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CONVERGENCE THEOREMS FOR FAMILIES OF MONOTONE
NONEXPANSIVE MAPPINGS IN UNIFORMLY CONVEX
BANACH SPACES

SACHIKO ATSUSHIBA

Dedicated to the memory of Professor Kazimierz Goebel with deep gratitude.

ABSTRACT. In this paper, we prove weak convergence theorems for finite
noncommutative monotone nonexpansive mappings in uniformly convex Banach
spaces endowed with a partial order.

1. INTRODUCTION

Let F be a real Banach space, let C' be a nonempty subset of E. For a mapping
T :C — FE, we denote by F(T) the set of fized points of T, i.e.,

FT)={2€C:Tz=z}.
A mapping T : C' — C' is called nonexpansive if
[Tz =Tyl < llz -yl

for all =,y € C. The fixed point theory for such mappings is rich and varied. It finds
many applications in nonlinear functional analysis. The existence of fixed points
for nonexpansive mappings in Banach and metric spaces has been investigated since
the early 1960s (For example, see [6, 7, 8, 10, 14]).

In recent years, a new direction has been very active essentially after the publi-
cation of Ran and Reurings results [18]. They proved an analogue of the classical
Banach contraction principle [5] in metric spaces endowed with a partial order. In
particular, they show how this extension is useful when dealing with some special
matrix equations (see also [13, 17, 26, 27]).

Mann [16] introduced an iteration process for approximation of fixed points of a
mapping 71" in a Hilbert space as follows:

Tnt1 = &y + (1 — ap)Txy,

for all n > 1, where {a,} is sequences in [0,1]. Later, Reich [15] discussed this
iteration process in a uniformly convex Banach space whose norm is Frechet dif-
ferentiable. Bin Dehaish and Khamsi [12] proved a weak convergence theorem of
Mann'’s type [16] iteration for monotone nonexpansive mappings in Banach spaces
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endowed with a partial order (see also [1, 21]). Takahashi and Tamura [25] proved
some weak convergence theorems for a pair of nonexpansive mappings in a Banach
space by using the iteration process considered by Das and Debata [11]. Taka-
hashi and Shimoji [24] introduced an iteration process, given by finite nonexpansive
mappings, which generalizes Das and Debata’s iteration, and then proved weak
convergence theorems for finite nonexpansive mappings in a Banach space.

In this paper, we prove weak convergence theorems for finite noncommutative
monotone nonexpansive mappings in uniformly convex Banach spaces endowed with
a partial order.

2. PRELIMINARIES AND NOTATIONS

Throughout this paper, we assume that E is a real Banach space with norm || - ||
and endowed with a partial order < compatible with the linear structure of E, that
is,

x Xyimpliesx + 2z Xy + z,
x =y implies Ax < Ay
for every z,y,z € E and A > 0. We will say that this Banach space (E, || - ||, <) is
an ordered Banach space. As usual we adopt the convention x > y if and only if
y = x. It follows that all order intervals [z,—) = {z € E : =< z} and (+,y] =
{z€ E:z¢e E:z=y} are convex. Moreover, we assume that each order intervals
[z,—) and («,y] are closed. Recall that an order interval is any of the subsets
[a,—)={r € X;a =z} or (+,a]={reX;x<a}. foranyac E. As a direct
consequence of this, the subset

[a,b] ={z € X;a <2 <b} = [a,—) N (+, b

is also closed and convex for each a,b € F.

Let E be a real Banach space with norm || - || and endowed with a partial order
=< compatible with the linear structure of £. We will say that this Banach space
(E,| - ]I, ) is an ordered Banach space. Let C be a nonempty subset of E. A

mapping T : C — C is called nonexpansive if
[Tz =Tyl < llz -yl
for all z,y € C. A mapping T : C — C is called monotone if
Tr <Ty

for each z,y € C such that x < y. For a mapping T : C — C, we denote by F(T)
the set of fized points of T, i.e., F(T)={2€ C:Tz = z}.

We denote by E* the topological dual space of E. We denote by N and Z* the
set of all positive integers and the set of all nonnegative integers, respectively. We

also denote by R and R™ the set of all real numbers and the set of all nonnegative
real numbers, respectively. We write x,, — z (or lim z, = x) to indicate that the
n—oo

sequence {z,} of vectors in E converges strongly to . We also write x,, — z (or
w-limy, 00 , = ) to indicate that the sequence {x,} of vectors in E converges
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weakly to z. We also denote by (y,z*) the value of z* € E* at y € E. For a subset
A of E, coA and ¢6A mean the convex hull of A and the closure of convex hull of
A, respectively.
A Banach space F is said to be strictly convex if
|z +yl
2

for z,y € E with ||z|| = ||y|| = 1 and = # y. In a strictly convex Banach space, we
have that if

<1

Izl = llyll = | (1 = A) z + Ayl
for z,y € E and X € (0,1), then z = y. For every ¢ with 0 < e < 2, we define the
modulus §(¢) of convexity of E by

5(e) = inf{l - ”x;y”

A Banach space FE is said to be uniformly convex if ¢ (¢) > 0 for every e > 0. If E
is uniformly convex, then for r,e with » > ¢ > 0, we have ¢ (%) > 0 and

= B GE)

for every z,y € E with [|z|| < r, ||y|| < r and ||z — y|| > e. It is well-known that a

el < Lyl < L Jle - gll > }

uniformly convex Banach space is reflexive and strictly convex.
The following theorem was proved in [9].

Theorem 2.1 ([9]). Let C be a nonempty bounded closed convex subset of a uni-
formly convex Banach space E and let T be a nonexpansive mapping of C into itself.
Let {x,} be a sequence in C' such that it converges weakly to an element u in C' and
{xn, — Txn} converges strongly to 0. Then, u is a fized point of T

Lemma 2.2 ([20]). Let E be a uniformly convexr Banach space. Let b,c be real
numbers with 0 < b < ¢ < 1. Let {t,} be a real sequence such that b < t,, < ¢ for
n=1,2,... and let a > 0. Suppose that {x,} and {y,} are sequences of E such that
lim,,_, [|zn| < a, lim lynll < a and limy, o0 ||tnxn + (1 — ) yn|| = a. Then,

n—00

3. LEMMAS

Let C be a nonempty convex subset of a Banach space E. Let T1,75,...,T; be
finite mappings of C' into itself and let ai, a9, ..., a; be real numbers such that
0 <a; <1foreveryi=1,2,...,r. Then, we define a mapping W of C into itself
as follows (see [22, 24]):

Uy = a1y + (1 — ()41)[,
Us = aThU; + (1 — ch)[,

(3.1) :
Ur—l = ar—lTr—lUr—Q + (1 - ar—l)I7
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W=U,=aoaT.U—1+(1—a,)l.
Such a mapping W is called the W-mapping generated by T1,75,...,T, and aq,

ag,...,q (see also [2]). Let apni,ama,...,anr(n = 1,2,...) be real numbers such
that 0 < ayy; < 1 forevery i = 1,2,...,r. Let W,,(n =1,2,...) be the W-mappings
generated by 11,75, ...,T, and a1, no, . . ., amr-. Now consider the following itera-

tion process:
1 €C, xpy1=Wha, forevery n=12....
The following lemma is obvious from the definition of (3.1).

Lemma 3.1 ([2]). Let C be a nonempty closed convex subset of a Banach space E.
Let T1,T5, ..., T, be nonexpansive mappings of C into itself and let oy, a9, ..., o
be real numbers such that 0 < a; <1 for everyi=1,2,...,r. Let U;,Us,...,U._1
and W be the mappings defined by (3.1). Then, Uy,Us, ..., Ur_1 and W are also
nonerpansive.

The following lemma was proved in [2].

Lemma 3.2 ([2]). Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let T, Ts, ..., T, be nonexpansive mappings of C' into itself such
that (;_y F(T;) # 0 and let aq, v, . .., oy be real numbers such that 0 < o; < 1 for
everyt=1,2,....r —1 and 0 < o, < 1. Let W be the W-mapping of C into itself
generated by Th,T>, ..., T, and on, s, ...,0n. Then, F(W) =\i_; F(T;).

In this section, we study approximate fixed point sequences and monotone se-
quences. Let C be a nonempty subset of an ordered Banach space E and let T" be
a mapping of C into itself. A sequence {x,} in C' is said to be an approzimate fized
point sequence of a mapping T' of C' into itself if

lim ||z, —Tz,|| =0

n—oo
(see also [15, 23]). Let T1,T%,...,T, be mappings of C into itself. A sequence
{z,} in C is said to be an approximate common fized point sequence of mappings
11,15, ..., T, of Cif for every k =1,2,...,r,

lim |z, — Tpzy| = 0.
n—oo

A sequence {z,} in F is said to be monotone if
rp 2wy X3 2

(see also [12]).

Lemma 3.3. Let E be an ordered Banach space, let C be a nonempty closed convex
subset of E, and let T1,Ts, ..., T. be monotone mappings of C into itself such that
Ni_y F(T;) is nonempty. Let o1, ..., a5, (n=1,2,...) be real numbers such that
0<oap; <1 foreveryi=1,2,...,r. Let Wy,(n=1,2,...) be W-mappings generated
by Tv,Ts, ..., T, and apni,...,0ny. Then, Up1,Upo, ..., Upr—1, Upy = Wy (n =
1,2,...) and ToUp 1, 13Uy 2,. .., T3 Upr—1 (n=1,2,...) are also monotone.
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Proof. We shall prove that U,1,Unz2,...,Unr—1, Wy, = Up, (n = 1,2,...) are
monotone by mathematical induction. Let n be an arbitrary positive integer. Let
x,y € C' with x > y. Since T} is monotone and a partial order is compatible with
the linear structure of F/, we obtain that

Upiz = apiTiz+ (1 —ap1)z
= ap 1Ty + (1 —ana)z
= an 1Ty + (1 —an1)y = U1y
Thus, U,,1 is monotone. Let k = 1,2,...,r — 1 and suppose Uy, ,x = U, y. We
shall prove that U, x+12 = U, r+1y. We remark that n is an arbitrary positive
integer. Since T;(i = 1,2,...,r) is also monotone and from the the assumption of
mathematical induction, it follows that Ty 1U, yx = Tr+1Up ry. Hence, we have
Ty+1Up i is also monotone. Then, since a partial order is compatible with the linear
structure of E, we have
Un,k—&—lx = an,k—i—lTk—l—lUn,kx + (1 - O‘n,k—‘rl)x
= o k1 Tt 1Un ey + (1 — oo jog1)
= 1 T 1 Un py + (1 — o k1)Y= Un i1y

Thus, U, 41 is monotone. Therefore, we obtain that U, 1,Up2,...,Uyr—1 and
Un,r = Wy, are also monotone by mathematical induction. Then, since T4, T5,...,T;
are monotone, we have that T>U,, 1,T3Uy 2, ...,T.Uy, r—1 are also monotone. ]

Lemma 3.4. Let E be an ordered Banach space, let C be a nonempty closed convex
subset of E, and let 11,13, ..., T, be monotone nonexpansive mappings of C' into
itself such that (i_ F(T;) is nonempty. Let an1,...,0n,y (n = 1,2,...) be real
numbers such that 0 < ap; <1 (n =1,2,...) for every i =1,2,...,r. Fixx € C
such that Tyx = x (k=1,2,...,7). Let W,,(n =1,2,...) be W-mappings generated
by T1,Ts,..., T, and an,...,0n,. Then,

(3.2) Uz =z, Upsx = x,...,Upp12 = x, Wy = 2.
Proof. We note that for c¢1,co € C such that ¢; = co,
g = act+ (1 —a)eg = e

for each v € [0, 1]. This is true because all order intervals are convex and a partial
order is compatible with the linear structure of E.
Fix x € C such that Tyx = z (k =1,2,...,7). Let n € N. We shall prove

(3.3) Umr =z (m=1,2,...,1)

by mathematical induction. First, we shall prove U, 12z = x. Since a partial order
is compatible with the linear structure of F, by the assumption of 77, we have that

Umlx = Ozn71T1:L‘ + (1 — an,l)x
(3.4) mapir+ (1 —ap1)r =2.
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So, (3.3 ) is true for m = 1. Let m =k € {1,2,...,r — 1} and suppose that
Unprr = .
Then, since T} is monotone, from the assumption of mathematical induction and
the assumption of Ty, 1, we have
Un 12 = p i1 Tip1Un g + (1 — ap py1)x

= k1 Thp17 + (1 — o pg1)T

= ap 12 + (1 — o py1)T = .
So, (3.3) is true for m = k + 1. Therefore, we obtain
(3.5) Upmz =z (m=1,2,...,1)
by mathematical induction. O

As in the proof of Lemma 3.4, we have the following lemma.

Lemma 3.5. Let E be an ordered Banach space, let C be a nonempty closed convex
subset of E, and let Ty, T5, ..., T, be monotone nonexpansive mappings of C into
itself such that (\;_, F(T;) is nonempty. Let on1,...,an, (n = 1,2,...) be real
numbers such that 0 < a,; <1 (n=1,2,...) for everyi =1,2,...,r. Assume that
Tyx = x (k= 1,2,...,7) for every x € C. Let W,(n = 1,2,...) be W-mappings
generated by Th,Ts, ..., T, and o 1,...,00,. Then,

(3.6) Upiz =z, Upox = x,...,Up 12 = x, Wyz = x for everyx € C.

The following lemma was essentially proved in [24]. For the sake of completeness,
we prove it (see also [2]).

Lemma 3.6. Let E be an ordered uniformly convex Banach space, let C be a

nonempty closed convex subset of E, and let T1,T5, ..., T, be finite monotone non-
expansive mappings of C into itself such that (\;_, F(T;) is nonempty. Let a,b be
real numbers with 0 < a < b < 1. Let ap,...,an, (n=1,2,...) be real numbers

such that a < o, ; < b for every i =1,2,...,r. Let Wy(n=1,2,...) be W-mappings
generated by T1,Ts, ..., T, and a1, ..., 0n . Suppose x1 € C and {x,} is given by

Tpt1 = When

for every n = 1,2,.... Then, the sequence {x,} is an approximate common fized
point sequence of Ty, Ts,...,T,, i.e., for eachk=1,2,...,r,

lim ||Tyzy, — zy| = 0.
n—oo

Proof. For x1 € C and f € (),_, F(T;) # 0, put r = ||z; — f|| and set
X={ueFE:||u-fl<r}ncC.

Then, X is a nonempty bounded closed convex subset of C which is Tj-invariant for
every k =1,2,...,r and contains x1. So, without loss of generality, we may assume
that C is bounded.
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Let 21 € C and w € (;_; F(T;). By the definition of {z,,}22,, we have,

[Znt+1 — w|| = | Unrxn —wl|
= |lanr (T Unr—12n — w) + (1 — o) (2, — w)||
< anr|Unp—12n — w|| + (1 = ang) |z — w|
< ap o r—1||Upr—2zn —w|| + (1 — o potn r—1) ||z — ||

< an,ran,rflan,r72||Un,r73xn - ’UJH + (1 - an,ran,rflan,r72)”$n - w”

< QO r—10m -2 O 2 ||Un 1@y — 0|
+ (1 — anranr—10n -2 ap2)||x, — w|

= QO r—10m -2 02|l an 1 T1(xn — w) + (1 — ap1)(@n — w)||
+ (1 — anranr—10m -2 ap2)||x, — w||

< lwn —wl]

and hence lim, o ||z, — w]|| exists. Put ¢ = lim, o ||zn, — w|| and fix k& with
1 <k <r—1. Then, we have

lim ||Upgzn, —w| < lim ||z, —w|| =c.
n—o0 n—00

Further, since

[2n — w|| — |lzni1 — w]|

Qn rQp r—10nr—2 " Qn k41

[ = wl| < [|Unpn — w]| +

we have,
c< m ||Un7kmn - U}H
n—,oo
and hence lim,,_, ||Uy kxn — w|| = c¢. Therefore, we have
lim |[o, 1 TkUp k—12n + (1 — api)zn — w|| = c.
n—oo
forall k =1,2,...r, where U, o = I. By Lemma 2.2, we have
lim HTkUn,k—lxn — $n|| =0.
n—oo
If kK =1, we have
lim [Tz, — z,|| = 0.
n—oo
For any k with 2 < k < r, from

”Tkxn - xn” S ||Tk«77n - TkUn,kflxn” + ||TkUn,k71xn - xn”
< ||xn - Un,k—lan + HTkUn,k—lxn - xn”

= O‘n,k—lnxn - Tk:Un,k—Q-Tn” + ||Tk;Un,k—1-Tn - xn”y

we have lim,,_, o || Tpzn — zy|| = 0. O
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Lemma 3.7. Let E be an ordered uniformly conver Banach space, let C' be a
nonempty closed convexr subset of E, and let T, T, ..., T, be finite monotone non-
expansive mappings of C into itself such that (;_, F(T;) is nonempty. Assume
that Tyx = x(k = 1,2,...,r) for every x € C. Let apni,...,0n, (n = 1,2,...)
be real numbers such that 0 < a,; < 1 (n = 1,2,...) for every i = 1,2,...,7.
Let Wy, (n=1,2,...) be W-mappings generated by T1,T>,...,T, and an1,...,0n.
Suppose x1 € C and {x,} is given by

Tptl = ann
for everyn =1,2,.... Then, the sequence {x,} is monotone.

Proof. As in the proof of Lemma 3.6, without loss of generality, we may assume
that C' is bounded. Let n € N. Since Tyu = u (k = 1,2,...,r) for every u € C, we
have

Tpi1 = Whay = Un,rxn = an,rTrUn,rflmn + (1 - an,r)l'n
= an,rUn,rflxn + (1 - an,r)xn
= an,r{an,r—lTr—lUn,r—an + (1 - an,r—l)xn} + (1 - an,r)xn

= an,ran,r—lUn,r—an + (1 - an,ran,r—l)xn

= QprQnr—1-.- an72Un,1xn + (1 —QnrQnr—1--- an,Q)'rn
= QprQnr—1.-- O5n,1,-rl$cn + (1 —OprQnr—1-.. an,l)xn
Z OpyQpp—1...0n 1T, + (1 —OprQnr—1... O‘n,l)xn = Tn-
Hence, we have that {x,} is monotone. O

Lemma 3.8. Let E be an ordered uniformly conver Banach space, let C' be a
nonempty closed convex subset of E, and let T, T5, ..., T, be finite monotone nonex-
pansive mappings of C into itself such that (,_, F(T;) is nonempty. Fizu € C such
that Tpu = u(k = 1,2,...,7). Let aq,...,q, be real numbers such that 0 < o; < 1
for every i = 1,2,....,r. Let W be a W-mapping generated by T1,15,..., T, and
al,...,qp. Suppose 1 =u € C and {x,} is given by

Tpt1 = Wy
for every n € N. Then, the sequence {xy} is monotone.

Proof. As in the proof of Lemma 3.6, without loss of generality, we may assume
that C' is bounded. We shall prove that

(3.7) Tyl = Tp (n=1,2,...)

by mathematical induction. By Lemma 3.4, we have
o = Wx1 = x1.

Thus, (3.7) is true for n = 1. Let k € N and suppose

Tkl 2= Tk
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Since T;.U,_1 is monotone, it follows from the assumption of mathematical induction
that

Lo = WHey = Wapyy = Usag g
=, T, Ur—12p41 + (1 — o) xpa
= o, TUr1xp + (1 — )T
= o T U2 4+ (1 — o) = Tpger,
where Uy = I. So, by mathematical induction, we obtain that x,+1 > x, for every
n=12,.... ]
4. MAIN RESULTS

Theorem 4.1. Let E be an ordered uniformly convex Banach space, let C be

a nonempty closed conver subset of E, and let T1,T5,...,T,. be finite monotone
nonexpansive mappings of C into itself such that (\,_, F(T;) is nonempty. As-
sume that Tyx = x (k = 1,2,...,7) for every x € C. Let a,b be real numbers

with 0 < a < b < 1. Let apy,...,on,(n = 1,2,...) be real numbers such that
a <oy <bforeveryi=1,2,...,r. Let W,(n=1,2,...) be W-mappings generated
by Th, 1>, ..., T, and oy 1, ..., 00,

Un,l = an,lTl + (1 - an,l)la

Un2 = an2ToUn1 + (1 — ap2)l,

Un,r—l = an,r—lTr—lUn,r—Q + (1 - an,r—l)[
W = Un,r = aanrUn,r—l + (1 - an,r)I-

Suppose x1 € C and {zy} is given by
Tne1 = Whay

for everyn =1,2,.... Then, the sequence {x,} converges weakly to a common fized
point of Ty, Ts, ..., T,.

Proof. Since FE is reflexive, {x,} must contain a subsequence which converges weakly
to a point in C. Let 21, 2z be two weak cluster-points of {z,}. Then, there exists
two subsequences {z,,} and {z,;} of {x,} such that z,, — 21 and z,, — 2,

respectively. It follows from Lemmas 3.6 that for every £ =1,2,...,7,
lim ||z, — Tpzy,|| =0 and lim ||z, — Tiwn,|| = 0.
i—00 j—o0

It follows from Theorem 2.1 that z1,29 € (;_; F(T;) # 0. Next, we show z; = 2
(see also [12]). Fix k > 1. By Lemma 3.7, we obtain that {x,} is monotone. Then,
since the order interval [z, —) is weakly closed, we conclude that z; € [zk,—)
for i = 1,2. So, we see that z; is an upper bound for {z,} for i = 1,2. Then, we
also obtain that {z,} C (4, z] for i = 1,2. It follows from the same reason that
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zj € (¢, %) for i, = 1,2. So, we have z; = zp. Therefore, we obtain that {z,}
converges weakly to a point of (),_; F(T;) # 0. O

By Theorem 4.1, we have the following theorem.

Theorem 4.2. Let E be an ordered uniformly convex Banach space, let C be a
nonempty closed convex subset of E, and let T1,T5, ..., T, be finite monotone nonex-
pansive mappings of C into itself such that (;_, F(T;) is nonempty. Fizx1 =u € C
such that Tyxy = x1 (k=1,2,...,7r). Let a,b be real numbers with 0 < a < b < 1.
Let an1,...,an(n = 1,2,...) be real numbers such that a < ayn; < b for every
1 =1,2,...,r. Let W be a W-mapping generated by T1,1T5,...,T. and ay,...,q,.
Suppose x1 =u € C and {x,} is given by

Tpn+l1 = Wnﬂjl

for everyn =1,2,.... Then, the sequence {x,} converges weakly to a common fized
point of 11,15, ..., T,.

Proof. We remark that z,41 = W"z; = Wx,. By Lemma 3.8, we have that {z,}

is monotone. By Lemma 3.6, we obtain that for each £k =1,2,...,r,
lim [Tz, — zp| = 0.
n—oo

Then, as in the proof of Theorem 4.1, we have that {x,} converges weakly to a
common fixed point of 11,75, ..., T;. O

By Theorem 4.1, we get some convergence theorems (see also [21]).

Theorem 4.3. Let C be a nonempty closed convex subset of an ordered uniformly
conver Banach space E. Let T and S be monotone nonexpansive mappings of C
into itself such that F(T) N F(S) # 0. Assume that x < Tz and © < Sz for each
x € C. Let a,b be real numbers with 0 < a < b < 1. Let {a,} and {B,.} be a
sequence of real numbers such that a < a, < b anda < B, < b for eachn=1,2,...,
respectively. Suppose x1 € C and {x,} is given by

Tnt1 = anS[BnTxn + (1 — Bn)xn] + (1 — an)xn

for everyn =1,2,.... Then, {x,} converges weakly to a common fized point of T
and S.

Theorem 4.4. Let C be a nonempty closed convexr subset of an ordered uniformly
convexr Banach space E. Let T be a monotone nonexpansive mapping of C into
itself such that F(T) # (. Assume that x < Txz. Let a,b be real numbers with
0<a<b<l. Let {an} be the sequence of real numbers such that a < oy, < b for
each n € N. Suppose x1 = x € C and {z,} is given by

Tnt1 = apTxy + (1 — o)y,

for everyn =1,2,.... Then, {x,} converges weakly to a fized point of T.
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