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A NONLINEAR MEAN CONVERGENCE THEOREM
FOR TWO MONOTONE NONEXPANSIVE MAPPINGS
IN BANACH SPACES
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Dedicated to the memory of Professor Wataru Takahashi with deep gratitude.

ABSTRACT. In this paper, we prove a nonlinear mean convergence theorem for
two monotone nonexpansive mappings in uniformly convex Banach spaces en-
dowed with a partial order.

1. INTRODUCTION

Let E be a real Banach space, let C' be a nonempty subset of E. For a mapping
T :C — E, we denote by F(T') the set of fized points of T, i.e.,

F(T)={2€C:Tz=z}.
A mapping T : C' — C is called nonexpansive if
[Tz =Tyl < ||z —yll

for all z,y € C. The fixed point theory for such mappings is rich and varied. It finds
many applications in nonlinear functional analysis. The existence of fixed points for
nonexpansive mappings in Banach and metric spaces has been investigated since the
early 1960s (For example, see [5, 6, 8, 10, 12]). Among other things, in 1975, Bail-
lon [3] proved the following first nonlinear mean convergence theorem in a Hilbert
space: Let C' be a nonempty bounded closed convex subset of a Hilbert space H
and let T' be a nonexpansive mapping of C into itself. Then, for any z € C,

1 n—1 )
{Spx} = {n ZT%az}
=0

converges weakly to a fixed point of 7" (see also [19]).

In recent years, a new direction has been very active essentially after the publi-
cation of Ran and Reurings results [16]. They proved an analogue of the classical
Banach contraction principle [4] in metric spaces endowed with a partial order. In
particular, they show how this extension is useful when dealing with some special
matrix equations (see also [11, 15, 20, 21]. Bin Dehaish and Khamsi [7] proved a
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weak convergence theorem of Mann’s type [14] for monotone nonexpansive map-
pings in Banach spaces endowed with a partial order (see also [14, 17]). Shukla
and Wisnicki [18] obtained a nonlinear mean convergence theorem for monotone
nonexpansive mappings in such Banach spaces.

In this paper, we prove a nonlinear mean convergence theorem for two monotone
nonexpansive mappings in uniformly convex Banach spaces endowed with a partial
order.

2. PRELIMINARIES AND NOTATIONS

Throughout this paper, we assume that E is a real Banach space with norm || - ||
and endowed with a partial order < compatible with the linear structure of E, that
is,

z Xyimpliesx + 2z 2y + 2z,
x =y implies Ax < Ay
for every x,y,z € F and A > 0. As usual we adopt the convention z > y if and
only if y < x. It follows that all order intervals [x,—] = {z € E : x < z} and
[«—,y]={z € E:z€ E:z =<y} are convex. Moreover, we assume that each order
intervals [x,—] and [«—,y] are closed. Recall that an order interval is any of the
subsets
[a,—]={r € X;a =<z} or [+,a]={zre X;z<a}l.
for any a € E. As a direct consequence of this, the subset
[a,b] ={z € X;a 2 x X b} = [a,—] N [+, D]

is also closed and convex for each a,b € F.

Let E be a real Banach space with norm || - || and endowed with a partial order
=< compatible with the linear structure of E. Let C' be a nonempty subset of E. A
mapping T : C — C' is called nonexpansive if

[Tz =Tyl < |z -yl
for all z,y € C. A mapping T : C' — C' is called monotone if
Tx < Ty

for each x,y € C such that x < y. For a mapping T : C — C, we denote by F(T)
the set of fized points of T, i.e., F(T)={2€ C:Tz = z}.

We denote by E* the topological dual space of E. We denote by N and Z* the
set of all positive integers and the set of all nonnegative integers, respectively. We
also denote by R and R™ the set of all real numbers and the set of all nonnegative
real numbers, respectively. We write z,, — x (or nhﬁrrolo xn = x) to indicate that the

sequence {z,} of vectors in E converges strongly to . We also write z,, — x (or
w-limy, 00 , = ) to indicate that the sequence {x,} of vectors in E converges
weakly to z. We also denote by (y,z*) the value of z* € E* at y € E. For a subset
A of E, coA and ¢6A mean the convex hull of A and the closure of convex hull of
A, respectively.
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A Banach space E is said to be strictly convex if

=+ yll
— <1
2
for z,y € E with ||z|| = ||ly|| = 1 and = # y. In a strictly convex Banach space, we

have that if

Izl =1llyll =1 (1= z+ Ay
for z,y € E and X € (0,1), then z = y. For every £ with 0 < e < 2, we define the
modulus () of convexity of E by

f, latyl
s =it {1 = 2 o <1 < e - vl 2 e

A Banach space E is said to be uniformly convex if 6 (¢) > 0 for every ¢ > 0. If E
is uniformly convex, then for r,& with » > ¢ > 0, we have ¢ (f) > 0 and

=5 E6)

for every x,y € FE with ||z|| < r, |ly|| < r and |z — y| > e. It is well-known
that a uniformly convex Banach space is reflexive and strictly convex. Let Sg =
{z € E: ||z|| = 1} be a unit sphere in a Banach space E.

3. MONOTONE AND APPROXIMATE FIXED POINT SEQUENCES

In this section, we study approximate fixed point sequences and monotone se-
quences. Let C be a nonempty subset of E' and let T' be a mapping of C into E. A
sequence {x,} in C is said to be an approzimate fized point sequence of a mapping
T of C into itself if
lim ||z, —Tz,|| =0
n—oo

(see also [13, 19]). A sequence {z,} in F is said to be monotone if
xp w2 a3 X

(see also [7]). The following lemma was obtained by the author and Takahashi [1]
(see also [2].

Lemma 3.1 ([1]). Let C be a nonempty bounded closed convex subset of an or-
dered uniformly convex Banach space E. Let S and T be monotone nonexrpansive
mappings of C into itself with ST =TS. Then,

1 n—1n—1 o 1 n—1ln—1 o
nli_)ngosup ) ZZ.S"TJ:E -T (nz Z Z SZT]$> =0
zeC i=0 i=0 =0 i=0

and

n—1n—1 n—1n—1
nh_)n;oilelg % ZZSiTj:E -5 (7112 ZZSiTj:L") =0.

=0 1=0 =0 1=0

The following theorem was proved by Browder [9].
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Theorem 3.2 ([9]). Let C be a nonempty bounded closed convex subset of an ordered
uniformly convex Banach space E and let T be a nonexpansive mapping of C into
itself. Let {x,} be a sequence in C' such that it converges weakly to an element u in
C and {x, — Tx,} converges strongly to 0. Then, u is a fixed point of T.

Using Theorem 3.2, we can prove the following result which is crucial in this
paper.

Theorem 3.3. Let C' be a nonempty bounded closed convex subset of an ordered
uniformly convex Banach space E. Let S and T be monotone nonexpansive map-
pings of C into itself. Let {x,} be a sequence in C which is a monotone, and
approzimate fived point sequence of T' and S, i.e.,

lim |z, — Tz,| = lim ||z, — Sz,| =0.

Then, then the sequence {x,} converges weakly to a point of F(S)NF(T).

Proof. Let w be a common fixed point of 7" and S. Since E is reflexive, {z,}
must contain a subsequence which converges weakly to a point in C. Let z1, 29 be
two weak cluster-points of {z,,}. Then, there exists two subsequences of {z,,} and
{xn,} of {z,} such that x,, — 21 and ,, — 22, respectively. By the assumption,
we remark

lim |lzn, — T, = lim ||z, — Sz, || =0
i—00 1—00

and
lim |z, — Toy,|| = lim ||z, — Szy,|| = 0.
—00 Jj—o0

It follows from Theorem 3.2 that 21,29 € F(T) N F(S) (see also [1]). Next, we show
z1 = 22 (see also [7]). Fix k > 1. Since {z,} is monotone and the order interval
[z, —) is weakly closed, we conclude that z; € [z, —) for i = 1,2. So, we see that
z; is an upper bound for {z,} for i = 1, 2. Then, we also obtain that {z,,} C (+, z]
for i = 1,2. It follows from the same reason that z; € (+, 2] for i,j = 1,2. So,
we have z; = z3. Therefore, we obtain that {z,} converges weakly to a point of
F(S)NF(T). O

4. NONLINEAR MEAN CONVERGENCE THEOREMS

In this section, we show nonlinear mean convergence theorems for monotone
nonexpansive mappings. Using Lemma 3.1, we can prove the following lemma
which plays an important role in our results.

Lemma 4.1. Let C be a nonempty closed convexr subset of an ordered uniformly
conver Banach space E. Let S and T be monotone nonexpansive mappings of C
into itself such that ST = TS and F(S)NF(T) # 0. Assume that x < Sz and
x 2Tz for each x € C. Let x € C. For each n € N and m € Z*, let

n—1ln—1

1
(m) k+mml+m
U, x—nQE E SErmTT
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Then, the sequence {U,Sm)x}flo:l i C is an approzimate fized point sequence of S
and T uniformly in m € ZT.

Proof. For x € C and f € F(T)NF(S), put r = ||z — f|| and set X = {u € E :
lu—f|| <r}NC. Then, X is a nonempty bounded closed convex subset of C which
is T', S-invariant and contains z. So, without loss of generality, we may assume that
Cis bounded

Since & S S SiHRTIHly = L SR LS SITY(SFT ), from Lemma 3.1,

we have

lim sup sup
N0k 1e7+ zeC

n—1n—1 1 n—1n—1 - A
n2 Z Z Sz-l—kTJ-H (n Z Z SH'kT]'Hx)

1=0 =0

n—1n—1 n—1n—1
1 .y
I (ST ) - ia Sk
Y SIS (anw )

=0 =0

(4.1) = lim sup sup
N0k lezt zeC

=0

Since U™z = LS SR ST My from (4.1), we have

lim sup ||U(M™z — TUM H_o

N0 ezt

Similarly, we also have

lim sup
N0 ezt

Ulmyg — SU,(Lm)xH =0.

So, we can conclude that {U}lm):v}flo:l is an approximate fixed point sequence of T’
and S uniformly in m € ZT. O

Lemma 4.2. Let C' be a nonempty closed conver subset of an ordered Banach
space EE. Let S and T be monotone nonexpansive mappings of C' into itself such
that ST =TS and F(S)NF(T) # 0. Assume that x < Sz and x < Tz for each
x€C. Letx € C. For eachm € Z7, let

n—1ln—1

Ur(zm o 2 Z Z Sk+mTl+m

k=0 1=0
Then, for each m € Z*, the sequence {Uém)x}fle in C' is monotone.

Proof. Since a partial order is compatible with the linear structure of X, it is not
difficult to see that
UV U@z <UPz < -

for each n € N and we also obtain that

U,Sm)x

n—1n—1

SS9 o

=0 5=0
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1 n—1n—1 n—1n—1

1 1 o
MCFsy: SN gty 4 <n2 ST 1)2> > sHmpitmy

=0 j=0 =0 j=0
1 n—1n—1 n—1n—1
= i+mrpj+m itmopjtm,,.
i L ST e ()Y S s
(n+1) i=0 j=0 n n+1 =0 j=0
n—1n—1 n—1n—1
+ < . 1 >Zzsz+mTj+m < )Zzsz+mT]+m
n n+ =0 7=0 =0 7=0
1 n—1n—1 —1n—
< Zzsz-l—mTj-&-mx_i_( >ZZ n+mTj+m$
= (L 1)\2 2
(n+1) == n?(n +1)2 =
n—1n—1 n—1n—1
T ) ) D s ) ) D) Bt
" n+1 =0 7=0 n+1 =0 5=0
n—1n—-1 n-n n—1
_ Sz+mTj+m i Sn-l—mTj—i—mw
n+12;]20 (n+1)2j;0
n—1 ne-n
Sz—l—an—l-m Sn+an+m
* (n—l— Z n2(n+ 1)2 v
=0
1
_ 1 — ZZSZ+mTj+m£U_ Ué_&l‘
(TL+ =0 j=0

for m € Z* and n € N. So, we can conclude that the sequence {U,(lm)x}zo:l in C'is
monotone. O

We can prove a nonlinear mean convergence theorem for two monotone nonex-
pansive mappings.

Theorem 4.3. Let C be a nonempty closed convex subset of an ordered uniformly
conver Banach space E. Let S and T be monotone nonexpansive mappings of C
into itself such that ST = TS and F(S)NF(T) # 0. Assume that x < Sz and
x 2Tz for each x € C. Then,

n—1n—1

(EE5w]

k=0 =0

converges weakly to a point of F\(S) N F(T).

Proof. 1t follows from Theorem 3.3 and Lemmas 4.1 and 4.2 that for m € Z7,
{n2 Zk 020 ! GhAmpltmy, } converges weakly to a point of F/(S)NF(T'). So,

especially, we also have { =5 Ek 020 ' Skl } converges weakly to a point of

F(S)N F(T). O

Using Theorem 4.3, we get some convergence theorems for monotone nonexpan-
sive mappings in ordered uniformly convex Banach spaces (see [18]).
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Theorem 4.4 ([18]). Let C' be a nonempty closed convex subset of an ordered
uniformly convexr Banach space E and let T' be a monotone nonexpansive mapping
of C into itself such that F(T) # (. Assume that x < Tx for each x € C. Then,
{Spa} ={% S 0o TRz} converges weakly to a point of F(T).

Theorem 4.5 ([18]). Let C' be a nonempty closed convex subset of an ordered
uniformly convexr Banach space E and let T be a monotone nonexrpansive mapping
of C into itself such that F(T) # (). Assume that x < Tx for each x € C. Then,
{T™z} converges weakly a point of F(T).
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