved as in [26].

Lemma 2.1. Let (F,), be a sequence of set-valued maps from H x K to K.
If (F))n lower converges to F in H x K, then, for every x € H, everyu € K, every sequence
(TpyUn)n converging towards (z,u), in H x K, one has

lim sup d(tn, Fo(@n, un) < d(u, F(z,1u).

If (F,,), upper converges to F in H x K and the following holds:
o given a convergent sequence (Tp,Un)n, (Tn,un) € H X K, every sequence (wy)n, such that
wy, € Fy(Tp,un) for alln € N, has a convergent subsequence,
then, for every x € H, every u € K, every sequence (T, u,)n converging towards (z,u), in
H x K, one has

d(u, F(z,u)) < limninf d(tn, Fr(Tp,up)).

Approximating Security Values

Assuming that A,,, S,, f. are perturbations of A, S and f respectively, for each positive
integer n, as in the introduction, we denote by Q, the map that associates to z € H the
solutions set of the problem

(QVI),(z) findue K : u€ Sy(x,u) and (A, (z,u),u —w) < 0 Vwe Sy(z,u).

Throughout the paper, the sets of solutions to the lower level problems are assumed to be
nonempty. Conditions ensuring the existence of solutions to quasi-variational inequalities,
or to variational inequalities, in finite dimensional spaces can be found, for example, in [15]
and in [13].
For each n € N, we denote by w, the security value for the corresponding perturbed problem
(MS)n

wp = inf sup fn(x,u),

" zeH u€Q,, () "

First, we show that the sequence of the perturbed exact security values w,, may not converge
to the exact value w even under “nice” assumptions on the data.
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Example 3.1. Assume that « € R, X = H = [0,a], h = 1, K = [0,4+00], Sp(z,u) =
S(x,u) = K, Ap(z,u) = 1/n and f,(z,u) = v+ = + 1/n. The sequences (4,), and
(fn)n uniformly converge, and therefore also continuously converge, to the functions A and
f defined, respectively, by: A(x,u) = 0 and f(z,u) = u + z. One easily checks that

Q,(x) = {0}, Q(z) = [0,+o0], so that w,, = ir[%)f ](x—l-l/n) = 1/n, w = 400 and the
x€|(0,a

sequence (wy,), does not converge to w.

Therefore, we assume that € = (¢1,€2), €1 > 0 and €9 > 0 and in line with previous papers
(see, for example, [29], [19], [37], [16], [25], [26]...) we consider the following approzimate
solutions map

Qc:xeH— Q((z)={ue K:du,S(z,u)) <eg and (A(z,u),u —w) < e1 Yw € S(x,u)}
(3.1)
Then, we formulate the following reqularized MinSup problem

find & € H suchthat sup f(Z, u)=min sup f(z,u)
ueQ. (&) 2€H yeo ()

whose corresponding approximate value is

we = inf sup f(z,u).
) eruGQa(z)

We show that w. can be used to determine the security value w under suitable conditions.

Proposition 3.2. Assume that the following hold:

Ly) the set-valued map S is subcontinuous, lower semicontinuous and closed on H X K ;
Ly) the function A is continuous on H X K ;

Ui) the function —f is coercive in u on K;

Us) for every x € H there exists a sequence (x,,), converging to x in H such that for every
u € K and every sequence (uy,), converging to u in K one has

limsup f(n, un) < f(2,1).

n

Then,

w = lim w,.
e—0

Proof. Since lir% we = ing we and w < w,, it is sufficient to prove that
£— £>

inf w, < w.
e>0

Assume that this inequality is not true and let a be a real number such that
w < a < inf we.
e>0
There exists a point z € H such that

sup f(Z,u) < a. (3.2)
u€Q(Z)

So, f(Z,u) < a for every u € Q(Z). Let (Z,), be a sequence converging to T and satisfying
condition Us), and let (,,),, = (€1,n,€2,n)n be a sequence of pairs of positive real numbers
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decreasing to 0 such that a + €1, < w., < sup  f(Z,,u) for every n € N. There
u€Q,,, (Tn)

exists a sequence (), such that

Un € Qc, (Tn) and a + €1, < f(Zp,Un) (3.3)
for every n € N. Assumption U;) implies that a subsequence (), of (4y), converges to
a point @ € K that must belong to S(Z, w) since d(Z, S(z,a)) < liminf d(Z,/, S(Tp/, tn)) <

n/

lim €5, = 0 by Lemma 2.1.
,n/
Now, let w € S(Z,u) and let (wy/ ), be a sequence converging to w € K such that wy €

S(Zyps, Up) for n’ sufficiently large. Since the function A is continuous one has

(A(z,u),u —w) = Hm(A(Zn, Uns), Uy — wyy) < limeg e = 0.

Therefore, @ € Q(Z) and f(Z,4) < a by (3.2). However, conditions Us) and (3.3) imply that
a <limsup f(Z,,u,) < f(Z,u) and one has a contradiction. O

Remark 3.3. Assumption Us) is satisfied if the function f(z,-) is upper semicontinuous
(usc for short) on K for every z € H, but the following example shows that these two
conditions are not equivalent in general.

Example 3.4. Assume that X = H = [0,4o00[, h = 1, K =]0,4+00[, f(z,u) = v~ when
x >0, f(O,u) = 1if uw € [0,1] and f(0,u) = 2 if w > 1. The function f(0,-) is not
usc at w = 1 since f(0,1) = 1 < limsup f(0,u,) = 2 for every sequence (un)n, un > 1,
converging to 1. However, condition Us) is satisfied for x = 0 because there exists the

sequence (), = (1/n), such that for every u € K and every sequence (uy,), converging to
u one has: lim f(1/n,u,) <1 < f(0,u). In fact, lim f,,(1/n,u,) = lim (u,,) """ is equal to

1 when u is positive.

Having in mind to approach the security value w also in the presence of perturbations of the
data, it is useful to introduce the strict approzimate solutions map ([29], [19], [37])

S.:x€H—6.(x)={ue K:du,S(z,u)) < e and (A(x,u),u —w) < e;Vw e S(z,u)}

(3.4)
and the corresponding MinSup problem
find & € H such that sup f(Z, u) =min sup f(z,u)

ueS (&) r€H yes, (x)

whose security value is
o = inf sup f(z,u).
: r€H e (x)

Since, for every z € H, Q(z) C &.(z) C Q.(x) one has

w < o < we (3.5)

and these inequalities imply that assumptions of Proposition 3.2 also guarantee that

lim o, = w.
e—0

The following corollary is a simplified version of Proposition 3.2, easier to use in the appli-
cations.
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Corollary 3.5. Assume that the sets H and K are compact. If conditions Ly), L) and
U))  for every x € H, the function f(x,-) is usc on K,
hold, then
w=lim w, = lim o..
e—0 e—0

Variational inequality constraints case

If the map S does not depend on u, i.e. variational inequality constraints are considered at
the lower level, the above approximation scheme leads to consider the approximate values

ve = inf sup f(z,u) 7. = inf sup f(z,u)
) rE€H yev_ () : v€H yes. (x)

where
VoixeH—=V(x)={ue K :d(u,S(x)) <es and (A(z,u),u —w) < eVw € S(x)}
Sc:x€ H— 8. (x)={ue K :du,S(x)) <eg and (A(z,u),u —w) < egVw e S(z)}

and one has the following result:

Proposition 3.6. Assume that the following hold:

Ly) the set-valued map S is subcontinuous, lower semicontinuous and closed on H;

Ls) the function A is continuous on H x K;

Us) for every x € H there exists a sequence (xy,)n converging to x in H such that for every
u € K and every sequence (uy )y, converging to u in K one has

limsup f(zn,un) < f(,u).

Then,
v=lim v, = lim ..
e—0 e—0

Proof. As in Proposition 3.2, assume that there exists a € R such that v < a < in% Ve.
e>

Then, there exists Z € H such that f(Z,u) < a for every u € V(Z), and a sequence (Z,)n
converging to Z satisfying condition Us). If (€,)n = (€1,n,€2,n)n is a sequence of pairs of
positive real numbers decreasing to 0 such that a + &1, < v, for every n € N, there
exists a sequence (), such that

Up € Ve, (Tn) and a + €1, < f(Zp,Un) (3.6)

for every n € N. The map S being subcontinuous, the set S(z,,) is compact for every n. So,
from d(ty, S(Zy)) < €2,,, one infers that there exists z, € S(Z,) such that
[ltn — zp|| = min ||lu, —z|| < e2p.
2€S(Zn)
A subsequence of (z,), must converge to a point @ € S(Z) since S is closed and subcontinu-
ous. Therefore, a subsequence of (i, ), converges to the same point @ that can be proved to
solve the variational inequality (VI)(Z), so that 4 € V(Z) and f(Z, %) < a. Then, conditions
Us) and (3.6) lead to a contradiction since a < limsup f(Zn,4,) < f(Z,u) < a. O
n

Note that, in order to approximate the security value v, assumption U;) can be eliminated,
so a “compactness” condition (that is: S is subcontinuous) is present only on the lower level
problem.
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Corollary 3.7. Assume that the set K is compact. If conditions L), Ly), Uj) hold, then

v=lim v, = lim ..
e—0 e—0

Asymptotically Approximating Security Values

Assuming that A,, S,, f. are perturbations of A, S and f respectively, we define the
following approximate solutions maps

Qr 1x € H— QX (x)
={ue K : du,Sy(z,u)) <ey and (A, (z,u),u —w) <e; YV w e Sy(z,u)}

G :x € H— &2(x)
={ue K : d(un,Sn(z,u)) <ey and (A,(z,u),u —w) <e1 Y w e Sy(z,u)}

and we consider the regularized perturbed MinSup problems with constraints described by
the maps Q7 and &7, whose security values are

wl = inf sup fn(z,u) ol = inf sup fu(z,u)
: €H yeon(x) " : 2€H yean(x) "

In this section, as in the unperturbed case considered in Section 3, we wish to approximate
the security value w with the approximate security values w? and/or o7 and we start by
showing that the data of Example 3.1 guarantee that the sequences (W), and (o7), ap-
proach asymptotically the security value w even if the exact security values sequence (wy,)n

does not converge to w.

Example 4.1. Assume that a € R, X = H = [0,a], h = 1, K = [0,400[, Sp(z,u) =
S(x,u) =K, Ap(z,u) =1/n, fo(r,u) =u+z+1/n, A(xr,u) =0 and f(z,u) =u+ 2. One

easily checks that Q" (x) = [0, ne], &2 (z) = [0, ne[, so that w? = ol = ir[%)f ](ac +1/n+
z€|0,a

ne) = 1/n+ ne. Then, we have:

lim limw] = lim limol = w = +o00.
e—=0 n e—=0 n

Remark 4.2. In Example 4.1 one also has:

lim lim w? =0

n e—0
S0, it is clear that to define a satisfactory approximation scheme one has to study the be-
havior of (wl), and (o), first for n going to +0o0 and second for € going to 0 and not the
contrary.
Moreover, in line with classical methods in Variational Analysis ([1], [9], [39]), we approx-
imate w by the sequences (w!), and (o2), separately from above and from below because
this allows to individuate assumptions of minimal character on the upper level data (see

[18],[17]).

We start by approximating w from above.
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Proposition 4.3. Assume that the following hold:
L3) the sequence (Sy,)n upper and lower converges to S on H X K;
Ly) for every (z,u) € H x K and every sequence (X, uy,)n converging to (x,u) in H x K,
any sequence (Wy,)n, such that w, € Sy (xn,u,), has a convergent subsequence;
L) for every x € H and every sequence (,,)n converging to x in H, the sequence (A (Zn,))n
G~ —converges to A(x,-) in K;
Us) the sequence (fp)n is equicoercive on H x K;
Ui) for every (z,u) € H x K and every sequence (Tp,Un)n converging to (z,u) in H x K
one has

flz,u) < limninf Jo (T, up).

Then, we have
0. < liminfol Ve>0 (4.1)

and consequently
w < liminf liminfol.
E— n

Proof. Assume that (4.1) fails to be true. There exist € > 0 and a real number a such that
liminfol < a < o..
n
Then, there exist an increasing sequence of positive integers (ny)r and a sequence (xg)g,
x, € H, such that

sup  fo.(zp,u) < a< oo VkeN (4.2)
ueSF ()

By assumption Us) we can assume that a subsequence of (zy)k, still denoted by (zx)x,
converges to a point & € H.
Consider @ € &.(Z) and a sequence (ug), whose existence is guaranteed by Ls), converging
to @ in K and such that

lilgn Ap, (g, ug) = A(Z, ). (4.3)

Since d(@,S(Z,u)) < €2, Lemma 2.1 ensures that there exists k, € N such that
d(ug, Sk(xk,ug)) < €2 for k > k, and we claim that (A,, (vk, uk),ur — w) < €1 for ev-
ery w € Sg(xg,ur) and for k sufficiently large. Indeed, if it is not true, there exists an
infinite set of positive integers N’ and sequence (wy)x such that wy € Sy (zgr, ug) and
(An,, (g, upr ), upr —wyr) > 1 for every k' € N'. By assumptions L3z) and Ly), a subsequence
of (wg/)r must converge towards a point w € S(Z,u) and, by (4.3), (A(Z,q),a — w) > &1
which is in contradiction with @ € &.(z). Therefore, u, € &% () for k sufficiently large,
so, conditions Uy) and (4.2) imply that f(Z,a) < limkinf for(@rsuk) < a<o.. Asuis an

arbitrary point in &.(Z), we also have

sup  f(z,u) < a< o
ueS(T)

and we get a contradiction. O
The next result gives an approximation of w from below.

Proposition 4.4. Assume that the following hold:

L3) the sequence (Sy,), upper and lower converges to S on H x K ;

Ly) for every (z,u) € H x K and every sequence (X, U, )n converging to (x,u) in H x K,
any sequence (Wy)n, such that wy, € Syp(Tn,uy,), has a convergent subsequence;

L¢) the sequence (A,)n c—converges to A on H x K ;
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L7) the sequence (Ay)y is equicoercive on H x K ;
Us) for every x € H there exists a sequence (x,), converging to x such that for every u € K
and every sequence (uy,), converging to u in K one has

lim sup fn(xnaun) < f(xau)
Then,
limsup w! < w, Ve>0 (4.4)
n
and consequently
limsup limsupw] < w.
e—0 n
Proof. Assume that (4.4) fails to be true. Let a be a real number such that w. < a <

limsup w?, let z € H be such that sup f(Z,u) < a and let (x,,), be a sequence converging

n u€Q:(T)
to Z in H satisfying assumption Us). Being ¢ < limsupw? < limsup sup  fn(@n,u),
n n o weQr(zy)

there exist an increasing sequence (ny), of positive integers and a sequence (up, )r such that
Up,, € Q0 (zy, ) and fr, (Tn,, Un, ) > a for every k.

Then, d(un,,Sn, (Tn,,tn,,)) < €2 and (A, (Tn,,Un, ), Un, — w) < &1 for every w €
Sy, (Tn,, un, ) and every k. The sequence (4, ), is equicoercive on H x K, so, a subsequence
of (un, )k, still denoted by (un,)r, must converge to a point u, € K. Assumptions
L3) and L4) guarantee that Lemma 2.1 applies and one has d(u,, S(Z,u,)) <
limninfd(unk,Snk (T s Uny ) < €2

Given a point w € S(Z,u,), by the lower convergence of (S,), to S, there exists a sequence
(wy) converging to w such that wy € Sy, (Tn,,un, ) for k sufficiently large. Since

(Any (T Uny, ), Uny, — wi) < €1

and (4, ), c—converges to A, one has (A(Z,u,), u, —w) < &1, which implies that u, € Q. (Z).
Therefore, by Us) we infer that a < Umsup fun, (Tn,,tn,) < f(Z,u,) < a which gives a
k

contradiction. O

Remark 4.5. Condition Us), that amounts to a sort of convergence of the sequence (f,)n
towards f, has been introduced by Attouch and Wets in [2] to get the upper limit of the
sets of MinSup points for the functions (f,), contained in the set of the Minsup points for
the function f. It has been further employed by Loridan and Morgan ([32], [33]) in order
to get convergence of solutions to weak Stackelberg problems in a sequential setting and
by the authors for stability of constrained MinSup points [17] and of approximate solutions
to weak Stackelberg problems [20]. As observed in [17], this convergence cannot be set in
the framework of epiconvergence ([9], [1]) differently from the convergence considered in
condition Uy) of Proposition 4.3. Also note that Us) amounts to Uz) when f,, = f for every
n € N.

Remark 4.6. If we strengthen the assumptions on the set-valued maps S,, we can weaken
the assumptions on the functions A,,. Namely, the following result, alternative to Proposition
4.4, holds.
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Proposition 4.7. Assume that the following hold:

Lg) the set-valued map S,, is convex-valued on H x K for every n;

L3) the sequence (Sy,)n upper and lower converges to S on H x K ;

Ly) for every x € H and every sequence (T, un)n converging to (xz,u) in H x K, any
sequence (wy)p, such that wy, € Sp(Tn,u,), has a convergent subsequence;

Lg) the sequence (Ay)y, c-converges to A on H x K;

Us) for every x € H there exists a sequence (x,,), converging to x such that for every u € K
and every sequence (uy,), converging to u in K one has

lim sup fn(xnaun) < f(.’E,’LL)
Then,

limsup w!' < we Ve>0 (4.5)
n
and consequently
limsup limsupw] < w.
e—0 n
Proof. Assume that (4.5) fails to be true. Let a be a real number such that w. < a <

limsup w?, let Z € H be such that sup f(Z,u) < a and let (x,,), be a sequence converging

n u€Q. ()
to T in H satisfying assumption Us). Being a < limsupw] < limsup sup  fn(2n,u),
n n u€Q? (z,)

there exist an increasing sequence (ny)y of positive integers and a sequence (uy, )i such that
Un,, € Q0% (zp,) and fr, (@n,,Un,) > o for every k. Then, d(un,, Sn, (Tny, Un,)) < €2 and
(Any, Ty, Uny, )y Un,y, — w) < g1 for every w € Sy, (Tn,,Un,) and every k. There exists a
sequence (zx)r such that zp € Sy, (Tn,,Un,) and ||zx — up, || < e2 for every k, so that, by
condition Ly4), a subsequence of (un, )k, still denoted by (uy, )r, must converge to a point
u, € K and, by Lemma 2.1, d(u,, S(Z,u,)) < 2. Given a point w € S(Z,u,), by the
lower convergence of (Sy,), to S, there exists a sequence (wy)r converging to w such that
Wk € Sn, (T, Un,, ) for k sufficiently large. Since

<Ank (xnk’unk)7unk - wk> <eép

and (A,,), c—converges to A, (A(Z,u,),u, —w) < &1 and we have u, € Q.(Z). Therefore, by
Us) we infer that a < limsup fn, (Tn,, tn,) < f(Z,u,) < a which gives a contradiction. [
k

Now, from propositions 3.2, 4.3 and 4.4 (resp. propositions 3.2, 4.3 and 4.7) we infer that
the exact value w can be globally approximated by both sequences (w?),, and (¢2),,.

Proposition 4.8. Assume that assumptions L1)—Ly), Lg)—L7), U1)—Us) (resp. Lo)—Ly),
LG), Ul) - U5)) hold.
Then

w = Eh_r>r(1) hrrlnws = Eh_r>r(1) hrrln ol. (4.6)

Proof. Inequalities in (3.5) imply that
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for every n € N. Therefore, by propositions 4.3 and 4.4 (resp. 4.3 and 4.7) one gets

0. < hn}l inf ol <limsupol <limsupw] < w,

n n
as well as
0. <liminfo? <liminfw! <limsupw] < w,.
n n n
So, applying Proposition 3.2 one infers that (4.6) is true. O

Corollary 4.9. Assume that the sets H and K are compact. If conditions Ly) — L3), Lg),
U}), and the following hold
Us) the sequence (fn)n c-converges to f,
then

w = lim limw? = lim limo}.

e—=0 n e—=0 n

The following example shows a set of data that satisfy all assumptions of Proposition 4.8
and that does not satisfy all assumptions of Corollary 4.9.

Example 4.10. Let X = H = [0,1], h = 1, K = [0,1], Sp(z,u) = S(z,u) = [0,u],
Ap(zyu) = 1/n, folz,u) = (x—1/n)?>—(u—2)2—1for x € [0,2/n] and f,(z,u) = —(u—=x)?
for x €]2/n,1], f(0,u) = —(u?>+1) and f(z,u) = —(u—x)? for x €]0, 1]. One easily checks
that all assumptions of Proposition 4.8 are satisfied. However the sequence (f,), does not
continuously converge to f since, for every u, the sequence (2/+/n, u), converges to (0,u)
but the sequence (f,,(2/v/n, 1)), = (—(u—2/y/n)?), does not converge to f(0,u) = —u?—1.

Finally, we assume that the constraint set H and the constraint maps S and S,, are described
by inequalities
H = {zeX : hi(z)<0,i=1,.,m}

P
Sz,u) = {veK : sj(z,u,v) <0, j=1,.,p} = m {ve K : sj(z,u,v) <0}

j=1

P
Sp(z,u) = {ve K : sjp(z,u,v) <0, j=1,.,p} = ﬂ {ve K : sjp(z,u,v) <0},
j=1

where h;, s; and s; ,, are real-valued functions defined, respectively, in X and in H x K x K
and we are interested in determining sufficient conditions on the data for assumptions L),
L3) and Ly). It is obvious that the set H is closed whenever the functions h; are lower
semicontinuous and that H is compact if the functions h; are coercive. However, getting
continuity properties for the map S, as well convergence results for the sequence (Sp)n,
needs more specific arguments. This is essentially due to the lower semicontinuity and lower
convergence properties, that are not preserved by intersections ([18], [17]). First results on
continuity properties of univariate set-valued maps described by inequalities can be found
in [6]. Extensions to wider classes of functions, as well convergence properties, are in ([18],
[17]) and in [26]. Convergence results for sequences of bivariate set-valued maps can be
proven by easy adaptations of Lemma 2.1 in [26] and Lemma 2.2 in [26].

Variational inequality constraints case

Here, we consider the approximate solutions maps

V2 iz e H—=V(x)={ue€ K :d(u,Sn(z)) <ey and (A,(z,u),u—w) <e VweS,(x)}
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8 rxe H—-8(z)={uec K : dlun,Sn(z)) <ez and (A,(z,u),u—w) <ex Vwe S,(x)}

and the approximate security values

v = inf sup fn(z,u) 70 = inf sup fo(z,uw).
: T€H yevn(z) " : TEH yegn(a) "

The next results can be deduced from Propositions 3.6, 4.3 and 4.7 similarly to Proposition
4.8 and Corollary 4.9.

Proposition 4.11. Assume that assumptions Lg) — Ly), Lg), Us) — Us) hold.
Then

v = lim lim»? = lim lim7. (4.7)
e—=0 n e—=0 n

Corollary 4.12. Assume that the set H is compact. If conditions Lo) — L3), Lg), U}), Us)
hold, then

v = lim limy = lim lim7".
e—=0 n e—=0 n

Concluding Remarks

We have presented a way to get lower and upper approximations of the security value of a
MinSup problem with (quasi)variational inequality constraints through the security values
of perturbed MinSup problems. Namely, in order to globally approach the security values w
and v (see (4.6) and (4.7)), one has to perturb the problem, to regularize such perturbations
and to pass to the limit: first with respect to the perturbation parameter, then with respect
to the approximation parameter. We emphasize that Example 4.1 shows that these two final
steps cannot be exchanged, nor a unique limit can be considered taking a sequence (),
converging to 0, since for ¢, = 1/n lign w? =1 while w = +o00. Although assumptions of

propositions 4.8 and 4.11 are rather strong, propositions 4.3, 4.4 and 4.7 give approximations
from below and from above of the security values w and v that can be used whenever one
of the assumptions of propositions 4.8 and 4.11 is not satisfied.

The extension to infinite dimensional spaces would require a suitable ”equilibrium” between
compactness and continuity properties, [20, p. 6], and will be further investigated in a
forthcoming paper.

Finally, in our approximation scheme we do not need that the set-valued maps S and S,, are
convex-valued except in Proposition 4.7 where the convexity of S, (x,u) allows to weaken
the assumptions on the sequence (A, ).

In our opinion, this theoretical approach can get an insight into the inherent difficulties of
the considered problem and can explain the lack of non-heuristic numerical methods in the
continuous case.
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