202 Py, 6,

“ Yokohama Publishers

AomeCal _/SSN 1349-8169 _ONLINE JOURNAL

Yok, %

A PROJECTED CONJUGATE GRADIENT METHOD FOR
SPARSE RECONSTRUCTION WITH APPLICATIONS TO
COMPRESSED SENSING*

GAOHANG YU, JIANLEI YAN AND YI ZHOU

Abstract: Sparse reconstruction has been widely involved in signal processing, compressed sensing and
statistical learning. In order to realise the task, one need to solve a l1-norm regularized least squares problem.
Due to the nonsmooth objective function, the resulting problem is challenging. This paper presents a
modified Polak-Ribiere-Polyak (PRP) conjugate gradient method for sparse reconstruction with applications
to compressed sensing. The construction of the method consists of two main steps: (1) reformulate the i1
regularized least squares problem into an equivalent nonlinear system of monotone equations; (2) apply a
projected PRP conjugate gradient method for solving the resulting system of monotone equations. Under
suitable conditions, its global convergence result could be established. Moreover, the algorithm is easily
implemented, in which only matrix-vector inner product is required at each step. Due to the low memory
requirement of conjugate gradient approaches, the proposed method is practical and effective for sparse
reconstruction. Numerical experiments indicate that PCGM is promising and competitive to the well-known
iterative soft-thresholding (IST) method.
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Introduction

In the last few years, algorithms for finding sparse solutions to under-determined linear
systems of equations have been intensively investigated in signal processing and compressed
sensing. The fundamental principle of compressed sensing (CS) is that a sparse signal z € R"
can be recovered from the under-determined linear system b = Az, where A € R™*™ (often
m < n).

By defining lg-norm (]|z]|p) of a vector as the number of nonzero components in x, one
natural way to reconstruct Z from the system b = AZ is to solve the following problem

i t.b=A 1.1
min [lallo 5.6. b= Az (1)
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via certain reconstruction technique. However, the ly-norm problem is combinatorial and
generally computationally intractable. A fundamental decoding model in CS is to replace
lo-norm by li-norm, which is defined as ||z||; = Y., |#(i)|. The resulting adaptation of
(1.1) is the so-called basis pursuit (BP) problem [5]

min ||z]|; s.t. b = Ax. (1.2)
TER™

It is shown that, problem (1.2) shares common solutions with (1.1) under some reasonable
conditions [6]. When b contains some noise in most practical applications, certain relaxation
to the equality constraint in (1.2) is desirable. One of the relaxations is the unconstrained
basis pursuit denoising problem:

1
min = [lb— Az|3 + el (1.3)

The regularization parameter p > 0 provides a tradeoff between fidelity to the measurements
and noise sensitivity.

The recent results indicate that if a signal is sparse or approximately sparse in some
orthogonal basis, then we can obtain an accurate recovery when A is a random matrix pro-
jections [8]. In CS, encoding matrices A is often generated by randomly taking a subset of
rows from orthonormal transform matrices, such as discrete Fourier transform (DFT), dis-
crete cosine transform (DCT), and discrete Walsh-Hadamard transform (DWT) in magnetic
resonance imaging (MRI) [18]. Such encoding matrices do not require storage and enable
fast matrix-vector multiplications.

In recent years, quite a few algorithms have been proposed and studied for solving the
aforementioned /;-norm regularization problems arising in CS. One most widely studied first-
order method is the iterative shrinkage/thresholding (IST) method [9, 11, 20, 21], which is
designed for wavelet-based image deconvolution. In [16], Hale, Yin and Zhang derive the IST
fixed-point continuation algorithm (FPC) via an operator splitting technique. TwIST [3] and
FISTA [2] speed up the performance of IST and have virtually the same complexity but with
better convergence properties. Another closely related method is the sparse reconstruction
algorithm called SpaRSA was also studied by Wright, Nowak and Figueiredo in [25].

Gradient based algorithm is also prevalent for solving problem (1.3). One of the earliest
gradient projection method for sparse reconstruction (GPSR) was developed by Figueiredo
et al. [13]. SPGL1 [10] solves a least-squares problem with /;-norm constraint by the spectral
gradient projection method with an efficient Euclidean projection on l1-norm ball. In [29],
Yun and Toh studied a block coordinate gradient descent (CGD) method for solving (1.3).
The projection steepest descent (PSD) method [7] also have good performance. Recently, the
alternating direction method (ADM) have received much attention for solving total variation
regularization problems for image restoration, and is also capable of solving the [;-norm
regularization problems in CS [27, 28]. Among all the methods mentioned above, GPSR
splits « into two vectors, formulates (1.3) for a bound-constrained QP problem, and solves
subsequently by using Barzilai-Borwein gradient method [4] with an efficient nonmonotone
line search [15]. The resulting convex QP problem can be formulated to an equivalent
non-smooth monotone equation [26]. Thanks to the low memory requirement, conjugate
gradient methods are popular in dealing with large-scale optimization problem. During the
past few years, descent conjugate gradient methods have been widely developed for solving
unconstrained optimization and systems of nonlinear equations [1, 19, 32, 33, 34, 31].

One main motivation of this paper is to extend the well-known Polak-Ribiére-Polyak
(PRP) conjugate gradient method to solve the I regularized least squares problem arising
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from compressed sensing. The construction of the method consists of two main steps: (1)
reformulate the [y regularized least squares problem into an equivalent nonlinear system of
monotone equations; (2) apply a descent Polak-Ribiere-Polyak (DPRP) conjugate gradient
method [31] with the projection technique [24] for solving the resulting system of monotone
equations. Under reasonable assumptions, we can establish its convergence result. Numerical
experiments illustrate that the proposed method is efficient to recover a sparse signal arising
in compressive sensing and performs better than its competitors.

This paper is organized as follows. A full description of the projected conjugate gradient
method for CS is presented in the next section. Meanwhile, we establish its global conver-
gence under some suitable conditions. In Section 3, we present some numerical experiments
to show the practical performance of the proposed algorithm. Finally, we have a conclusion
section.

Proposed Algorithm and the Global Convergence

Firstly, we briefly review the process for constructing a quadratic programming problem in
[13]. Making a substitution, for any vector € R", it can be formulated for z = u — v,
where u > 0,u € R™, v > 0,v € R™ and u; = max{0,z;}, v; = max{0, —x;}. Hence (1.3)
can be rewritten as the following bound-constrained quadratic programming

1
mi% 3 IIb— A(u — U)Hg + u(TEu+150) st.u>0, v >0, (2.1)
uw,vER™
1
where Ig represents the transpose of I,, and I, = | : is a vector consisting of n ones.
1
Particularly, it follows from [13] that (2.1) can be rewritten as the following form
1
min —2"Hz+c'z st.2>0, (2.2)
z€R2?" 2
| wu aTe —y [ ATA  —ATA
Wherez_[v],y—A b,c-ngn—F{y }andH—{_ATA AT A

Recently, Xiao et al. [26] indicated that (2.2) can be transformed into the following form
F(z) =min{z,Hz 4+ ¢} =0, (2.3)

where function F' is vector-valued, and the “min” is interpreted as componentwise minimum.
Without specific statements, || - || denotes the Euclidean norm in the following paper.
The following lemma shows that F'(-) is Lipschitz continuous.

Lemma 2.1 (Lemma 3 in [22]). There exists a positive constant L such that
|F(z1) — F(z2)|| < L||z1 — 22|, ¥ 21,22 € R*™. (2.4)
The following lemma shows that F(-) is monotone.
Lemma 2.2 (Lemma 2.2 in [26]). The mapping F(-) is monotone, i.e.,

(F(z1) — F(22))T (21 — 22) > 0, V 21, 20 € R*™. (2.5)
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The above two lemmas illustrate that the system of nonlinear equations has nice prop-
erties, and it can be solved efficiently by some derivative-free methods [14, 30, 33].

In this paper, based on a descent PRP conjugate gradient method [31], we propose a
projected conjugate gradient method for the minimization of [;-regularized minimization
problem with applications to CS. In particular, the search direction is generated by the
following way

—Fy if k=0,
@ = { —Fi + Brdi—1 — Oryr—1 if k>1, (26)

2
where Fy, = F(zy), B = \—1BETPRE ) pPPRP — gPRP _ Mngk,l with parameter

IFe—1[1*
T
C =1, and pJRF = II\V I’;ky_’“l’”é is the well-known PRP conjugate gradient formula, 6, =
2 T 2
/\’“*I(FﬁFy::lllfydk’IH , Yk—1 = F(2) — F(2r—1) and \;_1 is the steplength determined by a

line search technique.
A full description of the projected conjugate gradient method (PCGM) can be presented
as follows.

Projected Conjugate Gradient Method (PCGM) for solving (2.3)

Date: Give initial point zy € R?", set parameters o1 > 0, 0o > 0 and p € (0,1).
Convergence test: If |F'(z)|| = 0, then stop. Else set dg=—F(zp). Let k := 0.

Line search update: Determine the steplength A\ and set ty = zx + Apdg, where A\ =
o1p™* with my being the smallest nonnegative integer m satisfying

—F(tx)"dy, > o201p™||F (1) | l1di||*. (2.7)
Projection update: Compute

F(tr)" (2 — th)
(| F () ||?

If || F'(zk+1)|| = 0, then stop. Else let k := k + 1 and compute dj, defined by (2.6). Then go
to the Convergence Test.

Zk4+1 = Rk — F(tk). (28)

The following lemma states that PCGM method satisfies the sufficient descent condition.

Lemma 2.3. The introduced direction in the Algorithm PCGM satisfies the sufficient de-
scent condition, i.e. there exists a constant T > 0 such that Fl dy, < —7||Fx||? holds.

Proof. From (2.6), it follows that

Fldy, = U P P I M2 i =) (=) | e |1
Ml P de1) 22 (P ye 1) lldi 1 |2 '
[Fer]* '

Setting u = %||Fk,1||2Fk and v = \/iAk,l(ngk,l)dk,1 in the second term of the numera-
tor and using the inequality u”v < (u?4+0v?) = L (4[| Fj—1 1124222 (FTye-1)2 |l di—1]%),
it straightforwardly implys

—F PN Fe— 1 1+ 3 B IFs 1 1 Fel? 42233 (P ys—1)  lde—111?)

| F—ql* (2.10)

X2 (P yr—1)’ ldr—11? 2
i k\|FZ,11|\4 — Z—%llell .

Therefore, the introduced direction satisfies the sufficient descent condition. O
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The following lemma indicates that if the sequence {z;} be generated by Algorithm
PCGM and % such that F'(Z) = 0, then the sequence {z; — Z} is decreasing and convergent,
thus the sequence {zx} is bounded.

Lemma 2.4. Suppose the sequence {z} be generated by Algorithm PCGM. For any Z such
that F(Z) = 0, we have that

lorr =217 < llzk = 211 = Nz — 2l (2.11)
In particular, the sequence {zy} is bounded and
o0
Z | 2e41 — 2&])* < oc. (2.12)
k=0

Proof. Using the monotonicity property of F(z), for any z such that F(z) = 0, it can be
concluded that
Ft) ' (Z—tx) <0 (2.13)

while ¢t = 2 + Ard. On the other hand, due to the line search technique (2.7), we have
F(ti)" (21, — tx) > 0. (2.14)
It means that the hyperplane
Hy, = {z e R\ F(t)) (2 — ty) = o} (2.15)

strictly separates the current iterate zj from z. It is also easy to verify that zpy; is the
projection of z; onto the halfspace {z € RMF(ty) (z—t)) < 0}. Since zk41 belongs to

this halfspace, it follows from the basic properties of the projection operator (see p.121 in
[23]) that (zx — 2k+1, 2k+1 — Z) > 0. Therefore

2k = ZII* = |2 — Zk+1||§ + [[2e+1 — f\lz +2 (2 — Zk41, Zht1 — Z)
2 |2k = zrga I + 2w+ — 27

Hence the sequence {||zx — Z||} is nonincreasing and convergent, therefore the sequence {zy}
is bounded, and also
lim ||zk4+1 — 2x|| = 0. (2.16)
T—00

This completes the proof. O

Lemma 2.5. Suppose the sequence of directions {dy} be generated by the Algorithm PCGM.
Also there exists a constant g > 0 such that

1 F%[| > €0 (2.17)

for all k € NU{0}, then the directions {dy} are bounded, i.e. there exists a constant M > 0
such that

x|l < M (2.18)
for all k € N U{0}.
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Proof. From (2.8), it can be concluded that

’F(tk)T(zk —tk)‘ B ‘)\kF(tk)Tdk‘

2641 — 2ell = = (2.19)
() [ ()l
Relation (2.7) together with (2.19) directly imply
[ H‘mewkt””“F@F%’ Mldil* > 0 (2.20)
Zk4+1 — k|| = = > 02 = .
[ ()l 1 (tn)l g
This fact and Lemma 4 suggest that
lim Ay, [[dy|| = 0. (2.21)
k—o0

Under other circumstances, from (2.19) and the Cauchy—Schwartz inequality, we also have

A ILE )l e |
1 ()l

Using (2.6), (2.17) and the Cauchy—Schwartz inequality, it follows that

l2k+1 — 2&ll < = A ||di| - (2.22)

2 2
il < |1 Fll + I‘Fk”!gkflll + )\kfll‘yk—lHEQFICHHdk—IH
A2 llys— 121 Frlllldie—1 12 (2.23)
4

€0

+

for all k € N. Now, by (2.4), there exist two constants L > 0 and x > 0 such that
lye—1ll < Lllzetr — 2l 5 [[Fxll < . (2.24)

As a consequence of (2.21), there exist a constant €1 € (0,1) and a positive integer ko such
that
Mt k]| < €051/ 12, for all k> ko. (2.25)

These inequalities together with (2.23) lead to

1 1
Lk /€051 2 L2k({/5051/p2,.)0
ldell < s+ VO gy PV IR (2.26)
€0 €5

, and we have, for any k > kg ,

[ 4 o/ 4 4
Let . + L 3 5051/L2K: + LG( 3 6061/[/2/4})
- 5 <o

£

r
1*61

ldell < 7+ enlldes] < r(14ertel+o i) ey di || < + lldo |l -

Then let M = max{||d0|| Aol lldeoll s 2 + Hdko||} to get (2.18). O

The following Lemma guarantees that the recommended line search in Algorithm PCGM
is well-defined.

Lemma 2.6. Suppose that all conditions of Lemma 5 hold. Then the line search procedure
(2.7) in Algorithm PCGM is well-defined.
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Proof. Our aim is to show that the line search procedure (2.7) terminates finitely with a
positive steplength A;. By contradiction, suppose that for some iterate indexes such as k,
the condition (2.7) is not held. As a result, by setting )\ém) = o1p™, it can be conclude

Pz + A ) dy < 020 || Pz A )| [l

for all m € N U {0}. This fact along with the Lipschitz continuous Lemma 1 and the
sufficient descent condition Lemma 3 express

P < —FTd = [Pz + X™d) = B d — Pz + \™d )74,
TH k“ S —bpag (2 + i i) k| %% (25 + i i) O

< {L+ o9 HF(Z,c + /\;(;m)dz%)H] A,é’”)}ld,;HZ (2.27)

for all m € N U{0}. On the other hand, using Lemma 1, (2.24) and Lemma 5, it directly
follows that

HF 2+ A"dy) H < H (5 + \™dy) — F H +||F |
](;m Hd H—l—/@ < ool M+ Kk =K

where k1 = oo LM + k. This inequality together with (2.17), (2.18) and (2.27) yield

T€3

A < a

>0
k [L"’_UQHF Zk+)‘ m Hd H (L+02n1)M2

for all m € N U{0}. This contradicts the definition of /\;Cm). Consequently, the line search
procedure (2.7) can attain a positive steplength A in a finite number of backtracking repe-
titions in step line search update. Therefore, the line search is well-defined. O

Assume that the solution set of (2.3) is nonempty, we can establish the following global
convergence theorem for PCGM method.

Theorem 2.7. Suppose that the sequence {z} is generated by Algorithm PCGM, then it
holds that
lim inf ||Fy|| = 0. (2.28)
k—o0

Proof. By contradiction, we assume that (2.28) does not hold. Then there exists a constant
€o > 0 such that | Fg|| > &o holds, for all ¥k € N U {0}. From Lemma 3 we know

Fldy < —7[|F|? (2.29)

and we also have
7| Fel? < —FFdy, < || Fel| |||

for all k € N U{0}. Hence
HdkH > TEQ > 0

for all k € N U{0}. According to this condition and (2.21), it follows that

lim A, = 0. (2.30)
k—o0
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From Line search update of Algorithm PCGM, it is easy to see that for A\} = p=!'), the
condition (2.7) does not hold, i.e.

—F(zp + Nedi)dy, < 00 \L || F(2k + Ned) |l HdkH2 (2.31)

As a result of the boundedness of {2} in Lemma 4, there exist an accumulation point Z
and an infinite index set K7 such that klim zr = Z, for k € K. Meanwhile, it follows from
—00

Lemma 5 that there exist an infinite index set K2 C K; and an accumulation point d such
that klim dy, = d, for k € Ky. Therefore, taking the limit as k¥ — oo in both sides of (2.31)

ede el
for all k € Ky gives B
F(z)Td > 0. (2.32)

In the other point, by taking the limit as k — oo in both sides of (2.29) for k € K5, obviously

F(z)Td<o.

This yields a contradiction with (30). Therefore, the proof is completed. O

Experimental Results

In this section, we present some numerical experiments to illustrate the practical performance
of PCGM method, and compare PCGM with SGCS [26], DFPB1 [1], IST [11], MPRP [19] for
sparse reconstruction. All experiments are tested in Matlab R2010a. We consider a typical
compressive sensing scenario, where the goal is to reconstruct a n length sparse signal with
k non-zero elements from m observations. We restrict our attention to the [y regularized
least squares model (1.3), and use f(z) = 1||b — Az||3 + plz| as the merit function. The
random A is the Gaussian matrix whose elements are generated from shape 4.i.d. normal
distributions A(0,1) (randn(m,n) in Matlab). In real applications, the measurement b is
usually contaminated by noise, i.e., b = Az + n, where 7 is the Gaussian noise distributed
as N(0,021).

In PCGM, we let p = 0.1, o7 = 0.95 and o2 = 0.93. The common stopping criterion
is Hf(gﬁk})(;:(?)cr)” < 104
error (MSE) is used to measure the quality of the reconstructive signals, which is defined as

MSE = ||2 — Z||?/n, where & denotes the reconstructive signal,  denotes the original signal
and n is the length of the signal.

Firstly, we test the practical performance of PCGM for reconstructing sparse signal.
Fig.1 and Fig.2 report that the results of PCGM for a signal sparse reconstruction in CS.
Comparing the first and the last plots in Fig.1, we can see that the original sparse signal is
restored almost exactly. As shown in the right plot in Fig.2, all the blue dots are circled by
the red circles, which illustrates that the original signal has been found almost exactly.

Secondly, we report some numerical comparison to some exists gradient methods for
solving monotone equations arising from CS. In Fig.3, we visually illustrate the performance
of PCGM with comparison to the recent solver SGCS [26] and two related conjugate gradient
methods, MPRP [19], DFPBI [1]. As we can see, PCGM requires less computing time than
SGCS, MPRP and DFPB1 while obtaining similar reconstructive quality.

In the next experiment, we choose three different signals and four different values of noise
level 02 to compare PCGM with the well known first-order method IST [11]. Numerical
results are listed in Table 1, in which we report the number of iterations (Iter), the CPU
time in seconds (Time) required for the whole reconstructing process, the means of squared

, where f(zy) denotes the function value at z;. Mean squared
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Original (n = 4096, number of nonzeros = 128)

1,
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0 1000 2000 3000 4000
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PCGM (MSE = 7.23e-006)
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1L R EREN I A (1
0 1000 2000 3000 4000

Figure 1: Top: original signal with length 4096 and 128 non-zero elements. Middle: noisy
measurement with length 1024. Bottom: recovered signal by PCGM when o2 = 1073.

Original (n = 4096, number of nonzeros = 128) Measuremen t PCGM (MSE = 7.23e~006)

! 1 1 e ———
03 e 05 [ X

0
-0.5 -0. R . -0.5 }M jM
-1 =1 =1 it ¢ o dit

0 1000 2000 3000 4000 0 200 400 600 800 1000 0 1000 2000 3000 4000

Figure 2: Left: original signal with length 4096 and 128 non-zero elements. Middle: noisy
measurement with length 1024. Right: recovered signal by PCGM (red circle) versus original
signal (blue peaks) when 02 = 1073, the error MSE= 7.231e-6, the CPU time is 3.67 seconds,
and requires 143 iterations.
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MPRP
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5} ]

0

0 5

CPU time

Figure 3: Comparison result of PCGM and other methods with n=4096, m=1024, k=128
and 02 = 1073, The z-axes represent the CPU time in seconds. The y-axes represent the
function values.

error to every original signal Z (MSE), where n is the length of the signal, m is the length of
noisy measurement and k is the number of non-zero elements. As we can see from Table 1,
PCGM requires less iterations and less CPU time than that of IST and SGCS while deriving
the similar quality of restoration.

Concluding Remark

Sparse reconstruction has been widely involved in signal processing, compressed sensing and
statistical learning. In order to realise the task, one need to solve a ll-norm regularized
least squares problem. This paper presents a projected conjugate gradient method (PCGM)
for sparse reconstruction with applications to compressed sensing. The construction of the
method consists of two main steps: (1) reformulate the 11 regularized least squares prob-
lem into an equivalent nonlinear system of monotone equations; (2) apply a projected PRP
conjugate gradient method for solving the resulting system of monotone equations. The al-
gorithm is easily implemented, in which only matrix-vector inner product is required at each
step. Due to the low memory requirement of conjugate gradient approaches, the proposed
method is practical and effective for sparse reconstruction. Numerical experiments indicate
that PCGM is promising and competitive to the well-known iterative soft-thresholding (IST)
method. One future topic is to investigate the applications of PCGM in image restoration
or image reconstruction.
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Table 1: performance of signal reconstruction with different length of signals and different noise
level o2 in the number of iterations, CPU time and the means of squared error.

Iter Time MSE

o | n/m/k [PCGMI[IST[SGCS[PCGM] IST [SGCS[PCGM| IST [SGCS
1071210728 /251 117 |417] 288 | 0.17 [0.33 | 0.42 |1.14e-2[1.53e-2|1.13e-2
1071211 /29 /261 125 |403| 305 | 0.84 |1.84 | 1.98 |1.32e-2|1.60e-2|1.34e-2
10-1R12/210/27 207 [419] 303 | 5.02 |7.30| 7.41 [1.06e-2|1.43e-2[1.07e-2
1072(210/28 /251 102 |788] 202 | 0.20 [0.77| 0.31 [1.28e-4(3.24e-4|1.44e-4
1072|211 /297261 121 |686| 178 | 0.92 |3.22| 1.48 |1.08e-4|2.38¢-4|1.18¢-4
1072212/210/27 163 |769| 207 | 3.91 [13.61| 5.30 |1.22e-4|3.52e-4|1.36e-4
10-3(210/28 /251 95 |750[ 201 | 0.19 [0.77| 0.33 |6.73e-6/8.63e-6|9.57e-6
10-3(211 /29 /261 108 |698| 182 | 0.81 [3.39| 1.39 |5.34e-6|6.77e-6|7.44e-6
10731212 /210 /27 143|655 198 | 3.67 [11.53| 4.80 |7.23e-6|8.58¢-6|9.50e-6
10-4(210/28 /251 125 |885[ 215 | 0.23 [0.83 | 0.31 |4.35e-6/5.58¢-66.68¢-6
1074211 /29 /261 129 |658| 207 | 0.91 |3.11| 1.38 |7.93e-6|8.81e-6|1.01e-5
1074212 /210 /27 163 |810| 218 | 4.09 [13.67| 5.22 |5.88¢-6|7.18¢-6|8.05¢-6

presentation.
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