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DISTRIBUTED ITERATIVE METHODS FOR SOLVING
NONMONOTONE VARIATIONAL INEQUALITY OVER THE
INTERSECTION OF FIXED POINT SETS OF
NONEXPANSIVE MAPPINGS

HIDEAKI IIDUKA*

Abstract: We consider a networked system which consists of a finite number of users and discuss a non-
monotone variational inequality with the gradient of the sum of all users’ nonconvex objective functions
over the intersection of all users’ constraint sets. Centralized iterative methods, which require us to use the
explicit forms of all users’ objective functions and constraint sets, have been proposed to solve the variational
inequality. However, it would be difficult to apply them to the variational inequality in this system because
none of the users in the system can know the explicit forms of all users’ objective functions and constraint
sets. In this paper, we translate the variational inequality into a nonmonotone variational inequality over
the intersection of the fixed point sets of certain nonexpansive mappings and devise distributed iterative
methods, which enable each user to solve the variational inequality without using the explicit forms of other
users’ objective functions and constraint sets, based on fixed point theory for nonexpansive mappings. We
also present convergence analyses for them and provide numerical examples for the bandwidth allocation.
The analyses and numerical examples suggest that distributed iterative methods with slowly diminishing
step-size sequences converge to a solution to the variational inequality.

Key words: nonmonotone variational inequality, fized point set, nonerpansive mapping, incremental sub-
gradient method, broadcast iterative method, conjugate gradient method, fized point optimization algorithm
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Introduction
Background

Nonmonotone variational inequality problems [7, Chapter I], [24, Subchapter 6.D], related
to important nonlinear problems such as nonconvex optimization problems and Nash equi-
librium problems, are the central topic of optimization theory. Iterative methods [8] for
solving nonmonotone variational inequalities have been widely studied.

In this paper, we consider a networked system in which each user has its own private
nonconvex objective function and constraint set, and deal with a nonmonotone variational
inequality for the gradient of the sum of all users’ objective functions over the intersection
of all users’ constraint sets. Moreover, we assume that each user’s constraint set does not
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always have a simple form (for examples of such a constraint set, see Examples (IT) and
(ITI) in Subsection 1.2). This implies that the metric projection onto each user’s constraint
set cannot be easily computed.! The nonmonotone variational inequality problem in this
case includes, for instance, power control problems in direct-sequence code-division multiple-
access (CDMA) data networks [12] and in wireless networks [25], and bandwidth allocation
problems [13].

References [12,13] showed that practical problems, such as power control and bandwidth
allocation problems, can be translated into a nonmonotone variational inequality problem
over the fized point set of a certain nonezpansive mapping [1], [9, Chapter 3], [10, Chap-
ter 1], and presented iterative methods for solving the nonmonotone variational inequality.
These iterative methods must use the explicit forms of the nonexpansive mapping and the
nonmonotone operator, and hence, they are referred to as centralized iterative methods.

In the case of the power control for the uplink or downlink in CDMA data network, the
base station plays the role of the centralized operator, and hence, it can get user information
such as the explicit forms of the objective functions and constraint sets from the start. To
control the power allocation in the network, the base station executes a centralized iterative
method and transmits the powers computed by the method to all users in the network.
However, there is no centralized operator in peer-to-peer (P2P) networks for data storage
allocation [20], wireless networks for power allocation [25], and wired networks for band-
width allocation [14,19]. Therefore, in large-scale and complex networked systems, there is
an inconvenient possibility that none of the users can get the explicit forms of their own
objective functions and constraint sets, and hence, centralized iterative methods cannot be
applied to such systems. Moreover, since such networks can grow in size, distributed mecha-
nisms should be used for network resource allocation instead of centralized ones that involve
extra infrastructure. Distributed mechanisms enable each user to adjust its own resource
allocation without using the private information of other users such as their objective func-
tions and constraint sets.

Many distributed iterative methods, which can be applied to such systems, have been
proposed. The conventional distributed iterative methods enable each user in the networked
system to solve a monotone variational inequality without using other users’ convex, non-
differentiable objective functions and simple constraint sets. The well-known distributed
iterative method is the incremental subgradient method (see [3, Subchapter 8.2], [4,17,18,21]
and references therein). The incremental subgradient methods can be implemented through
cooperation, whereby each user communicates with its neighbor user. Broadcast types
of distributed iterative methods [5, 6, 25] were proposed for solving the monotone varia-
tional inequality. The broadcast iterative methods can be implemented through cooperation,
whereby all users communicate with each other. Reference [14] proposed an incremental gra-
dient method and a broadcast iterative method for solving a monotone variational inequality
over the intersection of the fixed point sets of nonexpansive mappings. These methods [14]
with slowly diminishing step-size sequences converge to a unique solution to the monotone
variational inequality.

From the above viewpoint, we can conclude that distributed iterative methods should
be devised to solve a nonmonotone variational inequality over the intersection of the fixed
point sets of nonexpansive mappings, which is defined properly in the next subsection.

fThe projection onto a simple set (e.g., a half-space) can be computed within a finite number of arithmetic
operations.
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Main problem

This paper considers a networked system, which consists of K users, under the following
assumptions:

Assumption 1.1. Suppose that useri (i € I := {1,2,..., K}) has its own private constraint
set C'") and objective function f(*) satisfying the following:

(A1) X® (i € I) is a nonempty, bounded, closed, convex set of RV onto which the projec-
tion, denoted by Px ), can be easily computed.

(A2) User i (i € I) can use a firmly nonexpansive mapping! 7(*): RN — RN with (X )
Fix(T®) := {z e RNV : TO(z) = 2} = C) and (;¢; Fix(T™) # 0.
(A3) f@: RN = R (i € I) is continuously differentiable.

User ¢ in actual networked systems [14, 19, 20, 25] has a bounded constraint set cW.
Then, user i can set a bounded X (> C®) (i € I) in advance (e.g., X is a closed ball
with a large enough radius). Section 4 discusses the network bandwidth allocation problem
when user i (source i) has a bounded set C) and a box constant set X ). See [14,19,20,25]
for other examples of a bounded C'*),

Let us provide three examples (I)~(III) [14] of T(® (i € I) satisfying Assumption (A2).
(I) Suppose that user i has a simple, closed convex constraint set C®) (e.g., C') is a closed
ball or a half-space). The typical example of T® is the metric projection, denoted by
Pqy, onto C%) because P can be easily computed and satisfies the firm nonexpansivity
condition and Fix(Pqw)) = C@. (II) Let us consider the case where C¥) is the intersection

of simple, closed convex sets D§i)s (e J@) :={1,2,...,m(i)}), i.e.,

c@.= () by (1.1)

jed (@)

Since PD(i) can be easily computed, user 7 can use T defined by
i

b1
7@ =5 1+ I Poo | (1.2)
jesay

where Id stands for the identity mapping on RN. 7T satisfies the firm nonexpansiv-
ity condition [2, Definition 4.1, Proposition 4.2] and Fix(T") = Fix([[;c ;¢ Ppw) =
ﬂjEJ(i) D;i) = CU. Section 4 describes that source i has T defined by Equation (1.2)
with Fix(T®) = ¢ < X®. (III) Let us consider the case where C¥) is the set of all
minimizers of a differentiable, convex functional ¢(*) with the Lipschitz continuous gradient
V¢ over a simple, closed convex set D), i.e.,

c® .= {x e DW: ¢ (z) = min g(i)(y)}. (1.3)
yeD ()

7. RN — RN is said to be firmly nonexpansive [1], [9, Chapter 12], [10, Subchapter 1.11] if ||T(z) —
TW|? < {z -y, T(z) — T(y)) (z,y € RV), where (-,-) stands for the inner product of RY and || - || is the
norm of RV .
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Pp (Id — AVg(®) is nonexpansive with an adequate A (> 0) [11, Proposition 2.3]. Accord-
ingly, user i can use a firmly nonexpansive 79 defined by

70 = % (Id + Ppo (Id - Wg@)) (1.4)

with Fix(T®) = Fix(Pp (Id — AVg®)) = C® [27, Theorem 46.C (1) and (2)]. It would
be difficult to compute Py onto C in Equation (1.1) and Py onto C® in Equation
(1.3). Meanwhile, we can see that T(? in Equation (1.2) and T in Equation (1.4) are
firmly nonexpansive with Fix(7() = CV) and can be easily computed.

The main problem in this paper is the following nonmonotone variational inequality
problem with information on the whole system:

Problem 1.1. Under Assumption 1.1, find a point in

VI (ﬂ Fix (T(i)) 'V (Z f<i>>>

i€l i€l

= {x* €X:= ﬂFix (T(i)) : <x—x*,V (Zf(i)> (x*)> >0 (xEX)}.

i€l icl

Main objective and contributions of the paper

The main objective of the paper is to devise distributed iterative methods for solving Prob-
lem 1.1, which the existing methods in Subsection 1.1 cannot solve, and to prove that the
proposed methods converge to a solution to Problem 1.1 under certain assumptions. The
contribution of this paper is that it is the first study to tackle nonmonotone variational
inequalities over the intersection of the fixed point sets of nonexpansive mappings and it
proposes two distributed iterative methods for them. Section 2 presents an incremental fized
point optimization algorithm, based on the conventional incremental subgradient methods,
for solving Problem 1.1 and its convergence analysis. Section 3 presents a broadcast fized
point optimization algorithm, based on the conventional broadcast iterative methods, for
solving Problem 1.1 and its convergence analysis. Section 4 applies the algorithms to a net-
work bandwidth allocation problem and provides numerical examples for network bandwidth
allocation. The convergence analyses and numerical examples describe that the algorithms
with slowly diminishing step-size sequences converge to a solution to Problem 1.1. Section
5 concludes the paper.

Incremental Gradient Method for Nonmonotone Variational In-
equality and Its Convergence Analysis

We first present the following algorithm for solving Problem 1.1:

Algorithm 2.1 (Incremental Fixed Point Optimization Algorithm).

Step 0. User i (i € I) sets (an)nen, (An)nen, and (B, )nen, chooses x(_l)l € RV arbitrarily,

and computes d(_z)l = —Vf(i)(acg)l). User K sets zo € RY and transmits :Eéo) = x( to user

1.
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Step 1. Given z,, = zY) € RY and d( 9 ', € RN (i € I), user i computes 2P e RN
cyclically by

di) = =V 1O (270) + g,
().:T(z ( (i-1) + A\, dl))
29 = Py (ana:; Y- )yﬁf)) (i=12...,K).

Step 2. User K defines z,,41 € RN by

K
LTpt1 = $7('7, )

(0)

and transmits x,, [, := x,41 to user 1. Put n:=n + 1, and go to Step 1.

The conventional incremental subgradient method (see [3, Subchapter 8.2], [4,17,18,21]
and references therein) is defined as follows:

O (xﬁffl) /\7Lg§f)> L gV e af® (335571)) (i=12,...,K),
[ (2.1)

Tnyl1 = Tn 7,

where all users have a simple, closed convex set C' and 0 f(*) (z) stands for the subdifferential
of a nonsmooth, convex functional f(*) at € H. References [3, Proposition 8.2.6] and [21,
Proposition 2.4] describe that, when (A,)nen satisfies > oo (A, = 0o and oo A2 < oo,
(Zn)nen in Algorithm (2.1) converges to a minimizer of >, ; f() over C.

The incremental fixed point optimization algorithm [14] was presented as a way to solve
Problem 1.1 when f() is differentiable and convex and T®) is firmly nonexpansive. This
algorithm cannot be applied to the case where f(9) is nonsmooth and convex because the
proof of its convergence analysis essentially uses the Lipschitz continuity of the gradient of
f@ (see [14, Proposition 2.1]).%

Meanwhile, Algorithm 2.1 can use a firmly nonexpansive T satisfying le( ) c
and can be applied even when f(*) (i € I) is not always convex. Algorithm 2 1 uses the
conjugate gradient direction [22, Chapter 5], [15,16] generated by d¥ = ~VFi(z 55*”) +

Bnd(l (i € I,n € N) to accelerate algorithms with the steepest descent direction dg )=

f@(Z”)ueLneNy
We need the following assumptions to guarantee that Algorithm 2.1 converges to a solu-
tion to Problem 1.1:

Assumption 2.1. User i (i € I) has (an)nen C [0, 1], (Bn)nen C [0, 1], and (Ap)nen C (0,1]
satisfying¥

(C1) 0 < liminf o, < limsup v, < 1, (C2) Z)\ < 00, (C3) hm Brn = 0.

n—00 n—00
n=0

Assumption 2.2. (Vf(i)(argffl)))neN (i € I) is bounded.

8In the future, we should consider developing distributed iterative methods for solving minimization
problems over the fixed point sets of nonexpansive mappings in which all users’ objective functions are
nonsmooth and convex.

TExamples of (n)nen; (An)nen, and (Bn)nen are an := a (€ (0,1)), A\p := 1/(n + 1)® (b > 1), and
Bn :=1/(n+1)¢ (¢ > 0).
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Let us provide a condition to satisfy Assumption 2.2. The boundedness of X ®) guarantees
that (:r,(f))neN (i € I) is bounded. Now suppose that V() (i € I) is Lipschitz continuous
with L) > 0 (L"-Lipschitz continuous), i.e., |Vf@(z) — VO (y)|| < LO ||z — y| (z,y €
RY). Accordingly, [V (@) = VO ()| < LO2S™ —y|| (i € I,y € RY). This
inequality and the boundedness of (J;ﬁf ))neN (i € I) ensure that Assumption 2.2 is satisfied
under the Lipschitz continuity of V@ (i € I).

Now let us do a convergence analysis on Algorithm 2.1.

Theorem 2.3. Suppose that Assumptions 1.1, 2.1, and 2.2 are satisfied. Then, (:USZ))HGN
(i € I) in Algorithm 2.1 has the following properties:

(a) (xg))neN (i € I) is bounded and lim,,_, ||z, — y|| ezists for all y € (;o; Fix(T™).
(i-1)

(b) limy, oo [Tn—2n || =0 (i € 1), limy oo |Tng1—2nl| = 0, limy, o0 [|[ 20 =T (z,)|| = 0
(tel).

(c) (mg))neN (i € I) converges to a common fized point of T™s.
(@) If |xnt1 — znl| = o(An), (xsf))neN (i € I) converges to a solution to Problem 1.1.

Item (c) in Theorem 2.3 guarantees that all (mg))neNs converge to the same point z* in
Nicr Fix(T). This means that all users which use Algorithm 2.1 under Assumptions 2.1
and 2.2 can find the feasible point in Problem 1.1.

From Item (b) in Theorem 2.3 and Condition (C2), we find that lim,, oo ||2n+1— 25| =0
and lim,, oo A, = 0. Item (d) in Theorem 2.3 says that, if (||zn+1 — Znl|)nen and (Ap)nen
satisfy the more restrictive condition, ||z, +1—2n || = 0(An), i-e., limy oo [|[Tny1—2n || /An = 0,
all (ng))neNs converge to z* in VI(;c; Fix(T™W), V(3 ,c; fV)) even when the (s are
nonconvex. User K can verify whether nglK) - xffi)lﬂ = ||Zn+1 — zn|| = o(Ay,) is satisfied or
not.! Hence, it would be reasonable that user K determines a slowly diminishing (An)nen
(e.g., \p = 1/(n + 1) or 1/(n + 1)1001) to satisfy ||z,11 — 2n| = o(\,) as much as
possible. From such a viewpoint, it would be desirable to set user K as an operator who
manages the networked system.

References [12,13] present centralized fixed point optimization algorithms for solving
Problem 1.1 when f(9)s are nonconvex, and these algorithms can be applied to power control
[12] and network bandwidth allocation [13] problems. For convenience, we shall write the
algorithm in [12] for Problem 1.1 as follows:

= @ LTp — An @ Tn) |
= [T (1007 (50) o) 22
Tpi1 = Po (apzy, + (1 — ap)y,) (n € N),

where C' (C RY) is closed and convex, and (A,)nen and (ay)nen satisfy Conditions (C1)
and (C2). Theorem 6 and Remark 7 (c) in [12] guarantee that (x,)nen in Algorithm (2.2)
converges to a solution to Problem 1.1 if ||z,, — yn|| = 0(A\y,). Numerical examples in [12,13]
indicated that the algorithms [12,13] with A, := 1/(n + 1)*%! satisfy ||, — ynl| = o(A\n),
while the algorithms with A\, := 1/(n + 1)? do not always satisfy ||z, — yn| = o(A\n).
Algorithm (2.2) requires us to use the explicit forms of all T(s and f®s. However, it

lUser K can obtain, for each n > 1, :):ELK), :rgfi)l, and An and then compute z, := H:E%K) - xﬁfi)lﬂ/)\n

and wp, 1= zp—1 — 2zn. If wy, > 0 and z, is small for each n, the condition will be satisfied.
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would be difficult to apply Algorithm (2.2) to Problem 1.1 in networked systems. This
is because each user in such systems cannot get the explicit forms of other users’ objective
functions and nonexpansive mappings. Meanwhile, Algorithm 2.1 can be implemented under
the assumption that each user knows its own private objective function and nonexpansive

mapping.

Proof of Theorem 2.3

(a) The definition of (ng))neN (i € I) and the boundedness of X (i € I) guarantee
the boundedness of (xg))neN (i € I). Condition (C3) ensures the existence of ny € N
such that B, < 1/2 for all n > ny. We put MY = sup{||Vf@ @l )|: n € N},
Mli) = max{Ml(i)7||d£f1)||} (1 € I), and My := max;es ]\Zfl(i) (M; < oo is guaranteed by
the boundedness of (V () (x%il)))neN (i € I)). We then have that, for all n > n; and for
alli € I, [|d7 || < [VFD @I + Bagalld || < My + (1/2)[1d]. Let us fix i € I and
assume that ||d7(f)|| < 2M; for some n > n;. We find that ||d£3r1|| < M+ (1/2)||d§f)|| <
My + (1/2)2M; = 2M;. Induction guarantees that ||d,(f)|| < 2M; for all i € I and for all
n > ny, which implies that (d$),ey (i € I) is bounded.

Choose y € ;c; Fix(T®™) arbitrarily and put M, = maxig(sup{2|<x$f_l) — y,dgf)>| +

/\ang)HZ: n € N}) (M < oo is guaranteed by the boundedness of (x£f>)n€N and (dg))neN
(i € I)). The nonexpansivity of T7() means that, for all n € N and for all i € I,

0l = (0 ) <O <)o

<|

2

n

) 2 . . )
z=Y yH +2X, <x(z_1) - y,dgf)> +A2 Hdgf)

X 2
I&Zﬁl) — yH + MaA,.

Inequality (2.3) and the boundedness of (ng))neN (¢ € I) ensure that (y,(f))neN (iel)is
bounded. Moreover, the nonexpansivity of Py (i € I), Assumption (A2) (Fix(T®) c
X (@) = Fix(Px)), and the convexity of | - ||? guarantee that, for all n € N and for all i € T,

xsf) - yH2 = HPX“) (an:cgffl) +(1— an)yr(zi)> - PX(“(y)HQ
<l (ot + (=) =

= o (2570 =) + (1 = @) (8~ ) H2

< an [~ (0 - ) [y o

_ 2
< oy, Hzgfl) — yH +(1—ap) {‘

_ 2
27l — yH + M2)\n}

, 2
< Hl‘s_l) —yH + Moy,
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Accordingly, we find that, for all n € N,

2 2
S Y FI e

2
lens —yl* = |

2
< [0 || + KMadn =l =yl + KD,

which means that, for all m,n € N,

n+m

||xn+m+1 - sz < || Zntm — ?JH2 + KMo pym < ||Tm — y||2 + KM, Z Ai

i=m

< lwm =yl + KM > A

i=m

Thus, for all m € N, limsup,,_,, ||z, — y||* = limsup,,_, o [Znsms1 — y|* < llzm —yl* +
KM, \;. Therefore, Condition (C2) leads us to

o0
limsup ||z, — y||* < liminf { Zm — y||* + KMo Z )\Z} = liminf ||z, — y|°,
n—o00 m— o0 m—o0

i=m

which implies that lim,, e ||z, — y|| exists for all y € (), Fix(T®).
(b) We shall prove that lim,,_, « ||x£f_1) — gy || =0 (¢ € I). From the firm nonexpansivity
of T® and (z,y) = (1/2)(||z|* + ||y||? — |z = yl?) (z,y € RY), we have that, for all n € N,

for all i € I, and for all y € (), Fix(T™),

. 2 , _ _ _ 2
19— = [ (59 ) 70
< <($53_1) + /\ndﬁf)) —yyy) - y>

I

2 . 2 . . .
2 o = (5 ) rt

1

2

which means that

. 2 . .
‘yg) _yH < H(msil) _y> +/\nd£;)

= H:cgffl) - y”2 + 2, <x£f*1) -, dgf)> + A2 Hdsf)

2 . . .
(2
2

. . 2
- Hxﬁf‘l) —y?

<]

T2 () - 2l a0y - 2 )

al — yH2 + 2, <y§f) - y,dﬁf)> - Hwﬁf_” el

2

)

2~y 4+ Mid —[fai) -

where M3 := maxiel(sup{QHyS) - y,dgf)>|: n € N}) < oo. Hence, Inequality (2.4) ensures
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that, for all n € N, for all ¢ € I, and for all y € ., Fix(T®),

. 2 i1 2 X 2

Hwﬁf)—yH SanHmﬁf‘ )—yH + (1= ) ||yl —yH
. 2 2 . 2
Soanxﬁf_l)—yH +(1—an){‘3«“ - —yH +M3>\n—‘9653 Dyl }

, 2 ; 12
< [#570 — g+ Marn = (1= ) [l = 0

Therefore, for all n € N and for all y € N, Fix(T®),
2 2
|mm4—mF=HﬂK%—4]sHﬂK*J—4)+A@&f41—adef*> el

< H:c(o yH + KMsh, — (1 — o) ZH i-1) _

b

:Wm—mF+KMMn—u—am§]pgﬂ_yw
i€l

and hence,

< |Zn — 9”2 — [Tyt — 3/”2 + K M3\,

1_anZH (i—1) z)

The existence of limy, oo |70~y (¥ € ;s Fix(T™)), lim,, o0 A, = 0 (by Condition (C2)),
and Condition (C1) lead one to deduce that lim, o0 Y ;¢ ||a:(Z D_ (i)|| = 0; i.e.,

lim H:;:ﬁ;’*” oyl (i € I). (2.6)

n—oo

Next, we shall prove that lim,,_, ch(z) yﬁf) || =0 (i € I). The firm nonexpansivity of
Py and (z,y) = (1/2)(||z]* + [ylI* — |z — ylI*) (z,y € RY) imply that, for all n € N, for
all i € I, and for all y € (,¢; Fix(T'W) ¢ XU = Fix(Pxw) (j € 1),

w0 =B st + 0= l?) - P
<<a 207D 4 (1 an)y @)_% (i) _ >
;{ ’ an (fcﬁf’” - y) +(1—an) (yﬁf) - y) i
~Jon (o872 = af2) + (= ) (42 -2},
which means that

T P S Pt

o (o7 =) 1= ) (2 =22

I

IN

2
-

Accordingly, the convexity of || - || and the equality, ||ax + (1 — @)y|* = «afz|* + (1 —
a)|lyl? = a1l — a)||z — y||? (z,y € RN, a € [0,1]), ensure that, for all n € N, for all i € I,
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and for all y € ﬂie[ Fix(T(i)),

A 2 _ 2 _ 2 , 2
Hfﬁﬁf) - yH < an, Hxﬁf’” - yH + (1 —an) ||y — yH — ap || =)
. 12 . N
—(1—an) H%(zl) _%(lz) + ol —an) Hfﬂsf_l) _y1(1z)
Since Inequality (2.5) implies that ||y7(f) —yl]? < ||z£li_1) —yl?+ M3\, (meN,ielyce
Nics Fix(T™)), we find that
. 2 . 2 . 2
il <l + 0 [ )
. 112 ) 112 . A 12
a0 = 0 (1= ) [ = a0+ a1 — )
. 2 . (12 . N
< =t [+ 2 i — 2 1 ) o9 289
+ ng_l) — gy :
Thus, for all n € N and for all y € (", Fix(T®),
, L2
||xn+1 - y||2 < ||17n - y||2 + KM3A\, — ap Z ngil) - xSZ)
iel
2

)

(= a) Y [y - )
el

i€l

which means that

(1-%2]

i€l

2
2 2
< ”xn - y” - ”anrl - yH + KMgAn

+ 3 [l - 2
iel

2
< ||xn - y”2 - ||-Tn+1 - yH2 + KMgAn

+ 3 el =y

iel

y) — )

2
’

anz ‘ mgzi_l) _‘TS)

i€l

2

The existence of lim,, o0 |7, — y|| (¥ € N,e; Fix(T®)), lim,, 00 A, = 0, Condition (C1),

iel
and Equation (2.6) lead one to deduce that lim, ,o ) ¢/ ||y7(f) - xﬁf)H = 0 and
limy, o0 D seg ||x$lifl) - xsf)H =0;i.e.,
lim Hygp —2®| =0 (e, (2.7)
n— oo
lim ngj—” —20| =0 Ger). (2.8)
n—oo




DISTRIBUTED METHODS FOR VARIATIONAL INEQUALITIES 701

Since the triangle inequality means that, for all n € N,

K
lon = gl = o9 — 2| < 37 oV — 2
j=1

F

Equation (2.8) guarantees that
nlgngo [znt1 — @n| = 0.

Let us prove that lim, o ||2n — m$371)|| =0 (i € I). Fix i € I arbitrarily. The triangle

inequality guarantees that, for all n € N,
i—1

| S|

Hence, Equations (2.6) and (2.7) ensure that

20D — )

n

+ |[p = 2

).

i—1
Ty — xS_I)H < Z Hx;j_l) -z
j=1

lim Hmn - xgj*DH —0(iel (2.9)

n—oo

Moreover, we have from ||z, — yﬁf)H < ||l®n — mg71)|| + ||335§71) - y,(f)H (¢ € I,n € N), and
Equations (2.6) and (2.9) that

=0 (iel. (2.10)

lim H:En — y,(f)
n—oo

The nonexpansivity of T() guarantees that, for all n € N and for all i € I, |y —T® (z,,)|| =
ITO @™ + Xadid) = TO @) < (™ + Andil) = anll < ™" = ol + Aalldi|1-
Accordingly, Equation (2.9), lim,—, o A, = 0, and the boundedness of (dﬁf))neN (¢ € I) imply
that

lim ’y;“ Q) (mn)H —0 (i e ). (2.11)
Since ||y — T (@) < ll2n — y$2 | + 195 = TO(2,)|| (i € I,n € N), Equations (2.10) and
(2.11) lead us to deduce that

lim
n— o0

T — T(i)(xn)H —0(iel (2.12)

(¢) The boundedness of (x,),en guarantees the existence of an accumulation point of
(2p)nen. Let 2* € RN be an arbitrary accumulation point of (x,)nen; i.e., there exists a
subsequence (2, )ken (C (Tn)nen) converging to z*. We shall prove that 2* € N, Fix(T™).
Fix i € I arbitrarily. The continuity of 7" and Equation (2.12) ensure that

’:‘ ’7

which implies that z* € Fix(T'"). Therefore, we have 2* € (), Fix(T®).
Let x, € RN be an accumulation point of (z,,)nen. Then, (2, )ien (C (Tn)nen) exists
such that (x,,)ien converges to z,. A discussion similar to the one above leads us to

0= lim ||z, — T (2,,)|| = |ja* =T (2")

k—o0
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zy € ey Fix(TW). Assume z* # z.. Accordingly, the existence of limy, o [, — Y|
(v €Nyer Fix(T?)) and Opial’s condition** mean that

L . . i B
0= lm |25, —a"| < lm |25, —a.] = lim {lz, — .|
= lim ||z, — z.|| = 0.
l— o0

This is a contradiction; i.e., 2* = x,. This guarantees that (z,)nen (= (:cifi)l)neN) converges
to z* € (;c; Fix(T™). Equation (2.9) and the convergence of (z,,)nen to 2* lead us to that
(:ngfl)) (i € I) also converges to z* € (,c; Fix(T'). Therefore, we can conclude that
Fix(T®).

(d) Inequality (2.3) guarantees that, for all n € N, for all ¢ € I, and for all y €
MNiex Fix(T™),

(xgli))neN (i € I) converges to z* € (,¢;

Hyﬁf) - yH2 < Hwﬁf_” - yH2 + 2, <$5f‘1) -y, dﬁf)> +An Hdﬁf) i

< [l — o 2r (2 s (20 4 B 4
< [+40 - yH2 20 (y = 2D, 9O (2470)) + Madafo + Ms2,

where My = maxie[(sup{2|<ﬂc£7 -y, d(l :n €N}) < ooand My := maxiel(sup{|\d£f)H2:
n € N}) < co. So, Inequality (2.4) 1mphes that, for all n € N, for all 7 € I, and for all
y € Ner Fix(TW),

. 2
o -of <

’y Ly”
< an Hx(z n_ yH (1-ap, { ngli—n _ yH 12N, <y — 2Dy (:cﬁf—1>)>

+ My + M5)\3L}

4 o

. 2 . . .
< |25 =y 200 = @)da (y = 20, V5D (2570) )+ Madapa + M A2,
which means that

a1 =9Il < lon = yll* + 200 = an)ra Y (y = 24D, 95D (ai7D))
icl
+ K MyA, B + KMsA2,

**Suppose that (n)nen (C RY) converges to z* € RN and z* # .. Then the following condition, called
Opial’s condition [23], is satisfied: limp—oo [|[zn — 2*|| < limp— oo ||@n — ]|
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and hence,
o< lon =l = loni —yl* 21— an) Y <y Gy 40) (I<z‘—1>)>
— An ¢ n 7 n
el
+ KM4B, + KMsA,
_ Ulzn =yl + [lena = ylDUlzn =yl = llznsr —yl)
An
+ 2(1 - Oén) Z <y - xgziil)v vf(l) (xgllil)>> + KM4/87L + KMSAn
iel
< Uzn =yl + l[2ns1 = yl) 20 = Tnia ]
< N,
201 =an) Y (y =2l VIO (af7D) )+ KM + KM,
iel

The convergence of (ng))neN (i € I) to z* € ;e Fix(T™), the continuity of Vf© (i €
I), Conditions (C1), (C2), and (C3), and ||zp+1 — Tnl| = o(A,) ensure that, for all y €
MNier Fix(T™),

0< Z <y — 2%, Vf® (x*)> = <y — ¥, Z (Vf(i) (x*))>

icl i€l

= <y -z, V <Z f(“) (x*)> :
el
(i)

that is, «* is a solution to Problem 1.1. Therefore, Item (c) guarantees that (zy’ )nen (i € I)
converges to a solution z* to Problem 1.1. O

Broadcast Iterative Method for Nonmonotone Variational In-
equality and Its Convergence Analysis

This section presents the following algorithm:
Algorithm 3.1 (Broadcast Fixed Point Optimization Algorithm).

Step 0. User ¢ (i € I) sets (an)nen, (An)nen, and (Bp)nen, transmits an arbitrary
chosen x(()i) € RY to the all users, and computes zg := (1/K)
—V O (z).

Step 1. Given xn,dgf) € RY (i € I), user i computes x(i)ﬂ € RN by

el xéi). User 7 sets dgi) =

n

xﬁf}rl = Px® (anxn +(1- an)y,(f))
(4)

n+1 )
Step 2. User i computes z,, 11 € RY and dffil € RV by

and transmits to all users.

1 .
Tnt1 = E ngzl-)&-h
i€l

A, = =V D (2011) + Buprd?D.
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Put n:=n+ 1, and go to Step 1.
In this section, we assume the following:
Assumption 3.1. (V% (x,))en (i € I) is bounded.

The boundedness of X (Assumption (A1)) implies that (:cgf))neN (¢ € I) is bounded.
Hence, (2, )nen generated by x, := (1/K) 3, ., zP (n € N) is also bounded. Therefore, the
same discussion as in Assumption 2.2 shows that, if V() (i € I) is Lipschitz continuous,
Assumption 3.1 is satisfied.

The following convergence analysis is presented for Algorithm 3.1:

Theorem 3.2. Suppose that Assumptions 1.1, 2.1, and 3.1 are satisfied. Then, (x,,)neN in
Algorithm 3.1 satisfies the following properties:

(a) (zn)nen is bounded and lim,_,« ||z, — y|| ezists for all y € ;; Fix(T®).
(b) limy, o0 | — T (2z,)]| =0 (i € 1).

(¢) (Zn)nen converges to a common fized point of T™s.

(d) If |Zns1 — znll = 0(Mn), (Zn)nen converges to a solution to Problem 1.1.

Item (c) in Theorem 3.2 ensures that Algorithm 3.1 under Assumptions 2.1 and 3.1
can find a feasible point in Problem 1.1. Moreover, the convergence of (2, )nen to z* €
Nicr Fix(T®) guarantees that lim, o [|Zy1+1 — 25| = 0. Item (d) in Theorem 3.2 guar-
antees that, if ||xn+1 — zn|| = 0(An), (Tn)neny in Algorithm 3.1 converges in not only
MNic; Fix(T®) but also VI((,e; Fix(T™), V(X ,c; f@)). When user i (i € I) has zi in
Algorithm 3.1, each point is broadcast to all users. Accordingly, all users have (z,,)nen =
(L/K)> er acgf))neN, which implies that all users can verify whether ||z,+1 — z,| = o(\y)
is satisfied or not. On the other hand, in Algorithm 2.1, only user K can verify whether the
convergence condition is satisfied or not (see Section 2).

Proof of Theorem 3.2

(a) The same discussion as in the proof of Theorem 2.3 (a) and Assumption 3.1 guarantee

that (z5)nen, (xgzi))neN; (dgf))neN, (yr(Li))neN (i € I) are bounded.
We shall prove the existence of lim, o |z, — ¥ (v € N;e; Fix(T™)). By replacing

a:gf_l) in Inequality (2.3) with x,,, we have that, for all n € N and for all i € I,

where N := max;¢y(sup{2|(z, — v, dgf)ﬂ +/\n\\d£f)||2: n € N}) < co. Moreover, by replacing

20 in Inequality (2.4) with z,, and replacing ) in Inequality (2.4) with xgil, we find

that

2

e : '
y - yH < lwn = yll* + 27 <xn -, d55)> + A% (14

<l — yl* + Nidn,

(3.1)

. 2 X 2
o =] < anllzm =yl + (1 = an) 02 = o
< an o = ylI* + (1 = an) {len = ylI* + Nodn } (3:2)

< lwn — ylI* + Nidn.
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On the other hand, the convexity of || - [|> means that, for all n € N,

1 i
[Zn1 —yl* = ||K Z (Igh)q - y)
i€l

Therefore, summing Inequality (3.2) over all ¢ ensures that, for all n € N,

2

<1 ’

2@ H2 (3.3)
- K n+1 Yy . .
icl

[ Zns1 — y”2 < lwn — y”2 + NiAp.

So, the same discussion as in the proof of Theorem 2.3 (a) and Condition (C2) guarantee
that

oo
limsup ||z, — y||* < lim inf { 2m = ylI* + N1 Y Ai} = lim inf ||z, — y]|2;
n—o00 m—00 - n—o00
=m
that is, there exists limy, o0 [|[2n — || (¥ € Nics Fix(T®)).
(i—1

(b) We shall prove that lim, o ||z, — y,(f)H = 0. Replacing '/ ") in Inequality (2.5)
with x, implies that, for all n € N, for all 7 € I, and for all y € (,; Fix(T®),

, 2 , , e
yl — yH < lzn —ylI? + 22, <y§3) —y, dﬁf)> - Hxn —y
2

< llzn =yl + Nodn = [[on — 7

where Ny := maxief(sup{2|<y§f) - y,dgf)>|: n € N}) < oo. Hence, Inequality (3.2) implies
that, for all n € N, for all 7 € I, and for all y € (,; Fix(T®),

. 2
‘ y —yH

< an e =yl + (1= ) { i ol + Mo - |

(@) ? 2
Tpi1 — yH <ay ||'rn - yH + (1 - Otn)

(@)

Tp — yn

)

Summing this inequality over all ¢ and Inequality (3.3) mean that, for all n € N and for all
y € Nies Fix(T),

@|°

< ||$n - y”2 + NQ)\n - (1 - an) Tn —Yp

2

)

Tn — yr(Li)

l-a
lznsr = yl* < len —yl* + Nodn - K ) ;‘
K2

which implies that

1-— (7% i 2 2
03 [ =9 < Mo =l = llonas = yl2+ Mo
iel
Therefore, Conditions (C1) and (C2), and the existence of limy, o0 [|zn—yl| (y € N;c; Fix(T™))
lead one to deduce that lim, o > ;e |20 — Y || =05 ie.,
fim H“f —y||=0(iel). (3.4)
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Moreover, the nonexpansivity of 7 guarantees that, for all n € N and for all i € I,
) = TO @)l = 17D (@n + Andst’) = TO@a)ll < lI(@n + Mdi)) = @all < Aalld].
Accordingly, the boundedness of (dg))neN (¢ € I) and lim,, oo A, = 0 (by Condition (C2))
imply that

lim Hy,(f) /A0 (xn)H —0(iel (3.5)

n—oo

Since ||z, — T ()| < ||z — y7(f)|| + ||y7(f) ~TW(z,)| (n € N,i € I), Equations (3.4) and
(3.5) ensure that

lim
n— oo

T — T<i>(xn)H =0 (il (3.6)

(¢) The boundedness of (x,),en guarantees the existence of an accumulation point of
(2n)nen. Let 2* € RY be an arbitrary accumulation point of (z,,)nen. Then, the same
discussion as in the proof of Theorem 2.3 (c) and Equation (3.6) imply that =* € Fix(T®)
(i € 1), ie., 2% € N;c; Fix(TW).

Let 2, € RN be an accumulation point of (Zn)nen. Then, a discussion similar to the
proof of Theorem 2.3 (c) leads us to z, € (;c; Fix(T") with 2* = x,. This guarantees that
(Zn)nen converges to z* € ;. Fix(T®). |

(d) Inequality (3.1) and the definition of ) (n € N,i € I) imply that, for all n € N, for
all i € I, and for all y € (), Fix(T™),

v

2

2

X 2 X .
0 — yH <z — gl + 22 <mn —, dﬁf)> + A2 def)
<

< llzm = 9l + 22 (20 = 3, =V D (@) + BudliL, ) + A2 |

< Nl =yl + 220 (y = 20, VSO (@0) ) + NaAnfo + NuX2,

where N3 := maxiel(sup{2|<mn—y7ngIH: n € N}) < ocoand Ny := maxiel(sup{||d$f)||2: n e
N}) < co. Hence, Inequality (3.2) means that

< ap|lzn — y”2 + (1 - an){ |zn — y”2 + 2\, <y — Tn, vf(i)(xn)>

. 2
y) — yH

. 2
2=y < anllzn =yl + (1= an)

< o =yl + 21 = @) (y = 20, V5O (@) ) + Nody B + NiX2.

Accordingly, summing this inequality over all i and Inequality (3.3) guarantee that, for all

n € N and for all y € (,¢; Fix(T®),

2(1 — apn) Ay, i
Jrnss =91 < =yl + 222 5 (y =, 95O
i€l
+ N3An B + NaAZ.
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Therefore, we find that, for all n € N and for all y € ,.; Fix(T™),

0< ||xn - y||2 - Hxn+1 - y”2 + 2(1 - a") Z <y —z Vf(i) (x )>
= An K Ze[ ns n

+ N3B, + Ny,
(lzn = yll + lzn+1 — yIDUzn — yll = 2041 —yl)

An
2(1 — ay) ()
R (3= 20, VD (@0) ) + NoBn + Nk,
< Uzn = yll + 2ns1 = yl) |20 = Znial
< N
2(1 — a) ()
+Tz<y_xnavf (xn)>+N3ﬂn+N4)\n

iel

The convergence of (z,)nen to z* € ,c; Fix(T™), the continuity of V@ (i € I), Condi-
tions (C1), (C2), and (C3), and ||z,41 — 2 || = o(),,) ensure that, for all y € ,; Fix(T®),

0< Z <y —z*, V@ (a:*)> = <y —x*, Z (Vf(i) (95*))>

iel iel
- <y—x*,v (Z f“’) <x*>>.
iel
This completes the proof. O

Numerical Examples

Let us apply Algorithms 2.1 and 3.1 to the network bandwidth allocation problem. The
objective of utility-based bandwidth allocation is to share the available bandwidth among
traffic sources so as to maximize the overall utility subject to the capacity constraints [26,
Chapter 2]. In this section, we shall discuss a nonconcave utility bandwidth allocation
problem [13] which can be expressed as a nonmonotone variational inequality with the
gradient of a nonconcave, differentiable, step utility function. We assume that source ¢ has
its own private nonconvex f() := /() and C) with the capacity constraints for links used
by source 1.

Consider the following problem on a network [26, Fig.2.2] (Figure 1 in the paper) that
consists of three links and four sources:

Find z* € VI (ﬂ oW, v (Zu@)) , (4.1)
i€l el

where I := {1,2,3,4}, UD(z) := = +sinz (i € I,z € Ry), DY = {(z1,20,23,24) €
RY: 2y +a3 < 1}, D@ o= {(21, 29, 23, 24) € R*: 2o +23 < o}, D) := {(21, 9,3, 74) €

t1The projection onto D := {z € RY: (a,z) < b}, where a (# 0) € RN and b € R, is expressed as
follows [1, p.406], [2, Subchapter 28.3]: Pp(x) :=z + [(b — (a,z))/|al|?]a (z & D), or = (x € D).
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RY: zotay < c3}, B = {(x1, 22, 23,24) €ER*: 2; €[0,¢] (i € I)} (¢ > 0)}, ¢ .= BnDW),
C®.=BnDPNDG B .=BNnDUNDA and C¥W := BN DG,

Source 2
T2

Source 1
€1

|
OFO=O=C
a2

Source 3 Source 4

X3

Figure 1: Network with three links and four sources [26, Fig.2.2]

Since C) (i € I) in problem (4.1) satisfies C') ¢ B, B is bounded, and Pg can be
easily computed, source i (i € I) can set X (i € I) in Assumption 1.1 (A1) and (A2) by
B.

Let us define 7 : R* — R* (i € I) by

., L @, L
T ::§(Id+PBPD<1))7 T ::§(Id+PBPD(2)PD(3)),
1 1
T(S) = 5 (Id + PBPD(l)PD(Z’)) 5 T(4) = 5 (Id + PBPD(s)) .

Then, we find that

e (1)

=B nNFix (PD<1)) N Fix (PD(z)PD(a)) N Fix (PD(l)PD(Z)) N Fix (PD(S))
—BnDYN (D<2> N D<3>) N (D<1> N D<2>) nD®

—Bmﬂp T=c® #0.

el
From (,c; Fix(T®) = BN _, DY, any point in (),c; Fix(T") satisfies the capacity
constraints for all links.
We use
W 1
)\71 = n = 3y Pn ‘= 7 o071 N )
S e Ty P apya (MEN)

#Each source can use a box constraint set B with a constant c (e.g., ¢ :== max{ci1,c2,c3} or c is a large
enough positive number) because the network in Figure 1 has a resource with finite capacity and supports
a finite number of sources.
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where p = 1072, 1, and a = 1.01,2, 3, 10, satisfying Conditions (C1)-(C3). Theorems 2.3
and 3.2 guarantee that Algorithm 2.1 (IFPOA) and Algorithm 3.1 (BFPOA) with the A,
ay,, and 3, converge to a solution to Problem (4.1) if ||zn41 — @n|| = o(p/(n + 1)*). We set
c1: =05, co:=4, cg := 5, ¢c:= 100, chose ten random initial points, and executed Algorithms
2.1 and 3.1 for any point. The graphs in this section plot the mean values of the tenth
execution. The computer used in the experiment had an Intel Boxed Core i7 i7-870 2.93
GHz 8 M CPU and 8 GB of memory. The language was MATLAB 7.13.

To check whether Algorithms 2.1 and 3.1 converge in [, cW = MNicr Fix(T®), we
employed the evaluation function®

D, = Z Hxn - T(i)(xn)H (neN).
iel

(Zn)nen converges in (;c; Fix(T®) if and only if (D, )nen converges to 0. We also employed
the following:
_ |Tnt1 — xn || o (n+1)¢

Xn = )\n = [ ||-Tn+1 - Q]‘n” (n € N) )

where ¢ = 1072,1 and a = 1.01,2,3,10. Algorithms 2.1 and 3.1 satisfy the convergence
condition, ||Zn11 — Tpn|| = 0(An), if (Xy)nens generated by Algorithms 2.1 and 3.1 converge
to 0.

Figure 2 plots the behaviors of D,, (n = 1,2,...,1000) for Algorithms 2.1 and 3.1 with
p=1072 and a = 1.01, 2. This figure shows that (D,,),ens generated by Algorithms 2.1 and
3.1 converge to 0; i.e., the algorithms converge in (;c; C'Y = ., Fix(T("), as promised
by Item (c) in Theorem 2.3 and Item (c) in Theorem 3.2. Figure 2 shows that (D, )nens
in Algorithms 2.1 and 3.1 with )\, := 1072/(n + 1)? converge quickly and (D, )nens in
Algorithms 2.1 and 3.1 with A, := 1072/(n + 1)*%! converge slowly. This implies that
Algorithms 2.1 and 3.1 with fast diminishing step-size sequences converge in [, ., Fix(T*)
faster than ones with slowly diminishing step-size sequences.

Figure 3 indicates the behaviors of X,, (n = 1,2,...,1000) for Algorithms 2.1 and 3.1
with g = 1072 and @ = 1.01,2. We can see from this figure that (X,,),,>1008 in Algorithms 2.1
and 3.1 decrease monotonically and converge to 0, which means that Algorithms 2.1 and 3.1
with A, = 1072/(n+1)? (a = 1.01, 2) satisfy the convergence condition ||z, 11—z | = o(\,).
Therefore, Item (d) in Theorem 2.3 and Item (d) in Theorem 3.2 guarantee that Algorithms
2.1 and 3.1 with A\, =1072/(n 4+ 1)® (a = 1.01,2) converge to a solution to Problem (4.1).

The behaviors of U(z,,) generated by Algorithms 2.1 and 3.1 with g = 1072 and a =
1.01, 2 are presented in Figure 4. This figure indicates that Algorithms 2.1 and 3.1 are stable
in the early stages. Figures 2—4 and Theorems 2.3 and 3.2 ensure that Algorithms 2.1 and
3.1 find the optimal bandwidth for all sources; i.e., each source can find its own optimal
bandwidth (x7 &~ 2.7786, x5 ~ 2.0531, x% ~ 1.9468, zj ~ 2.8851) by using the incremental
and broadcast fixed point optimization algorithms.

Figure 3 indicates that Algorithms 2.1 and 3.1 with u = 1072 and a = 1.01, 2 satisfy the
convergence condition ||zp+1 — Zn]| = 0(A,). To see whether Algorithms 2.1 and 3.1 with
faster diminishing step-size sequences such as A, = 1072/(n + 1)¢ (a = 3,10) satisfy the
convergence condition, we checked the behaviors of X, when a = 3,10. Figure 5 shows that
(X, )nens in Algorithms 2.1 and 3.1 with 4 = 1072 and a = 3,10 converge to 0; however,
(X, )nens in Algorithms 2.1 and 3.1 with g = 1072 and a = 10 are unstable in the early

el

*x € R* satisfies Y, ||z — T@(z)|| = 0 if and only if z € Fix(T®) (i € I), ie., z € Nicr Fix(T(®) =
BN, D® = Nier cw.
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stage. Since the algorithms ought to be stable from the implementation viewpoint, it would
be useful to use the algorithms with A, = 1072/(n + 1)® (a = 1.01,2). Figure 6 plots the
behaviors of X,, (n =1,2,...,1000) for Algorithms 2.1 and 3.1 with x4 =1 and a = 1.01, 2.
This figure shows that (X,,)nens in Algorithms 2.1 and 3.1 with g = 1 and a = 1.01 converge
to 0, while (X, )nens in Algorithms 2.1 and 3.1 with 4 = 1 and a = 2 do not converge to 0;
i.e., Algorithms 2.1 and 3.1 with = 1 and a = 2 do not satisfy the convergence condition.
This implies that the algorithms with ¢ = 1 and @ = 2 are not good ways for solving Problem
(4.1). The above observations suggest that Algorithms 2.1 and 3.1 with a slowly diminishing
step-size sequence such as A, = u/(n + 1)19 (u = 1072,1) should be used for nonconcave
utility bandwidth allocation problems.

Conclusion

We discussed a nonmonotone variational inequality over the intersection of the fixed point
sets of nonexpansive mappings and presented two distributed fixed point optimization al-
gorithms for solving it. One algorithm is based on conventional incremental subgradient
methods, and the other is a broadcast type of distributed iterative method. We gave the
convergence analyses showing that the algorithms converge to a solution to the nonmonotone
variational inequality under certain assumptions. We also provided numerical examples for
the bandwidth allocation. The analyses and numerical examples suggested that the algo-
rithms with slowly diminishing step-size sequences converge to a solution to the nonmonotone
variational inequality.
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