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� Introduction

The study of variational problems and optimal control problems de�ned on in�nite intervals
has recently been a rapidly growing area of research� These problems arise in engineering ���
��� in models of economic growth ��� ��� �	� �
� ��� ���� in in�nite discrete models of solid�
state physics related to dislocations in one�dimensional crystals ��� �� and in the theory of
thermodynamical equilibrium for materials ��� � ������ �������

In this paper we consider the following problem on the half line�

inf

�
lim inf
T��

T��
Z T

�

f�w�t�� w��t�� w���t��dt � w � Ax

�
� �P��

where
w � Ax � fv �W ���

loc ������ �v���� v����� � xg�

Here W ���
loc ������� � C� denotes the Sobolev space of functions possessing a locally inte�

grable second derivative and f belongs to a space of functions to be described below�
The interest in variational problems of the form �P�� stems from the theory of thermo�

dynamical equilibrium for second�order materials developed in ��� � ��� ����
Denote by A the set of all continuous functions f� R� � R such that for each N � � the

function jf�x� y� z�j � � as jzj � � uniformly on the set f�x� y� � R�� jxj� jyj � Ng� For
the set A we consider the uniformity which is determined by the following base

E�N� ���� � f�f� g� � A� A � �����

jf�x�� x�� x��� g�x�� x�� x��j � � �xi � R� jxij � N� i � �� �� ���

�jf�x�� x�� x��j� ���jg�x�� x�� x��j� ���� � �������

��x�� x�� x�� � R�� jx�j� jx�j � N�g�
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where N � �� � � �� � � � �	�� Clearly� the uniform space A is Hausdor� and has a countable
base� Therefore A is metrizable �by a metric ��� It is easy to verify that the uniform space
A is complete�

Let a � �a�� a�� a�� a�� � R�� ai � � �i � �� �� �� �� and let �� �� � be positive numbers
such that � � � � �� � � �� � � �� Denote by M��� �� �� a� the set of all functions f � A
such that�

f�w� p� r� � a�jwj
� � a�jpj

� � a�jrj
� � a�� �w� p� r� � R�� �����

f� 	f
	p � C�� 	f
	r � C�� 	�f
	r��w� p� r� � � for all �w� p� r� � R�� �����

there is a monotone increasing function Mf � ������ ����� such that for every �w� p� r� �
R�

supff�w� p� r�� j	f
	w�w� p� r�j� j	f
	p�w� p� r�j� j	f
	r�w� p� r�jg

�Mf �jwj � jpj��� � jrj��� �����

Denote by �M��� �� �� a� the closure of M��� �� �� a� in A� Leizarowitz and Mizel ��
and Coleman� Marcus and Mizel ��� considered problems of type �P�� with integrands
f � M��� �� �� a� in order to study certain models in in the theory of thermodynamical
equilibrium for materials� For these models integrands f have the minus signs in ������ A
typical example is an integrand

f�w� p� r� � ��w� � bp� � cr�� �w� p� r� � R��

where b� c are positive constants and ���� is a smooth function satisfying

��w� � ajwj� � d� w � R

for some � � �� a� d � � �� Section 	��
Consider any f � �M��� �� �� a�� Since ����� has negative terms the function f can be

unbounded� Nevertheless� as it was shown in ���� Lemma ���� the corresponding integral
functional is bounded from below on any bounded interval� Of special interest is the minimal
long�run average cost growth rate

��f� � inf

�
lim inf
T���

T��
Z T

�

f�w�t�� w��t�� w���t��dt� w � Ax

�
� �����

Using the boundedness from below of the integral functional it is not di�cult to verify that
��f� is well de�ned and is independent of the initial vector x� A function w � W ���

loc ����� is

called an �f��good function if the function fw� T �
R T

�
�f�w�t�� w��t�� w���t��� ��f��dt� T �

����� is bounded� For every w �W ���
loc ����� the function fw is either bounded or diverges

to �� as T � �� and moreover� if fw is a bounded function� then supfj�w�t�� w��t��j� t �
�����g �� ����� This fact is a continuous version of a result by Leizarowitz �
� established
for discrete time control systems� Its proof is based on the result of Leizarowitz �
� applied

to a function Uf
T which is de�ned below�

Leizarowitz and Mizel �� established that for every f � M��� �� �� a� satisfying ��f� �
infff�w� �� s�� �w� s� � R�g there exists a periodic �f��good function� In Zaslavski ���� it
was shown that this resut is valid for every f � M��� �� �� a�� In this paper we generalize



VARIATIONAL PROBLEMS ���

the main result of ���� and establish the existence of a periodic �f��good function for any
f � �M��� �� �� a��

Let f � �M��� �� �� a�� For each T � � de�ne a function Uf
T � R

� �R� � R by

Uf
T �x� y� � inf

�Z T

�

f�w�t�� w��t�� w���t�dt� w � AT
x�y

�
� ���	�

where

AT
x�y � fv � W ������ T �� �v���� v����� � x� �v�T �� v��T �� � yg� ���
�

In ��� analyzing the problem �P�� Leizarowitz and Mizel studied the function Uf
T �

R� �R� � R� T � � and established the following representation formula

Uf
T �x� y� � T��f� � �f �x�� �f �y� � �fT �x� y�� x� y � R�� T � �� ����

where �f� R� � R and �T� x� y�� �fT �x� y�� x� y � R�� T � � are continuous functions�

�f �x� � inf

�
lim inf
T��

Z T

�

�f�w�t�� w��t�� w���t�� � ��f��dt� w � Ax

�
� x � R�� �����

�fT �x� y� � � for each T � �� and each x� y � R�� and for every T � �� and every x � R�

there is y � R� satisfying �fT �x� y� � ��
Leizarowitz and Mizel established the representation formula for any integrand f �

M��� �� �� a�� but their result also holds for every f � �M��� �� �� a� without change in the
proofs�

In this work we establish the following result�

Theorem ���� Let f � �M��� �� �� a�� Then there exist an �f��good function vf �W ��� �����
and Tf � � such that vf �t� Tf � � vf �t� for each t � �� Moreover� if

��f� � infff�t� �� �� � t � Rg�

then there is Tf� � ��� Tf � such that vf is strictly increasing in ��� Tf�� and strictly decreasing
in �Tf�� Tf ��

The existence of a periodic �f��good function is a a central problem in the theory of ther�
modynamical equilibrium for second�order materials developed in ��� � ��� ���� Our main
result� Theorem ���� establishes the existence of periodic �f��good functions and describes
their structure for integrands f belonging to the space �M��� �� �� a� which is essentially
larger than the space M��� �� �� a�� The full description of integrands belonging to the
space �M��� �� �� a� was obtained in ����� The space �M��� �� �� a� contains integrands which
are not smooth� It should be mentioned that in �� ��� the proofs of the existence of periodic
�f��good functions for integrands f �M��� �� �� a� are strongly based on the smoothness of
the integrands� In ���� we established that there exists a set F � �M��� �� �� a� which is a
countable intersection of open everywhere dense subsets of �M��� �� �� a� such that for each
f � F the following turnpike property holds�

There exists a nonempty compact set H�f� � R� such that for each �f��good function v

H�f� � fz � R� � there is a sequence ftig
�

i�� � �����
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which satis�es lim
i��

ti �� and lim
i��

�v�ti�� v
��ti�� � zg�

Now it follows from Theorem ��� that for any f � F �

H�f� � f�w�t�� w��t�� � t � �����g�

where w is a periodic �f��good function�

� Proof of Theorem ���

We preface the proof of our main result with the following explanation�
Assume that f � �M��� �� �� a�� Then there exists a sequence

ffng
�

n�� �M��� �� �� a�

such that
lim
n��

fn � f in A�

By the result of ���� for each natural number n there exists a periodic �fn��good function wn

with a minimal period �n� We will show that if the sequence of f�ng
�

n�� is bounded� then a
subsequence of fwng

�

n�� convreges to a periodic �f��good function� If the sequence f�ng
�

n��

is unbounded� then a subsequence of fwng
�

n�� will converges to a constant function which
will be �f��good�

We denote by j � j the Euclidean norm in Rn� For � � � and v � W ������ � � we de�ne
Xv� ��� � �� R� as follows�

Xv�t� � �v�t�� v��t��� t � ��� � �� �����

We also use this de�nition for v �W ���
loc ������

We consider functionals of the form

If �T�� T�� w� �

Z T�

T�

f�w�t�� w��t�� w���t��dt �����

where �� � T� � T� � ��� w �W ����T�� T�� and f � �M��� �� �� a��
The following result was established in ���� Proposition �����

Propostion ���� The function f � ��f� is continuous for f � �M��� �� �� a��

Corollary ���� If f � �M��� �� �� a� and

��f� � infff�s� �� �� � s � Rg�

then there exists a neighborhood U of f in �M��� �� �� a� such that for each h � U �

��h� � inffh�s� �� �� � s � Rg�

We set for simplicity

M �M��� �� �� a�� �M � �M��� �� �� a��

The following four results were establsihed in �����
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Propostion ���� ���� Proposition ����� Asuume that f � �M� ffkg
�

k�� �
�M� fTkg

�

k�� �

������ T � �� fwkg
�

k�� �W ���
loc ������ fk � f in �M� Tk � T as k ��� wk�t�Tk� � wk�t�

for all t � ������ k � �� �� � � � �

Ifk ��� Tk� wk� � ��fk�Tk� k � �� �� � � � �

Then there exist � � � and w �W ���

loc �����	

w�t� �� � w�t� for all t � ��� ��� If ��� �� w� � ���f��

if T � � then � � T 
 if T � �� then w�t� � w��� for all t � ������

Proposition ���� ���� Proposition ����� Let f � �M� Then there exist a neighborhood U of
f in �M and a number S � � such that for every g � U and every �g��good function v�

jXv�t�j � S for all large enough t�

Proposition ���� ���� Proposition ����� Let f � �M� � � c� � c� � �� c� � �� � � ��� ���
Then there exists a neighborhood V of f in A such that for every g � V 	 �M� every T � �c�� c���

and each x� y � R� satisfying jxj� jyj � c�� the inequality jUf
T �x� y�� Ug

T �x� y�j � � holds�

Proposition ���� ���� Proposition ����� Let f � �M� � � c� � c� ��� � � �� D � �� Then
there exists a neighborhood V of f in A such that for every g � V 	 �M� every T � �c�� c���
and every w � W ������ T � satisfying

minfIf ��� T� w�� Ig��� T� w�g � D

the inequality
jIf ��� T� w�� Ig��� T� w�j � �

holds�

We also need the following result �see ���� Lemma ������

Proposition ���� Let f �M� Assume that w �W ���
loc ������ � � ��

w�t� �� � w�t�� t � ������ If ��� �� w� � ���f��

w��� � inffw�t� � t � Rg� and w��t� 
� � for some t � R�

Then there exist �� � �� �� � �� such that the function w is strictly increasing in ��� ���� w
is strictly decreasing in ���� ���� and

w���� � supfw�t� � t � �����g� w�t� ��� � w�t�� t � R�

Proposition ���� Let f � �M� For each z � R� there exists w � W ���

loc ����� such that
�w�w����� � z� the set f�w�w���t� � t � �����g is bounded and for each s � ��

If ��� s� w� � s��f� � �f �Xw����� �f �Xw�s���
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For the proof see Propositions ���� ��� in ����� There the result was proved for f � M
but it can be easily extended for f � �M�

Propostion ���� Let f � �M� w �W ���
loc ������

Uf
T �Xw���� Xw�T �� � If ��� T� w�

for each T � �� the set fXw�t� � t � �����g is bounded� Then w is �f��good�

Proposition �� follows from Proposition ��
 by a simple modo�cation of the proof of
Lemma ��	 of �����

Lemma ���� Let f � �M� Assume that u �W ���
loc ������

Uf
t �Xu���� Xu�t�� � If ��� t� u� for any t � �� �����

supfjXu�t�j � t � �����g �� �����

and

either u��t� � � for all t � ����� or u��t� � � for all t � �� �����

Then ��f� � infff�t� �� �� � t � R�g�

Proof� Clearly u is either increasing on ����� or decreasing on ����� and there is

d� � lim
t��

u�t� ���	�

which is �nite by ������ For each integer i � � de�ne ui �W ���
loc ����� by

ui�t� � u�t� i�� t � �� ���
�

It follows from ���
�� ������ ����� and the continuity of Uf
T �T � ��� that for each natural

number n � � the sequence fIf ��� n� ui�g
�

i�� is bounded� Combined with ����� and �����
this implies that for each natural number n

supf

Z n

�

ju��i �t�j
�dt � i � �� �� � � �g ��� ����

���� and ����� imply that there exist a subsequence fuikg
�

k�� and u� � W ���
loc ����� such

that for any natural number n

�uik �t�� u
�

ik
�t��� �u��t�� u

�

�
�t�� as n�� uniformly in ��� n�� �����

u��ik � u��
�
as k �� weakly in L� ��� n�� ������

������ ���	� and ���
� imply that

u��t� � d�� t � ������ ������
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By the lower semicontinuity of integral functionals ���� ���
�� ������ ������ ������ and the
continuity of Uf

n for any natural number n

If ��� n� u�� � lim inf
k��

If ��� n� uik� � lim inf
k��

Uf
n �Xui

k
���� Xui

k
�n��

� Uf
n �Xu����� Xu��n��

and

If ��� n� u�� � Uf
n �Xu����� Xu��n��� ������

Proposition ��� ������ and ������ imply that f�d�� �� �� � ��f�� The lemma is proved�

Lemma ���� Let f � �M�

��f� � infff�s� �� �� � s � Rg ������

ffng
�

n�� �M� fn � f as n�� in �M�

and

��fn� � infffn�s� �� �� � s � R�g� n � �� �� � � � � ������

Assume that for each natural number n � ��

wn �W ���

loc ������ �n � �� � � �n� � �n� ������

wn�t� �n� � wn�t�� t � ������ If ��� �n� wn� � ��fn��n� ����	�

wn is increasing in ��� �n�� and decreasing in ��n�� �n��
Then

supf�n � n � �� �� � � � g ��

and there exist a strictly increasing sequence of natural numbers fnkg
�

k��� number � � �� � �

and w �W ���

loc ����� such that

� � lim
k��

�nk � �� � lim
k��

�nk��

w�t � �� � w�t�� t � ������ If ��� �� w� � ��f���

w is strictly increasing in ��� ��� and strictly decreasing in ���� � � and for any integer j � ��

w�nk �t�� w��t�� wnk �t�� w�t� as k �� uniformly in �j� j � ���

w��nk � w�� weakly in L� �j� j � �� as k ���

Proof� By Proposition ���� ����	� and ������

supfj�wn�t�� w
�

n�t��j � t � ������ n � �� � � � �g ��� ����
�

����
� implies that for each T � �

supfjUf
T �Xwn

�s�� Xwn
�s� T ��j � s � �� n � �� �� � � �g ��� �����
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����
�� the relation limn�� fn � f and Proposition ��� imply that for any T � �

jUf
T �Xwn

�s�� Xwn
�s� T ��� Ufn

T �Xwn
�s�� Xwn

�s� T ��j � � as n�� ������

uniformly in s � ������ It follows from ����	�� ������� ����� and ����
� that for each T � �
the set

fIfn�s� s� T�wn� � s � ������ n � �� �� � � �g �

fUfn
T �Xwn

�s�� Xwn
�s� T �� � s � ������ n � �� �� � � �g

is bounded� Combining with the relation limn�� fn � f and Proposition ��� this fact
implies that for any T � �

jIf �s� s� T�wn�� Ifn�s� s� T�wn�j � � as n�� ������

uniformly in s � ����� and

fIf �s� s� T�wn� � s � ������ n � �� �� � � �g ��� ������

We willl show that
supf�n � n � �� �� � � �g ���

Assume the contrary� Then

supf�n � n � �� �� � � �g ���

Then one of the following cases holds�
a� supf�n� � n � �� �� � � � g ��� b� supf�n� �n� � n � �� �� � � � g ��� Consider the case

a�� By the lemma assumptions�

w�n�t� � �� t � ��� �n� �� n � �� �� � � � ������

We may assume without loss of generality that

lim
n��

�n� ��� ������

It follows from ������� ����
� and the growth condition ����� that for each T � �

supf

Z s�T

s

jw��n�t�j
�dt � s � ������ n � �� �� � � �g ���

By this inequality and ����
� there are a subsequence fwnkg
�

k�� and w � W ��� ����� such
that for any T � �

�wnk �t�� w
�

nk
�t��� �w�t�� w��t�� as k �� ������

uniformly on t � ��� T � and

w��nk � w�� weakly in L� ��� T � as n��� ������

By ������� ������ and ������

w��t� � � for all t � �� ����	�
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By ������� ������ and the lower semicontinuity of the integral functionals� ������� ����	��
������ for each �� � �� �� � ���

If ���� ��� w� � lim inf
k��

If ���� ��� wnk �

� lim inf
k��

Ifnk ���� ��� wnk � � lim inf
k��

U
fn

k

�����
��wnk ����� w

�

nk
������ �wnk ����� w

�

nk
������

� lim inf
k��

Uf
�����

��wnk ����� w
�

nk
������ �wnk ����� w

�

nk
�������

By these relations� ������ and continuity of Uf
T � T � � for each �� � �� �� � ��

If ���� ��� w� � lim inf
k��

Uf
�����

��wnk ����� w
�

nk
������ �wnk ����� w

�

nk
������

� Uf
�����

��w����� w
������� �w����� w

��������

Thus

If ���� ��� w� � Uf
�����

��w����� w
������� �w����� w

������� ����
�

for each �� � �� �� � ��� By ������� ����
��

supfjXw�t�j � t � �����g ��� �����

����
�� ������ ����	� and Lemma ��� imply that

��f� � infff�t� �� �� � t � R�g�

a contradiction� Therefore the case a� does not hold and

supf�n� � n � �� �� � � � g ���

Analogously we can show that the case b� does not hold and

supf�n � �n� � n � �� �� � � �g ���

Thus

supf�n � n � �� �� � � �g ��� ������

Extracting a subsequence and re�indexing we may assume without loss of generality that
there exists

� � lim
n��

�n� ������

We will show that � � �� Indeed assume that � � �� By ����
� there is a constant c� � �
such that

jwn�t��� wn�t��j � c�jt� � t�j

for each t�� t� � R and each natural number n� Combined with ����	� this implies that for
each natural number n

maxfwn�t� � t � �����g �minfwn�t� � t � �����g � c��n � � as n���
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Together with ������ this implies that w is a constant and ��f� � infff�t� �� �� � t � Rg� a
contradiction� Therefore � � �� By ������� ����
� and the growth condition ������ for each
T � �

supf

Z s�T

s

jw��n�t�j
�dt � s � ������ n � �� �� � � �g ���

By this inequality and ����
� there are a subsequence fwnkg
�

k�� and w � W ��� ����� such
that for any T � �

�wnk �t�� w
�

nk
�t��� �w�t�� w��t�� as k �� ������

uniformly on t � ��� T � and

w��nk � w�� weakly in L� ��� T � as n��� ������

By ������� ������ and the lower semicontinuity of the integral functionals ���� ������� ����	��
������ for each �� � �� �� � ���

If ���� ��� w� � lim inf
k��

If ���� ��� wnk � � lim inf
k��

Ifnk ���� ��� wnk �

� lim inf
k��

U
fn

k

�����
��wnk ����� w

�

nk
������ �wnk ����� w

�

nk
������

� lim inf
k��

Uf
�����

��wnk ����� w
�

nk
������ �wnk ����� w

�

nk
�������

By these relations� ������ and continuity of Uf
T � T � � for each �� � �� �� � ��

If ���� ��� w� � lim inf
k��

Uf
�����

��wnk ����� w
�

nk
������ �wnk ����� w

�

nk
������

� Uf
�����

��w����� w
������� �w����� w

��������

Thus

If ���� ��� w� � Uf
�����

��w����� w
������� �w����� w

������� ������

for each �� � �� �� � ��� By ������� ����
��

supfjXw�t�j � t � �����g ��� ������

������� ������� ����	� imply that for each t � �����

w�t� �� � lim
k��

w�t� �nk � � lim
k��

wnk �t� �nk� � lim
k��

wnk �t� � w�t�

and

w�t � �� � w�t� for all t � ������ ������

������� ������ imply that w is an �f��good function and

If ��� �� w� � ���f�� ����	�

We may suppose extracting a subsequence and re�indexing� if necessary� that there exists

�� � lim
k��

�nk��
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By ������ and the lemma assumptions�

w��t� � � for any t � ��� ���� w
��t� � � for any t � ���� ���

Since ��f� � infff�t� �� �� � t � Rg we conclude that �� � ��� ��� w is strictly increasing in
��� ��� and strictly decreasing in ���� � �� This completes the proof of the lemma�

Completion of the proof of Theorem ���� If ��f� � infff�s� �� �� � s � Rg� then the assertion
of the theorem is valild� Therefore we may assume without loss of generality that

��f� � infff�s� �� �� � s � Rg� ����
�

There exists a sequence ffng
�

n�� �M such that

lim
n��

fn � f in A�

By Corollary ��� we may assume without loss of generality that for each natural number n

��fn� � infffn�s� �� �� � s � R�g� �����

Let n � � be a natural number� By the main result of ���� there exist a periodic �fn��good
function wn �W ���

loc ����� and � � � such that

wn�t� �� � wn�t�� t � ������ If ��� �� wn� � ��fn���

We may assume without loss of generality that

wn��� � inffwn��� � t � ����g�

�Otherwise we consider a translation of w�� By ����� wn is not a constant� Now we can
see that all the assumptions made in Proposition ��	 hold with the integrand fn and the
periodic function wn� Therefore� by Proposition ��	 there exist

�n � �� � � �n� � �n

such that
wn�t� �n� � wn�t�� t � ������ If ��� �n� wn� � ��fn��n�

wn is increasing in ��� �n�� and decreasing in ��n�� �n�� Now we can easy to see that all
the assumptions made in Lemma ��� hold� Therefore� by Lemma ��� there exist numbers
� � �� � � and w �W ���

loc ����� such that

w�t � �� � w�t�� t � ������ If ��� �� w� � ��f���

w is strictly increasing in ��� ��� and strictly decreasing in ���� � �� This completes the proof
of the theorem�
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