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ON COINCIDENCE AND FIXED POINTS OF GENERAL
MAPPINGS

RAVINDRA K. BISHT

ABSTRACT. In this paper, we establish two new fixed point theorem that guaran-
tee the existence of a unique fixed point for mappings capable of admitting mul-
tiple fixed points. We adopt this approach to provide a new affirmative answer
to Gérnicki’s problem appeared in [10]. Additionally, we propose sufficient con-
ditions to ascertain the existence of coincidence points for a pair of self-mappings
satisfying Caristi-type conditions.

1. INTRODUCTION AND PRELIMINARIES

The Caristi-Kirk fixed point theorem, also known as the Caristi theorem, holds
significant importance in fixed point theory [4, 5]. Its relevance extends across vari-
ous mathematical domains, including convex minimization problems, variational in-
equalities, generalized differential calculus, critical point theory, normal solvability,
and control theory, particularly through Ekeland’s approach. Ekeland further con-
tributed to the theorem by exploring equivalent characterizations [9]. The broader
understanding and applications of the Caristi-Kirk theorem and its generalizations
can be found in the works of [8, 16, 17] and related references.

In 1976, Caristi [4] proved the following well-known fixed point theorem:

Theorem 1.1. Let (X,d) be a complete metric space and f : X — X. If there
exists a lower semicontinuous function ¢ : X — [0,00) such that

(1.1) d(z, f(2)) < ¢(x) — ¢(f(x)), forallx € X,
then f has a fixed point.

If f is either continuous, orbitally continuous, or weakly orbitally continuous, the
proof of Theorem 1.1 does not necessitate the lower semicontinuity assumption of
the function ¢. Pant et al. [12, 15] established various generalizations of Caristi’s
theorem in different settings.

The investigation of mappings allowing multiple fixed points without necessitat-
ing adherence to any contractive condition is currently an active area of research
[3, 12, 15]. Bhakta and Basu [1] established a common fixed point theorem for
Caristi-type mappings within a complete metric space, employing the concept of
orbital continuity. Dien [7] initiated a study on common fixed point theorems by
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amalgamating the principles of Banach contractions and Caristi-Kirk mappings. In
2013, Turinici [17] provided a significant contribution by proving a comprehensive
common fixed point theorem, encompassing a broad class of well-known fixed point
theorems present in the existing mathematical literature.

Let (X,d) be a metric space and f : X — X be a mapping. The orbit of f at
a point z € X is the set O(f,z) = {z, fx, f?x,--- , f"z,---}. We now recall some
weaker notions of continuity.

Definition 1.2 ([6]). Let (X, d) be a metric space. A mapping f : X — X is called
orbitally continuous at a point z € X if for any sequence {z,} C O(f,z) for some
x € X, xy, — z implies fx, — fz as n — oo.

Definition 1.3 ([12]). Let (X,d) be a metric space. A mapping f : X — X is
called weakly orbitally continuous if the set {y € X : lim; o f™y = w implies
lim; ,oo ff™y = fu} is non-empty, whenever the set {z € X : lim; ,o f™x = u}
is non-empty for u € X.

Definition 1.4 ([13]). Let (X,d) be a metric space and f : X — X. A mapping
G : X — R is said to be f-orbitally lower semi-continuous at a point z € X if
{zn} is a sequence in O(f,z) for some z € X, lim, oz, = z implies G(z) <
liminf, o G(zy).

In [14], Nguyen demonstrated that the f-orbital lower semi-continuity of x —
d(z, fx) is less stringent than orbital continuity and is independent from weak or-
bital continuity. For a thorough investigation and comparative analysis of different
continuity assumptions, readers are requested to see Bisht [2].

Definition 1.5 ([11]). Two self-mappings f and g of a metric space (X,d) are
called compatible if lim,,_,c d(fg(xn), 9f (zn)) = 0, whenever {z,} is a sequence in
X such that limy, o f(zn) = limy 00 g(x,,) = t for some ¢ in X.

In a recent work, Pant and Bisht [3] brought together and expanded upon the
ideas introduced in [12, 15|, leading to the development of unique fixed point the-
orems applicable to mappings without the necessity of satisfying any contractive
condition.

In this paper, we consider new settings that ensure the existence of a unique fixed
point for mappings that may have multiple fixed points. Additionally, we provide
sufficient conditions to verify the existence of coincidence and common fixed points
for a pair of self-mappings satisfying Caristi-type conditions.

2. UNIQUE FIXED POINT RESULTS

In 2020, Gérnicki [10] mentioned that a mapping f : (X,d) — (X, d) satisfying
the condition

(2.1)  d(fz, fy) <d(z,y)+ K - {d(z, fz) + d(y, fy)} for all z,y € X,z # y,
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where 0 < K < oo, may not have a fixed point.

We start with the following fixed point result which provide an affirmative answer
to the aforementioned Gornicki’s problem.

Theorem 2.1. Let f be a self-mapping of a complete metric space (X,d) satisfying
the (2.1). Suppose ¢ : X — [0,00) is a function such that

(2.2) d(w, f(z)) < $(z) — 6(f(x), € X.

Then f has a unique fixed point provided that f is weakly orbitally continuous or
x — d(z, fx) is f-orbitally lower semicontinuous.

Proof. Let xy be any point in X. Define a sequence {x,} in X by x; = f(x0),
xo = f(x1), ..., Tn = f(xn_1), that is, x,, = f"x¢. Then, using (2.2), we have

d(zo, 1) = d(20, f(0)) < ¢(m0) — ¢(f(20)) = d(20) — P(21).
Continuing this and adding, we get

S d(@a, ) < Blao).

n=1

This implies that {x,} is a Cauchy sequence. Since X is complete, there exists
z € X such that lim, . z,, = z and lim,,_, o fPz,, = 2z for each p > 1.

Suppose f is weakly orbitally continuous. Since the sequence "z is convergent
for each xg in X, weak orbital continuity of f implies that there exists yy € X such
that f"yo — t and f"Tlyy — ft for some ¢t € X. This implies that ¢t = ft and,
hence, t is a fixed point of f.

Next, assume that z — d(z, fx) is f-orbitally lower semi-continuous. Since
{z,} C O(f,x) and x,, — z satisfying d(z,, fr,) = d(f"xo, f*zg) = 0asn — oo,
by the f-orbital lower semi-continuity of  — d(z, fz), we have

d(z, fz) < hrr_l)infd(mn,f:cn) =0.

Thus, z is a fixed point of f.
Assume that w is also a fixed point of f and w # z. Then, using (2.1), we get

d(z,w) = d(f(z), f(w))
< d(z,w) + K{d(z, f(2)) + d(w, f(w))}
=d(z,w),

a contradiction. Hence, f possesses a unique fixed point. O

The following fixed point theorem is an easy consequence of Theorem 2.2:
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Theorem 2.2. Let f be a self-mapping of a complete metric space (X,d) satisfying
the condition

d(f(z), f(y)) < max{d(z,y),d(z, f(z)),d(y, f(y)),
d(z, f(y)) +d(y, f(z))
2
whenever the right hand side is non-zero. Suppose ¢ : X — [0,00) is a function
such that (2.2) holds. Then f has a unique fized point provided that x — d(x, fx)
is f-orbitally lower semicontinuous.

(2.3)

b, myeX.

The following example illustrates Theorem 2.2.

Example 2.3. Let X = [0,2] and d be the Euclidean metric. Let f: X — X be
defined by
f@) =957,

Then f satisfies all the conditions of Theorem 2.2 and has a unique fixed point z = 1
at which f is discontinuous. Also, f satisfies (2.2) with ¢ : X — [0, 00) defined by

1—z ifz<l,
€Tr) =
¢() {l—i—x if x > 1.

{HTQJ if 2 <1,

3. COINCIDENCE POINT RESULTS
We start with the following result:

Theorem 3.1. Let f and g be continuous self-mappings of a complete metric space
(X, d) such that f(X) C g(X). Suppose ¢ : X — [0,00) is such that for all x in X,

(3.1) d(f(z), 9(z)) < ¢(g(x)) — o(f(2)).
If f and g are compatible, then f and g have a coincidence point.
Proof. Let zp be any point in X. Define a sequence {y,} in X recursively by
Yn = f(zn) = g(zn+1). Then
d(yo,y1) = d(f(z1), 9(x1)) < d(g(x1)) — o(f(21)).
Thus,
d(yo, y1) < é(yo) — d(y1).-

Similarly,

d(y1,92) < ¢(y1) — (y2),
d(y2,y3) < d(y2) — d(y3),
¢(Yn—1) — ¢(yn),
¢(yn> - d)(yn—i-l)'

d(Yn—1,Yn)

<
d(ymyn+1) <
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Adding these inequalities, we get
d(yo, y1) + d(y1,y2) + - .. + d(Yn, Ynt1) < ¢(Yo) — d(Yn+1) < ¢(yo).

Making n — oo, we obtain

Z d(ym yn—i—l) < Qs(yO)
n=0

This implies that {y,} is a Cauchy sequence. Since X is complete, there exists
t € X such that lim, oy, =t and limy, o0 f(z) = lim, 00 g(xy) = t.

Suppose that f and g are compatible. Then, lim, o d(fg(xn),gf(zn)) = 0.
Considering the continuity of f and g, we obtain ft = gt, and as a result, f and g
have a coincidence point. O

Example 3.2. Let X = [0, 1] equipped with the Euclidean metric. Define f,g :

X — X by

fly=1—+v1-22, g(z)=+V2x—2% =ze€lX.
Let ¢ : X — [0,00) be defined by ¢(x) = x for each x in X. Then f and g satisfy
the conditions of Theorem 3.1 and have two coincidence points z = 0 and = = 1.

Example 3.3. Let X = [0,00) and d be the Euclidean metric. Define f,g: X — X
by

1+
=5

f(z) glz) =2% 2z€X.

Let us define ¢ : X — [0, 00) by

¢(z) =

1—z ifz <1,
T if x> 1.

Then f and g are continuous mappings which satisfy all the conditions of Theorem
3.1 and have a unique coincidence point x = 1.

4. CONCLUSION

In this paper, we have established conditions ensuring the presence of a unique
fixed point for mappings that may exhibit multiple fixed points. This holds signif-
icance as a unique fixed point often simplifies analysis and yields more meaningful
results in various applications. By adopting this approach, we have presented a
novel affirmative solution to Gérnicki’ s problem. Furthermore, we have introduced
sufficient conditions that confirm the existence of coincidence points for a pair of
self-mappings adhering to Caristi-type conditions.
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