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Abstract: In recent years, many traditional optimization methods have been successfully generalized to
minimize objective functions on manifolds. In this paper, we first extend the general traditional constrained
optimization problem to a nonlinear programming problem built upon a general Riemannian manifold M,
and discuss the first-order and the second-order optimality conditions. By exploiting the differential geometry
structure of the underlying manifold M, we show that, in the language of differential geometry, the first-
order and the second-order optimality conditions of the nonlinear programming problem on M coincide with
the traditional optimality conditions. When the objective function is nonsmooth Lipschitz continuous, we
extend the Clarke generalized gradient, tangent and normal cone, and establish the first-order optimality
conditions. For the case when M is a Riemannian submanifold of R™, formed by a set of equality constraints,
we show that the optimality conditions can be derived directly from the traditional results on R™.

Key words: nonlinear programming, optimality condition, Riemannian manifold, generalized gradient,
Hessian

Mathematics Subject Classification: 90C30, 90C46, 65K05, 58C05, 49K27, 49M37T

Introduction

In recent years, there is an increasing interest on the topic of the optimization methods on
manifolds. Let M be a Riemannian manifold and f be a real-valued function defined on
M. Consider the following optimization problem:

min f(z). (1.1)
If M is a Riemannian submanifold of R™ described by means of smooth equality constraints,
(1.1) is usually viewed as a constrained optimization where M is the feasible region. How-
ever, if making full use of the underlying differential geometry of M, we prefer to regard
(1.1) as an unconstrained optimization, namely minimizing the function f : M — R. To
date, many classical methods for the traditional unconstrained minimization, such as the
gradient-related algorithms (see [8, 11, 23]), the Newton-type methods (see [5, 18, 24]) and
the trust-region method (see [1, 2]), have been successfully generalized to the problems in
the form of (1.1). The recent monograph by Absil et al. [2] discusses, in a systematic way,
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the framework and many numerical first-order and second-order manifold-based algorithms
for (1.1), with an emphasis on the application to numerical linear algebra.

However, a lot of optimization problems arising from real-world applications cannot
simply be formulated in the form of (1.1). In many cases, besides the manifold constraint
x € M, the variable z should also be subject to other equality and/or inequality constraints.
For example, in the quadratic assignment problem (see [21]), the constraint for the variable
X is in the Stiefel manifold

St(j, k) :={X eRM™IXTX =1I;}, (j<k),

where I; stands for the j-by-j identity matrix and also X > 0 (i.e., each element of X is
nonnegative), while in the sparse principal component analysis (see [17]), the variable X €
St(j, k) should also satisfy a set of inequality constraints. Moreover, even if there are only
equality constraints, the feasible set in many cases does not form a smooth and connected
manifold. This suggests that a more general formula of the nonlinear programming problem
should be cast as

min flx) (1.2)
s.t. ci(z)=0, ie&={1,...,1}

ci(r) >0, i€eZT={l+1,...,r}

xr e M.

In (1.2), the constraint x € M means that both f and ¢; for all i € £ UZ are defined on the
manifold M.

On the other hand, many real-world problems in the form of (1.2) can also be formulated
back into the traditional nonlinear programming problem. This is the case when the manifold
M is a Riemannian submanifold of R™. A typical and very important example is again the
Stiefel manifold, where the problem (1.1) with M = St(j, k) can be thought as the equality
constrained minimization, and thus the manifold-based algorithms are thereby alternative
but efficient approaches for the related equality constrained minimization. It has been
observed that when the underlying manifold M is of simple or nice differential geometry
structure, the manifold-based algorithms appear to be more convenient and can perform
better than many state-of-the-art traditional optimization methods (see e.g., [1, 2, 3, 4]).
This is one of our motivations of this paper.

Just as we can generalize the classical numerical algorithms for the unconstrained min-
imization to (1.2), we can also generalize traditional approaches for the constrained opti-
mization problems and develop counterpart algorithms for (1.2). The idea seems attractive
and practical since we have already had several efficient algorithms for (1.1) at hand. In
fact, in [21], the traditional augmented Lagrangian method is generalized and tried to solve
the quadratic assignment problem. This is the other motivation of this paper. Based on our
observation, the foremost problem we are facing is the optimality conditions of (1.2). Al-
though discussions on the optimality conditions for (1.1) have been made, e.g., in [2, 14, 22],
to the best of the authors’ knowledge, systematic treatment on the optimality conditions
that combine nonsmooth optimization on a manifold with equality and inequality constraints
has not been fully developed. It should be pointed out that the paper by Ledyaev and Zhu
[14] discusses this issue based on an appropriate Frechet subderivative notion, which allows
one to develop a quite satisfactory subdifferential calculus. However, we notice that the
computation of the subdifferential is difficult according to the definition in [14], and there-
fore, we will define the subdifferential and treat the optimality conditions in another way,
which is of advantage for practical computation.
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In this paper, we will discuss optimality conditions for (1.2), under the assumption that
M is a general Riemannian manifold equipped with its Riemannian connection, and the
constrained functions ¢; for all i+ € £ UZ are differentiable. We will establish the first-order
optimality condition of (1.2) when f is a nonsmooth Lipschitz function or continuously
differentiable, and present the first-order and the second-order optimality conditions when
f is twice continuously differentiable.

We organize the paper in the following way. In Section 2, we will provide some prelimi-
nary concepts and notation. In Section 3, we present the definitions of the Clarke generalized
gradient of a Lipschitz function on the Riemannian manifolds, the tangent and normal cones
to closed subsets of Riemannian manifolds. Then the first-order necessary optimality con-
dition is obtained. In Section 4, we discuss the first-order and the second-order optimality
conditions for (1.2) when the objective function is differentiable. In Section 5, we will restrict
ourselves to the special case when M is a Riemannian submanifold of R™ : For the case that
f(z) is nonsmooth Lipschitz continuous, we will study the properties of the Clarke general-
ized gradient; while more specially, when M is formed by a set of equality constraints, we
show that the optimality conditions for (1.2) can be derived directly from the traditional
results on R™. A final conclusion is drawn in Section 6.

Preliminaries and Notation

To begin with, we first introduce some basic differential geometry concepts and notations.
The reader can find most of these preparatory materials from the books [2, 13, 16].

Let M be an n-dimensional smooth manifold and p € M. We will use §,(M) to denote
the set of all smooth real-valued functions defined on a neighborhood of p. Let v be a curve
such that «(0) = p. The mapping ¥(0) from §,(M) to R defined by

is called the tangent vector to v at x. The tangent space to M at p is represented by 1,,.M,
whose element, known as the tangent vector, can be regarded as a mapping &, from §,(M)
to R such that there exists a curve v on M with v(0) = p, satisfying

d(f(v(1))

fpf :'Y(O)f = dt

t=0

for all f € §,(M). Such a curve 7 is said to realize the tangent vector §,. The tangent
bundle TM := U,T, M consists of all tangent vectors to M. The vector field £ on M is a
smooth mapping form M to the tangent bundle 7'M that assigns to each point p € M a
tangent vector &, € T, M.

Let (U, ¢) be a chart containing p. The tangent vectors {9/dx%|,,1 < i < n} defined by

9 = Ifop™)
oxtlp Ozt ©(p)

, VfeFM) (2.1)

forms a basis of T, M. It is also obvious that §/0z" is a vector field on U.

Let F: M — N be a smooth mapping between two smooth manifolds M and N. The
differential (also known as push-forward) of F at p (see [2, 16]), DF(p) : TyM — TppN
is defined by

(DF(p)[&p))f =& (f o F),
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for all §, € T,M and f € Fr(,)(N). By (2.1), we have Do(p)[52|,] = 52
if § = Z?:l &%h} € T, M, we have

»(p) and therefore,

Do (p)¢] = (&1,..-,6n) " €R, (2.2)

where we use the identification T;,,)R™ = R". For notational convenience thus, we will use
e to represent the corresponding counterpart of the object e related with M in R™ :

pi=¢p), & :=Dep)&), and fi=fop . (2:3)
With this notation, for &, € T, M and f € §,(M), it is easy to see that
&f = (6, V1(9))-

A differentiable manifold whose tangent spaces are endowed with a smoothly varying
inner product with respect to p € M is called a Riemannian manifold. The smoothly
varying inner product, denoted by (-,-),, is called the Riemannian metric, and when no
confusion arises, we will also omit the subscript and use simply (-,-) instead of (-,-),. Let
gi;(p) == (8/02"|,,0/027],),. Then g;;(-) is a smooth function on M. Thus, for vector
fields £ = 3", &0/02" and ¢ = 3", (;0/9z", we have

9(6,0) = (£,0) = 916G
ij

Thus, if we introduce the notation G : p — G} to denote the matrix-valued function such
that the (4, 7) element of G} is g;;(p), we have then, in matrix notation,

9p(&ps Cp) = (€ps Cp)p = é;]z—Gﬁécﬁ- (2.4)

In our discussion on the optimality condition for (1.2), we will restrict ourselves to the case
that M is a Riemannian manifold with a Riemannian metric g.

Given f € §p(M), the gradient of f at p (see [2]), denoted by gradf(p), is defined as the
unique tangent vector in 7, M that satisfies the condition:

(gradf(p), &) = & f = (VF(B), &), V&, € TyM, (2.5)

and so in matrix notation, the coordinate expression of gradf(p) is given by (see [2])
Do(p)lgradf(p)] = G; 'V £(p). (2.6)
The length of a curve v : [a,b] = M on M is defined by
b
O RVCIORIDI?
and the Riemannian distance (see [2]) on M is given by
d:- MxM-=R: dz,y) = irllfL(fy),

where T' represents the set of all curves in M joining points « and y. Thus the set {y €
M | d(z,y) < 0} serves as a neighborhood of = with radius ¢ > 0.
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A geodesic is a curve on M that locally minimizes the arc length. For every & € T, M,
there exists an interval Z containing 0 and a unique geodesic y(¢;p, &) : Z — M such that
~(0) = p and 4(0) = £. The mapping (see [2])

Exp, : Ty,M — M : € — Exppé = v(1;p,€)

is called the ezponential map on p € M. Let E : R — T, M be a linear bijection such that
{E(e;)} is an orthonormal basis for T, M, where e; is the ¢-th unit vector. Let U be a
neighborhood of a point p and V' a neighborhood of the origin of 7),M such that Exp, is a
diffeomorphism between V and U. If we define

p= E_lExpgl. (2.7)

then (U, ¢) is known as a Riemannian normal coordinate system. Under the normal coordi-
nate system, it is true that (see [13])

Gy =1I,. (2.8)

Lastly, the Riemannian Hessian (see [2]) of f € F,(M) at a point p in M is defined as
the (symmetric) linear mapping Hessf(p) of T, M into itself that satisfies

Hessf (p)[&p] = Ve, gradf, VE, € TyM,

where V stands for the Riemannian connection (see [2]) on M. The following result (see [2,
Prop. 5.5.4]) is useful for our analysis

Hessf(p) = Hess(f o Exp,)(0,). (2.9)

The Clarke Generalized Gradient

In this section, we will study the property of a Lipschitz function definded on a Riemannian
manifold M. The Lipschitz behavior of functions on M has been studied in [9, 10]. In
this paper, we only focus on the Clarke generalized gradient of a Lipschitz function and its
application to the optimality condition.

Lipschitz Continuity
Recall that a function f on M is said to be Lipschitz of rank L on a set U if

\f(y) = f(2)| < L-d(y,2), Vy,z€U,

where L > 0. If there exists a neighborhood U of p € M such that f is Lipschitz of rank
L on U, we say that f is Lipschitz of rank L at p; if furthermore, for every p € M, f is
Lipschitz of rank L at p for some L > 0, then f is said to be locally Lipschitz on M.

Now suppose f : M — R is alocally Lipschitz function on M. The generalized directional
derivative of f at p € M in the direction v € T, M, denoted by f°(p;v), is defined as (see

[12])

(i v) = limsup 42— (#H) TDe@)W)) — fo o~ e(y))
’ . y—p,tl0 t ’

(3.1)

where (U, o) is a chart containing p. Indeed, we have

fo(piv) = (f oo™ 1) (e(p); Deo(p) (), (3.2)
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where (fop™1)°(p(p); Do(p)(v)) is the Clarke generalized directional derivative (see [7]) of
fow~tat ¢(p). It should be pointed out that this definition does not depend on the choice
of charts (see [19]).

Lemma 3.1. Let M be a Riemannian manifold andp € M. Let (U, ) be a chart containing
p. Then f is Lipschitz at p if and only if f o p~! is Lipschitz at ¢(p).

Proof. Let (U, ) and (V,v) be two charts containing p. Since the Jacobian matrix of the
mapping ¢ o ¢! is nonsingular around % (p), we only need to prove the assertion for one
particular chart (U, ), namely, the normal coordinate defined by (2.7). We use the notation
Bs :={y € M :d(p,y) < ¢} and B(0,;9) := {§, € T,M : ||&]| < é}. By [6, Thm. 2.3],
for every C' > 1, the mappings Exp, : B(0,;d) — B;s and Exp;l : Bs — B(0p;9) are
C-Lipschitz for small enough §, and so the assertion follows. O

The proofs of the following results are similar to [7, Prop. 2.1.1] except for (3.3). Thus,
we only give the proof for (3.3).

Theorem 3.2. Let M be a Riemannian manifold. Suppose that the function f: M — R
1s Lipschitz of rank L on an open set V. Then,

(i) foreachp € V andv € T,M, the function v — f°(p;v) is finite, positive homogeneous,
and sub-additive on T, M, and satisfies

1123 v) < Ljvll; (3-3)

(il) f°(p;v) is upper semicontinuous on TM|y and, as a function of v alone, is Lipschitz
of rank L on T,M, for each p € U;

(ili) fo(p;—v) = (=f)°(p;v) for each p € U and v € T,M.

Proof. Since f°(p;v) does not depend on the chart, we consider the normal coordinate
(U, ¢) defined by (2.7). Assume that U C V. Write v € TpM as v = Y i, vi%p.
Let ¥ = (vy,...,v,)] € R™. By (2.8), we have G

o) = In, and so |[v]| = /(v,v), =
\/ @TGsa(p)'[’ = [|9].

We use the notation Us := {y € M : d(p,y) < é}. Fix e > 0. Since G, is a continuous
functions of y, there exists g such that Us, C U and if y € Us,, then the largest eigenvalue
Amaz (G p(y)) of Gy satisfies

)\maw(G@(y)) <14 2e.

Denote 1, := ¢(y) +ti € R™ and y(t) := p~1(n;). Assume that y(s) € Us,, Vs € [0,t]. Then
y(t) = Z Ui 6?;1' y(t)» and so

d(y, y(t)) < /0 VA{(s), 9(s))ds = /0 VT Gy bds < (T4 e)t]o] = (L+e)tvll.  (3.4)

From definition (3.1), we know that there exists §; and to such that for any 6 € (0, ;) and
any t1 € (O,to),

fo(p§v) < sup —— +¢€
y€EUs,0<t<t; t
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which implies that there exists y € Us, and t € (0,tg) such that

fopiv) <
Let ¢; and to be both small enough so that (3.4) holds, then we have from (3.5)

d(y,y(t))
t

fep;v) <L +2e < L(1 + €)]|v]| + 2e.

Since € is arbitrary, (3.3) holds. O

The generalized gradient or the Clarke subdifferential of a locally Lipschitz function f
at p € M, denoted by df(p), is defined as

If(p) ={& e T,M : (§,v) < f°(p;v) for all v € T, M}. (3.6)
By (2.4), (3.2) and (3.6), we have the following result.

Proposition 3.3. Let (M,g) be a Riemannian manifold and p € M. Suppose that f :
M — R is Lipschitz near p and (U, ) is a chart at p. Then

0f(p) = [De(p)] MG () 0(f o 9™ (e (P))]-

Remark 3.4. In [12], the generalized gradient df(p) is defined on T, M, the cotangent
space at p, and satisfies the property (see [12, Prop. 2.5]):

df(p) =Dep(p)*[0(f o ") ((p))],

where * denotes the adjoint. Since the gradient of a differentiable function is defined on
the tangent space, from the computational point of view, we think it is more reasonable to
define the generalized gradient of a nonsmooth function (a generalization of gradient) on
the tangent space as in (3.6).

Similar to [12, Thm. 2.9], it is easy to prove the following results and we omit the proof.

Theorem 3.5. Let M be a Riemannian manifold, p € M and f is Lipschitz of rank L on
some neighborhood U of p. Then,

(i) 0f(p) is a nonempty, convex, compact subset of T,M, and ||§|| < L for every & €
of(p);

(ii) for every v € T,M, we have
f2(piv) = max{(£,v) : £ € Of(p)},
and so for any € € TyM, & € 0f(p) if and only if f°(p;v) > (§,v);

(iil) let {p;} and {&} be sequences in M and TM such that & € 0f(p;). Suppose that p;
converges to p and ) € R™ is a cluster point of the Gy, [Dy(pi)&i], then we have

[De(p)] G (,ym) € 0F (p).
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Tangent and Normal Cone

Let C be a subset in R™ and z € C. We use T (z) (resp. Ne(z)) to denote the (Clarke)
tangent (resp. mormal) cone (see [7]) to C' at x. By [7, Thm 2.4.5], the (Clarke) tangent
cone is in accordance with the one defined by [20, Def. 12.2].

Using the coordinate chart, we can define the tangent cone of a nonempty closed subset of
Riemannian manifold M. To this end, assume S is a nonempty closed subset of Riemannian
manifold M and p € S, and (U, ¢) is a chart of M at p. Then we define the (Clarke) tangent
cone Tg(p) to S at p as follows:

Ts(p) := [Do(p)] [ Tp(snw)(©(p))]- (3.7)

It is true that this definition of Tg(p) does not depend on the choice of the chart (U, ¢) at p
(see [19]). Furthermore, we can also define the normal cone, denoted by Ng(p), to S at p as

Ns(p) :i={u € TyM: (u,v) <0, Yve Ts(p)} (3.8)
Using (2.4) and (3.8), it is easy to prove the following result.

Proposition 3.6. We have Ns(p) = [Dgp(p)]_l[G;SP)NW(SQU)(gp(p))].

For a function f defined on a set S C M, we say that f attains a local minimum over S
at p if there exists a neighborhood V' C M of p such that f(y) > f(p), Yy e VN S.

Proposition 3.7. Suppose that f is Lipschitz at p and attains a local minimum over a set
S at p. Then 0 € df(p) + Ns(p).

Proof. Let (U, ¢) be a chart around p. By Lemma 3.1, f = f oy~ !is also Lipshitz and f
attains a local minimum over the set (S NU) at p. From the proof on [7, p. 52|, we have

0e Bf(ﬁ) + Ny(snu) (D), which together with Propositions 3.3 and 3.6 implies the assertion.
O

Remark 3.8. In [12], the normal cone is again defined on the cotangent space. For our
discussion, according to Proposition 3.7, we prefer the definition (3.8) because df(p) C T, M.
In particular, if f is continuously differentiable and attains a minimum over a set S C M
at p, then similar to the proof in Proposition 3.7, it is true that

—gradf(p) € Ns(p),

which is a generalization of the traditional result on R™. Since the gradient is a tangent
vector of M, it is more reasonable to define the normal cone on the tangent space.

Necessary Optimality Conditions for Constrained Problems

First-order Optimality Conditions

Now we consider the problem of the form (1.2) in which f is a locally Lipschitz function and
¢; for all i € £UT are differentiable functions. We denote the feasible region of (1.2) by €.

Using coordinate charts, we can transform (1.2) into a traditional nonlinear programming
problem locally. Indeed, for z € Q, suppose (U, ) is a chart around z, then we have the
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following nonlinear programming problem in R™:

min  f(&) (4.1)
s.t. e(2)=0, ie&E={1,...,1}

&(@) >0, ieT={l4+1,...,r}

&€ pl)CRY,

where f and ¢ are defined by (2.3). If we define the active set A(z) at z € M of (1.2) by
A(x):=EU{i € T | ¢i(z) =0}, (4.2)

then it is clear that A(#) = A(z), where A(%) is the active set of & for the problem (4.1).
With the active set A(x), we say that the linear independence constraint qualification (LICQ)
on manifold M holds at x if

{grad ¢;(z),i € A(x)} is linearly independent on T, M. (4.3)

It is not difficult to check by (2.6) that (4.3) is equivalent to the statement that {Vé;(£),i €
A(z)} is linearly independent, that is {Vé;(£),7 € A(x)} satisfies the LICQ (see [20]) on
R™. To further explore the optimality condition, we next define the concept of linearized
feasible direction.

Definition 4.1. Given a feasible point z € M and the active constraint set .A(x) given by
(4.2), the set of linearized feasible directions F(z) is defined by

F(x) = {d eT,M ‘ égrad ci(z),d) for all i € &, }

= 0’
grad ¢;(z),d) >0, forallie A(x)NZ
For any d € F(z), since (grad ¢;(z),d) = (Vé;(#),d), we have
d e F(z), (4.4)

where F(&) is the set of linearized feasible directions of the problem (4.1) (see [20, Def.
12.3]) given by

F(3) = {d err | (Véla)d) =

(Véi(z),d) >

0, foralli € &,
0, forallie A(Z)NZT

(4.5)
By [20, Lem. 12.2], (4.4) and (3.7), it is straightforward to prove the following lemma.
Lemma 4.2. Let x € Q be a feasible point. The following two statements are true:

(i) Tox C F(z), and

(i) #f the LICQ condition (4.3) is satisfied at z, then Tox = F(x).

With Lemma 4.2 (ii) in hand, following the procedure of proving [20, Lem. 12.9], we can
characterize the normal cone Nq(x) in the following way:

Corollary 4.3. If the LICQ condition (4.3) is satisfied al x, then

Na(z) ={ Z Aigrad ¢;(z), A <0 forie A(x)NZT}. (4.6)
i€ A(x)
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By Proposition 3.7 and Corollary 4.3 consequently, it is easy to prove the following result.

Theorem 4.4 (First-Order Necessary Conditions). Suppose that x* is a local solution of
(1.2) and that the LICQ (4.3) holds at x*. Define the Lagrangian function for problem (1.2)
as

Lz, ) Z Aici(x (4.7)

1€EUT

Then there is a Lagrange multiplier vector \*, with components A}, i € EUZ, such that the
following conditions are satisfied at (x*, \*)

0 € 0, L(x*, \7),
ci(z®) =0, forallie&, (4.8)
ci(z®) >0, A >0, Mc¢(z¥)=0, forallieT.

Remark 4.5. Consider the nonlinear programming problem (4.1). The Lagrangian function
of (4.1) is L(z,)\) = f(&) — Y iceuz NiCi(®). Let A* be the Lagrange multiplier satisfying
(4.8). By Proposition 3.3, it is easy to prove that 0 € 9z L(z*, \*), which means that \* is
also the Lagrange multiplier of (4.1).

Remark 4.6.

1. In the case that f is continuously differentiable, replacing 0 € 9, L(x*, A*) in (4.8) by
grad, L(z*, A*) = 0, we get the first-order necessary condition of (1.2).

2. More particularly, if f is a continuously differentiable function and z* is a local solution
of mingep f(2), then we have gradf(z*) = 0.

Second-order Optimality Conditions

Now we are in a position to describe the second-order optimality conditions for (1.2). In
this subsection, assume that f and ¢;, i € £ UZ, are twice differentiable. Suppose z* is
a local solution of (1.2) and A* is some Lagrange multiplier vector that satisfies the KKT
conditions (4.8). We further define the critical cone C(x*,\*) associated with (x*, \*) as
follows:

C(z*, \") (4.9)
= {we F(z") | (grad ¢;(z*),w) =0, for all i € A(x*) NZ with A} > 0}.

Equivalently, one can readily verify that

w € Typx M,
. s (grad ¢;(z*),w >—O, forall: € &,
wECELA) S\ lgrad oi(2),w) = 0, for all i € A(z*) N T with A* > 0,
(grad c;(z*),w) >0, foralliec A(z*)NT with A} =0.
Given F(z*) defined by (4.5) and A\* satisfying (4.8), let the critical cone ( cf. [20, p.

330]) C(x*, \*) be defined by
(Véi(z*),

W€ CE*\) < (Vé(z*), )
(Véi(z*),

0, foralli € &,
0, forallie A(z*)NZ with Af >0,
0, forallie A(z*)NZ with A} = 0.
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By (2.5), we have
w e C(x", \") < w e C(T",\"). (4.10)

With the aid of these results, we can state the second-order necessary optimality conditions
as follows:

Theorem 4.7 (Second-Order Necessary Conditions). Suppose that x* is a local solution of
(1.2) and that the LICQ condition (4.3) is satisfied. Let \* be the Lagrange multiplier vector
for which (4.8) are satisfied. Then

Hess, L(z", \")[w,w] >0, VYw € C(z*,\¥).

Proof. Let (U, ¢) be the normal coordinate defined by (2.7) around z*. Consider the non-
linear programming problem (4.1). It is obvious that Z* is a local solution of (4.1), and \* is

also the Lagrange multiplier vector for which the KKT conditions hold. Then the assertion
follows from (2.9), (4.10) and [20, Thm. 12.5]. O

The following corollary is a direct application of Theorem 4.7 for the case £ = Z = .

Corollary 4.8. Let x* be a local solution of mingeaq f(x). Then Hessf(x*) is positive
semidefinite on Ty« M.

Similar to the proof of Theorem 4.7, we can also establish the following second-order
sufficient conditions for problem (1.2).

Theorem 4.9 (Second-Order Sufficient Conditions). Suppose that for some feasible point
x* € M there is a Lagrange multiplier vector \* such that the KKT conditions (4.8) are
satisfied. Suppose also that

Hess, L(z*, A\*)[w,w] >0, Yw e C(z*,\"), w#0.
Then x* is a strict local solution for (1.2).

Analogously, in the special case £ = Z = (), Theorem 4.9 reduces the following second-
order sufficient optimality condition.

Corollary 4.10. Let z* € M be such that gradf(z*) = 0 and Hessf(z*) is positive definite
on Tys M. Then x* is a strict local solution of mingep f(x).

The Case When M is a Riemannian submanifold of R™

In Section 4, we have established the optimality conditions for the case when M is a general
n-dimensional Riemannian manifold. In real-world applications, however, it turns out that
the manifolds we can encounter always Riemannian submanifolds of R™ with m > n. In
this section, we will consider the case that M is a Riemannian submanifold (for definition,
see [15, p.132]) of R™, which means for any x € M,

where i : M — R™ is the inclusion map and Di(z) is the differential of i at z.
For simplicity, we always write « and &, for i(z) and Di(x),, that is, M is a subset
of R™ and T, M is a subspace of R™ for any x € M. We use P, to denote the orthogonal
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projection onto T, M. Then T, M = {P,y|y € R™}. This expression of the tangent space is
very useful, because for any differentiable real-valued function i defined on R™, the gradient
of the restriction h|p : M — R, of h on M can be simply formulated as (see [2, (3.3.7)])

gradh|m(z) = PyVh(z), (5.1)

where Vh(z) stands for the gradient of h, viewed as a function defined on R™, at z.
Let f be a nonsmooth Lipschitz function. We use the notation

[ = flam (5.2)

to denote the restriction of f on M. It is easy to prove that f, as a function on manifold
M, is also a Lipschitzian function. Motivated by (5.1), it is natural to ask whether df(z) =
P,0f(z). As we will see in Theorem 5.3 that df(z) C P,0f(x) is always true, but the
converse is not, as Example 5.1 demonstrates.

Example 5.1. Let M = {(21,0) : z1 € R} be the embedded submanifold in R2. Let
f :R? = R be defined by

—x9, if x> —20,20 <0
[z, 22) = z1, ifzy < —x9,29 > 05
0, otherwise.

Then f equals 0 on the whole of M and so f=0. Let 2 = (0,0) and v = (1,0). Then
fo(z;v) =1, fo(x;—v) = 0 and f°(x;v) = 0. It is easy to see that df(x) D {(x1,0): 0 <
x1 < 1}. Thus we have [0,1] = P,0f(z) # df(x) = {0}.

We next will establish a sufficient condition for the relation df(z) = P,0f(z).
Definition 5.2. A function f is said to be regular [7] at € M along T, M if
(1) for all v € Ty M, f'(z;v) := limy o w exists, and
(ii) for all v € Ty M, f'(z;v) = f°(z;v).

Theorem 5.3. Let M be an embedded submanifold of R™. Let f be a Lipschitz function at
x € M and f be defined by (5.2). Then we have

(i) fola;d) > fo(x;d) for any d € T, M,
(ii) 0f(z) C P,of(x), and
(iii) if f is regular at x along TyM, then Of(x) = P,0f(x).

Proof. (i). Pick any d € T, M. Let (U,¢) be a chart around z. Assume that ¢(z) =
(ul(2),...,u™(2)), V2 € U. Then %, 1 =1,...,n, is a smooth vector field on U. Let
Us :={y € M :d(x,y) < §}. Fix € > 0. Then there exists é; > 0 such that Us, C U and
for all y € Us,,

D~ (o)) (Dol)(@) —
|| Elda‘zy - ;dia‘ziun

eldll, VdeTuM, (5.3)

IN
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where the inequality holds because % is smooth on U. For y € Us,, define y(t) =
0 YHp(y) + tDy(x)(d)). Then there exists ¢; > 0 such that y(s) € U for any y € Us,

and any s € [0,¢1]. We also have

y(t) =y + tDe~ ! ((y) (Dy(x)(d)) + 29 (y),
where 9 is smooth of y. This together with (5.3) implies that for all ¢ € [0, ¢1],
ly(t) — (y + td)|| < etl|d]| + Mt*, Wy € Us,, (5.4)

where M is independent of y and ¢. By the definition of the Clarke generalized directional
derivative, there exists d; > 0 and t3 > 0 such that for any ¢ € (0,d3) and any ¢t € (0,t2),
we have

f(z+5d) — f(2)

sup —f(zd) < ¢ (5.5)
|z—z||<8,0<s<t s

on the other hand, by definition of (3.1), there are 5 > 0 and t3 > 0 such that for any
5 € (0,63) and ¢ € (0,13),

: f@() — f(y)

fo(z;d) — <k, (5.6)

7 =

for some § € Us and t € (0,t), where §(f) = ¢~ ' (¢(§) + tDp(z)(d)). Let 6 and ¢ be small
enough such that § < min{dy,d2,d3}, ¢ < min{ty,te,t3} and the Lipschitz constant of f on
{y:|ly—z|| <6} is L and LMt < e. Then by (5.4), we have

f@®) - fy) fly+1td) - f(y)

7 - ; < eL||d| + e. (5.7)
From (5.5), (5.6), and (5.7), it follows that
fo($;d) < fo(l',d)+ f(g(i))_i f(g) _ sup f(Z+Sd)*f(Z) + %
t [|z—z||<8,0<s<t S
< P LADSD (G-I,

< fasd) + (3+ Lild]]e.

Since € is arbitrary, we conclude f°(z;d) < f°(x;d).

If (ii) does not hold, there must exist a vector n such that n € df(x) but n & P.of(x).
By [7, Prop. 2.1.2], P,df(z) C Ty M is a closed convex set. Note that df(z) C T, M. By
the Convex Separation theorem, there exists d € T, M such that

(n,d) > sup (£, d). (5.8)
EEP,Of(x)

Since P, is a symmetric matrix and P,d = d, we have

sup (£,d) = sup (P.(,d)= sup ((,d)= f°(z;d). (5.9)
£EP,Of (x) ¢eof(x) (eof(z)

By (5.8) and (5.9), f°(z;d) > (n,d) > f°(x;d), which contradicts (i).
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(iii). From the proof of (ii), it suffices to prove that f°(z;d) = f°(x;d). Let (U, @) be a
chart around x and let z(t) = o1 (p(z) + tDp(z)(d)). If z(s) € U for any s € [0,¢], then

z(t) =z + tDe () (Dp(z)(d) + O(t?) = = + td + O(t?). (5.10)

Assume that the Lipschitz constant of f at = is L. Fix € > 0. By (5.10), for sufficiently
small ¢, we have
flx+td) - f(z)  fla®) - fz)

- <e¢L. .
p p <elL (5.11)

Since by assumption f’(x;d) exists, we can also assume that for all sufficiently small ¢ > 0,

P LS

Recall that Us := {y € M : d(x,y) < §}. By (3.1) and f = f|u, there exist 6 > 0 and
to > 0 such that

wp  1° ¢~ ely) + tDy(x)(d) — fy) FPlasd) < e (5.12)

y€eUs,0<t<to t

From (5.10), (5.11) and (5.12), it follows that
f'(x;d) < fo(z;d) + (2 + Le.

Since € is arbitrary, we have f’(z;d) < f°(x;d). By the assumption that f is regular at =
along d, we have

f'x;d) = fo(x;d) > fo(w;d) > f' ().
Thus f°(x;d) = f°(z;d) and the proof is complete. O

According to [7, Prop. 2.3.6], we know that there are a variety of types of functions
satisfying the conditions of Definition 5.2. In particular, we have the following lemma.

Lemma 5.4. Let f = fi1+ f2 be a function on R™, where f1 is convex and fo is continuously
differentiable. Then f is regular along T, M, where x € M is arbitrary.

Now we discuss the connection between our optimization conditions on Riemannian
manifolds with the traditional ones by considering the more specific situation when

M= {z € R™ | &(z) = 0},

where @ : R™ — R? (¢ = m — n) is a smooth mapping with D®(z) of full row rank
for all x € M. For these problems, we can incorporate the particular manifold M into our
original problem (1.2), and simply state it as the following traditional nonlinear programming
problem:

min f(z) (5.13)

s.t. ci(r) =0, i€€&={1,...,1}
ci(r) >0, i€ZT={l+1,...,r}
(r) =0
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When the problem (1.2) is put in this way, one then can directly apply the traditional
optimality conditions without referring to the underlying manifold structure of M. Then,
we will describe the connection between our established optimality conditions in Section
4 with the traditional conditions, and show that our optimality conditions can be derived
directly from the traditional optimality conditions. We believe that this connection could
also be helpful for designing efficient numerical algorithms.

First, if we simply regard (5.13) as the traditional nonlinear programming, then the
Lagrangian function is

Lz, A p) = fx) = Y Neilw) = > midi(x),
i€euz i=1

and the traditional linear independence constraint qualification (LICQ) (see [20, Def. 12.4])
at z is as follows:

{Vei(x),i € Az)} U{V®;(x),1 < j < ¢} is linearly independent on R™. (5.14)

On the other hand, under the condition that D®(x) of full row rank for all x € M, it is
well known that (see [2, Sec. 3.5.7])

T.M = Ker(D®(x)), Ve M.
Moreover, since D®(z) has full row rank, the matrix
P, :=1I,, — D®(z) " (D®(2)D®(z) ") ' D®(x)
is the orthogonal projection onto T, M. If f is differentiable, using P,, we have the relation
grad, L(z,\) = P,V L(z,\, ),

where the function L£(x, ) is defined in (4.7). If f is convex, then by Theorem 5.3 and
Lemma 5.4, we have

0z L(x, A) = PpO L(x, A\, ). (5.15)

To show the connection between our optimality conditions in Section 4 with the tradi-
tional conditions, we establish the following three key lemmas, from which the equivalence
of the two types of optimality conditions becomes evident.

Lemma 5.5. Forallx € Q, the LICQ condition (4.3) holds if and only if the LICQ condition
(5.14) holds.

Proof. Sufficiency: Assume that (4.3) holds. If (5.14) is not true, then there exist \;, i €
EULZ, and pj, 1 <5 < g, such that

q
D N Il >0 (5.16)
i€EUT j=1
and

Z /\ZVcl(x) + i:/,éjv(pj(l‘) =0. (517)

i€EUT



430 W.H. YANG, L.-H. ZHANG AND R. SONG
Since P,V®;(z) =0, (5.17) and (5.1) imply that

> Nigrad ¢i(z) = D NiPaVei(x) =0. (5.18)

1€EUT 1€EUT

From (4.3), it follows that A\; = 0, Vi € EUZ, which together with (5.17) imply Z?zl w;iVe;(z) =
0. This and the assumption that D®(z) has full row rank imply that 4; =0, V1 < j <gq, a
contradiction to (5.16).

Necessity: If (4.3) does not hold, then there exists \;, i € £ UZ, not all zero, such that
(5.18) holds. Since P, is the orthogonal projection onto Ker(D®(z)), by (Ker(D®(z)))+ =
Range(D®(x) "), there exists a vector u € R? such that

3 AVeila) = (D8@) Tu=3 1,V ().
i€EUT j=1

Then (5.14) is not true and the proof is complete. O

Related with the traditional nonlinear programming problem (5.13), the set of linearized
feasible directions F(x) (see [20, Def. 12.3]) is given by

(V®;(x),d) =0, foralll<i<yg,
F(z)=4{ deR™ (Vei(x), 0, forallie€ €&, ,
0, forallie A(z)NZT
which is shown to be identical to F(x) defined by (4.5).
Lemma 5.6. For all x € M, we have F(z) = F(x).

Proof. Note that (V®;(x),d) =0 for all 1 <37 < ¢ is equivalent to d € T, M. This together
with the fact

(Vej(x),d) = (Vej(x), Ped) = (PyVe;(x),d) = (grad ¢j(x),d), Vd e T,M,
implies that F(z) = F(z). O

Recall that Ng(z) is the normal cone to © at z in the traditional sense. If (4.3) holds,
by Lemma 5.5, the LICQ condition (5.14) holds also, which together with [20, Lem. 12.9]
implies that

q
NQ(.’L‘) = { Z )\chi(x) + Zujvfbj(x), AN <0forie .A(.%‘) ﬁI}. (5.19)
i€ A(x) Jj=1
Using P, V®;(x) = 0 again, we have the following result.

Lemma 5.7. Let 2 be the feasible set of (5.13) and x € Q. Suppose that the LICQ condition
(4.3) is satisfied. Then

Na(z) = P:Nq(z),
where Ng(x) is defined by (4.6).
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Equipped with the previous results and techniques, we are able to derive the optimality
conditions in the preceding sections.

Consider the optimization problem (1.2), with f = f; + fa, where f; is convex and f5
is continuously differentiable, and the LICQ condition (4.3) holds. Then Propostion 3.7
follows from [7, Cor. 2.4.3], Theorem 5.3, Lemmas 5.4 and 5.7.

The first-order optimality condition in Theorem 4.4 directly follows from the traditional
KKT conditions (see [7, Cor. 2.4.3]) for problem (5.13):

0 € 0, L(x, A\, p),
®(x) =0, ci(z)=0, for all i € &, (5.20)
ci(x) >0, X >0, Nc(x)=0, for all ¢ € Z,

where A € R” and p € R?. In fact, if the LICQ condition (4.3) holds, by Lemma 5.5, it
follows that the LICQ condition (5.14) is true, and so Nq(z*) is given by (5.19). By [7,
Cor. 2.4.3], there exists (z*, \*, u*) satisfying the KKT condition (5.20), which, together
with (5.15), shows that (z*, A\*) satisfy the KKT conditions given in Theorem 4.4.

Now assume that f and ¢; for i € EUZ are twice differentiable functions. For the second-
order optimality conditions, we suppose that (z*, \*, u*) satisfy the KKT condition (5.20).
Then the traditional critical cone C(a*, \*, u*) of problem (5.13) is defined by (see [20, Sec.
12.5))

£ oyk K\ * <vq)z($*)7d> =0, forall1 <i< q,
Ca™, A% u7) = {w € F(a7) ‘ (Ves(x*)ow) = 0. all i € A(x™) 1T with AF > 0 1
Similar to the proof of Lemma 5.6, it is easy to see that

Cla™,\") = Cla* A", 1), (5.21)

where C(z*, A*) is given in (4.9). Moreover, given x € M and A € R", if the LICQ condition
(5.14) holds at z, then the system V,L(z, A, u) = 0 in (5.20) admits a unique least-squares
solution

w(z,\) = —D&(z) " (DO(z)DP(x) ") ' DD (2)(Vf(z) — Z AiVe(x)). (5.22)
i€EUT

Note that the Hessian of the restriction hly at @ € M can be calculated via (see |2,
Prop. 5.3.2])

Hessh|pm(z) = P.D(gradh|pm)(x)
P,D(P,Vh)(x). (5.23)

For simplifying the following presentation, when the meaning is clear from the context, we
will also use h to denote the restriction h|aq of h on M. Additionally, we will use gradh(z)
and Vh(z) to distinguish the gradients of h|xq and h at x, respectively, and similarly, use
Hessh(z) and V2h(x) to distinguish the Hessians of h|rq and h, respectively.

For any € Q, A € R" and w € T, M, by the technique used in [4] and (5.23), we have
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that
Hess, L(z, A)[w]
= Po[Du(P,VL(x, )] [w] (by (5.23))
= P,[D.(VL(z,\) —D&(z)" (DO(2)D®(z) ") 'D&(z)VL(z,\))][w]
= P[Dy(VL(z,A) = D®(2) " u(, )] [w] (by (5.22))

i=1

where the last equality follows due to P,D®(z)" = 0 and P,w = w. Thus, we have
Hess, L(z,\) = P, V2, L(z, A, p(z,\)) Py (5.24)

Therefore, if z* is a local solution of (1.2) with Lagrange multipliers (\*, u*) satisfying
(5.20), from (5.24), it follows that

Hess, L(x*,\*) = Py V2 L(z*, \*, 1) Py

As a result, with the aid of (5.21), and Pp-w = w for any w € C(z*, \*, u*), Theorems
4.7 and 4.9 can then be obtained from the traditional second-order optimality conditions
Theorems 12.5 and 12.6 of [20], respectively.

(6] Conclusion

In this paper, we formulated the general nonlinear programming that is built upon a gen-
eral Riemannian manifold, and established its optimality conditions. We showed that, in
the language of differential geometry, these optimality conditions coincide with the tradi-
tional conditions for the nonlinear programming. This result, on the one hand, sheds some
lights on the underlying optimization problem, and on the other hand, lays the ground for
further generalizing other classical optimization methods to the manifold-based nonlinear
programming.
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