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Abstract� In this paper we consider the level�boundedness of the natural residual function for the variational
inequality problem �VIP�� We �rst introduce the concept of strong coercivity for vector�valued mappings�
The strong coercivity is related to the weak coercivity of vector�valued mappings and is weaker than the
strong monotonicity of mappings� We show that the natural residual function associated with VIP is level�
bounded under the strong coercivity of the mapping involved in the VIP�
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� Introduction

The purpose of this paper is to give a su�cient condition under which the natural residual
function for the variational inequality problem is level�bounded� The variational inequality
problem �VIP� ��� is to �nd a vector x � S such that

hF �x�� y � xi � 	 �y � S� �
�

where F � Rn � Rn� S is a nonempty closed convex subset of Rn� and h�� �i denotes the inner
product� Throughout we assume that S is not a singleton� We note that the continuity of
F is not assumed�

For solving VIP �
�� reformulation approaches have drawn much attention in the last
decade �
� �� �� 
	�� A reformulation approach constructs a system of equations or a mini�
mization problem equivalent to VIP� and solves the equivalent problem instead of the original
VIP� The objective function of the equivalent minimization problem is called a merit func�
tion� In this approach� it is important to use a merit function which has some desirable
properties such as di�erentiability� level�boundedness and error boundedness ����

Until now� a number of merit functions for VIP have been proposed� Among them� the
natural residual function and the D�gap function are particularly popular merit functions�
The natural residual function r � Rn � R for VIP �
� is de�ned by

r�x� �� kx� �x� F �x���k�
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where �x�� denotes the projection of x onto S and k � k denotes the Euclidean norm� It is
well�known that r�x� � 	 if and only if x is a solution of VIP� Therefore� we may obtain
a solution of VIP by globally minimizing the function r on Rn� The D�gap function was
proposed by Peng ��� and further studied by Yamashita et al� �
	�� The D�gap function is
di�erentiable everywhere� while the natural residual function is not�

Recently� various descent methods based on the natural residual function or the D�gap
function have been proposed ��� 
� �� 
	�� Such methods have global convergence under the
level�boundedness of a merit function� A function f � Rn � R is said to be level�bounded
��� if for every � � R the set fx � Rn j f�x� � �g is bounded� The level�boundedness of f
corresponds to the following property�

lim
kxk��

f�x� ��� ���

Therefore� we may also regard ��� as the de�nition of the level�boundedness� If f is level�
bounded� then a sequence generated by an appropriate descent method for f has at least
one accumulation point� Since the D�gap function and the natural residual function have
the same growth property ���� the D�gap function is level�bounded if and only if the natu�
ral residual function is level�bounded� Therefore we will con�ne ourselves to investigating
conditions under which the natural residual function is level�bounded�

A well�known su�cient condition for the natural residual function r to be level�bounded
is the strong monotonicity of F ���� In this paper� we give a weaker condition for the level�
boundedness of r� The condition is related to the weak coercivity of the mapping F and is
weaker than the strong monotonicity of F �

� Strong Coercivity

In this section� we introduce the concept of strong coercivity of a vector�valued mapping and
study its properties� First we recall the de�nition of the weak coercivity of a vector�valued
mapping ����

De�nition ���� A mapping F � Rn � Rn is said to be weakly coercive if there exists y � Rn

such that

lim
kxk��

hF �x�� x � yi
kx� yk � ��� �
�

By de�nition� for the weak coercivity of the mapping F it is su�cient to have at least
one vector y satisfying �
�� The following example shows that the natural residual function
r is not necessarily level�bounded even if F is weakly coercive� Let F � R� � R� be de�ned
by

F �x� �

�����
����

�
x��x

�
� � x���

�x��x�� � x��� � x�

�
if x� � 	

�
x��x

�
� � x��� � x��

�x��x�� � x���� �x�x� � x�

�
if x� � 	�

���

This mapping is weakly coercive since

lim
kxk��

hF �x�� x � yi
kx� yk � �� ���

holds with y � �	� 
�T � Now let S � f�x�� 	�T � R� j x� � 	g� Then the natural residual
function r is not level�bounded� To see this� consider the sequence xk � �k� 	�T � k � 
� �� � � � �
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Then we have F �xk� � �	��k��T � Moreover� xk � F �xk� � �k� k��T � and hence �xk �
F �xk��� � �k� 	�T � Therefore r�xk� � kxk � �xk � F �xk���k � 	 for all k� that is� r is not
level�bounded�

To give a su�cient condition for the level�boundedness of r� we de�ne the following
stronger concept of coercivity�

De�nition ���� Mapping F � Rn � Rn is said to be strongly coercive if

lim
kxk��

hF �x�� x � yi
kx� yk � ��

holds for all y � Rn�

The strong coercivity implies the weak coercivity� but not vice versa� To see this� consider
the weak coercive mapping F � R� � R� de�ned by ���� Since

hF �x�� xi � 	

for all x such that x� � 	 and x� � 	� ��� fails to hold for y � 	� implying F is not strongly
coercive�

Recall that a mapping F � Rn � Rn is said to be strongly monotone if there exists a
constant � � 	 such that

hF �x�� F �y�� x� yi � �kx� yk�

for all x� y � Rn� It is easy to see that any strongly monotone mapping F is strongly
coercive� The converse is not true in general� For example� the mapping F � R� R de�ned
by

F �x� �

� p
x if x � 	

�
p
jxj if x � 	

is strongly coercive� But this mapping is not strongly monotone� although it is monotone�
Next� we give a condition equivalent to the strong coercivity� which will be useful in the

subsequent analysis�

Theorem ��� The mapping F � Rn � Rn is strongly coercive if and only if� for any

bounded set B � Rn� any sequence fykg � B� and any sequence fxkg such that kxkk � ��

we have

lim
k��

hF �xk�� xk � yki
kxk � ykk � ��� ���

Proof� The �if� part is evident� So we show the �only if� part� Suppose that F is strongly
coercive� Let B be any bounded subset of Rn� First� we show

lim
k��

hF �xk�� xk � yki
kxkk � ��� ���

Since B is bounded� there exists a bounded box L �� fx � Rn j l � x � ug containing B�
where l� u � Rn are vectors such that li � ui� i � 
� � � � � n� Since B � L� we have

hF �xk�� xk � yki
kxkk � inf

y�B

hF �xk�� xk � yi
kxkk

� inf
y�L

hF �xk�� xk � yi
kxkk � ���
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Since L is a bounded box� the in�mum on the right�hand side of ��� is attained at an extreme
point of L� Let T be the set of extreme points of L� Then� by the strong coercivity of F �

lim
k��

hF �xk�� xk � yi
kxkk � ��

holds for each y � T � Since T is a �nite set� we have

lim
k��

min
y�L

hF �xk�� xk � yi
kxkk � lim

k��
min
y�T

hF �xk�� xk � yi
kxkk

� ���

It then follows from ��� that ��� holds� Moreover� from the triangle inequality and the
boundedness of fykg� we have

lim
k��

hF �xk�� xk � yki
kxk � ykk � lim

k��

hF �xk�� xk � yki
kxkk� kykk

� lim
k��

hF �xk�� xk � yki
�kxkk �

This along with ��� shows ���� �

� Level�Boundedness of the Natural Residual Function

We give the main result of the paper�

Theorem ��� If F is strongly coercive� then the natural residual function r is level�bounded�

Proof� Let y be any point belonging to S and let fxkg be any sequence such that kxkk � ��
Suppose that there exists anM � 	 such that r�xk� �M for all k� Then fxk��xk�F �xk���g
are bounded� Since fxkg is unbounded� f�xk�F �xk���g is also unbounded� Without loss of
generality� we assume that there exists a positive constant � such that k�xk�F �xk����yk � �

for all k�
From the well�known property �
� Proposition B�

 �b�� of the projection mapping� we

have
hxk � F �xk�� �xk � F �xk���� y � �xk � F �xk���i � 	 ���

for all k� On the other hand� we have

hxk � �xk � F �xk��� � F �xk�� y � �xk � F �xk���i
� hxk � �xk � F �xk���� y � �xk � F �xk���i� hF �xk�� �xk � F �xk��� � yi
� �kxk � �xk � F �xk���kk�xk � F �xk��� � yk� hF �xk�� �xk � F �xk��� � yi

� k�xk � F �xk��� � yk
� hF �xk�� �xk � F �xk��� � yi

k�xk � F �xk��� � yk �M

�
� �
	�

where the �rst inequality follows from Cauchy�Schwarz inequality and the last inequality
follows from r�xk� � kxk � �xk �F �xk���k �M � Let yk � xk � �xk � F �xk��� � y for all k�
Then fykg is bounded� Moreover� we have

lim
k��

hF �xk�� �xk � F �xk��� � yi
k�xk � F �xk��� � yk � lim

k��

hF �xk�� xk � yki
kxk � ykk ���



LEVEL BOUNDEDNESS OF THE NATURAL RESIDUAL FUNCTION ���

where the last equality follows from the strong coercivity of F and Theorem ��
� Hence the
right�hand side of �
	� eventually becomes positive as k tends to �� This contradicts ����
Consequently we have r�xk���� Since fxkg is arbitrary� r is level�bounded� �

Note that� since the D�gap function has the same growth property as the natural residual
function� the D�gap function is also level�bounded if F is strongly coercive� Moreover� this
theorem immediately yields the following local error bound result�

Corollary ��� If F is strongly monotone and locally Lipschitz continuous� then for any

b� � 	� there exists a b� � 	 such that

r�x� � b� 	 b�kx� x�k � r�x��

where x� is the unique solution of VIP�

Proof� Since the strong monotonicity of F implies the strong coercivity of F � the natural
residual function r is level�bounded� So the level sets fx j r�x� � b�g are bounded for all
b�� Therefore� by the local Lipschitzian property of F � for any �xed b� � 	� there exists an
L � 	 such that

kF �y�� F �z�k � Lky � zk
for all y� z � fx j r�x� � b�g� It then follows from ��� Theorem 
�
� that we have the desired
property� �

� Concluding Remarks

In this paper we have introduced the concept of strong coercivity for a vector�valued map�
ping� Moreover� we showed that the natural residual function associated with VIP is level�
bounded under the strong coercivity of the mapping involved in the VIP�

The de�nition of strong coercivity does not depend on the feasible set S� whereas the
level�boundedness of a merit function usually depends on S� Therefore it would be interesting
to consider conditions that take into account the structure of the set S� For example� let S
be de�ned as S ��

QN

i�� Si with Si � Rni and n �
PN

i�� ni� Then we can show that the
natural residual function is level�bounded provided that� for all y � S�

lim
kxk��

max
��i�N

hFi�x�� xi � yii
kx� yk � ��� �

�

where Fi�x�� xi and yi are ni�dimensional vectors such that F �x� � �F��x�
T � � � � � FN �x�T �T �

x � �xT� � � � � � xTN �T and y � �yT� � � � � � yTN �T � Note that a uniform P�function satis�es �

�
when S is the nonnegative orthant in Rn� that is� when VIP is a nonlinear complementarity
problem�
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