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A GENERALIZATION OF SAINT-VENANT EXNER EQUATIONS

TIMACK NGOM, AROUNA OUEDRAOGO, AND MEHMET ERSOY

ABSTRACT. We derive asymptotically an alternative model of the bedload sed-
iment transport model also called Saint-Venant-Exner equations. Starting from
the coupling fluid/particles with the Vlasov equations with an additional gravity
term, the compressible Navier-Stokes equations with an anisotropic viscous ten-
sor and a modified barotropic law, we derive first a Navier-Stokes equations like
model. It takes account of the mixing of the sediments and fluid density. Then,
taking advantages of the shallowness of the domain, we obtain the Saint-Venant
equations naturally coupled with a bedload sediment transport equation. Finally,
we show some stability results, for various solid transport flux; particularly for a
diffusive and the so called Grass solid transport.

1. INTRODUCTION

The study of the sediment transport have a huge interest since they may damage
environmental and human life. For instance, all sediment problems related to river
beds have several consequences. The origin of sediment could be endogenous (this
means that sediment are created from Aboriginal production) or exogenous (this
means that sediment are provided by allochthonous material: soil erosion, decom-
position of plant material or inputs of suspended matter, organic matter, nutrients
and micro-pollutant emissions due to agricultural, industrial and domestic) and
contributes to the evolution of the river bed and the modification of the fauna and
flora. The increase of the bed may lead to flood and sediments affected have an
impact on the quality of the water. Therefore, the analysis of sediment transport
is important to predict and prevent natural disaster (or caused by human activi-
ties). Gravity and settling force between sediments and fluid (air or water) produce
sediment transport, that can be classified in three categories: suspension, bedload
and saltation. To this end, many mathematical models are proposed. The most
often used is the so-called Saint-Venant-Exner (SVE) equations which describes
the hydrodynamic part governed by the Saint-Venant equations and the bed-load
morphodynamic part by a transport equation. Since, the bed is movable, these
equations are simply coupled by the topography term. Then, (SVE) equations
reads:

8th + le(q) = 0,

Orq + div(q i@ q) + V(gh?/2) = —ghVb

(1.1)
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with the general morphodynamic bed-load transport:
(1.2) 9¢b + £div(gs(h, q)) =0,

where h denotes the water height, ¢ = hU the water discharge, with U the fluid
velocity, g the sediment discharge (or the solid transport flux) (see Figure 1) and
¢ =1/(1 — ) the porosity of the sediment layer. The sediment discharge g, which
governes the topography elevation is a given empirical law. Among these laws (to
cite only a few), we find in the literature:

e the Grass equation [11],
e The Meyer-Peter and Miiller equation [16],
e others empirical laws are provided in [8].

This model have been numerically studied, for instance in [8, 18] and mathemati-
cally for viscous version (i.e., viscous Saint-Venant for the hydrodynamic part), for
instance in [19, 6] using the well-known results [17, 12, 1, 2, 5, 15]. The aim of this
paper is to present a way to derive asymptotically the (SVE) equations with viscous
or non-viscous shallow water. The paper is organized as follows. In section 2, from
a Vlasov-Compressible Navier-Stokes equations with an anisotropic viscous tensor
and a variable barotropic law, we derive some equations for small relaxation time to
modeling the fluid-particles interaction, where the particles are assumed small with
respect to the domain geometry. Thereafter, we perform an asymptotic analysis
close to those presented in [9, 13]. Contrary to these works, we study a compress-
ible fluid, so we take advantage of the averaging of the horizontal velocity and the
given pressure. Next, in Section 3, the asymptotic model is vertically averaged to
obtain a model very closed to (SVE) equations with a minor difference which comes
from the pressure law. Finally, in despite of the presssure law difference, we show
that stability properties for the diffusive morphodynamic bed-load transport equa-
tion [6] remains true. This results also led in the case of the Grass equations, where
an existence result is provided in [3].

2. DERIVATION OF THE AVACNS EQUATIONS

This section is devoted to the derivation of the Averaged Vlasov-Compressible
Navier-Stokes (AVACNS) equations to modeling the fluid-particles interaction which
occurs during a sedimentation process. We assume that sedimentation (a set of
particles) which evolves into a fluid (assumed to be water for instance) are governed
by the so-called Vlasov equations, where a gravity term is included to take account
the weight of particles. On the other hand, the fluid is governed by the compressible
Navier-Stokes equations with a barotropic pressure law. The barotropic pressure
law will be modified to take account the effect of sediments (see Equation (2.8)).
A source term (principle of action reaction) is also added to deal with the effect
of particles motion on the fluid. Finally, the classical viscosity v(p) appearing in
Navier-Stokes equations is replaced with an anisotropic viscous tensor. Finally, as
we want to derive a Saint-Venant-Exner equations, we assume that the ratio H/L
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is small, where H is a vertical characteristic length and L a horizontal one. The
following section is very close to the one presented in [10].

2.1. The AVACNS equations. The evolution of particles interacting with a fluid
is described through the density function f(¢, X, V) > 0 where X € g C R? denotes
the position of a particle with V € R? its kinetic speed in which

Qo = {X = (21,22, 23) € R (z1,22) € [0, £1] x [0,£5] and 0 < 3 < H(t, 21,72)}

denotes the domain and

Q(t) = {X = ($1,l’2,l’3) € R3; (:El,l'g) € [0,21] X [0,22]
and b(t,x1,z2) < x3 < H(t,x1,22)}
the fluid-particles domain (see Figure 1). H is the total elevation of the free surface

and b the topography induced by sediments store. The density function f satisfy
the Vlasov equation with gravity:

(2.1) o f + diVX(V f) + diVV((F + g)f) =rAyf.

4
Denoting M = ppgﬂag‘ the mass of a particle where a is the radius (assumed

constant, that is a = qg for all particles) and p, the mass density of a particle,
the quantity M F' is the force acting on a particle which is proportional to the drag
Stokes force given by:

(2.2) = (U-V),

where U is the fluid velocity and p a characteristic viscosity (assumed constant) of
the fluid.

The quantity r > 0 denotes the velocity diffusivity is given by the Einstein formula:
~ yT 6mpa T Yp

M M M 2ad?p,’

where 1 is the Boltzmann constant, 7' > 0 is the temperature of the suspension
assumed to be a constant. The term rAy f describes then the Brownian motion of
the particles.

The quantity § is the gravity vector (0,0, —g)?, also denoted by —gE with k =
(0,0,1)!.  On the other hand, the fluid is described by its velocity U(t,X) =
(uq,ug,us)(t, X) with X = (21, x9,x3) € Q(t), its density py(t, X) and the macro-
scopic density of sediments ps = [ps f(t, X, -) dv, which satisfy the following Navier-
Stokes equations:

(2.3)

(2.4) Oypw + div(puU) = 0,
(2.5) 8 (puU) + div(p,U ® U) = dive(p,U) + G,
(2.6) p=p(p)

where p := p, + ps and o(p,U) is the total stress tensor:
—p(p)Ts + 25(p) : DU + Ap)div(U) T,
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Ty z3= H(t, X)

h(t,zy,x2) = H(t,xy,x9) — b(t, 1, T2)

s Sediment

FIGURE 1. Domain €(¢)

where I3 stands the identity matrix. The term ¥(p) is the anisotropic matrix which
take into account of sediment and allows to control the flow direction by playing
with the magnitude of the viscosities p;. This matrix reads:

K1 Bl 2
n1 o p1 2
3 B3 M3

Then, the viscous tensor Y (p) : D(U) writes:

241 (p)amul 'UJIQ(p) (aﬁvzul + 811u2) M22(p)(813u1 + 8951”3)
“32(’))(6361% + Opquy) ,ugz(,o)(amug + Opzu2) 113(p) O u3

The pressure law is modified to take into account sediments density and it is given
as follows:

gh (pw + ps)?
Pp 4 ,

where h = H — b is the fluid height, given by the kinematic condition at the free-
surface.

The last term § on the right hand side of Equation (2.5) is the effect of the particles

motion on the fluid obtained by summing the contribution of all particles:

(2.8) P(puw, ps) =

L
2a2pp

(2.9) §= —/Rs F X, V)dV + pui = /RB(V —U)f(t, X, V)dV + pu.
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Finally, the model describing the fluid-particles interactions is given by the follow-
ing unknowns (f,U, py) system, noted VACNS (Vlasov-Anisotropic Compressible
Navier-Stokes):

(2.10)

6 pa R T 9u
- =0 TR A
U V>+g> f) 27 v

8tf + diVX(Vf) + diVV <<

8t/0w + le(pwU) = 0,
O (pwU) 4+ div(p,U @ U) + Vp — 2div (X : D(U)) = V(A(pyw)div(U))

I
2a%pp

+ / (V-=U)f(t,X,V)dV
RS

—

_gpwk

where p is given by (2.8). The System (2.10) is then equipped with boundary
conditions described in the following section.

2.2. Boundary conditions. Recall that the fluid domain is defined as follows:

{X = (z1,22,73) € R?; (x1,22) € [0, £1] % [0, L]
and b(t,xl,l‘g) < I3 < H(t,xl,l‘g)},

where x3 = H represents the local water elevation from the surface x3 = 0 to
the free surface and x3 = b denotes the local sediment layer elevation from the
surface 3 = 0. We have to prescribe for fluid layer a free surface and bottom
condition. Particularly, a bottom condition which describe how the sediment layer
evolves through the constraints acting from the fluid and how incoming particles or
outgoing particles increase or decrease the elevation of this interface. Nevertheless,
kinematic boundary conditions as in [14] are not considered here.

The basic idea is the following: we assume the continuity of the velocity of displace-
ment up and the fluid velocity U on the bottom:

U-ny=uy-ny, at xg = b(t,xl,xg),

where 1y is defined from the first moment of the density function of sediments as
follows:

VIt X, V)dV + VIt X, V)dV
_Joay o

Up =
f(t,X,V)dV+/ f(t, X, V)adv
oQ)

Y
o9,

where 89; is the set of incoming particles which tends to increase b and 9€, is the
set of outgoing particles.
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Free surface conditions. Neglecting the air viscosity, we prescribe a normal stress
continuity condition on the free surface with surface tension at the air/fluid interface
by:
o(U)ns = (Lo k(t,X) — po) ns at x3 = H(t, X),
where H is the total height as displayed on Figure 1. The quantity ns is the unit
outward normal to the free surface defined by
1 —0y, H
Nng = —Op, H

V14 Ve HI? 1

Bo is a capillary coefficient and « is the mean curvature of the surface and pg the
atmospheric pressure at the free surface. The free surface boundary conditions

write:

u
(p+ﬁ0/<é—p0) V:Jcl,:vzH_Mle,:vz < u; >v11712H

+ha (axg. < o ) + vxl,rZUg)) — Miv(U) Ve, 0, H =0,
(2.11) 2

u
2 ﬂOK’ +p0 — M3 <8m3 ( ’U; > + vx1,x2u3> : vx1,x2H

+2430,,u3 + Adiv(U) = 0.

Following [9, 13], we also introduce an indicator function ¢ which states that the
fluid region is advected at the fluid velocity U:

b= { 1 if xr3 € [b(t,:cl,xg),H(t,xl,xg)],

(2.12) 0 otherwise.

Using Equations (2.4) and (2.12), the mass conservation writes

(2.13) Oh(pu &) + div(p, U 6) = 0.

This indicator function is useful to obtain the so-called free surface condition.

Bottom conditions. we prescribe in a general way a wall-law condition which writes:
((c(U)ng) - ) 5 = R(U) at x5 = b(t,x1,x2).
The unit outward normal vector is given by

Ba, b
1 1
Bayb

ny = 5
VIHVarasb? 5

and 7, is any tangential component of the tangential basis at elevation x3 = b(t, z1, x2).

The bottom conditions can also be written:

o(U)ny — (a(U)ng - np) ny = R(U) at x3 = b(t, z1, x2),
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which writes for each components:
(2.14)

o1 (14 1Va1,0200”) Fo = Vi 02DV 028 ) Do < H

U2

> Vb
u
+ L2 ((1 + |vx1,x2b|2) I, — vxl,Zvaxl,bet> <8x3 < u; > + le,mgu3>

—H3 (<8333 < “ ) + vl‘l,l‘gu?)) : vzl,ng> V:B1,a72b + 2”381‘3“3 v$1,$gb

U2
32 ( &)(U)
_ 2 1
= (14 Va2t ( ) )
—H3 ‘v$17xzb’2 <8x3 < Z; > + vxlyx2u3> ' vxthb + 2M3 |VI1,I2b’2 a363u3

+ 2 <8x3 < Z; > + vm1,mzu3> 'vm,wzb

u1
i (D () 9

_ (1 + Ile,@b\Q)S/Q f(U).

We complete the bottom conditions by the continuity condition of the velocity
through out the interface separating the sediment and the fluid layer:

(2.15) b+ \/1 4 |Var,2,b2U -1y = S at a3 = b(t, x1, x2),

where S—4/1 + ]Vx17x2b|2U -ny, governs the variation of b; as the formalism described
(above) for outgoing and incoming particles.

2.3. The non-dimensional VACNS equations. We will perform an asymptotic
analysis in the following framework: we want modelling, mainly,

e small relaxation time with respect to the time scale, and
e small particles with respect to the dimension of the domain.

To this end, we will write the non-dimensional System corresponding to (2.10).
Thereby, let us introduce the characteristic length £ and the characteristic time

£
scale €. Then, we write the characteristic fluid velocity as i = T We define the

relaxation time that we want small compared with ¥ by

M _ 2a2pp

(2.16) T

- 6 ua I
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and a fluctuation of the velocity by:

_ T
m*M

which will be compared to the characteristic velocity 4. We also introduce the
non-dimensional variables of time, space, kinematic speed, fluid velocity, pressure,

density, viscosity and sediment density respectively:
~ t = X = v ~ U - D - P

tz*: X:77 VZ*: UZ*'} = )

i) =2 35 =2 and f6X.T) = 0 V(S £X VD)

With these dimensionless variables, System (2.10) writes:

( Vi VB o 1
(2.17) f—|— VVXf—l—ﬁde( . (U—V)f—gfk):;A;/f,
\/5 PurS
(2.18) T@; vt g —div(p,,U) =0,
Vp =~ bpo .. _~ =~
~ 0{pul) + g divg (U @ U) ~
Vopu ~.. = pol_ -
T (de OF D(U))+VX()\d1v)~((U))> + B veh
(2.19) 2 pof ( U)f(£, X, V)dV = po g puk.
\
Next, we write the dlmensmnless number B, C, E, F as follows:
Vo < gt 2 raN2p
2.20 B=-—-, C==, F==—=, E=—-(=) 2£C
(2:20) T 7 NGk 9 (2) 2
Then, multiplying Equation (2.17) and Equation (2.18) by ¥, Equation (2.19) by
%/5’ using definition of 7 in (2.16), with the dimensionless numbers (2.20), and
PO

dropping ., the previous system reads:

(2.21)
( O f + Bdivx(Vf) 4+ Cdivy (U — V) f — Vv f) = Fdivy (k f),

Otpw + Bdiv(p,,U) = 0,

Ot (puU) + div(p,U @ U) + BVp — 2 Ediv (X : D(U)) = E V(Adiv(U))

+C [ (V-U)ft X, V)dV
R3

_PwFE7
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where k = (0,0, 1)".
Remark 2.1. Boundary conditions are invariant by this scaling.

2.4. Formal asymptotic and the IVACNS equations. Assume ¢ = % “small”
and let us consider the following asymptotic regime,
1

(2.22) P _0@1), B=0(@1), C=-, F=0(), E=o0().
P0 €

Let us give some explanation concerning the physical meanings of this asymptotic
ordering:

e the assumption Pe _ O(1) means that weights of particles are not neglected.

e B =0(1) meagg that the characteristic velocity #l of the fluid and the
fluctuation of the velocity v/6 are of the same order with respect to e.

e as described in [10], the term C can be seen as the Knudsen number in
fluid hydrodynamics and it corresponds to assume that the time scale of
interactions are very fast.

e the term F' can be seen as the inverse of the Froude number. Indeed, as

£ :
VO ~ 8l = = we can rewrite F as

T

_ 9t _ 9%

F ==,
g Y

e E = O(1) means that the particles size are smaller compared to the size of
the domain.

Now, we will only interest to a solution at main order with respect to ¢; we look for
function f, U, p and p,, which admit the following asymptotic expansions:

=1 +ef + 06,

U=U"+cU'+0(e%),

p=p"+ep' +0(?),
puw = Py +€py + O(E7).

(2.23)

Then, plugging those expansions in System (2.21), we obtain:
At order 1/e:
divy (U° = V) O = Vv f2) = 0,

(2.24)
Jos (V= U fO(t, X, V)dV = 0.
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At order 1:
(2.25)
Buf* + BVVx f0 + divy ((UO V- vvfl) + divy (ULf°) = FVy f°,
0,p%, + Bdiv(p),U°) =0,

B (P U°) + Bdivx (0%U° ® U°) + BV xp° = 2 E (div(EO . D(UY))

FUOA)(U)) + /R VU0 X, V) av

— Jas UL FO(t, X, V) AV — FpQ k.

Defining the macroscopic density of particles ps and the macroscopic speed V,,, by
the integrals:

(226) (o)=L () sexmay

and assuming that ps; and V,,, also admit an asymptotic expansions with respect to
€:

ps = po +ept +0(E?), Vi =V2 +eV) +0(e%).
Then Equations (2.24) provide:

1
(227) fo — 73/)2 e_%HUO_V”Z and ,

V2T
(2.28) Ve =yt

and Equations (2.26)—(2.28) ensure the following identities:

1 R
L (v Joraxvar (5l )
/ L) div(v o, x, v)) av = div(p U”)
i\ V)Y < L div(pU @ U + V0 )

/ ( ! )divV«UO ~ V)X, V)
RI&
— Vv, X, V) = ULt X, V) = FfO(t, X, V)k) dV

0
o < Jos (U = V) fL+ UL fO + pOk )
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Then, integrating the non-dimensional Vlasov Equations (2.25) against 1 and V

provides:

(2.29)

dp° + Bdivy (p2U%) = 0,

Oh(p2U°) + Bdivx (0 U © U%) + BV x () = [ (U = V)1 (£, X, V) dV

F fos ULFO(8, X, V) AV + pOF.

On the other hand, the dimensionless ACNS equations read:

(2.30)

+V (Adiv(U°))) +/

oip° + Bdivx (p2U°%) =0,

3 (. U°) + Bdivy (0%U° © U%) + BV xp® = 2 E (div(ZO . D(U))

(V =U"f Ut X, V)dV — / U, X,V)dV — Fpd k.

R3 R3

Then, denoting by o

0= Py +

and adding Systems (2.29)-(2.30), we obtain:

(2.31)

dro + Bdivx (oU®) = 0,
d1(oU®) + Bdivy (oU° @ U%) + BVx(p° + p°) =2 E (div(EO : D(UY))

+V(/\(g)div(U0))> — Fok.

Now, to return in the physical variables, we write:

VOU° =U, poo=p

and we multiply the mass equation of System (2.31) by %0, the momentum equation

of System (2.31) by pov/0/% to obtain the following dimensional IVACNS unknowns
(U, p) system (which means Integrated Vlasov Anisotropic Compressible Navier-

Stokes):

(2.32)

8tp + le(pU) = 0,

3 (pU) + div(pU @ U) + V(p(p) + 0ps) = 2 (div(z . D(U))

FV(A(p)div(V)) ) ~ gk,
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where the pressure law is a time and space variable barotropic law (as the one used
in [4]):

9 hipw+ps)?

Pp 4 ’

where h = H — b is the fluid height, given by the kinematic condition at the free-
surface.

P(pw, ps) =

3. DERIVATION OF THE GENERALIZED SVE EQUATIONS

The model (2.32) is obtained from a coupling between the Vlasov equations with
gravity and the Compressible Navier-Stokes equations with an anisotropic viscous
tensor in a small relaxation time framework. The vertical average of the model
(2.32), under the assumption that the ratio height/length of the domain is small,
provides equations very close to SVE equations.

3.1. The non-dimensional IVACNS system. In a very closed way to the work
done in [9, 13], we derive from model (2.32) an hydrostatic approximation. To this
end, let us introduce a small parameter ¢ defined by:

£ W

E= = = —

L U

where £, L, Vo and Uy are respectively the characteristic scales for the vertical
and horizontal dimensions of the fluid domain and the horizontal and the vertical
characteristic velocities. We also introduce the characteristic time T defined by
T = ULO and the pressure units p = ﬁUg where p is the characteristic density.

In the rest of the paper, we use the following notations:

x = (z1,22), y=w2x3, u=(ul,u2), andv=us.

Then, we denote by

t =

the dimensionless variables of time, space, fluid velocity, pressure, density, the total
height, the bottom and the viscosities. With these notations, the Froude number F;.,
the Reynolds number associated to the viscosity u; (i=1,2,3), Re; and the Reynolds
number associated to the viscosity A, Re) read respectively:

Uy pUgL pUgL
——, Re;=——, Rey=—.
VgL Hi A
We also introduce & and S, the characteristic quantities corresponding to the friction
and the characteristic speed of the vertical variation of the moving bottom. In the

(3.1) F, =
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sequel, in order to take into account the friction, we set & to pUpe and S will make

explicit later.
Then applying this scaling, the System (2.32) is written:

(3.2)
1, Ui oo Vo
0 + 7 divg (p) + -2 05 (D) = 0,
pU0 o oo  PUs o o U0 Vo, po
= Or(pu) + =~ divg (pu @) + —5—0 (pv )+V( p(p) + Lps)—
U, Us, 1o T2V, —— -
MR divs (un Ds(@) + 25205 (7 05) + 2205 (12 V50)
o Moo (v, -
+550Vs <)\d1vx( >>+T£VI (Aayv),
D s pU Vo .. e D po
%a;( o) + 220 vz (5av) + a( 7) + 05(5p(0) + o) =
. mU Vo, o~ oBVo, o~
—gpp+ 7 divz (,u38~u) 2 leg(Mng’l})—i—Q?ag(u;;agv)
AUy Mo .o [fva
+ 20 (Xdiv (@ ))+Fay (Xo59) .,

where the free surface boundary conditions (2.11) are written:

pL ~ UL __ ~ ~
pf (p+ BK —po) VzH — MlLQO w1 Dz (u) VzH

Uo WV /\U ~
(7 (Do 09 - 8B

(3.3) _ﬂw DV =0,

~ -~ _ U, WL ~
p(—=p — BR + po) — 113 <M3<LO@ u+ 22 Vi v)) -VzH

\% Ao~ AV
+2 MZ 0u38~v + )\dlvx( )+ TO)\E%( V) =
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and the corresponding bottom boundary conditions (2.14):

([ UL e [ e~
A u1<<1+‘LV56 I~ V55 | Ds(@) Vb

tmam | [ 1+ §V~32 I —Sjv%v%f Y o5 +V°v
w2 2 VT 2 T2 VEoVa ¢ U zV

_ LU Vo2 _ _ ~ ~ WVopOs — - ~
—Ti3 113 (( Lzoﬁyu—i— OLs Vy)) -ng) Vzb+2 OL'u3 p3050 Vb

o (@
(3.4) _ Lo & 1(u
L+ |7 V3b o ()
L2 /82U, £V -
— 3443 ( L308§u+ 72 0V v) -Vz bJrZSVOM3 81}
e (U Vi Up £2 -
+u2L,u2<208u+ 0Vv>Vb Y “Lg Ml( ()Vb)Vb
o 2\
= <1+‘ngb ) AVoRs3(0).

Finally, the continuity condition for the velocity at the bottom (2.15) is written:

~ UL

(3.5) b+ —~ u(t,z,b) - Vb — Voo (t,,b) = SS.

£
T

Using the definition of the dimensionless numbers (3.1), setting p, = p, dropping ",
multiplying the mass equation of System (3.2) by T, the momentum equation for U
of System (3.2) by ﬁio and the momentum equation for v of System (3.2) by pVo
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we get the non-dimensional version of System (2.32) as follows:

(3.6)

Multiplying the first Equation of (3.3)

Op + divg (pu) + 9y (pv) = 0,
: 6%?
O (pu) +divy (pu®@u)+ 9y (pvu) + Vy | p(p) + Tl | =
R%eldivx (11 Dy (u)) + Riqay (12 (E%ayu + Vo)) + RLEAV;,; (Adiv(u)),

. 1 032
8 (pv) + divy (puv) + 8y (p0%) + 0, (€2p<p> n Szps> _

1 . 1 2
et pedive (s (50 V20 ) 00,0

1 :
+m3y (Adiv(u)) .

pL

~, we get the corresponding free surface conditions:

(3.7)

2

F,
(p+ Bk —po) Vo H — RT’ p1 Dy (v) V. H
€1

F? 1 F?
= D) x - - i x a:H
+R62 <M2 (52 Oyu+V v)) e, Aiv, (u)V

F2
2T, (0) VL H =0,
Re)\ y(v)

2

FT
(—p—ak +po) — Res (HS (8yu + 62va)) V. H

2

+2F—T 0 U+L3A(di (u) + 9y(v)) =0
R€3M3 Y Re)\ Ve Y -

163

L 1
by —, the second one by — and dropping
p
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Multiplying the first equation and the last equation of system (3.4) respectively by
L ~ e .

—5a and —, and dropping ., the conditions on the moving bottom read:

pUs L pU;

(e (1 +221V0b?) Lo = 92bV,) Do)V

+R% ((1+2219.01) B = £2V,69,0") <5128yu + W)

_ ks 2 : L
Fea ((Oyu 4 €°V4v) - Vb) Vb + 2R63 p30yv Vb

(3.8) _ (1 e \be\2)3/2 < ﬁ;gzg > ,

H3 2 (2 4 2 M3 2
s [Vab|” (e20yu + ' Vav) - Vb + 2 Res |V2b|” Oy

U2 H1
* Res (Oyu+ V) - Vb — 52R—€1 (Dy(u)Vyb) - Vb

3/2
=¢? (1 + &2 |V$b|2> / R3(v).

T
Multiplying Equation (3.5) by 5 and dropping -, the continuity condition reads:

(3.9) b+ u(t, 2, b) - Vb — v(t, 2, b) = —2—S.
5U0

Applying the hydrostatic approximation which consists to drop all the term of

0 — g2) of System (3.6) with the boundary conditions

second order ¢ (where &
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(3.7)- (3.8)- (3.9), we obtain the following system :
Op + divg (pu) + 9y (pv) = 0,

Br (pu) + dive (pu ® u) + 8y (pvu) + Va(p(p) +€2ps)

1 . 1 1
= Tldlvx (/,Lle(u)) + Ri@ay (MQ <€28yu + Va;1)>>

L iv(u
(3.10) +e; Va (Adiv(u)),

. 1 11
Ai(pv) + dive(puv) + 9, (pv?) + ay(gp(p) +ps) = ~ 572

"‘idiVx (M3 (éﬁyu + V;ﬂ))) + 0y (p30yv)

2
R63 82R€3

L5 (\div(w),

+52R6)\ Y

with the free surface conditions
( 2

F?
(p+ Bk —po) Va H—R—QMD e (u) Vo H+

F? 1 F?
<u2 ( Oyu + va>> — Mdiv (u)V,H

Res € Rey

3.11 V =
. A0, -H =0,
( ) R N ( )

F?
(—p— ak +pg) — Res (u30yu) - Vo H
2 2

_|_2 i R (divg(u) + 9y (v)) = O(e?),
€

the moving bottom conditions

— L D () Vb + L2

H2 (L vty bL(V bl)t o
Req Rey \ €2 yu zv v v vt

(3.12) (Byu - V) Vg b+2R1 1130, Vb = ( ﬁ;gzg ) +0(e?),

R3

25
b=
Rezf)u Vb= 0(e?)
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and the equation of the continuity

(3.13) Ob + u(t,x,b) - Vyb—v(t,x,b) = iS’.
g UQ
Let us remark that from Equations (3.10)—(3.12), we deduce:
M2 — 2 X g —
Oy <R62 6yu> O(e%), (Re,\ dlvmu> v O(e),
(3.14)
%) H2 2
—0 u> = 0(g?), <8 u) = 0(e).
<R€2 ") = Res ™"/

3.2. The approximation of the IVACNS system at main order. As we seek
for the main order approximation, assuming that the unknowns admits an asymp-
totic expansion with respect to ¢ as u = u® 4 cu':

e we drop all term of O(e) in System (3.10),
e we use the hydrostatic approximation to write explicitely the pressure,
e and state the asymptotic regime:

. N , Y
(3.15) ’;f:i) =& ly(p), i =1,2,3 and R(epj =&*(p).

to obtain the system:

Op + divy (pu) + 9y (pv) = 0,

O (pu) + divy (pu @ u) 4 0y (pvu) + Vap(p)
(3.16)
= div, (11 Dy (u)) + 0y (l/gayul)

where we denote again u® by u.
Setting k = pg = 0, the free surface boundary conditions reduce to:

—v1Dy (u) V H + (Vgayul) =0,
(3.17)
Vi(hp) =0

and the moving bottom conditions are written:

Ri(u
—v1 Dy (u) Vb + Vg(?yul = ( ﬁléu; ) + O(e),
(3.18) 0y - Vb= 0O(e),
S
Ob 4+ u(t,z,b) - Vb —v(t,z,b) = —85

EUO
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We have from Estimates (3.14) and from the asymptotic ordering (3.15) that:
Oy (120yu) = O(e), (1/26yu)|y:H = O(e), (l/gﬁyu)‘y:b = O(e).
which imply:
u(t, z,y) = u(t,z) + O(e)

whenever vy(p) is of order O(%), ¥§ < 0 otherwise the motion by slice is not

<
guaranteed. On the other hand, if S = V, the following continuity equation writes:
(3.19) O+ u(t,x,b) - Vyb—v(t,x,b) = S.

Equations close to SVE equations are then obtained by setting S = 0.

3.3. The non-dimensional system vertically averaged. Now, in order to de-
rive equations closed to SVE model, we have to average vertically the System (3.16)
with boundary conditions (3.17)—(3.19).

For any function f, we note the mean value of f over the vertical as

H
h(t,x)f(t,a:):/b fdy.

We first note that: from the equation hp = 2(H — y)(the hydrostatic equation),
we deduce that

(3.20) / pdy—h/ hpdy—h/ (H-—y)dy="h
b b b

and the mean pressure is written:

H 4
(3.21) / hp* dy = —h>.
b 3

Next, using

Leibniz formulas,

bottom conditions (3.18)-(3.19),
u="1u+O0(e),

and equation (3.20),

the averaged mass equation reads:

(3.22) dyh + div(hi) = 0.
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Similarly, integrating the horizontal momentum equations in System (3.16) for b <

y < H gives:
1

2

Oi(hu) 4+ divy(hw ®@ u) +

+(pu(@b+u- Vb= w)) Ve

- (pu (O H +u- VoH — w) ) Vel

H [
= divx(/b D(u —u)dz + (v1)hD(w))

+ (le(a)vxﬂ - @azul)
€ |z==H
Using boundary conditions (3.17-3.18-3.19), and u = u + O(e) we finally obtain:
_ . _ _ 1 2 h . _ ﬁl (u)
(3.23) 0O(hu) + div(hu ® u) + TFEV}L = —F—T2Vb + div(hD(w)) — < folu) )
Coming back to the physical variables, the presented SVE like model reads:

Oh + div(ha) Y

(3.24) { 8y(ha) + div(ha ® @) + ghV <’; + b>

Il
=
=
>
S
S
|
7N
> M
[\CR
IR
S~

\ 815() + vab = .

Remark 3.1. Averaging System (3.16) with S # 0 modifies the hydrodynamic
part of the flow by adding a source term to the mass equation (—25) and to the
momentum equations (—2uS). Source terms —2S, —2uS also modify the mass
conservation equation for h as for b.

Those equations called averaged IVACNS equations are very close to the usual
viscous or non viscous (if we drop the viscosity in Equations (3.24)) SVE equations
(1.1)-(1.2). Namely, if we set uVzb — v = £div(gy(h,u)), we obtain a very close
model with the own difference which comes from the coefficient % Let us also note
that stability results obtained in [19, 6] hold also here, by adapting there proofs as
illustrated in the following sections.

4. EXAMPLE 1: THE VISCOUS SEDIMENTATION MODEL OF [6]

In this section we illustrate Model (3.24) with the new morphodynamic bed-load
transport introduced by Zabsonre et al [6], slightly modified in the sense that we
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introduce coefficient o, . The main difference from the model [6] and Model (3.24)
comes from the coefficient 1/3 of the pressure term which is classicaly 1/2. Then,
the Model (3.24) with the morphodynamic bed-load transport [6] reads:

Och + div(hu) = 0,
(4.1) O (hu) + div(hu ® u) + ghV (Z + b) = 2wdiv(hD(u)),
[ Oib + div(ahu [u|” — BrVb) =0

where I is the identity matrix. The bed-load transport term uV,b — v writes
div(ahu |u]” — BrVb) for some « and 3 satisfying relations (4.4), with r € [0,1/2].
We also set the friction term in (3.24) to zero. The System (4.1) is equipped with
the initial data:

(4.2) L*(Q) 3 hy—g =ho 2 0, by—g=bo € L*(), huy—g =mg
and
(4.3) Imo|? /ho € L'(Q),  V+/ho € L*(2)?

where Q = 772 is the torus. Then the main result is a straightforward consequence
to the one presented in [6],i.e:

Theorem 4.1. Let o, 5 and v = (o, B8), § = 0(B) (called stability coefficients)
such that

0<B<2,a>0
2
v(a, B) = 3ap(B) > 0,

6(8) = o(8) —1>0.

Let (hy, up, by) be a sequence of weak solutions of (4.1) with initial conditions (4.2)-
(4.3), in the following sense: ¥r € [0,1/2]:

o System (4.1) holds in (D'((0,T) x Q))* with (4.2-4.3),
e Energy (4.5), Entropy (4.7) and the following regularities are satisfied:

Vhu € L>®(0,T; (L2())?), VhVu € L2(0,T; (L2())4),
A2y, e L0, T (L7H2(Q))2),  h/3+be L°(0,T; L (1)),
V(h/3) 4+ Vb e L2(0,T; (L2(Q))%), Vvh e L®(0,T; (L3(Q))?),
RYTD(w)?/" e L7(0,T; (L7 (Q))4).

If h® > 0 and the sequence (h%,ul,m2) — (ho,ug, mo) converges in L*(Q) then, up
to a subsequence, the sequence (hy,un, my) converges strongly to a weak solution of
(4.1) and satisfies Energy (4.5), Entropy (4.7) inequalities.
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Energy and entropy estimates. Estimates for shallow water equations are gen-
erally obtained by the energy and entropy inequality where

e energy inequality is obtained by multiplying the momentum equation by u
and integrating by parts,
e entropy inequality is obtained by, let’s say, the BD-entropy [1].

Although System (3.24) is composed by a shallow water type equations, the steps
to obtain useful estimates described above are not sufficient since the equation for b,
the coefficient 1/3, a and f introduce a lot of terms where their signs are unknown.
Nevertheless, useful estimates are obtained by combining the BD-entropy and the
energy with the factor u(1 + ~y|u|") for some ~v(«, ), instead of u. We obtain the
following inequality:

Proposition 4.2. Let (h,u,b) be a regular solution of (4.1) and ~y, 6 satisfying
condition (4.4). Then we have:

2
d [ hlu> (e B) 42 \/§ \/T y|?
dt/Q 5t org +g<f>(6)< st gh] o) dx

(45) o, /Q B+ (1= 20) [uf) D) + 8(8) | Au) > dx

v /Q v (V3o()5b + v/2/35Bh) | dx <0

where 1 = u+ 2vVinh.

Proof of Proposition 4.2: We only draw the outline of the proof. We multiply
the momentum equation by u+~yu |u|” and using the mass equation for h and b and
integrate by parts to obtain:

(4.6)
d [ hluf
dt Jo 2

b B dr 4 2y/ B D(W)|? — Adiv(hD(w)) - ulul” da
r+ 2 Q
+g/ Oth? /6 + bOsh + hy/(30)0b + v/ (20) 4b? d:
Q

v /Q B7/(3a)Vb- Vh + By/a| Vb2 dx =0

As the sign of terms in (4.6) are unknown, we have to get more additional informa-
tion to conclude which is done with the BD-entropy. We first take the gradient of
the mass equation, then we multiply by 2v and write the terms Vh as hVInh to
obtain:
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Lemma 4.3. Let (h,u,b) be a reqular solution of (4.1). Then the following equality
holds:
1d 2 Al
33 | Alvl d:v+/ﬂ21/| (w)® da
(4.7)

+/ g/60:h? + 2gv /3 |V h|* + gbdih + 2gvVb - Vhdz = 0
Q

Proof. (Proof of Lemma 4.3): We first take the gradient of the mass equation of
(4.1), then we multiply by 2v and write the terms Vh as AV Inh to obtain:

(4.8) 9 (2vhV Inh) + div (2vhV Inh ® u) + div (2vhV'u) = 0

Next, we sum Equation (4.8) with the momentum equation of System (4.1) to get
the equation:

(4.9) O (b)) +div (¢ ® hu) + hV (h/3 + b) + 2vdiv (hA(u))

where 1) = u + 20V Inh the BD multiplier and 2A4(u) = Vu — V'u the vorticity
tensor. The BD-entropy is then obtained by multiplying the previous equation by
1 and integrating by parts:

(4.10) / O (hp) +div (¢ ® hu) dz = @ |ﬂ;| dx,
e remarking that
/ 2vdiv (hA(u)) VIinhdz =0,
then the integral recgizuces to
(4.11) /QQVdiv (hA(uw)) udz = 2V/Qh |A(u))?,

e we have also:

/ Whidz = / WV hudz + 2 / WAV In h da
: d

(4.12) Q
= /h2/2dx+2y/ \Vh|? d,
dt
/th¢ der = /thudx+2y/ hVbV In hdx
(4.13) Q Q Q

= /b@thd$—|—21//Vb-Vhd:E.
Q Q

Finally, gathering results (4. 10)7(4.13) provides the following entropy equality:

|7/)| / 2 2v 2
dt 5 dx+2u h|A(u)| +93 |Vh|* dx

(4.14)
+/ bOh + 2wV h - Vbdx = 0.
Q
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Next, computing (4.6) + §(4.14), setting (4.4), and remarking that:

i " =— ul” |D@)|? dz —r wu-V)u-ulul""? d
[ divhD@) - ulul” de = [ hju D@ do = [ (DG 9y uula a

and

/ (hD(w)u - V) u-ulu|"? da
Q

<2 [ nful" D) da.
Q
we obtain the inequality (4.5). O

Proof. Proof of Theorem 4.1: Thanks to Inequality (4.5), Theorem 4.1 is a
straightforward consequence of the result in [6]. O

5. EXAMPLE 2: THE GRASS SEDIMENTATION MODEL
If we assume that the morphodynamic bed-load transport equation is given by:
Eqp = hu

which means that the sediment layer level evolves as the fluid height. Thus, Model
(3.24) reduces to :

( Oyh + div(hu) =0

(5.1) § O (hu) + div(hu @ u) + ghV (Z + b) = 2udiv(hD(u)) — ( ﬁ;gz; >

O + div(hu) =0

thanks to the Grass bedload transport equation. Then, from the mass equation for
h and the solid transport equation for b, we have:

(5.2) b(t,z) = h(t,z) — by(x)

for some given data by. A very close model has been mathematically studied by
Bresch et al [3] and they show an existence result under the regularity assumption
on by > 0. We also have, for the same model, results of Toumbou et al [19] where
the viscous term is Aw instead of div(hD(u)). We show that in spite of the pressure
term h?2/3, if we add a friction term rou+ru |u| (that we do not write for simplicity
in the below inequalities but required for stability), the existence result [3] holds for
Model (5.1). Indeed, the energy equality is given by:

Proposition 5.1. Let (h,u,b) be a regular solution of (5.1), then the inequality
holds:

(5.3) 1d hlu? dz + h—2+ @d +2 /h|D( )? d </ @d
. 2dtQu mg6 921’ I/Q U x\Qg2x

The BD-entropy is given by:
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Proposition 5.2. Let (h,u,b) be a regular solution of (5.1), then the inequality
holds:

1d 5 h?
2dt/£h¢w|<+g(id$

(5.4)
2

b
+/ 2v |A(u)|? d:::+2gu/ §\Vh|2 < / 92 4 gu | V| da
Q o3 o 2

Then it is sufficient to have by € L?(0, T; L?(Q2) to apply [3] to obtain the existence
result.

6. CONCLUSION

We have presented a way to derive a SVE like equations with viscous and non-
viscous shallow water equations. This is done in the Vlasov-Compressible Navier-
Stokes coupling framework, where the particles are assumed small with respect to
the dimension of the domain and the relaxation time is also assumed small with
respect to the time scale. As the usual SVE equations have already studied nu-
merically and mathematically, now our study provide a derivation of an alternative
of SVE equations for sedimentation. The derivation of the sedimentation is done
thanks to a modified barotropic law. In [7], changing the barotropic law, we derive
in a very close way, a sedimentation model for closed pipes where we mathematically
show the stability as in [19, 6] for instance.
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