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Proposition 1.2. Let E be a Banach space. Consider a family of proper lower
semicontinuous convex functions φi : E → R∪{+∞}, i ∈ I, where I is an arbitrary
index set. Suppose that supi∈I φi is not identically +∞. Then

epi(sup
i∈I

φi)
∗ = clco

⋃
i∈I

epiφ∗i .

Proposition 1.3. Let E be a Banach space. Let φ1 : E → R, φ2 : E → R ∪ {+∞}
be proper, lower semicontinuous convex functions. Then

epi(φ1 + φ2)
∗ = cl(epiφ∗1 + epiφ∗2).

In addition, if one of the proper, lower semicontinuous convex functions is con-
tinuous, then

epi(φ1 + φ2)
∗ = epiφ∗1 + epiφ∗2.

2. Formulation

Now we formulate our best approximation problem defined on L2
n[0, 1]: Consider

(P) Minimizex∈L2
n[0,1]

1

2

∫ 1

0
‖x(t)‖2dt

subject to x ∈ K,
ai(t)

Tx(t)− bi(t) = 0 a.e. t ∈ [0, 1], i = 1, . . . ,m

where K is a closed convex cone in L2
n[0, 1] and ai ∈ L∞n [0, 1] and bi ∈ L2[0, 1],

i = 1, . . . ,m are given, where L2
n[0, 1] = {x | x : [0, 1] → Rn : measurable and∫ 1

0 ‖x(t)‖2dt <∞} and L∞n [0, 1] = {x | x : [0, 1]→ Rn : measurable and there exists
M such that ‖x(t)‖ 5 M a.e on [0, 1]}}. We define the inner product 〈·, ·〉 as

〈f, g〉 =
∫ 1
0 f(t)T g(t)dt for any f, g ∈ L2

n[0, 1]. Then L2
n[0, 1] is a Hilbert space with

the inner product (refer [1] for the definitions and basic properties of the spaces
L2
n[0, 1] and L∞n [0, 1]).
Let 4 = {x ∈ K | ai(t)Tx(t)− bi(t) = 0 a.e. t ∈ [0, 1]}. Assume that 4 6= ∅. We

can prove that 4 is a closed convex subset of L2
n[0, 1]. So the problem (P) has the

unique optimal solution.
We define the nonnegative dual cone of K as

K∗ = {z ∈ L2
n[0, 1] |

∫ 1

0
z(t)Tx(t)dt = 0 ∀x ∈ K}.

We recall that x = y in L2
n[0, 1] if and only if x(t) = y(t) a.e on [0, 1].

Example 2.1. Consider the following best approximation problem defined on
L2
2[0, 1]:

(P )1 Minimizex∈L2
2[0,1]

1

2

∫ 1

0

[
x1(t)

2 + x2(t)
2
]
dt

subject to x1(t) + x2(t) = t a.e. t ∈ [0, 1].

Then ( t2 ,
t
2) is the unique solution of (P1) and its optimal value is 1

12 .
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Consider another best approximation problem defined on L2
n[0, 1]:

(P )2 Minimizex∈L2
2[0,1]

1

2

∫ 1

0

[
x1(t)

2 + x2(t)
2
]
dt

subject to

∫ 1

0

[
x1(t) + x2(t)

]
dt =

1

2
.

Then (14 ,
1
4) is the unique solution of (P )2 and its optimal value is 1

16 .

Jeyakumar et al. [6] studied the (P )2 type best approximation problem, but in
this paper, we consider the type (P )1 best approximation problem. The example
says that the two type best approximation problems are different.

3. Optimality conditions

Now we give the following optimality theorem for (P):

Theorem 3.1. Let x̄ ∈ 4. Then the following are equivalent:

(i) x̄ is an optimal solution of (P);
(ii) there exist v̄ ∈ L2

n[0, 1], λli ∈ L2[0, 1], k∗l ∈ K∗, r = 0 and rl = 0, i =
1, . . . ,m such that

v̄ + lim
l→∞

[ m∑
i=1

λliai − k∗l
]

= 0

and − 1

2
‖x̄‖2 =

1

2
‖v̄‖2 + r + lim

l→∞

[ m∑
i=1

〈
λli, bi

〉
+ rl

]
;

(iii) there exist λli ∈ L2[0, 1] and k∗l ∈ K∗ such that

x̄+ lim
l→∞

[ m∑
i=1

λliai − k∗l
]

= 0

and lim
l→∞
〈k∗l , x̄〉 = 0,

where λliai = (λlia
1
i , . . . , λ

l
ia
l
i) (ai = (a1i , . . . , a

l
i)).

Proof. (i)⇒ (ii): Suppose that x̄ is an optimal solution of (P). Let f(x) = 1
2

∫ 1
0 ‖x(t)‖2dt.

Let D = {x ∈ L2
n[0, 1] | ai(t)Tx(t) − bi(t) = 0 a.e. t ∈ [0, 1], i = 1, . . . ,m} and

4 = {x ∈ K | ai(t)Tx(t)− bi(t) = 0 a.e. t ∈ [0, 1], i = 1, . . . ,m}. Then 4 = D∩K.
Let hi(x) = ai(·)Tx(·)− bi(·). Then hi : L2

n[0, 1]→ L2
n[0, 1], i = 1, . . . ,m, is contin-

uous and affine,

D = {x ∈ L2
n[0, 1] | hi(x) = 0, i = 1, . . . ,m}.

By Proposition 1.3, we have,

(0,−f(x̄)) ∈ epi(f + δ4)∗

= epif∗ + epiδ∗4

= epif∗ + cl(epiδ∗D + epiδ∗K).
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Thus

(0,−f(x̄)) ∈ epif∗ + cl(epiδ∗D + epiδ∗K).(3.1)

Since f∗(v) = 1
2‖v‖

2, epif∗ =
{(
v, 12‖v‖

2
)
|v ∈ L2

n[0, 1]
}

+ {0} ×R+. Since δD(x) =
sup

λi∈L2[0,1]

∑m
i=1 〈λi, hi(x)〉, it follows from Proposition 1.2 that

epiδ∗
D̃

= cl
⋃

λi∈L2[0,1]

m∑
i=1

epi
(
〈λi, hi(·)〉

)∗
= cl

[ ⋃
λi∈L2[0,1]

{ m∑
i=1

(λiai,

∫ 1

0
λi(t)bi(t)dt)

}
+ {0} × R+

]
and epiδ∗K = (−K∗)× R+. Thus, from (3.1),

(0,−1

2
‖x̄‖2) ∈

{(
v,

1

2
‖v‖2

)
|v ∈ L2

n[0, 1]

}
+ {0} × R+

+cl
[ ⋃
λi∈L2[0,1]

{ m∑
i=1

(λiai,

∫ 1

0
λi(t)bi(t)dt)

}
+ {−K∗} × R+

]
.

Hence there exist v̄ ∈ L2
n[0, 1], λli ∈ L2[0, 1], k∗l ∈ K∗, r = 0 and rl = 0, i = 1, . . . ,m

such that(
0,−1

2
‖x̄‖2

)
=

(
v̄,

1

2
‖v̄‖2

)
+ (0, r)

+ lim
l→∞

[ m∑
i=1

(λliai,

∫ 1

0
λli(t)bi(t)dt) + (−k∗l , rl)

]
.

Therefore there exist v̄ ∈ L2
n[0, 1], λli ∈ L2[0, 1], k∗l ∈ K∗, r = 0 and rl = 0, i =

1, . . . ,m such that

v̄ + lim
l→∞

[ m∑
i=1

λli(·)ai(·)− k∗l
]

= 0(3.2)

and − 1

2
‖x̄‖2 =

1

2
‖v̄‖2 + r + lim

l→∞

[ m∑
i=1

∫ 1

0
λli(t)bi(t)dt+ rl

]
.(3.3)

Thus (ii) holds.
(ii)⇒ (iii): Suppose that (ii) holds. From (3.2) and (3.3), there exist λli ∈ L2[0, 1],

kl ∈ K∗ and rl ∈ R+ such that

0 = 〈v̄, x̄〉+

〈
lim
l→∞

( m∑
i=1

λliai − k∗l
)
, x̄

〉
(3.4)

0 =
1

2
〈x̄, x̄〉+

1

2
〈v̄, v̄〉+ r + lim

l→∞

[ m∑
i=1

∫ 1

0
λli(t)bi(t)dt+ rl

]
.(3.5)



BEST APPROXIMATION PROBLEMS 313

From (3.4) and (3.5),

0 = −1

2
〈x̄, x̄〉+ 〈v̄, x̄〉 − 1

2
〈v̄, v̄〉 − r

+ lim
l→∞

[〈 m∑
i=1

λliai, x̄

〉
−

m∑
i=1

∫ 1

0
λli(t)bi(t)dt− 〈k∗l , x̄〉 − rl

]
= −1

2
‖x̄− v̄‖2 − r − lim

l→∞

(
〈k∗l , x̄〉+ rl

)
Thus ‖x̄ − v̄‖2 = 0, that is, x̄ = v̄, r = 0, lim

l→∞
〈k∗l , x̄〉 = 0 and lim

l→∞
rl = 0. Thus,

from (3.2), there exist λli ∈ L2[0, 1] and k∗l ∈ K∗ such that

x̄+ lim
l→∞

[ m∑
i=1

λliai − k∗l
]

= 0

and lim
l→∞
〈k∗l , x̄〉 = 0.

Hence (iii) holds.
(iii)⇒ (i): Suppose that (iii) holds. Then for any x ∈ 4, we have

0 = 〈x̄, x− x̄〉+ lim
l→∞

〈
m∑
i=1

λliai − k∗l , x− x̄

〉

= 〈x̄, x〉 − ‖x̄‖2 + lim
l→∞

[ m∑
i=1

〈
λli, bi

〉
− 〈k∗l , x〉 −

m∑
i=1

〈
λli, bi

〉
+ 〈k∗l , x̄〉

]
= 〈x̄, x〉 − ‖x̄‖2 − lim

l→∞
〈k∗l , x〉 .

Thus for any x ∈ 4, 〈x̄, x〉− ‖x̄‖2 = 0 and so ‖x− x̄‖2 5 ‖x‖2−‖x̄‖2. Thus x̄ is an
optimal solution of (P) and so (i) holds. �

Example 3.2. Consider the problem (P)1 in Example 2.1. Then by Theorem 3.1,
(x̄1, x̄2) is the unique optimal solution of (P)1 if and only if

x̄1(t) + x̄2(t) = t a.e. t ∈ [0, 1] and

there exists λl ∈ L2[0, 1] such that

(x̄1, x̄2) = lim
l→∞

λl(1, 1) = 0,

equivalently, x̄1(t) + x̄2(t) = t a.e. t ∈ [0, 1] and there exist λl ∈ L2[0, 1] such that

(x̄1(t), x̄2(t)) = (− lim
l→∞

λl(t),− lim
l→∞

λl(t)) a.e. t ∈ [0, 1].

Hence λl(t) = − t
2 (a.e. t ∈ [0, 1]) and (x̄1(t), x̄2(t)) =

(
t
2 ,

t
2

)
(a.e. t ∈ [0, 1]) is the

unique optimal solution of (P)1.
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Remark 3.3. We do not know the example which shows that the limits in Theorem
3.1 can not be removed. We do not know whether the limits in Theorem 3.1 for best
approximation problem can be removed or not. We had examples which show that
such limits could not be removed in other convex or linear fractional optimization
problems (see [3, 8–12]).
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