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REFINEMENTS OF BOUNDS FOR ENTROPY AND RELATIVE
ENTROPY

KENJIRO YANAGI

ABSTRACT. There are many generalizations of Hermite-Hadamard inequality for
convex function f defined on [a,b]. Recently we gave several relations of upper
bounds or lower bounds of refined Hermite-Hadamard inequality and apply to
different types of inequalities under some conditions. In this article we give
detailed lower and upper bounds for Tsallis entropy and Tsallis relative entropy.
As applications we give bounds for Tsallis relative operator entropy in the case
of operators satisfying the condition /A < B < LA, with ¢ < L.

1. INTRODUCTION

A function f: [a,b] C R — R is said to be convex on |[a, ] if the inequality

! (ﬂf;y> < f(z) -QF fy)

holds for all z,y € [a,b]. If inequality (1.1) reverses, then f is said to be concave
on [a,b]. Let f:[a,b] CR — R be a convex function on an interval [a.b]. Then

(52 < 2 [ s L0310

This double inequality is known in the literature as the Hermite-Hadamard integral
inequality for convex functions. It has many applications in more different areas
of pure and applied mathematics. Recently we obtained the following two refined
Hermite-Hadamard inequalities.

(1.1)

Theorem 1.1 ( [12]). Let f(x) be a convex function on [a,b]. Then for any m,n €
Nu {0}

et < 7 [t < 12,0,
where hy, = %2,

19 (a,8) = 2% i fla+ (2k — 1)hni1)
and .

om_1
L2 (a,b) = QTEH {f(a) +fO)+2 ) fla+t khm)} _
k=1
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Theorem 1.2 ( [12]). Let f(x) be a convex function on [a,b]. Then for any v € [0,1]
and m,n € NU {0},

1 b
rggl)),n(ch b) < b—CL/ f(t)dt < TSC?Q)),m(a’a b)a
b—a
where hy, = 5,
T;%gjn(aj b)

on

_ 2% S {0f(a+ (2k = Dvhns)

k=1
H(1—0)F((1 = v)a +vb+ (2k — 1)(1 — v)hns1)}

and
r;i))’m(a, b)
- 2T1+1 {vf(a) + (L —v)f(b) + f((1 —v)a+ vb)}
2m_1
—1—2% {vf(a+ kvhp)+ (1 —0)f((1 —v)a+vb+ k(1 —v)hp)}.
k=1

For probability distributions @ = (¢1,42,...,qn) and P = (p1,p2,...,pN), Shan-
non entropy S(P) and relative entropy S(Q|P) are defined by

N N
S(P)==> pilogp;, SQIP)=> a log%
i=1 i=1 v

with convention 0log0 = 0 and ¢; = 0 whenever p; = 0 for some i. C.Tsallis in-
troduced the Tsallis entropy, which is one-parameter extension of Shannon entropy,
for the analysis of statistical physics. We use the definitions of the Tsallis entropy
and the Tsallis relative entropy as follows:

N N
Q) = — Zqil_t Inyq;, T(Q|P) = Zqil_t(hlt g — Ing p;),
=1 i=1

where In; is called r-logarithmic function and defined by Ini(x) = % with the
parameter ¢ € R.They recover the usual entropy and relative entropy in the limit
t — 0, namely

lim T; = lim T3 (Q|P) = P
lin 7,(Q) = S(Q). lm Ti(QIP) = S(QIP).
since r-logarithmic function In; umiformly converges to the usual logarithmic func-

tion log in the limit ¢ — 0. Analogically, quantum mechanical entropy and relative
entropy and their one-parameter extended quantities were defined by

S(p) = =Tr[plogp], S(plo) =Tr[p(logp —logo)]
and
Ty(p) = =Tr[p" " p], Ty(plo) = Tr[p' " (In; p — n; o))
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for density operators p and o. As J.I.Fujii and E.Kamei introduced the relative
operator entropy by

S(X|Y) = X2 log(X Y2y X ~1/2) x1/2

for X, Y > 0, the Tsallis relative operator entropy T;(X|Y) for t € R with ¢t # 0
was defined

T(X|Y) = X2, (X 2y X ~1/2) X 1/2,
We remark that lim;_,o 73(X|Y) = S(X|Y).

2. BOUNDS FOR TSALLIS ENTROPY AND THEIR APPLICATIONS

Let f(z) = 2*~1. Then r'"

fon
1
P (1)

2" t—1
o 2k — 1o\ (2k— 1)
= o {U <<1 T ontl )33 T on1

+(1— ) ((1 _p 2 _22(11 - U)>$+ (v+ (2k —21)+(11 —v))>t‘1}

(z,1) and rﬁ)j (2, 1) are represented as follows:

and

rﬁ)jm(:c, 1)

1

= Sarve' T (=) (- vz + )T

2m—1 v kv t—1
EM RN
+(1—v) ((1 —v— k(12;1)))$+ (U+ 16(12;1])>>t_1}.

Then we have the following theorem.

Theorem 2.1. Let Q = (q1,92,---,qn) be a probability distribution. Then for any
v €[0,1] and m,n € NU{0}, ift <1 ort > 2, then

(2.1) P @ el (- q) < TUQ) < P (4 gl T (1 - g5),
and if 1 <t < 2, then
(2.2) ) (@ D 1 = q) < TU(Q) <7 L (a Dl (1 — )

Proof. Whent < lort > 2, f(z) = 2'~! is a convex function on z > 0. By Theorem
1.2, we get
11—t xt—1 (2)

(W) < - <2
(2.3) Tron(@,1) < =2 a1~ 7w (T 1)
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When 1 <t < 2, f(z) = 2'7! is a concave function on = > 0. By Theorem 1.2, we
get

t t

(2) 1z -1 o
4 1 = < .

(2 ) Tf,fu,m(w ) — t(l . x) t(ﬂ? - 1) —= Tf’v,n(x7 1)

When t < 1 ort > 2, we put x = ¢;(< 1). By (2.3), we have

1
r}ﬂ),m(qi, 1) <

1 2)
— e < (6 1).

J(f m(@i,1) <Inggq; < (q; — 1)7“%3,”(61@', 1). And also we have

_ — 2
a7 (1= q@)rt) (1) < —g! T g < gl - )L (an D).

Therefore

Zq — i)' (4 1) < TU(Q <Zq (1= q)r?) (g, 1)

%

Then (¢; — 1)r )

Similarly when 1<t<2 weputz=g(<1). By (2.4), we have

1
0 1) < g <) 1)

(2

Then (g; — 1)r (m (¢i,1) <Ingq; < (¢ — 1)r @) (¢i,1). And also we have

fvn fvm

- q@-)r},i,m(qi, 1)< —q 'Inpg < g (1 —qi)r ;) (gi, 1)
Therefore

N

_ 2 1
g Qil t<1 - Qi)r;ﬂ)),m(%y < Tt 1 - QZ ) (Qia 1)'
i=1

||Mz

By putting ¢ = 0 in (2.1), we have the following corollary.

Corollary 2.1. Let Q = (q1,q2,--.,qn) be a probability distribution. Then for any
v € [0,1] and m,n € NU {0},

N

(2.5) Zqz — )] (a:1) < 8(Q) < 3 a1 — @) (4 1),
=1

where

= 22 { 2t — (2k — 1)v)g; + (2k — 1)v

1—w
T (T~ v)gs + o} + 2k — (1 —o)(1— Qi)}
and

5“21)] m(q17 1)
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! ! —+1 + !
= — v B ——
2m+ | g, (1-v)g+v

2! 1—wv
+Z{ kvqH—k‘v+2m{(1—v)qz‘+v}+k(1—v)(1—qi)}'

We put v = 0 or v = 1 in (2.1) and (2.2). Since r}én(qz,l) = Tgi’n(qi,l) =
(2)

L;L(qz, ) and rfg?m(qi, 1) = Tf71,m(%‘7 1) = Lf}n(qi, 1), we have the following corol-
lary.

Corollary 2.2. Let Q = (q1,q2,--.,qn) be a probability distribution. Then for any
m,n € NU{0}, ift <1 ort> 2, then

N N
S L (@ )a 1 - a) < TW@Q) < S0 LY (0, a1 — ),
=1 ;

andif1<t<2 then

i=1
where
2 t—1
(1) 2k —1 2k —1
Lf (a:,1) = on Z { (1 on+1 )qZ on1 )
k=1
and
2n-1 t—1
(2 ) _ 1 ) t—1 1 k ' k
Lf,m(q“l)*gmﬂ {1+ (a+1) }"‘Q*m > {(1—Qm>qz+2m .

By putting v =0 or v =1 in (2.5), we have the following corollary.

Corollary 2.3. Let Q = (q1,92,--.,q9n) be a probability distribution. Then for any
m,n € NU {0},

1 - QZ LS“Z (qZ7 1)7

||Mz

(2‘6) Z% - q;) Lgflr)l (@1

where

M0 1) = !
Lfn(qz, 1) = 2; (2ntl — (2k —1))q; + 2k — 1

and
om_q

(2) 1 1 1
L i, 1) = —+1 - -
fom(@i- 1) 2m+1 (%’ * ) * ; (2m —k)g; +k
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We put n =m =0 in (2.6), Since

2 2 1/1
[(1) 1) = [() 1) = = 1
f@(q ) ) 1 %’ f’O(Qza ) 2\ 4 )

we have the well known result.

Corollary 2.4. Let Q = (q1,42,...,9n) be a pmbability distribution. Then

N ogi(1
Z Qzl(—'_q;ﬁ < Z

=1

3. BOUNDS FOR TSALLIS RELATIVE ENTROPY AND THEIR APPLICATIONS

Let f(x) = 2'~1. Then r; ) ,(a,b) and rgc 3) .m(a,b) are represented as follows:
rgclz))vn(a, b)

on .
= (- e Ot)
k=1
(1o B o 2ty )
and
) m(a.d)

= 2773“ {fva™ '+ (1 —0)b"t + (1 —v)a +vb) 1}
2 (- B gi)
k=1
+(1—v) ((1 —v— k‘(12;v))a + (U + k(12; U)>b)t_l} .

Then we have the following theorem.

Theorem 3.1. Let Q = (q1,42,...,q9n) and P = (p1,p2,...,pN) are probability
distributions. Let I = {1 <i < N :p; <q;} and J={1 <i< N :p; > q;}. Then
for any v € [0,1] and m,n € NU{0}, ift <1 ort > 2, then

2
ST e —p)rl ) a) + > a @ — p)r) o )
el ieJ
(3.1) < Tt(Q\P)
< > g Na - i)+ > 0 g — Pl (0 ),
iel ieJ
and if 1 <t < 2, then
1
ST e — o) wia) + 3 e — pa)r ) (0 )

el ieJ
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(3.2) < Tt(Q|P)
< S a g - et i+ a T g — p)r) L (o @)
i€l ieJ

Proof. Whent < 1ort > 2, f(x) = 2'~! is a convex function on z > 0. By Theorem
1.2, we get

t ot
(3.3) FD (b < T @ g

fﬂ)n b_a t - f,v,m

Then we put a =p; and b=¢q; fori € [ ={1 <i < N :p; < ¢;}. By (3.3), we have

(3.4) S a e - vt v @)

el

< N g g — ) <@t g — p)r) (0 @)

el el
And weputa=p;and b=g¢; forie J={1<i< N :p; > ¢} By (3.3), we have
(3-5) q —pi)r (2) (pz‘,qz')

[,
e
1
< S tmeg —nep) <3 a g - p)rt (0 ai)-
e i€J

Hence by combining (3.4) and (3.5), we obtain (3.1).
Similarly when 1 < t < 2, f(z) = 2'~! is a concave function on x > 0. By
Theorem 1.2, we get

2) L b—a _
(3.6) Tfom(@0) < — <7pyn(a;b).
Then we put a =p; and b=¢q; fori € [ = {1 <i < N :p; < ¢;}. By (3.6), we have
(3.7) S a @ - o)) i ai)
el
< N g T g —Inpi) <3t @ — pirY (00 a0)-
el el

And we put a = p; and b=¢; fori € J ={1 <i < N :p; > ¢;}. By Theorem 1.2,
we get,

(3.8) S a g - prY (o i)
ieJ
Z q; 1nt ¢ —Ing p;) < Z q; — pi) ; ) (p27 i)
eJ ieJ
Hence by combining (3.7) and (3.8), we obtain (3.2). O

When ¢ = 0 in (3.1), we have the following corollary.
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Corollary 3.1. Ley Q = (q1,92,---,q9n) and P = (p1,p2,...,pN) are probability
distributions. Then for any v € [0,1] and m,n € NU {0},

2
ZQZ ¢ — i) fvn(p“qz +Z(h qi pz‘)rég,m(pi,%)

i€l ieJ
(3.9) < S(QIP)
< N ailai = pr) i) + > aila — pi)rl ), (pinai)
el ieJ
where
rgfi))’n(p’ia QZ)
27l v
= 2
Z { ontl — 1)v)p; + (2k — 1)vg; }
271
1—w
+2 { }
; 20t (1 —v)p; +vgi} + (2k — 1)(1 — v) (g — pi)
and
Efq)jm(pm(h)
B 1 {v N 1—w n 1 }
o2amEl % (1 —v)p;i +vg;
om 1 Lo
k:v )i + kvg; 2m{(1 —v)p; +vgi} + k(1 —v)(q — pi)

We put v =0 or v = 1 in (3.1) and (3.2). Since r}(clg)n(pi,qi) = rgim(p,-,qi) =
(2) (2)

1 .
Lge’q)l(pi,qi) and rﬁo’m(pi,qi) = rﬁl’m(pi,qi) = L( ) - (pi» i), we have the following
corollary.

Corollary 3.2. Ley Q = (¢1,92,-.-,q9n) and P = (p1,p2,...,pN) are probability
distributions. Then for any m,n € NU{0}, if t <1 ort > 2, then

ST g — ) L) i a) + > al g — p) L (0, 40)
i€l ieJ

< Tt(QIP)

< ) g ) (pia) + > 4l (g — p) L) (piai).
i€l ieJ

and if 1 <t <2, then

> g e - ) i) + D at @ — p) LY ) (pi i)

el e
< T(QIP)
< S a e - p)L i) + > @ ai — p) LY (piai),

el ieJ
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where
an t—1
(1) 1 2k —1 2k —1
Lf,n(pi,qz‘) ~ on Z {(1 - W)pi + “ont1 i
k=1
and
2m—1 t—1
1 1 k k
L i @) = g 07 ) gm0 {(1— 2m>pi+2qu-} :
k=1

We put v =0 or v =1 in (3.9), we have the following corollary.

Corollary 3.3. Let Q = (q1,92,...,q9n) and P = (p1,p2,...,pN) are probability
distributions. Then for any m,n € NU {0},

(2)
S aila — ) LY 0 a) + D ailai — p) LY, (01 )

ZEI ZEJ
(3.10) < S(QIP)
< ZQi(Qi_pi m (P> @i +Zqz gi (p“q’)
il =
where
(1) S 2
L is Qi) =
7o (Pi ) Z:: (2m L — (2k — 1))p; + (2k — 1)g;
and
o 11 1) AR 1
L idi) = oo \ - T ’
f,m(p Q) om+1 <pi T %’) + ; (2m — k’)pi + kqi

We put n =m =0 in (3.10). Since
2 2 /1 1 i+ qi
L) (01 4i) = ,L()pvq‘—<+>_ ST
(isai) = Di + ¢ rolpi- @) 2\pi G 2piqi
we have the well known result.

Corollary 3.4. Let Q = (q1,92,...,9n) and P = (p1,p2,...,pN) are probability
distributions. Then

Z2q¢(gi—pz Zqz p1<SQ|P<ZqZ p? ZQQi(Qi_pi)‘

wer Pi T4 ieJ iel i ey Pi i

We give a remark on Pinsker inequality and its related result. The Pinsker
inequality is well known as the following inequality.

1
(3.11) §HQ—PIIf < 5(Q[P),

where
1Q—Plli=> (¢ —pi) + > _(pi — ¢i)-

el e
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We can give an example where (3.

10) is a stronger lower bound of S(Q|P) than
(3.11). Let Q = (2,1) and P = (3, 3)

and we put n =m =1 in (3.10). Since

2 2 8(pi + i)
LW (i, qi) = + = :
ralpir @) 3pi+aqi pi+3¢  (3pi +q)(pi +3q;)
and
1/1 1 1
e 4,.:<+>+ ,
rapir @) 4\pi  q pi + ai
we have
2
qu qi pz fl(pu% +ZQZ qi pi)Lgfg(pia%):0-12594"'
i€l ieJ
and
1
51Q = PlIi = 0125, S(QIP) =0.13084- -
Then
4\@ Pl <> agilgi —p) L (i) + > ailai — pi) L) (pi i) < S(QIP).
f f7
el ieJ

4. BOUNDS FOR TSALLIS RELATIVE OPERATOR ENTROPY AND THEIR
APPLICATIONS

When t < 1ort > 2, f(z) = 2!7! is a convex function on z > 0. By Theorem
1.1, we get

(4.1) L) (a,b) < b_labt - a L2 (a,0),
where
W 1 — 2% —1y  2%k—1 """
Ly (a,b) = o ; { (1 - W)a + 2n+1b}
and :

2) 22_1 B\
t—1 4 gt—1

Lf,m(a7b)_ 2m+1 { +b +2 <(1_>a+b) }

When 0 < a < b, we have the following inequality.

bt — at

(4.2) (b—a)L{)(a,b) < < (b—a)L) (a,b).

We put @ =1 and b =y in (4.2). Then

t
-1
(4.3) (v - DL (Ly) < P < (= VLF)(Ly).

Next we put @ =y and b =1 in (4.2). Then

(4.4) (1-yL 1) <
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On the other hand when 0 < b < a, we have the following inequality.

bt — at

(4.5) (b—a)L{),(a.b) < < (b—a)Ly) (a.b).

We put @ =1 and b =y in (4.5). Then

t
-1
(y-DLP, Ly < F—— < (v~ VL) (a.b)
That is
1— t
(4.6) (=)L) < — < (1= yL, (1Y),

Next we put @ =y and b =1 in (4.5). Then

1— t
L =9LP ) < —= <L =yLE1)
That is
t
—1
(4.7) (v - DL 1) < T—— < (y = VLY (4. 1)

We remark that L;lﬁ)l(l, y) = L;li(y, 1) and Lﬁ)n(l, y) = L?Zn(y, 1). Then we obtain
the following inequality by (4.3) and (4.7) for y > 1.

t
Yyt —1

(48) (- DLy < 5= < (- DI, (Ly).

And also we obtain the following inequality by (4.4) and (4.6) for y < 1.
1-— yt

(4.9) (L -pLhy) < % <1 -yIf ).

Similarly when 1 < t < 2, f(z) = 2!~! is a concave function on z > 0. We obtain
the following two inequalities by the same as above method. For y > 1
t

-1
(4.10) (v - DL (Ly) < = <y~ DL Ly)
and for y < 1
1 t
(4.11) L =yLP(Ly) < —% < (L=y)L) (L y).

We need the following lemma in order to obtain the bounds of Tsallis relative
operator entropy.

Lemma 4.1. Let A, B be two positive invertible operators and the constants 0 <
{ < L with the property that fA < B < LA. Whent <1 ort > 2, we have the
following inequalities for any m,n € NU{0}. If ¢ > 1, then

(B~ A) max L{) (1,y) < T(A|B) < (B~ 4) min, L{) (1.y).
If L <1, then

(B — A) mmLL;)nu,y) <Ty(A|B) < (B — A) ma<XLL§c,)(1,y).
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When 1 < t < 2, we have the following inequalities for any m,n € NU{0}. If¢ > 1,
then
(B — A) max L' (1,4) < Ty(A|B) < (B — A) min L, y).

£<y<L Jom <y<L fn
If L < 1, then
_ () < <(B_ 2)
(B—4) énylgLLf,n(l,y) < Ty(A[B) < (B - A) ZglyaSXLLf,m(l,y)

Proof. Let t <1lort>2. When ¢ > 1, since 1 < ¢ <y < L, we have

t
N (1) <Yyl )
(4.12) (y 1)£I§nya§xL Lya(ly) s = <y 1)&;& L (L,y).
When L < 1, since £ <y < L < 1, we have
t
_ (1) <17Y 4 @)
(L—y) max Ly, (Ly) < —— < (L—y) min Ly, (1y)
That is
t
N @ <Yl (1)
(4.13) (y 1)@;& Lin(y) < =—— =<y 1)@% Ln(Ly).
Let 1 <t < 2. When ¢ > 1, since 1 < £ <y < L, we have
t
_ (2) P il ()
(4.14) (y 1)Zr_<nya§XL Lin(Ly) s =—— =y 1)@;& L. (Ly).
When L < 1, since £ <y < L < 1, we have
t
_ 2) <1y )
(1-y) max Ly (1y) < ——<(1-y) Zg/lgLLf,n(l,y)-
That is
t
_ (D) <y -1 (2)
(4.15) (y—1) min L;(Ly) < =— < (y—1) max L (Ly).

Since /A < B < LA and A is invertible, then by multiplying both sides with A~1/2
we get flg < A~Y2BA-1/2 < Llyg. Denote X = A~Y2BA-1Y2 and by using the
functional calculus for X that has its spectrum contained in the interval [¢, L] and
the inequalities (4.12), (4.13), (4.14) and (4.15), we get the results. O

Theorem 4.1. Let A, B be two positive invertible operators and the constants 0 <
¢ < L with the property that {A < B < LA. When t < 1, we have the following
inequalities for any m,n € NU{0}. If £ > 1, then

(B— AL (1,0 < Ty(AB) < (B - ALY, (1, L).
If L <1, then
(B - ALY (1,L) < Ti(AB) < (B - ALY (1,0).

When t > 1, we have the following inequalities for any m,n € NU{0}. If ¢ > 1,
then
(B - ALY

® (1,L) < Ty(A|B) < (B — A)L") (1, 1).
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If L <1, then
(B~ A)LY) (1,0 < TW(A|B) < (B - A)LY) (1,L).

Proof. If t < 1, then
(1) — 7 : (1) — 7
ErgnyaSXL Lf,n(l?y) - Lf,n(Le)v Eg;élL Lf’n(17y> - Lf7n(17L)7
and

max L) (1,y) = L?) (1,0) migLL@) (1,y) =LY (1,L).

(<y<LIm ) *e<y<n b fim
Ifl<t<2ort>2then

max L) (1,y) = L (1,L), min IV)(1,9) = Z{)(1,0),

1<y<L fn fn 1<y<L fn
and
(2) _ 7@ : (2) _ 72
Zr%anL Lﬁm(l,y) = Lf’m(l, L), eg;élL Lf’m(l,y) = Lf,m(Le)'
Since it is trivial for t = 2, we have the results by Lemma 4.1. O

Let m =n =0 in Theorem 4.1. Then we have the following corollary.

Corollary 4.1. Let A, B be two positive invertible operators and the constants
0 < £ < L with the property that A < B < LA. When t < 1, we have the following
inequalities. If £ > 1, i.e. A < B, then

t—1 t—1
B-a)(50)  snam <@ (F ),
If L <1, ie B<A, then
t—1 i—1
B-a) (F) smam <o ()

When t > 1, we have the following inequalities. If £ > 1, i.e. A < B, then

t—1 t—1
-a) (P ) snam <-4 ()
If L <1, ie B<A, then

(B ) (12“) <nam) < @ -4 (FF).

Proof. By m =n =0, we have

i—1 t—1
L”(l,@:(lM) LB =t

(
f7
Then we have the result. O
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Let f(z) =% — 1. Then Lgch)l(a, b) and Lﬁ)ﬂ(a, b) are represented as follows:

2™ _
10 (a0 =223 L G
I T S = B+ Bl

and

k:
(2) b—
Lf,m(avb) om+1 {a+ Z )a—l— kb}
By Hermite-Hadamard inequality, we have
(1) 1 b 2 )
L. (a,b) < m{bbgg —(b—a)} < Lj; (a,b).

When 0 < a < b, we have the following inequality.

(b—a)? i 1— 2t
> 21— E)a+ B0
b
(4.16) < blog——(b—a)
a

(
2m_1 &
(b— 1
< —
- 2m+1 a+ Z 1——)a+kb

Similarly when 0 < b < a, we have the followmg inequality.
(b— a)? 1+22§:1 1—
2m+l ) a (1- 2%)(1 + 2%() '

b
(4.17) < blogg —(b—a)

= on

2k71 2k—1
+1)a + onT1 b

k=
Weputa=1and b=y in (4.16) Then

-1+ 1
2n+1,(2k,1) Y

(4.18)

A

T~
o
09
<
|

Similarly we put a =y and b =1 in (4.16). Then

(y—1) 1
2k—1
R e T sy

(4.19) < y—1-logy

2 2"
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12 (1 2=
< (y2m+1) {+2 L k(-
L U

On the other hand, we put a =y and b =1 in (4.17). Then

(2m+1 { +2 Z }

y+2m

(4.20) < y—1-logy
(y—1)° « 1

2k—1
L v T e ey

<

Similarly we put a =1 and b=y in (4.17). Then

( 2m_1
112y }
1
2ty { /<;11+2m &Y

-1
(4.21) < logy — y—2
Yy

2 2"

(y—1) Z 1
2k—1
2n P 1+

Yy i —pr— Y

We define

1 - 2j — 1 -
a(n,y) = 272 (1 o (3 = 1)y> ;

j=1
1 2m_1 i 1
Blmy) = g {1+2 D <1+ o Jy) ,
7j=1
2m . -1
1 2 —1
1Y) = 5 ; (“ ntl — (25 — 1)) ’
2m—1 . -1
1 1 J
j=1
Since a(n,y) < B(m,y),v(n,y) = d(m,y) for y > Land a(n,y) > B(m,y),~(n,y) <
d(m,y) for y < 1, we obtain the following two representations by (4.18), (4.19),

(4.20) and (4.21).
_1)\2 _
(4.22) (yy” win{a(n,y). 6(m, )} < logy — ¥

2
< U ax{alny), B(m, )},

and

(4.23) (y — 1)*min{y(n,y),5(m,y)} <y —1—logy
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g (y - 1)2max{7(n,y),5(m, y)}
Let 0 < £k < K. Then we define
y— 1)

)

—1)2
) , m(k, K) = min
k<y<K Y k<y<K Y

N(k,K) = —1)%, n(k,K) = mi —- 1)
(k, K) kglyang(y )7, n(k, K) kglylgnK(y )
Then we have the following two inequalities.

-1
m(k7 K) min{a(n, K)a B(mv K)} < IOgy - yT < M(k7 K) max{a(n, k)v B(ma k)}a
and
n(k, K) min{y(n, K),(m,K)} <y —1—logy < N(k, K) max{vy(n, k),d(m,k)}.
We need the following lemma in order to prove operator inequality.

Lemma 4.2. Let 0 < k < x < K andt > 0, then we have

0 < min{a(n, K, B(m, K*)} <:Ut -1 1- $t>

t t
1—z7t
(4.24) < logx — ;
t_ 1 1— —t
< maxfa(n, ). )} (20 - 1250
and
at —1\7
0 < min{y(n, K, 50m K4 (S
t
-1
(4.25) < i T log x
at—1\?
< max{y(n 0, 3(m ke ()
Proof. We obtain the results by putting y = 2! in (4.22) and (4.23). O

Theorem 4.2. Let A, B be two positive invertible operators and the constants 0 <
¢ < L with the property that A < B < LA. Then for any t > 0 and any m,n €
NU {0} we have

0 < min{a(n, L"), B(m, L") }(Ti(A|B) — T_4(A| B))
(4.26) < S(A|B) —T_4(A|B)
< max{a(n, £), B(m, (") }(T,(A|B) — T_(A|B)),
and
0 < min{y(n, L"), s(m, L' }tTy(A|B)A™'Ty(A|B)
(4.27) < Ty(A|B) — S(A|B)
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< max{y(n, £"), §(m, () }tT,(A|B)A™'T,(A|B),
where
AﬁtB _ AI/Q(A_1/2BA_1/2)tA1/2,
S(A|B) = A2 log(AY/2BA™Y/2) A2

and
T,(A|B) = A2 Iny(A~'/2BA~1/2) A2,

Proof. Since fA < B < LA and A is invertible, then by multiplying both sides with
A2 we get £l < A~V2BA~1Y2 < L1y. Denote X = A~/2BA~1/2 and by using
the functional calculus for X that has its spectrum contained in the interval [¢, L]
and the inequality (4.24), we get

Xt—-1 g — X1
0 < minfa(n, 2%, 5m, £} (- 20
oyt
(4.28) < logX—%
t =t
< max{a(n, ), im0 (S - R

for any ¢t > 0. Now if we multiply both sides of (4.28) by A'/2, then we get

t oyt
0 < minfa(n, 29, m, L) AY? (XM SR g

—t
< AV2logx — A2 =X i
- t

t oyt
< max{a(n, ), o, )12 (- XD i

Since . .
1y — X X—t—1
A1/2HTA1/2 _ A1/27tHA1/2 — T_,(A|B),

we have (4.26). Similarly by using (4.25) we get
A71/23A71/2)t B 1H> 2

0 < min{y(n, K"),d(m, K')}t <( !

(A—I/QBA—I/Z)t —1g
- t

—log(A™Y2BA™1/?)

2
-1/2 A-1/2\t _
< maX{’)/(n7kt)’5(ma kt)}t <(A BAt ) 1H> .

(4.29)

for any ¢t > 0. If we multiply both sides of (4.29) by A'/2, then we get

2
)
t

0 < min{y(n,L!),8(m, L})}tAY? <
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A1/2 (A—I/QBA—l/Z)t —1g

_ AL/2 _ q1/2 log(A*1/2BA’1/2)A1/2

= t

2
—1/2 —1/2\t _

< max{v(n,ﬁt),5(m,ft)}tx41/2 ((A BAt ) 1H> AL/2

Since 2
-1/2 —1/2\t _

AL ((A BAt ) 1H> A2 = Ty(A|B)A™'T,(A|B),

we have (4.27). -

By putting ¢ = 1 in (4.26) and (4.27), we have the following corollary.

Corollary 4.2. Let A, B be two positive invertible operators and the constants
0 < £ < L with the property that {A < B < LA. Then for any m,n € NU {0} we
have

0 < min{a(n,L),B(m,L)}(B—A) (A -BHA
< S(A|B)—-(B—-A)B'A
< max{a(n,t),B(m,0)}(B - A) (A~ - B 1A,
and
0 min{y(n, L),5(m, L)}(B — A)A™ (B — A)

B—A—-S(A|B)
max{y(n,£),5(m,0)}(B — A)A™Y(B — A).

IN A CIA

Proof. When t = 1, T1(A|B) = B — A and T_1(A|B) = (B — A) B~ A. Since
T (AB)—T_1(A|B)=B—-A—(B—-A)B™'4A
= (B-A(I-B1'A)=(B-A)A1-B 1A,

we obtain the result. O
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