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ON THE HYPERSTABILITY OF GENERAL LINEAR
FUNCTIONAL EQUATIONS

SATIT SAEJUNG

ABsTRACT. We prove that a function approximately satisfying a general linear
condition must actually satisfy this condition. We point out a gap in the original
proof of this result given by Piszczek [7]. Our result does not rely on the fixed
point theorem of Brzdek [4] as was the case in [7]. Some examples of control
functions are given to show that our results are more general than the previous
known ones.

1. INTRODUCTION

Suppose that X and Y are normed linear spaces over scalar fields F and K,
respectively. We assume from now on that F, K € {R,C}. A function f: X — Y is
general linear if there exist a,b € F and A, B € K such that

flax +by) = Af(z) + Bf(y)

for all z,y € X. Note that if f is general linear where a = b= A = B = 1, then it is
said to be additive; and if f is general linear where a = A =tand b= B =1—t for
some t € (0,1), then it is said to be t-affine. We usually say that f is Jensen if it is
1/2-affine. In this paper, we investigate a sufficient condition on ¢ : X x X — [0, 00)
such that for any functions f : X — Y satisfying the following condition:

| flaz +by) — Af(x) — Bf(y)| < ¢(z,y)

for all z,y € X'\ {0} it must be the case that f is general linear. Such a phenomenon
is called a hyperstability result for general linear functional equations. The inter-
ested reader is referred to an excellent exposition [5] for further information. The
aforementioned problem is closely related to the stability result proposed by Ulam
[10] and the first affirmative answer was given by Hyers [6]. In fact, Hyers obtained
the following result for additive functions:

Theorem H. Suppose that p(z,y) := 6 > 0 for all z,y € X and Y is a Banach
space. If f: X —Y satisfies

[f(z+y) = fl@) = fF)ll < e(z,y) foralz,ye X,

then there exists a unique function F': X —'Y such that F(x +vy) = F(x) + F(y)
forall z,y € X and || f(x) — F(z)|| <6 for all x € X.
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Aoki [1] and Rassias [9] generalized Theorem H for ¢(z,y) = 6(||z||” + [|y||?)
where 0 < p < 1. Note that if p := 0, then Theorem H is obtained from the results
of Aoki and of Rassias.

Brzdek [3] supplemented the results of Aoki and of Rassias where p < 0. In fact,
the following result was proved. Note that the completeness of Y is not required as
was the case in Theorem H.

Theorem B. Suppose that o(z,y) = ||z||P+||y||P for all x,y € X\ {0} where p < 0.
If f: X =Y satisfies

[f(z+y) = fl@) = fW) < plz,y) forallz,y e X\ {0},
then f(x +y) = f(x) + f(y) for all z,y € X.

Inspired by Theorem B, Piszczek [7| proposed the following interesting result.

Theorem P. Suppose that a,b € F\ {0}, A, B € K\ {0}, and ¢(x,y) := ||=||P||y||?
for all z,y € X \ {0} where p,q € R. Then f is general linear if

[f(az +by) — Af(x) = Bf ()|l < p(x,y) for all z,y € X \ {0}
and one of the following conditions is satisfied:
(a) p+¢q <0 (see |7, Theorem 2.1]);
(b) p+q > 0; and either (bl) ¢ > 0 and |a[P*9 = |A|; or (b2) p > 0 and |b|PT? # |B|
(see |7, Theorem 2.2]).

The condition |a|P*? # |A| (and [b[PT? # |B]) is not superfluous as shown by an
example given in [5, 7.

First, we point out that there is a gap in the original proof of Theorem P. In fact,
via the method used there [7]|, we can conclude only that

flax +by) = Af(x) + Bf(y) for all z,y # 0 # az + by.

It is clear that f satisfying the condition above is not necessarily general linear. To
see this, let f : R — R be defined by f(0) =1 and f(z) = 0 for all  # 0. In this
case, we see that f(z +y) = f(z)+ f(y) for all x,y # 0 # x + y. In this paper, we
use another approach to conclude Theorem P. The proof is given in Section 2. We
do not use the fixed point theorem of Brzdek [4] as was the case in [7].

2. MAIN RESULTS

Proof of Theorem P(a). We follow the idea of [2]. Let z,y € X. Pick z € X such
that ||z]| > max{|laz], [la®=|, byl [b%y||}. Put

nz X nz nz
= — # 0; = 4 5 A0 "= = A0,
Tn T+ a 7£ ) Zy, a+2a27é ) Ly, 2&()# )
nz nz Yy nz
=y — — #0; = ——— £ 0; = — 0
yn y b 7& I yn 2ab ?é b yn b 2b2 ;é )

for all n > 1. Note that
ax + by = ax, + by,

r = ax,, + by,
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y = azy, + by,
T, = az), + bx!
/ /!
for all n > 1. Moreover, it follows from p + ¢ < 0 that

R e

i
nlzw th) = Jim ””*qH 2a2H H*%H
dim oy, yn) = lim o) o - % ’q =
Jim (el al) = tim ]|y | =0
Jim () v = tim ot | 25 - ) =0

Now we have the following
1f(az +by) — Af(x) = Bf ()|l < [[f(az +by) — Af(zn) — Bf (yn)l|
+ Al f (= )—Af( w) = Bf ()l
+BIlIf(y) — Af () — Bf (yn)l
+ Al f (zn) — Af(a5,) — Bf(ay)]]
+ Bl f(yn) = Af(yp) — B (y)|l-
Taking n — oo gives the desired result. O

We can generalize Theorem P(a) as follows.

Theorem 2.1. Suppose that ¢ : (X \ {0})? — [0,00) satisfies the following condi-
tions: For each x,y € X there exists z # 0 such that

liﬁ\m o(x+nz,y —nz) = le o(x +nz,+nz) = ILm o(Enz,y —nz) = 0.
Then f: X —Y is general linear if
[f(az +by) = Af(x) = Bf )| < ¢(2,y) for allz,y € X\ {0}.

Before we discuss Theorem P(b). We need the following lemmas.

Lemma 2.2 ([8]). Suppose that h : X —'Y satisfies the following condition:
h(azx + by) = Ah(z) + Bh(y) for all x,y # 0.

Then h is general linear.

Lemma 2.3. Suppose that h : X — Y satisfies the following conditions: h(0) =
and

h(ax + by) = Ah(x) + Bh(y) for all x,y # 0 # ax + by.
The following statements are true for the odd part h, and the even part he of h.
(i) ho is general linear, that is, ho(ax + by) = Aho(x) + Bho(y) for all x,y € X.
(i) he is constant on X \ {0}. If A+ B # 1, then he(z) =0 for all z # 0.
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Proof. Note that
1 1
ho(x) := §(h(x) — h(—z)) and he(z):= i(h(x) + h(—2x))
for all x € X. In particular, we have
ho(0) =0, ho(—x) = —ho(x), he(—x) =he(z), and h(x) = ho(z)+ he(x)
for all z € X. Moreover, we also have
ho(az + by) = Aho(x) + Bho(y) and he(ax + by) = Ahe(x) + Bhe(y)

for all x,y # 0 # ax + by.
To prove (i), let x # 0. Note that

a::ag—x—i-b(—z)—ai—l—bi.
2a

It follows that

o= (3 50 (-55) - (3) - ()

ho(22) = Ah, <‘;’z> + Bh, (2%) :

In particular,
ho(22) — ho(z) = 2Bh, (2b) .
Similarly, we can prove that
ho(22) — ho(z) = 2Ah, (%) .
This implies that
ho(22) — holz) = Ah, ( >+Bh (26) = ho(z)
and hence h,(2x) = 2h,(z). Now, let y # 0 be such that z + y # 0. It follows that

hol(a +y) = Ah, ( ) + Bh, (b) - 2Ah( ) + 2Bh, (%) = ho(z) + ho(y).
It follows from [3] and h,(0) = 0 that ho(z + y) = ho(z) + ho(y) for all z,y € X.

Moreover, we have
1 24 2az
ho(az) = iho(ch:) h < 5 ) = Ah,(z).
Similarly, we have h,(bx) = Bho(x). Hence
ho(ax 4+ by) = ho(azx) + ho(by) = Aho(x) + Bho(y) for all z,y € X.

To prove (ii), we fix z9 # 0. Let x # 0. We prove that he(z) = he(zo). If
T = xg or x = —xg, then we are done. We assume that x # +x(. In particular,
LI £ () £ T2 Tt follows that

he(z) = Ahe <"PC 2;30) + Bh, (”3 ;b‘”o)




HYPERSTABILITY OF GENERAL LINEAR FUNCTIONAL EQUATIONS 243

_ —T + X rT+x0\
= Ahe <2a ) + Bhe ( % > = he(x0).

Moreover, we also have
h6<$0) = Ahe(x()) + Bhe(x(]).

If A+ B # 1, then he(xo) = Ahe(52) + Bhe(5)) = Ahe(xo) + Bhe(xo), that is,
he(l‘()) =0. O

We are now ready to get rid of a gap in the original proof of Theorem P(b). The
method we use here is different from the one in [7].

Proof of Theorem P(b). We assume that p + ¢ > 0. It suffices to assume that ¢ > 0
and |a|PT? # |A]. (The assertion under the assumptions p > 0 and |[b[P*? # |B| can

be proved analogously.)
Case 1: |a|P™® < |A]. Put « := |a|PT?/|A| < 1. The proof is broken into four

steps.

Step 1: || f(ax +by) — Af(z) — Bf(y)| < a|lz||P||y||? for all z,y # 0 # az + by.
Let z,y € X \ {0} be such that ax + by # 0. For each integer n > 1, we put

b b b
Ty = |a+— |z Yni=\a+ —)Yy; 2= | a+ ) (az + by);
n n n

- x, Yl = Y. S azr + by
i = - —
It follows that, for all sufficiently large n, 0 ¢ {xn, Yn, 2n, ¥}, Yo, 2, }. In particular,
. . + by [P+
_ C B < lim Nem BT
lim [ f(zn) — Af(az +by) — Bf(z,)]| < lim 0 0;
| TR Y L S
Tim [[f(r) — Af(@) — B < tim 17T,
pt+q
| et P
Jm [ f(yn) = Af(y) = Bf(yn)ll < lim == 50— =0;
p+q
limsup || f(zn) = Af(zn) = Bf(yn)|| <limsup la+—|  [[z][y[/*
n—00 n n
= [al"™ | |[P[|y]|%;
Pllylla
tim [|£(24) ~ Af(«}) — B < tim PUIT_ g
n—ro0

n—oo nPTa

Moreover, we have

[Alllf (az +by) — Af(z) — Bf(y)]]
< If(zn) — Af(az + by) — Bf (2,)l

+ A f(zn) — Af(z) = Bf(a7,)]]

+ Bl f(yn) = Af(y) = Bf (yn)

+[1f(2n) — Af(zn) — Bf(yn)ll

+ Bl f(z,) = Af () — Bf (vl
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Taking n — oo completes the proof of Step 1.

Step 2: f(ax+by) = Af(x)+ Bf(y) for all z,y # 0 # ax+by. (A careful reading
of the original proof [7] of Theorem P(b) reaches only this conclusion. It is worth
mentioning that the proof technique used in [7] is the fixed point method while our
method is different.) To see this, we put f’ := f/«a. It follows from Step 1 that

1/ (az + by) — Af (@) — B )l < alla?lyl? for all 2,y £ 0 # az + by.
We proceed the same method as in Step 1 for f’ and we obtain that

| f (az + by) — Af'(z) — Bf' (v)|| < aflz||P||y||? for all z,y # 0 # ax + by.
This implies that

1 (az +by) — Af(x) = Bf ()l < ®|lz|P|ly|? for all w,y # 0 # az + by.
For each n > 1, it follows by induction that

|f(ax +by) — Af(z) — Bf(y)| < a"||z||P|ly||? for all z,y # 0 # az + by.

Letting n — oo completes the proof of Step 2.
Step 3: f(0) = Af(0)+ Bf(0). To see this, let  # 0. It follows from Step 2 that

£ () =4 () + 7 ()

Fm) =4 Cana) 1 ()
In particular,

[ £(0) — Af(0) — Bf(0)|

<|r@-ar (7)) - 87 (-5
A 10 = Af (5,0) = B (<505 |
—HB’HJC( f<2nab> ( 2nb2>H

[ [ [

—np+q]a’p‘b‘q 2p+qnp+q’a‘2p+q|b‘q 2p+qnp+q’a‘p’b|p+2q'

Letting n — oo completes the proof of Step 3.
Step 4: f is general linear. To see this, let g(x) := f(x) — f(0) for all z € X. It
follows that g(0) = 0 and

g(ax + by) = Ag(x) + Bg(y) for all z,y # 0 # ax + by.

Note that 0 = g(0) = g,(0) + ge(0) = gc(0). It follows from Lemma 2.3 that the
even part g of g is constant on X \ {0}. Fix zg # 0, we have g.(z) = ge(z¢) for all
x # 0. We now prove that g.(zg) = 0. If A+ B # 1, then we are done. Now, we
assume that A + B = 1. In this case, we have

6(0) — Ag, (%) — By, (%)H < HﬂcoHerq‘

npP+a

19¢(0) — Age(bxo) — Bge(—azo)|| =
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Letting n — oo gives 0 = g.(0) = (A + B)ge(x0) = ge(zo). Now, we can conclude
that ge(x) = 0 for all z € X. Finally, let ,y # 0 such that ax 4+ by = 0. Then
flax + by) = g(ax + by) + f(0)

= go(ax + by) + £(0)

= Ago(x) + Bgo(y) + f(0)

= Ag(z) + Bg(y) + Af(0) + Bf(0)

= Af(x) + Bf(y).
Hence the conclusion follows from Lemma 2.2. The proof of Case 1 is finished.

Case 2: [a|P™ > |A|. Put B := |A]/|a|P™ < 1. The proof of this case is very

similar to that of Case 1. We only give a sketch proof. Let x,y € X such that
x,y # 0 # azx + by. For each n > 1, we put

11 , 11 L (1 1
Tp=(—+—|(ax+by); z,=|—-+— )z z,=|-—+—]y;
a na a na a na
1 1 1
Yn = —%(ax +by); Yl = - Yy = -
It follows that 0 ¢ {xy, ), 20, yn, yh, Yo} for all sufficiently large n. Note that
ax + by = axy, + by,
T = ax,, + by,
= aal+ by,
T, = az) + bz
Yn = ayy, + by,
for all n > 1. It follows that

. . 1 1171114
lim [[f(az +by) — Af(@n) — Bf ()l < Jim |+ | || Jlaz + by|P*e = 0;
n—oo n—oo | na na
im 1(x) ~ A7) ~ B < Jim |1 LEL L e,
Jim [ f () (7, W)l < Jim =+ )| [P = 0;
lim [I£(y) - Af(a) - BRI < tim |2+ 2| | 2] pgirre = o
n—oo Yy n Ynll = n—oo|a nal |na y ’
| 11 Iyl
hmnsup 1f(@n) = Af(z3) = Bf ()|l < Tim ot lzlPllyl = Tapte
/ 1 1 p+q
Tim ()~ AF) — BFGI < Tim || ]y = 0.

As we proved Theorem P(a), we obtain that

| f(az + by) — Af(x) — Bf ()| < Blall”|yl? for all 2,y £ 0 # az + by.
Since 8 < 1, we repeat the proof above obtain that

flax +by) = Af(z) + Bf(y) for all z,y # 0 # az + by.
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We can follow Step 3 and Step 4 of the proof of Theorem P(b) to obtain that f is
indeed general linear. O

A simple inspection of the proof of Theorem P (b) yields the following more general
results.

Theorem 2.4. Suppose that ¢ : (X \ {0})? — (0,00) satisfies one of the following
conditions:

(a) limpoo ¢ (2, %) = 0 for all x # 0; and lim, o0 ¢ (£,%) = 0 for each z,y #
0 # ax + by; and

i b b
| A| sup 1lmsuP"(p((a+")$’(a+”)y):x,y#O%am—i—by <1
o(z,y)

(b) lim;, 00 ¢ ((1 + %) x, —%) =0 for all x # 0; and lim,_, o © (%, %) =0 for all
x,y # 0 # ax + by; and

1 {limsupnso (E+ D) 2+ 4

—— sup
Al e(z,y)
Then f: X —'Y is general linear if

1f(ax +by) — Af(x) = Bf (W)l < ¢(z,y)  for all z,y € X \{0}.

Theorem 2.5. Suppose that ¢ : (X \ {0})? — (0,00) satisfies one of the following
conditions:

(a) limy, 00 ¢ (%,x) =0 for all x # 0; and lim,_,c (%, %) = 0 for each z,y #
0 # ax + by; and

" Sup{hmsupmw (2 +0)2 (2 +8)y)

)y) :a:,y;éOyéaa:—i—by}<1.

e(z,y)
(b) limy, o0 ¢ (— ba (% + l) x) =0 for all z # 0; and lim,— @ (%, E) =0 for all

na’ n n

x,y # 0 # ax + by; and

1 I 3 a5) (5 +

—— sup lmsuP"HOOg)((b "b)$ (b "b)y) cx,y#0F# ax+by p < 1.
|B| o(z,y)

Then f: X — Y is general linear if

| f(ax +by) — Af(z) = Bf(y)|l < ¢(x,y) for all x,y € X \ {0}.

We end the paper with the following two examples which are beyond the scope
of Theorem B and Theorem P.

:x,y#O#am+by}<l;

||

Example 2.6. Suppose that ¢(z,y) := Wt ‘LL“Q for all z,y € R\ {0}. It follows
that
lim ¢(xz +nz,y —nz) = lim p(z+nz,tnz) = lim p(tnz,y —nz) =0
n—oo n—oo n—oo
for all z,y € R and for all z # 0. Hence our Theorem 2.1 can be applicable.
Moreover, ¢(z,y) is neither of the form |z|P + |y|P where p < 0 nor |z|P|y|? where
p+q<0.
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Example 2.7. Suppose that
lzlly]  if0<|z|<land0< |yl <1;
|z|?ly] if |z| > 1and 0 < |y| < 1;

zl[y>  if 0 <|z| <1and |y >1;
z2y|> if 2] > 1 and [y| > 1.

o(r,y) =

Our Theorem 2.4(a) is applicable where a = b = A B = 1/2. Because
limy, 00 @ (J;, %) = 0 for all z # 0; and lim,_,c (%, g) = 0 for each x,y # 0 #

n

%x + %y; and

L (i g (3 2o (5 + 5)0)

2 o(z,y)

Note that ¢ is not smooth at (1,1) and hence ¢(x,y) is not of the form |z|P|y|?
where p,q € R.

1 1 1
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