R
Y Livear and Wonliear \)@aﬁeﬁ& S’ oeN2ieaaler CoPyriant 2022

Volume 8, Number 1, 2022, 81-87
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ABSTRACT. The Poincaré-Miranda theorem is an n-dimensional zero-point the-
orem, which was conjectured by Poincaré [4]. Miranda [3] showed that it is
equivalent to Brouwer’s fixed point theorem. Further it is equivalent to the
Hadamard theorem [1], see [2] for simple proofs. Although it is sometimes called
an extension of the intermediate value theorem, it does not seem to be explicitly
given as an n-dimensional intermediate value theorem. In this paper we explic-
itly mention an n-dimensional intermediate value theorem, and show that it is
equivalent to the Poincaré-Miranda theorem. As an application we deal with a
bimatrix game and a three-person strategic game, and show the range of payoffs
that can be achieved by mixed strategies.

1. INTRODUCTION

Let [a;, b;] C R (i = 1,...,n) be closed intervals, and I = [a, b] denote the product
[a1,b1] X -+ X [an, by]. Let f=(f1,...,fn) : I = R™ be a continuous function. The
classical intermediate value theorem states that when n =1

(1) for any value ~ satisfying min{f(a), f(b)} < v < max{f(a), f(b)} there
exists some point a < ¢ < b such that f(c) =,

(2) in particular when min{ f(a), f(b)} < v < max{f(a), f(b)} there exists some
point a < ¢ < b such that f(c) = ~.

Although the intermediate value theorem (n = 1) is usually stated as (2), the first
form is equivalent to Brouwer’s fixed point theorem for n = 1 and the following
Poincaré-Miranda theorem for n = 1.

Theorem 1.1 (Poincaré-Miranda). If a continuous function g = (g1,...,9n) : I —
R"™ satisfies the following boundary condition:

(1.1) gi(x) <0 (zel, zi=uqa;), g(xr)>0(xel, x;=1b)

or

(1.2) gi(x) 20 (xel, zi=a;), gi(z) <0 (xel, z;="b)
foranyi=1,...,n, then g has a zero-point ¢ € I.
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In this paper we present an n-dimensional intermediate value theorem, and show
that it is equivalent to the Poincaré-Miranda theorem. Next we apply it to two and
three-person strategic games, and show the range of payoffs that can be achieved
by mixed strategies.

2. n-DIMENSIONAL INTERMEDIATE VALUE THEOREM

Theorem 2.1. Let f = (f1,...,fn) : I = R™ be a continuous function. Define &;,
Bi, a, and B, fori=1,...,n by

(2.1) a; = max{f;(z) |z €I, x; = a;}, B; := max{f;(z) |z € I, x; = b;},

(2.2) a; ==min{fi(z) |z € I, z; = a;}, B, :=min{fi(z) |z € I, x; = b;}.

Then for any v = (71, ...,7vn) satisfying

(2.3) min{a;, B} <7 < mad{a,, B} G =1,...,n)

there exists some point ¢ = (c1,...,c,) € I such that f(c) =~. In particular, when
v; satisfies

(2.4) min{a;, B;} < v < max{q;, 8, },

it holds that a; < ¢; < b;.

Proof. Define a function g : I — R"™ by g(z) = v — f(z). Taking account of o; < @;
and 8, < B;, we see that (2.3) is equivalent to

(2.5) @ <7 < orB; <vi <a

In the former case, it holds that

N, >a; — fi(x) >0 (2 =a;)
(2.6) gz($) =% fz(l') {S QZ _ fz(l') <0 (xz _ bz)
In the latter case, it holds that

oy oy J S = fi(e) <O (2= aq)
27 9i(z) = = fila) {Z Bi — fi(x) >0 (i =1b;).

Hence, by the Poincaré-Miranda theorem, there exists ¢ € I such that g(c) = 0,
that is, f(c) = 7.

In particular when ~; satisfies (2.4), assume that @; < v; < ﬁz and ¢; = a;, then
fi(e) <@; < = fi(c). Hence ¢; # a;. Assume that a; < v; < él and c¢; = b;, then
ﬁi < file) =y < ﬁl Hence ¢; # b;. Therefore we have a; < ¢; < b;. Similarly we
have a; < ¢; < b; in the case of 3; < v < q;. O
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Theorem 2.2. Theorem 2.1 implies the Poincaré-Miranda theorem.

Proof. 1f g; satisfies boundary condition (1.1). Then it holds that

a; = max{g;(z) |z € I, x; = a;} <0< min{gi(z) [z €I, z; =b;} = B,.
If g; satisfies boundary condition (1.2). Then it holds that

B; = max{g;(z) |z €I, 7, =b;} <0 <min{g;(z) |z €I, z; = a;} = o;.

Hence v; = 0 satisfies (2.3). By Theorem 2.1, there exists ¢ € I such that g(c) =
0. O

Example 2.3. This example shows the necessity of assumption (2.3). Let I =
[—1,1]%, fi(z1,72) = —(21 + 1)* — 23, and f1 (21, 22) = 2. Then

a1 = max{fi(z1,22) | #1 = —1} = max{—23 | 22 € [-1,1]} = 0,
a; = min{fi(z1,22) | 21 = ~1} = min{~a3 | 22 € [-1,1]} = ~1.

Similarly computing /3, §2, etc., we have

min{ay, §;} = min{0, -4} = —4,  max{q;, B,} =max{-1,—5} = -1
min{ay, By} = min{—-1,1} = -1,  max{a,, B,} = max{—1,1} = 1.

By Theorem 2.1, for any v € [—4, —1] x [~1, 1], there exists a point ¢ € [—1,1]? such
that f(c) = v. Further, for v € (—4,—1) x (—=1,1), cis in (—1,1)2. On the other

(1) 2 2 ™ 3
o, =f-1LD=-1 B,=f(1.D="-5 high | Ba=PB2=1

hiﬂg\\ low § L=y \f_
2

L1

Zy
o = Br=/(1.0)=-4 /
1F ’Yl

f(-1,0)=0

-1 low | mp=0p=-1

FIGURE 1. (1) Level sets of fi. (2) Level sets of fa. (3) f(c) = 7.
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hand, it holds that for v := (—¢2,1 —¢) ¢ [—4, —1] x [-1,1]

f(x17«’132):’}’ < (x1+1)2+$3252, 1172:1—5

= (r1+1)=e2-(1-¢)?=2-1<0,
where € > 0 is sufficiently small. Hence there is no = € I such that f(z) =~.

3. APPLICATION TO THE GAME THEORY

First, we apply Theorem 2.1 to the following bimatrix game:

e Each player has two actions called pure strategies.
e The payoff of player i is given by

a; b Y1 .
1 ; = 1-— . =1,2
B e =G@a-a (000 ) =12
where z1,y; € [0,1]. Player ¢ wants to maximize f;, predicting opponent’s
action.
In the following A denotes the set of 1-dimensional probability vectors. Proba-
bility vectors @ = (z1,22) € A and y = (y1,y2) € A are called mixed strategies.
Theorem 3.1. In the bimatriz game above, for any (vy1,7v2) satisfying

(3.2) min{max{ai, b1 }, max{c1,d1}} <y < max{min{ay, b;}, min{cy,d;}}

(3.3)  min{max{ag, ca}, max{bs, da}} < 72 < max{min{ag, co}, min{be,ds}},

the payoffs (y1, v2) are achieved by some mizved strategies (x,y) € A%. Further, if
T satisfies (3.2) with strict inequalities, then x1 € (0,1). If vyo satisfies (3.3) with
strict inequalities, then yy € (0,1).

Proof. Taking I = [0,1]? in Theorem 2.1, we easily see that

ay = min{ f1(0,y1) | y1 € [0,1]} = min{cy,d1},
a; = max{f1(0,y1) | y1 € [0,1]} = max{ci,d;1},
B, =min{fi(1,y1) | y1 € [0,1]} = min{as, b1},
By =max{f1(1,y1) | y1 € [0,1]} = max{a1, b1},

ay = min{ fo(x1,0) | 1 € [0,1]} = min{by, d2},
Qg = max{fg(xl,O) ’ r1 € [0, 1]} = max{bg,dg},
B, = min{ fo(z1,1) [ 21 € [0,1]} = min{as, ca},
By = max{ fo(x1,1) | 21 € [0,1]} = max{as, ca}.
Therefore (2.1) reduces to (3.2) and (3.3). O

Example 3.2. Let

fi(zi,y1) = (21,1 —21) <_22 g) (1 31%) ;
(

fa(z1,91) = (21,1 — 1)
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Then LHS and RHS of (3.2) are

LHS = min{max{2, 3}, max{—2,0}} =0,

RHS = max{min{2, 3}, min{—2,0}} = 2,
respectively. Similarly LHS and RHS of (3.3) are

LHS = min{max{2,4}, max{—1,1}} =1,

RHS = max{min{2,4}, min{—1,1}} = 2.

respectively. Therefore any (y1,72) € [0,2] x [1,2] can be achieved by some mixed
strategies.
Next, we consider the following three-person game:

e It is a simultaneous game by three players in which each player has two
actions.
e The payoffs of player i = 1,2,3 are given by

N1, y,2) =32, 5 ke ,2) ighTilszh,
fo(z,y,2) = Zi,j,ke{1,2} bijk il 2k,
f3(®, Y, 2) = 32, peqr.2) CijkTilYsiZn,

where @ = (x1,22), y = (y1,¥2), and z = (z1, 22) are probability vectors.
Player ¢ wants to maximize f;, predicting individual players’ actions.

Theorem 3.3. In the three-person game above, for any (y1,72,73) satisfying

(34)  min{ max ayjx, max agr} <y <max{ min ayjr, min ag;}
gkefizy 7 jke(ty ike{l2y 7V jkefray T
3.5 min{ max b;1r, max byort <o <max{ min b;, min b
(3.5) {i,ke{l,Q} R ke{l2) b<ms {i,k€{1,2} R ke{l2) b
(3.6) min{ max c¢;j1, max c¢j2} <73 <max{ min ¢;;, min ¢}
ije{t2y 7 ige{tzy igefrey 7 igefnzy T

the payoffs (y1,72,73) are achieved by some mized strategies (x,y,z) € A%. Namely
(fl(wa Y, Z), fQ(xv Y, Z), fg(.’l)‘, Y, Z)) - (717'727 73)'

Further, if v satisfies (3.4) with strict inequality, then x1 € (0,1). If v2 sat-
isfies (3.5) with strict inequality, then y1 € (0,1). If v3 satisfies (3.6) with strict
inequality, then z, € (0,1).
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Proof. Since x, y, and z are 1-dimensional probability vectors, payoff f; can be
regarded as a function with variables (z1,y1,21) € [0, 1], so that we simply denote
it by fi(x1,y1,21). For example, f1(z1,y1,21) is equal to

E QLY 2k

i,5,ke{1,2}
= amniyiz1 + arexiyi(l — z1) + ar2121(1 — y1) 21
(3.7) +a12221(1 — 1) (1 — 21) + aen1 (1 — z1)y121 + az212(1 — z1)y1 (1 — 21)

+ag (1 — 21)(1 — y1)z1 + az2(1 — 1) (1 — y1)(1 — 21).

Hence f1(0,y1,21) is equal to
(@211 — a212 — ag21 + a222)y121 + (a212 — a222)y1 + (a221 — a222)21 + G222,
and @ in (2.1) is
oy = max { f1(0,y1,21) | (y1,21) € [0,1]%}.

When ag11 — ag12 — age1 + a9 # 0, the stationary point of (3.7) is a saddle point.
If the stationary point is in (0, 1)2, it is neither a maximum point nor a minimum
point of (3.7). When ag11 — ag12 — a1 + age = 0, (3.7) is linear. In either case a
maximum point of (3.7) can be found in the boundary of [0, 1]2. Furthermore since
(3.7) is linear on each edge of the boundary we may assume that the maximum of
(3.7) is attained by a corner of [0,1]2. The minimum of (3.7) is also attained by a
corner. Therefore

;= min agjk, O] = max agik.
ikefl2y 7 dkefl2y
Similarly, we have
B, = min a1, B;= max ayp.
=L gkefiay MY jke{izy 7
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