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ABSTRACT. In this paper, we introduce an implicit iterative algorithm for finding
a common element of the set of minimizers of a convex function, the set of
solutions to a variational inequality problem for a continuous monotone mapping
and the set of fixed points of a continuous pseudocontractive mapping in Hilbert
spaces. Under suitable control conditions, we establish strong convergence of
sequences generated by the proposed iterative algorithms to a common element
of three sets, which is a solution of a certain variational inequality. As a direct
consequence, we obtain the unique minimum-norm common element of three sets.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||.
Let C be a nonempty closed convex subset of H and let T': C' — C' be self-mapping
on C. We denote by Fiz(T) the set of fixed points of T'.

The minimization problem (shortly, MP) is one of most import problems in non-
linear analysis and optimization theory. The MP is defined as follows: find x € H
such that
(1.1) F(z) = min F(y),

yeH
where F' : H — (—o0,00] is a proper convex and lower semi-continuous. The set
of solutions to the MP(1.1), that is, the set of all minimizers of F' is denoted by
argmin, e F'(y). A successful and powerful tool for solving the MP is well-known
proximal point algorithm (shortly, the PPA) which initiated by Martinet [8] and
later studied by Rockafellar [12] in 1976. The PPA is defined as follows:

r1 € H,
Tnp1 = argmingey | F(y) + - |lzn — yl1?|,
where A\, > 0 for all n > 1.
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Let A : C — H be a nonlinear mapping. The classical variational inequality
problem (shortly, VIP) is to find a v € C such that

(1.2) (v—wu,Au) >0, YveC.

This problem is called Hartman-Stampacchia variational inequality ([7, 14]). We
denote the set of solutions to the VIP(1.2) by VI(C, A). As we also know, variational
inequality theory has emerged as an important tool in studying a lot of real-life
problems, such as, in signal processing, resource allocation, image recovery and so
on.

A fixed point problem (shortly, FPP) is to find a fixed point z of a nonlinear
mapping 1" with property:

(1.3) zelC, Tz =z

Fixed point theory is one of the most powerful and important tools of modern
mathematics and may be considered a core subject of nonlinear analysis.

As we all know, the convex feasibility problem (shortly, CFP) is the problem of
finding a point in the (nonempty) intersection C' = N*,C; of a finite number of
closed convex sets C; (i =1,---,m).

Recently, many authors considered iterative algorithms for finding a common el-
ement of solution sets of the MP(1.1), VIP(1.2), and the FPP(1.3) combined with
some nonlinear problems as special cases of the CFP. For instance, we can refer
to Takahashi and Toyoda [16] for the VIP(1.2) for an inverse strongly monotone
mapping A and the FPP(1.3) for a nonexpansive mapping 7', refer to Peng and Yao
[11] for the VIP(1.2) for a monotone and Lipschitz continuous mapping A and the
FPP(1.3) for a nonexpansive mapping 7', refer to Jung [4] for the VIP(1.2) for an
inverse strongly monotone mapping A and the FPP(1.3) for a strictly pseudocon-
tractive mapping 7', and refer to Jung [5] for the VIP(1.2) for a continuous monotone
mapping A and the FPP(1.3) for a continuous pseudocontractive mapping 7', and
refer to Jung [6] for the the MP(1.1) for a real-valued convex (Fréchet) differentiable
function F' and the FPP(1.3) for a continuous pseudocontractive mapping 7.

In particular, in 2020, Sow [13] considered an iterative algorithm for the MP(1.1)
of a convex function F', the VIP(1.2) for an inverse strongly monotone mapping A
and the FPP(1.3) for a demicontractive mapping 7" and a strictly pseudocontractive
mapping mapping 7.

In this paper, in order to study the MP(1.1) combined with the VIP(1.2) and
the FPP(1.3), we introduce an implicit iterative algorithm for finding a common
element of the set of solutions to the MP(1.1) for F', the set of solutions to the
VIP(1.2) for A and the set of fixed points of T, where F' : C' — (—o0, o0] is a proper
convex and lower semi-continuous function, A : C — H are continuous monotone
mapping and 7' : C — C is a continuous pseudocontractive mapping. Then we
establish strong convergence of the sequence generated by the proposed iterative
algorithm to a common element of three aforementioned sets, which is a solution of
a certain variational inequality. As a direct consequence, we find the unique solution
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of the minimum-norm problem:
%] = min{||z| : = € @},

where ® := argmin, . F'(y) NV I(C, A)N Fiz(T). The results in this paper develop
and complement of the recent results announced by several authors in this direction.

2. PRELIMINARIES AND LEMMAS

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of
H. In the following, we write x,, — z to indicate that the sequence {x,} converges
weakly to z. x, — x implies that {x,} converges strongly to x.

We recall ([1, 3]) that a mapping F of C into H is called

(i) Lipschitzian if there exists a constant x > 0 such that
[1Fz = Fy|| < sllz -yl Va,y € C;
(ii) monotone if (x —y, Fx — Fy) >0, Vz, y € C;
(iii) a-inverse strongly monotone if there exists a constant o > 0 such that
(v —y, Fx — Fy) > o|Fe — Fy|?, vz, yeC;
iv) n-strongly monotone if there exists a positive real number 1 such that
n gty n
<$_y7F$_Fy>Zon_yH2v vayec-

We note that if F'is an a-inverse strongly monotone mapping of C into H, then
it is obvious that F is 1-Lipschitz continuous, that is, [|[Fz — Fy| < 1|z — y||
for all x,y € C. Clearly, the class of monotone mappings includes the class of
a-inverse-strongly monotone mappings.

We recall ([1]) that a mapping T': C' — H is said to be pseudocontractive if

|IT2 = Ty|* < llz = ylP* + I(I = T)z — (I = T)yl*, Va, yeC,

and T is said to be k-strictly pseudocontractive if there exists a constant k €
[0, 1)such that

1Tz = Ty|* < llz — ylI* + k(I = T)z — (I = Ty, vz, y€C,

where [ is the identity mapping. The class of k-strictly pseudocontractive map-
pings includes the class of nonexpansive mappings as a subclass. That is, T is
nonexpansive (i.e., ||[Tx — Ty|| < ||z —y||, Yz, y € C) if and only if T' is O-strictly
pseudocontractive.

In a real Hilbert space H, the following hold:

(2.1) lz = yl* = ll2l® + lyll* — 2(z, y),

for all x, y € H. For every point x € H, there exists a unique nearest point in C,
denoted by Pox, such that

[ = Pex| = inf{[lz —y|| : y € C}.
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P¢ is called the metric projection of H onto C. It is well known ([15])that Po is
nonexpansive and Pg is characterized by the property

(2.2) u=Pox << (x —u,u—y) >0, VeeH, yeC.
We need the following lemmas for the proof of our main results.
Lemma 2.1 ([18]). Let C be a closed convex subset of a real Hilbert space H. Let

A:C — H be a continuous monotone mapping. Then, for w >0 and x € H, there
exists z € C such that

1
<Az,y—z>+;<y—z,z—x>20, Yy e C.

Forw >0 and x € H, define A, : H — C by
1
wa:{zEC:<Az,y—z)+w<y—z,z—x>20, VyEC}.

Then the following hold:
(i) Ay is single-valued;
(ii) Ay is firmly nonexpansive, that is,

||Aw$ - Awy”2 < <Awl' - Awy,x - y}, V$, y € H;

(ili) Fiz(Ay,) =VI(C,A);
(iv) V(I,A) is a closed convex subset of C.

Lemma 2.2 ([18]). Let C be a closed convex subset of a real Hilbert space H. Let
T :C — C be a continuous pseudocontractive mapping. Then, forr >0 andx € H,
there exists z € C such that

1
(Tz,y—2)——(y—2,(1+r)z—z) <0, VyeCl.
T

Forr>0andx € H, defineT,. : H— C by
1
T,«x:{ZGC:(Tz,y—z>—r<y—z,(l+r)z—x)<0, VyEC}.

Then the following hold:
(i) T, is single-valued;
(ii) T, is firmly nonexpansive, that is,

HT,(L‘ - Try”2 < <T7"55 - Ty, x — y)) Vx, y € H;
(iii) Fix(T,«) = Fiw(T);

(iv) Fiz(T) is a closed convex subset of C.

The following lemma can be easily proven, and therefore, we omit the proof.



AN IMPLICIT ITERATIVE ALGORITHM FOR CONVEX MINIMIZATION PROBLEM 281

Lemma 2.3. Let V : C — H be an l-Lipschitzian mapping with constantl > 0, and
G : C — H be a p-Lipschitzian and n-strongly monotone mapping with constants p
and n > 0. Then for 0 < Il < un,

(0G = AV)x = (uG = yV)y,x —y) > (un — D) ||z —yl*, Va, y € C.

That is, uG — vV is strongly monotone with constant un — l.
We also need the following lemma (see [17] for the proof).

Lemma 2.4. Let C' be a nonempty closed subspace of a Hilbert space H. Let
G : C — H be a p-Lipschizian and n-strongly monotone mapping with constants
p>0andn > 0. Let0<u<i—gand0<t§1. Then I —tuG : C — H is a

contraction with contractive constant 1 — tt, where T =1 — \/1 — u(2n — pp?).

Lemma 2.5 ([1] (Demiclosedness principle)). Let H be a real Hilbert space, let C
be a closed convex subset of H and let T : C' — C' be a nonexpansive mapping. Then
I — T is demiclosed, that is,

{zpn} CCy =2z €Cand (I —T)x, —y implies that (I —T)x = y.

Let F: C — (—o0,00] be a proper convex and lower semi-continuous function.
For any A > 0, define the Moreau-Yosida resolvent of F' in a real Hilbert space H
as follows:

. 1
Iz = argmin | F(y) + |« -yl
yec 2)\

for all x € H. It was shown in [2] that the set of fixed points of the resolvent
associated with F' coincides with the set of minimizers of F'. Also the resolvent J /{7
of F is single-valued and nonexpansive for all A > 0.

Lemma 2.6. ([10]) For any r > 0 and p > 0, the following holds:

fozJi(Mx—k <1—M>wa>.
r T

The following lemma is a variant of a Minty lemma (see [9]).

Lemma 2.7. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Assume that the mapping G : C — H is monotone and weakly continuous
along segments, that is, G(z + ty) — G(x) weakly as t — 0. Then the variational
inequality

xeC, (Gr,p—1x)>0, VpeCl,
s equivalent to the dual variational inequality

zeC, (Gp,p—1x)>0, VpeC.
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3. MAIN RESULTS

Throughout the rest of this paper, we always assume the following:

H is a real Hilbert space;

C' is a nonempty closed subset of H;

F :C — (—o0,00] is a proper convex and lower semi-continuous function;
argming - F'(y) is the set of minimizers of I on C;

A : C — H is a continuous monotone mapping ;

Ay, + H— C is a mapping defined by

1
Ay, x = {zeC:(y—z,Az>+<y—z,z—x> >0, VyEC}
for wy, € (0,00) and liminf, o wy > 0;
VI(C,A) is the set of the VIP(1.2) for A;
T :C — C is a continuous pseudocontractive mapping with Fiz(T) # ();
T, : H— C is a mapping defined by

1
T, x = {ze C:(y—2,Tz)— —(y—=z,(1L+mr,)z—x) <0, VyeC}
T'n

for r,, € (0,00) and liminf,,_, 7, > 0;
V : C — H is I-Lipschitzian mapping with constant [ € [0, 00);
G : C — H is a p-Lipschitzian and n-strongly monotone mapping with
constants p > 0 and 1 > 0;
Constants pu, I, 7, and v satisfy 0 < p < i—;’ and 0 < vl < 7, where
T=1—/T—pu(2n— pup?);
Po : H — (' is the metric projection of H onto C.

e & :=argmin . F(y) NVI(C, A)NNFix(T) # 0.
By Lemma 2.1 and Lemma 2.2, A,,, and T;, are nonexpansive and VI(C,A) =
Fix(A,,), and Fix(T) = Fiz(T,,).

First, we introduce the following iterative algorithm which generates a sequence
{zy} in an implicit way:

on = argmingec | F(y) + 5= lly — zall?],
(3.1)

Zn = Awnvna

xn = PolapyVan + (I — anpG)(Bnen + (1 — Bn)Tr,2n)], Vn > 1,
where {a,}, {Bn} C (0,1); {\n}, {wn}, {rn} C (0,00); and z; € C is an arbitrary
initial guess.

From Lemma 2.1, Lemma 2.2 and noxexpansivity of Jﬂ , it follows that W, :=
T, Au,J /{i _ Is nonexpansive.
Now, consider the following mapping @,, on C' defined by, for x € C,

Qnxr = PolapyVe + (I — anuG)(Bpzr + (1 — Bn)Wyz)]
= PolapyVa + (I — anpG)(Brx + (1 — Bn)TrnAwnJﬂ:c)], VvV n>1.
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Let Ryx = Bpz + (1 — Bn)TTnAwnJ)\ x = Bpx + (1 — Bp)Wyha. Since W, is nonex-
pansive, we have for z, y € C

[Rnz — Rnyl < Bulle =yl + (1 = Bn) [Wnz — Whyl||
< Bullz =yl + 1 = Ba)llz = yll = = — yll.
Then, by Lemma 2.4, we derive for z,y € C,
1Qu = Quyll = | Pe(enVa + (I + anpG)Ruz] — PolanVa + (I + anuG) Ruy|
|lan Ve + (I + anuG)Ryx — (e Ve + (I + anuG)Ryy)||
any|[|[Vae = Vyll + [[(I — anpG)Rnz — (I — anpG) Ryy||
an Yz —yll + (1 — anT) || Rnz — Roy|

IA AN IACIA

anl|jz =yl + (1 = an7)|z - y||
(1 = an(r =)z =yl

Since 0 < 1 —ay,(T—791) < 1, @y is a contractive mapping. Therefor, by the Banach
contraction principle, @), has a unique fixed point z,, € H, which uniquely solves
the fixed point equation

xn = PolapyVa, + (I — anuG)
= PC[an’)/Vl'n + (I - an,uG)

(ann (1 - ﬂn)TrnAwn J)\ l'n)]
= PolonyVan + (I — anpG)ynl,

where y, = Bprn + (1 — Bn)TrnAwannxn. We note that J)Z::an = vy and Ty, 2, =
Ty Ay vn = T A, JY 20 = Wiy,

Now we prove strong convergence of the sequence {z,,} and show the existence
of ¢ € @, which solves the variational inequality

(3.2) (WG =9V)g,p—q) 20, Vpeo.
Equivalently, ¢ = P (I — pG +~V)q (by (2.2))

Theorem 3.1. Let {x,} be a sequence defined by (3.1). Let {an}, {Bn}, {Mn},
{wn}, and {r,} be satisfy the following conditions:

(i) limy—s00 v, = 0;

(ii) 0 < liminf, o Bn < limsup,, . fn < 1;

(iii) 0 <A < A\, < 00

(iv) 0 < w < wy < 005

(v) 0<r<r,<oo.
Then {x,} converges strongly as n — oo to a point q¢ € ®, which is the unique
solution of the variational inequality (3.2).

Proof. First, we can show easily the uniqueness of a solution of the variational
inequality (3.2). In fact, noting that 0 < vl < 7 and un > 7 <= k > n, it follows
from Lemma 2.3 that

(G =AWV )z — (UG — AV )y, x —y) > (un — )|z — yl|*.
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That is, uG — vV 1is strongly monotone for 0 < vl < 7 < pn. So the variational
inequality (3.2) has only one solution. Below we use ¢ € Q to denote the unique
solution of the variational inequality (3.2).

Note that from the condition (i), without loss of generality, we assume that
an (T —~l) < 1 for n > 1. From now, we put v, = Jf;azn, Zn = Aw, Un, Wy, =T}, 2n
and Yn = 577,3371 + (1 - Bn)TrnAwnUn: 577,1'71 + (1 - 6n)Trnzn: ann + (1 - 5n)ann
for n > 1. Let p € ®. Then, from Lemma 2.1 and Lemma 2.2, it follows that
p = Ay,p and p =T, p. Also we have p = anp. In fact, since F'(p) < F(y) for all
y € C, this implies

1 1
F —p—plP<F —— ly — pl|?
(p) + 2Aan pll* < F(y) + . ly — pll*,

and hence J)I::L p = p for all n > 1, where J /{1 is the Moreau-Yosida resolvent of F'
on C.

Since J )l; , Ao, and 7T, are nonexpansive as firmly nonexpansive, the following
inequalities hold:

(3.3) lon = pll = 15,20 = T2l < ll2n = pll,
(3.4) 1zn = pll = [Aw,vn = Aw,pll < flon =l (< [z = pl);
(3.5) lwn = pll = [ Tr, 20 = Trppll < Nl20 = pPI(S [Jon = pll < |20 —pll)

Now, we divide the proof into several steps.

Step 1. We show that {z,,} is bounded. To this end, let p € ®. Then, from (3.3),
(3.4) and (3.5), it follows that
|yn = pll = [|Bnzn — (1 = Bp)Wnzn — pl|
(3.6) < Bnllen = pll + (1= Bn)[[Wan — pf
< Bullzn —pll + (1 = Bu)llzn — pll = 20 — pl|-
Therefore, by (3.6) and Lemma 2.4, we drive

|20 — pll = [[PelenyVan + (I — anpG)ys] — Pop||
< NlanyVay + (I — anpG)y, — pl|
< lan(YWVan —=4Vp) + (I — anpG)yy — (I — anpG)p + an(yVp — pGp)||
< apyll|lzn — pll + (1 — anT)lyn — pll + anlvVp — pGp||
< apll|zn = pll + (1 = an7)||2n — pll + an(Y[Vel + pllGpl),

A

and so

< Vol + plGpl
- T —7l ‘
Thus, {zy,} is bounded and {z,}, {v.}, {Gyn}, {Va,} and {T,,, 2, } are also bounded.

[2n = pll
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Step 2. We show that lim,,_, ||z, — T}, 2z, || = 0. Indeed, observing that

|20 — T2l = [[PolonyVen + (I = anpG)yn] — Po[Tr, 20|l
< lenyVan + (I — anpuG)yn| — PoTr, 20|
< anl[VVan — uGynll + [lyn — Ty, ual|
= apl|[VVan — uGynll + |Bnzn + (1 = Bu) Ty, 20 — Try 20|
= apl[VVzy — pGynll + Bullzn — Tr, 20l

we obtain

lxn — Tp, 20|l < %Hﬂ/xn — pGypll = 0 as n — oc.
- Mn

Step 3. We show that lim, 0 ||Un — Zn| = limy—eo HJ;;:C,Z — x| = 0. In fact,
using v, = J /{“; Tp, p=1J f; p and firmly nonexpansivity of J fn , we obtain from (2.1)
that
lon = plI> = IJX, 2 — p]?
< <J)I:;$n - J)I;paxn _p>

= (U — D, Tn, — D)

1
5 Ulon = pI? + llzn = pII* = on = 20 ]?).

This implies
(3.7) [|vn, _pH2 < ||zn _pH2 — [lon — anz

Again, noting that y, = Sprn+(1—05,)T;, 20 and z, = PolanyV e+ —anpuG)yn),
by (3.5) and (3.7), we induce that
(3.8)
20 = plI* = || PelonyVan + (I — anpG)ya) — Pop|)?
< lanyVay + (I — anpuG)yn — p|?
= llon(yVan = pGyn) + (yn — p)|°
= lan(VWan = pGyn) + Ba(wn — Trzn) + (Tr,z0 — p)II?
< [(lan(WVan — uGya)|| + llzn = pll) + Ballzn — T zal]?
< [(lan(WVan = uGya)|| + l[on = pll) + Ballzn = Tr 2]
= ap Vs — uGynl* + 20nllyVan — pGyallllva — pll + on — p|®
+ Bull#n — Trp 2| 2(0n ||V VEn — pGynl| + [lvn — pll)
+ ﬁﬁllfﬂn - Trnanz
an|yVin = pGyn|* + lon = p|* + My
anl|YVn = pGynl® + lzn = plI? = llvn — @nl® + My,

VAN

IN
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where
(3.9)
M, = 200, ||V Vzn, — pGyn||||vn — pl|

+ Bullzn — Tr, 20l12(an[[7VV 2n — pGynl| + [[vn — p||) + ﬁ?z”fn - Tr‘nan2-
From (3.8), we obtain
[on = zal? < anllyVan — pGyn|* + M.

Since M,, — 0 as n — oo by condition (i) and Step 2, we get

lim |v, —z,|| = lim HJf;a:n — x| = 0.
n—oo n—oo
Step 4. We show that lim, o [|2n, — V| = limy oo || Aw,vn — vn|] = 0. Again,

since zp, = Ay, Un, p = Aw, p and A, is firmly nonexpansive (Lemma 2.1 (ii)), from
(2.1), we have

l2n = 2l = | Aw, o0 — pl®
< (Ao — Auopv0 — )
= (20 =D, Vn — D)
= 5l =l + e I~z — vnll?).
This implies
(3.10) ln = pII* < llvn = pl* = ll2n = vall® < |20 = plI* = ll20 — vall*.
Now, from (3.8), (3.9) and (3.10), we derive
lzn =2l < anllVVan = pGyall® + llun — pl* + M
< anlVVan — pGynll* + |20 — pl* + M
< anl[VWan — pGyall? + llan — plI* = 120 — vall* + My,
where M, is of (3.9) and so
lon — vall? < GnllyVern — 4Gyall? + Mo

From lim,,_,oo M,, = 0 and condition (i), it follows that

lim ||z, — v,|| = lim ||Aw,vn —vn] = 0.
n—oo n—0o0
Step 5. We show that lim, o [|2n, — T}, 2n|| = lim, o0 ||wn — 2n|] = 0. In fact,

since ||zn, — Tr,, 20|l < ||2n — vnll +lvn — znll + ||2n — T5, 20|, by Step 2, Step 3 and
Step 4, we conclude

lim ||z, — 17, 20| = lim ||z, — wy|| = 0.

Step 6. We show that lim,, . ||z, — 2z, || = 0. Indeed, by Step 2 and Step 5,
lxn — znll < |Xn — T, 20|l + (| T, 20 — 20| — 00 as n — oo.

Step 7. We show that {z,} converges strongly to ¢ € ® as n — oo, where
q is the unique solution of variational inequality (3.2). To this end, consider a
subsequence {zp,} of {z,}. Since {z,} is bounded, there exists a subsequence
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{l‘nij} of {xy,} which converges weakly ¢ € C. Without loss of generality, we can
assume ,, — q € C.
First of all, by (3.1) and Lemma 2.4, we induce for p € ®
|0 — plI?
= [|PelanyVan + (I — anpG)yn] — Popl®
< lanyVan + (I — anpG)yn — pl?
= (I = anpG)yn — (I = anpG)p — an(uG — YV)p + any(Van — Vp)|?
= (I = pGYyn — (I — pG)p|?
— 20, [((0G =YV )P, yn — P) — an{(uG — YV )p, pGyn — pGp)]
+ 200y [(Van — Vp,yn — p) — an(Van — Vp, uGyn — pGp)]
— 2057((uG = 4V)p, Vr, — Vp)
+az|[(pG = WV)pl? + ap P Ve, — Vpl?
(3.11) < (1= an?)*lyn — plI*> = 20 (4G = 4V)p, yn — D)
+ 2apyll 2 = pllllyn — pll + 200 | (1G = V)Pl (1| Gyn| + 1l Gpll)
+ 21 |zn — pll (| Gynll + plGpll) + 20571 (G — AV)pll||lzn — pl]
+ap || (uG = AV)pl? + any? PPl — pll?
= (1 =207 + a3 7°)|lyn — plI* = 200 (4G = YV)p, Y — D)
+ 205yl @n = pllllyn — Pl + 202 (G = V)| (1] Gynll + 1l Gpl))
+ 200yl @n — pll (| Gynll + 1llGpll) + 20571 (uG — AV )pll[|2n — pll
+ap ([ (G = AV)p|I* + 71|z — plI?)
< (1= 207)|[yn — pII* + 200 (G = AV )P, p = )
+antl([lzn = pl? + [lyn — pII*) + 7 M,
where
M = sup{7?|lyn — plI* + 2(| (hG — V)pll + ~ll|zn — pI) (1l Gynll + 1l Gpl))
+ 29| (G = AV)plllzn = pl| + [|(G = AV)pI? + 4?82 — pl* : n > 1},
Hence by (3.6) and (3.11), we obtain

1 — 20,7+ anyl 2a
2 n n 2 n
— < - ——— (G — vV —
lzn =" = ——— o] 1y = pII" + 1= an,yl<(# YV, P — Yn)
2
4
(3.12) 1—apvyl
’ 1 — 20,7 + apyl 9 20y,
< - —— (WG = ~yV)p,p —
S T lzn = plI" + — awl«u YV)P:p — Yn)
o2

n

+1—an'yl ’
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Observe that
(WG =V )p,p = yn) = (WG =YV )p,p — (B + (1 = Bn) Ty, 2n))
= (WG =V)p,p — T}, 2n)
+ Bl(WG —AV)p, T 20 — Tn)
= (UG = V)p,p — zn)
+ (G = AV)p, up — Ty, 20)
+ Bn{(nG —AV)p, Tr, 20 — Tn)
< A(uG =AV)p,p — 2n)
+ 1(0G = AV)pll[lun — T, 20l
+ Bnll(0G = AVl Trun — 20|
< (UG =V )p,p — 2n) + Ln,

where Ly, = [|(bG =V )pllllzn —Tr, 20| + Bull (kG =~V )pl[[| 15, 20 — 2n || Then, from
(3.12) and (3.13), we derive

(3.13)

o M L,

3.14 n—pl? < )
(3.14) |z —p||” < TR

le—WVnp—%J+2

Now, we show that ¢ € ®. For this purpose, we divide its proof into three steps.

(i) We prove that ¢ € argmin . F'(y). Using v, = J)];xn, Lemma 2.6 and
condition (iii), we derive

|zn — J){Tan < Jvn — J){Tan + [[vn — 20|

= ||J>€an - J){JﬂjnH + [[vn — 4|

A — A A
Jf< 3 Jixn+/\xn> —fon

= ||vn — @p| +

An — A
An

A
= low =l + (1= 5 1o =

A
= (23w =

< Loy — x|

A
< lon — xn|| + H( an:cn—i— )\:cn) — Ty
n

for some L > 0. Hence it follows from Step 3 that

(3.15) lim ||z, — Ji 'z, =0
n—o0

Since JI" is single-valued and nonexpansive and z,, — ¢ as i — 0o, using (3.15)and
Lemma 2.5, we have

q € Fiz(JL) = argmin F(y).
yel
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(ii) We prove that ¢ € VI(C, A). In fact, from z, = A, v, and Lemma 2.1, we
obtain

3.16 Y — zn, Azp) + y—zn,M >0, VyedC.
w

Set ve = ev + (1 — €)q for € € (0,1] and v € C. Then v, € C, and it follows from
(3.16) that

(317) <U€ - Zn,A’U€> > <U€ — Zn, AUE> - <Ue — Zn, A2n> B <U5 — Zn, = vn> .

n

By Step 4, we have ”Z"L‘;””H < ”z”;v"” — 0 as n — oo. Moreover, by Step 6, {z,}
and {z,} have the same asymptotic behavior. So, since x,, — ¢ as i — 0o, we also
induce z,, — q as ¢ = co. And, from monotonicity of A, it follows that

(Ve — zp, Ave — Azy) > 0.
Thus, replacing n by n; and letting ¢ — oo, from (3.17), we obtain
0 < (ve — q, Av),
and hence
(v—gq,Ave) >0, YveC.
If € — 0, then the continuity of A yields that
(v—gq,Aq) >0, YveClC.
This means that ¢ € VI(C, A).

(iii) We prove that ¢ € Fiz(T). In fact, noting wy, = T}, zn, by Lemma 2.2, we
induce

1
(3.18) (y — wp, Twy) — —(y — wp, (L +rp)wy, —2,) <0, VyeC.

n

Put ve =ev+ (1 —€)g for 0 < e <1 and v € C. Then v, € C, and from (3.18) and
pseudocontractivity of T', it follows that

<wn — Ve, TU6> > <wn — Ve, TU6> + <Ue — Wnp, Twn>

— — (Ve — Wy, (1 + rp)wn — 2n)

Tn
= — (Ve — wp, Tve — Twy) — E@E — W, Wy, — Zn)
(3.19) (e — wn, )
> — ||lve — wy|)* — %(UE — Wy, Wy, — Zn) — (Ve — Wy, Wy)

n

Wp — 2n
:_<Ue_wn7vs>_ Ve = Wpy, ——— ) -

Tn
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By Step 6, {x,} and {z,} have the same asymptotic behavior. Also, by Step 5, we

lwn=znl ~ llwn=zn]
r - r

have - — 0 as n — oco. From Step 2, it follows that w,, — q as
i — 00. So, replacing n by n; and letting i — oo, we derive from (3.19)

<q - UE7TUE> > <q - 7)67Ue>

and

—(v—q,Tve) > —(v—q,v), YveC.
Letting € — 0 and using the fact that T is continuous, we obtain
(320> —<’U —dq, Tq> Z _<U -4, Q>7 Vo e C.
Let v = T'q in (3.20). Then we have ¢ = T'q, that is, ¢ € Fiz(T). This along with
(i) and (ii) obtains ¢ € ®.

Now, replacing n by n;, we substitute ¢ for p in (3.14) to obtain

o, M Ly,
T—Al)  T—Al
Note that z,, = ¢ as i« — oo by Step 6 and lim, ,o, L, = 0 by Step 2 and Step
5. This fact and the inequality (3.21) along with condition (i) imply that z,, — ¢
strongly as ¢ — oo.

Next, we show that ¢ solves the the variational inequality (3.2). Indeed, taking
the limit in (3.14) as i — oo, we get

(321)  Jan P <

lg —plI*> < (WG =4V)p,p—q), e Q.

In particular, ¢ solves the following variational inequality
qg€® (WG —-V)p,p—q) >0, pe?,

or the equivalent dual variational inequality(Lemma 2.7).

(3.22) qe® ((uG—-7V)g,p—q) >0, ped.

Finally we show that the sequence {z,} converges strongly to ¢. Indeed, let {zy, }
be another subsequence of {z,} and assume z,, — ¢. By the same method as the
proof above, we have ¢ € ®. Moreover, it follows from (3.22) that

(3.23) (0G =9V)g,qa —q) <0.
Interchanging ¢ and g, we obtain
(3.24) (WG =V)q.q—q) <0.

Lemma 2.3 and adding these two inequalities (3.23) and (3.24) yields
(un = AD)llg = 1* < (WG = YV)g — (uG = V)q.q — q) < 0.

Hence g = ¢. Therefore we conclude that x,, — g as n — oo.
The variational inequality (3.2) can be rewritten as

(I—pG+~V)qg—q,9—p) >0, VYped.
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By (2.2), this is equivalent to the fixed point equation

Po(I — pG ++V)g =q.

From Theorem 3.1, we obtain the following result.

Corollary 3.2. Let {z,} be a sequence generated by

vy, = argmin, .o [ F(v) + i”v —z,|?],

Zn = Awn Un,

xn = Pol[(1 = an)(Bnzn + (1= Bn)T5,20)], Vn>1.

Let {an}, {Bn}, {\}, {wn} and {r,} be satisfy the conditions (i), (ii), (iii), (iv)
and (v) in Theorem 3.1. Then {x,} converges strongly as n — oo to a point q € P,
which solves the following minimum-norm problem: find z* € ® such that

2 *|| = mi .
(3.25) Iz} = min ||
Proof. Take G =1, p =1, 7 =1,V =0 and [ = 0 in Theorem 3.1. Then the
variational inequality (3.2) is reduced to the inequality
(¢p—q) >0, Ype @

This is equivalent to ||¢||> < (p,q)||p||||q|| for all p € ®. It turns out that |q|| < ||p||
for all p € ® and ¢ is the minimum-norm point of ®. O

If in Theorem 3.1, we take T' = I, the identity mapping on C, then we obtain the
following result.

Corollary 3.3. Let {z,,} be a sequence generated by

Up = argminyec F(y) + ﬁ”y - anQ )
Zn = Awnvna
xn = PolapyVa, + (I — anuG)(Brxn + (1 — Bn)zn)], VYn > 1,

Let {an}, {Bn}, {M} and {w,} be satisfy the conditions (i), (ii), (iii) and (iv)
in Theorem 8.1. Then {x,} converges strongly as n — oo to a point ¢ € T :=
argming .o F(y)NVI(C, A), which is the unique solution of the variational inequality

(WG =V)q,p—q) >0, Vpel.

By taking V = 0,G = I,u = 1 in Corollary 3.3, we also obtain the following
result.



292 JONG SOO JUNG

Corollary 3.4. Let {z,} be a sequence generated by

vn = argmingeo | F(y) + 5= lly — 2al?],

Zn = Awnvna
Tn = PC’[(l - an)(ﬁnxn + (1 - ﬁn)zn)]a Vn > 17

Let {an}, {Bn}, {An} and {wn} be satisfy the conditions (i), (ii), (iii) and (iv) in
Theorem 3.1. Then {x,} converges strongly as n — oo to a point g € I, which is
the minimum-norm element of T.

Remark 3.5. 1) For finding a point in ® = argmin ¢ F(y)NVI(C, A)NFiz(T),
where F' : C' — (—00, 0] is a proper convex and lower semi-continuous func-
tion, A : C — H is a continuous monotone mapping and T : C — C'is a
continuous pseudocontractive mapping, Theorem 3.1 is a new one differ-
ent from previous those introduced by several authors. Consequently, as
a new result for convex minimization problem combined with some non-
linear problems, Theorem 3.1 develops and complements the corresponding
results, which were obtained recently by several authors in references; for
instance, see [5, 6, 11, 13, 16] and the references therein.

2) Theorem 3.1 supplements and develops the corresponding result in [13] in
following aspect:

(a) The VIP(1.2) for an inverse strongly monotone mapping A in [13] is ex-
tended to the case of the VIP (1.2) for a continuous monotone mapping
A.

(b) The FPP(1.3) for a demicontractive mapping 7" and a strictly pseudo-
contractive mapping 7" in [13] is extended to the case of the FPP(1.3)
of a continuous pseudocontractive mapping 7.

(c) The contractive mapping f with a constant b € (0,1) is extended to
case of Lipschitizian V with a constant [ > 0.

(d) The p-Lipschitzian and n-strongly monotone mapping G with constants
p >0 and n > 0 was utilized in comparison to [13].

3) Corollary 3.3 is also a new ones for finding common solutions of MP(1.1)
and VIP(1.2).

3) We point out that Corollary 3.2 and Corollary 3.4 for finding the
minimum-norm element of ® = argmin, . F(y) NVI(C, A)N Fiz(T) and T
= argmin . F'(y) NVI(C, A), respectively, are also new ones different from
previous those introduced by several authors.
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