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A MODIFIED EXPLICIT ITERATIVE TECHNIQUES FOR
SOLVING EQUILIBRIUM PROBLEMS

HABIB UR REHMAN AND WIYADA KUMAM*

ABSTRACT. A new extragradient method for solving a pseudomonotone equi-
librium problem with a Lipschitz-type requirement is presented in this study.
Variable stepsize is being used in the algorithm, which has been revised at each
iteration and is dependent on earlier iterations. The algorithms have the fea-
ture of not requiring prior knowledge of Lipschitz-type constants or a linesearch
technique. The algorithm’s convergence is determined using only the most basic
assumptions. Several basic experiments are included to demonstrate the numer-
ical performance of the algorithms as well as compare them to others.

1. INTRODUCTION

Let = represent a real Hilbert space and A represent a nonempty closed convex
subset of =. The research focuses on an iterative technique for addressing the equi-
librium problem ((EP), to put it short). Let F : Z x Z — R be a bifunction with
F(y1,y1) = 0, for each y; € A. A equilibrium problem for a given bifunction F on
A is presented as follows: Find u* € A such that

(EP) Fu,y1) >0, Yy € A,

Let us represent a problem’s solution set as Sol(F,A), and we will assume in
the following text that this solution set is not empty. This research looks at the
numerical evaluation of the equilibrium problem given the following conditions. We
suppose the following conditions have been met:

(F1) A bifunction F is said to be pseudomonotone [3,5] i.e.,
F(y1,y2) 2 0= F(y2,y1) <0, Vy1,y2 € A;

(F2) A bifunction F is said to be Lipschitz-type continuous [15] on A if there
exist two constants ¢, co > 0, such that

F(y1,y3) < Fy1,v2) + F(y2,93) + cillyr — v2l|* + callyz — vsll®, Vy1,92,u3 € A;
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(F3) For any sequence {y,} C A satisfying yr — y*, then the following inequality
holds
lim sup F(yk, 1) < F(y",91), Y1 € 4;

k—4o00
(F4) F(y1,-) is convex and subdifferentiable on = for each fixed y; € E.

The equilibrium problem is of tremendous interest among researchers these days
since it connects numerous mathematical problems, including fixed-point problems,
the vector and scalar minimization problems, variational inequalities, the comple-
mentarity problems, the saddle point problems, the Nash equilibrium problems in
non-cooperative games and the inverse optimization problems (for more details,
see [4,5,9,13,16]). It also has various applications in economics [8], the dynam-
ics of offer and demand [2] and continues to utilize the theoretical framework of
non-cooperative games and Nash’s equilibrium models [17,18]. In the literature,
the term “equilibrium problem” in its particular format was initially introduced in
1992 by Muu and Oettli [16] and further studied by Blum and Oettli [5].

The extragradient method developed by Flam et al. [10] and Quoc et al. [21] is
one useful approach. The following is how this approach was constructed. Take an
arbitrary initial points ug € =; using the current iteration ug, take the next iteration
as continues to follow:

ug € A,

yi = arg min{>«F (ug, y) + 2|luk — y||*},
(1.1) yeA

U1 = arg min{>F (y, y) + 3llue — ylI*},

yeA

where 0 < » < min {%, % and ¢y, co are two Lipschitz-type constants. Due to

Korpelevich’s first contribution in [14] to handle saddle point problems, the iterative
approaches in Flam et al. [10] and Quoc et al. [21] is also recognized as the two-
step extragradient method. This method requires the solution of one optimization
program on A as well as another optimization program on a feasible set, and its
stepsize is fixed.

The primary goal is to present a new explicit-type approach that demonstrates
that the gradient approach still yields a weak convergence sequence when solving
equilibrium problems involving pseudomonotone bifunctions using a nonmonotone
variable stepsize rule. We will present new extragradient-type methods for the
problem (EP) in an infinite-dimensional real Hilbert space, inspired by the work of
Censor et al. [7] and Hieu et al. [12].

Our main contributions to this work, in particular, are as follows:

o We develop a subgradient extragradient approach with a non-monotone vari-
able stepsize rule to solve equilibrium problems in a real Hilbert space and
demonstrate that the resulting sequence is weakly convergent.

¢ 'To solve equilibrium problems, we offer another extragradient approach that
leverages a variable nonmonotone stepsize rule that is independent of the
Lipschitz constants.
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© Some conclusions are drawn in order to solve two types of equilibrium prob-
lems in real Hilbert space.

¢ We present numerical demonstrations of the proposed approaches for veri-
fying theoretical findings and compare them to published results. Our nu-
merical results indicate that the new methods are useful and outperform the
existing ones.

The following is how the paper is organized: Preliminary results were reported in
Section 2. All new methods and their convergence analysis are presented in Section
3. Finally, Section 4 provides numerical findings to explain the practical efficacy of
the proposed methods.

2. PRELIMINARIES

In this section, we will go over some elementary identities as well as key lemmas

—_

and definitions. A metric projection Pa(y1) of y1 € E is defined by: Pa(y1) =
argmin{||y1 — y2|| : y2 € A}. The key characteristics of projection mapping are

described below.

Lemma 2.1 ([11]). Let Pn : £ — A be a metric projection. Then we have the
following characteristics:

(i)
lyr = Pa(y2) | + [1Pa(y2) — v2ll? < llyr — w2ll®, v1 € A,y2 € 5
(ii) ys = Pa(y1) if and only if
(1 —ys,y2 —y3) <0, Vya € A;
(iii)
lyr — Pa(yo)ll < llyr — well, y2 € A,y € E.

Lemma 2.2 ([11]). For any y1,y2 € E and £ € R. Then the following conditions
are met:

(i)
1051 + (1 = O)gel* = Clyall® + (1 = Ollgell® — (1 = O)llyr — y21*.
(i)
ly1 + 2ll? < ol + 2(y2, y1 + v2)-
The normal cone of A at y1 € A is defined by
Na(y1) ={ys € E: (ys,y2 — 1) <0, Vyo € A}.

Assume that U : A — R is a convex function and subdifferential of U at y; € A
is defined by

90(y1) = {ys € E: O(y2) — O(y1) = (y3, 42 — 1), V2 € A}
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Lemma 2.3 ([20]). Let U : A — R be a subdifferentiable, convex and lower semi-
continuous function on A. An element u € A is a minimizer of a function U if and
only if

0 € 00(u) + Na(u),
where 0U(u) stands for the sub-differential of G at w € A and Na(u) the normal
cone of A at u.

Lemma 2.4 ([19]). Let A be a nonempty subset of = and {uy} be a sequence in =
satisfying the two conditions:

(i) for each u € A, limy_, 4 ||ur — ul|| exists;

(ii) each sequentially weak cluster point of {uy} belongs to A.

Then, sequence {uy} weakly converges to an element in A.

3. MAIN RESULTS

In this section, we introduce a numerical iterative approach for speeding the rate
of convergence of an iterative sequence that contains two strong convex optimiza-
tion problems with a non-monotone stepsize rule. We offer a method for solving
equilibrium problems:

Algorithm 1

STEP 0: Choose 7 > 0, ug € Z, u € (0,1), 8 € (0,2 — v/2). Choose a
non-negative real sequence {py} such that Z;ﬁ pr < +oo. First, we have to
compute

STEP 1: Compute

. 1
yr = arg min{sq. F (ug, y) + 5”% —yl*}.
yeEA
STEP 2: Given the current iterates wuy, yx. Firstly choose wy € 0o F (ug, yi)
satisfying up — spwir — yr € Na(yr) and generate a half-space
=g = {Z ez (uk —%kwk—yk,z—yk> < 0}
STEP 3: Compute
. 1
ugs1 = argmin{>e. F (ye, y) + = [lux — yl1*}-
YEE 2
STEP 4: Compute

: (2—v2-0)pllue—ye 1>+ 2—v2—0) pllug 41—y I
min {”k NP i Ty Faw 2 T B T ) }
(31) Ap+1 = if ]:(Uk;,Uk+1) - ‘F(ukayk) - *F(ykvuk-i-l) > O)

»y, + Pk, otherwise.

STEP 5: If up = yi, then complete the computation. Otherwise, set k :=k + 1
and go back STEP 1.
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Lemma 3.1. A sequence {} is converge to 3 and mm{%‘%, %0} <x<
29+ P, where P = Ek 1 Ph-
Proof. Assume that F(ug,ugt1) — F(uk, yx) — F (Yk, uk+1) > 0 such that
#(2 = V2 = 0)(llux — yll* + llur+1 — yll*)
2[F (g, wpr1) — F (ks yi) — F (Yks uk41)]
p(2 = V2 = 0)(llux — el + llursr — yell?)
2[cr|lur — ykll? + callurir — yrll?]

S H2=V2-10)

~ 2max{cy, o}

(3.2)

Applying mathematical induction on the concept of s 1, we have

mim{“<2 ~V2-0)

< < P.
max{2cy, 2co}’ %0} =S 0

Suppose that [41 — sa)]7 = max{0,5041 — 54} and [gqq — ) =
max {O, — (o541 — %k)} Due to the definition of {s}, we get

+o0o “+oo
(3.3) Z(%’H‘l — )T = ZmaX{O, stiy1 — g ) < P < +oo.

k=1 k=1

That is, the series Y ;5 (31 — 2) T is convergent. The convergence must now be
proven of 7% (341 — 2) . Let S5 (50,401 — 39,)” = +00. Due to the fact that
syt — 2 = (1 — o) T — (g1 — 2) . We could get

k k

k
(34) g1 — = Z(%k—H — ) = Z(%k—i-l —sg,) 7" Z M1 — )~
k=0

k=0 k=0
Letting k — +o0 in (3.4), we have >, — —oc0 as k — 4o0o. This is an absurdity.
As a result of the series convergence Z’,i:o(%kﬂ — )" and 22:0(%k+1 — )"
taking k — 400 in (3.4), we obtain limy_, . 7, = 2. This brings the proof to a
conclusion. O

Lemma 3.2. We can derive the following important inequality using Algorithm 1
56 F (Yks y) = 2 F (Yhs uk+1) = (up — upg1, ¥ — Uks1), VY € B
Proof. Due to the use of Lemma 2.3, we have
0 € D {saFlye) + %Huk 2 Puksa) + Nz, (pa).
Thus, v € OF (yk, ux11) there exists a vector U € Nz, (ug11) such that
2,0 + U1 —up +U = 0.
As a result, we have

(up — Upy1,y — Ups1) = 290, Y — Upy1) + (U, ¥ — upq1), Yy € Ep.
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Since U € Nz, (ug+1) we have (T,y — ug11) < 0 for all y € Z. It implies that
(3.5) (Wk = w1,y — Upt1) < 26U, Y — uky1), Yy € B

Since v € OF (Yg, ug+1), we have

(3.6) F(Yrsy) — F(Yr 1) = (0,4 — upqr), Yy € E.

We obtain by combining the formulas (3.5) and (3.6)

s 0 F (Yrs ) — 26 F Uk, Ur1) = (U — Upy1,Y — Uy1), VY € Ep.

Lemma 3.3. From Algorithm 1 we also have the following useful inequality
s F (ug,y) — s F (g, Yr) 2> (uk — Y,y — Yk), Yy € A.

Proof. The proof is analogous to the proof of Lemma 3.2. Substituting y = ug41,
we have

(3.7) st { F (ks ut1) — F(wr, yr) } > (uk — Yk Uhkt1 — Yk)-
O

Theorem 3.4. Let {ux} be a sequence constructed by Algorithm 1 and the
items (F1)~(F4) are held. Then, sequence {uy} weakly converges to u*. Also,

limy 400 Psoi(r,a)(ur) = u™

Proof. By substituting y = u* into Lemma 3.2, we have

(3.8) 2. F (Yr, u”) = 26 F (Yo ukt1) 2 (Uk = Upg1, 0 — Upyn)-
By the use of condition (F2) we obtain

(3.9) (up = g1, U — u*) = 36 F (Yo, Uk41)-

From expression (3.28) we obtain

(2 = V2= O p(llue — yiell* + lluer — yill?)
256541

F (e, upg1) —F (ur, yre) = F (Yr, up41) <

9

which after multiplying both sides by s > 0 implies that
s F (Yhy U 41) = 6 F (Uky U1) — 26 F (Uk, Yi)
(3.10) (2 = V2 = 0)saep(llur — yll* + k1 — will?)

2541
Combining expressions (3.9) and (3.10) we obtain
(uk = wpp1, g — w) = sa{F (g, wptr) — F(uk, ye) }
(3.11) (2 = V2 = 0)sapp(llur — yall® + lu1 — wsl?)

2541

By using expression (3.7), we have

(3.12) st { F (ks ukt1) — F(ur, yr) } > (uk — Yk Ukt1 — Yk)-
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Combining expressions (3.11) and (3.12) we have
(Up, — U1, Up1 — ©°) > (Up — Yk, U1 — Yk)
(3.13) (2= V2= 0)sgp(llue — yll® + llursr — vell®)

2541
The following facts are available to us:
* H2 *H27

2w — g1, 1 — ) = [Jup — w¥|? = [Juppr — ug]® — fJupsr —u

2(Uk — Wk, Y — Ukg1) = |Jug — yk||2 + lug+1 — kaQ — [Juk — Uk+1H2-
As a result, we have
luprs — w1 < flug = a|* = flur = ygl® = lluksr — yell?

(3.14) 2= V2= Ol — P+ s — vil)
Hk+1

Due to s, — 2, there exists a fixed natural number k; € N such that
»

lim gl

k—+00 M1

<1

Thus, we have

(3.15) s — w1 < flug = w12 = g =yl * = N — yell?
+ (2= V2= 0) ([lur — vl + llurgr — yell)-
Furthermore, it implies that

(3.16) st = u*? < Jlug — a1 = (V2 = D)llug = yxl® = (V2 = D fJugsr — gl
— O (llur — yell? + lurrr — vell?)-
From expression (3.16), we obtain

(3.17) lugsr = w1 < fug — ™|, V& > Ky

Therefore, we deduce that the sequence {uy} is bounded. Let m > k; and take eq.
(3.16) for k1,k1 + 1,--- ;m. Summing up them, we obtain

m
lumer = o[ < flugy = w1 = D (V2 = 1) lug — g
k=k1
m
=Y (V2= Djursr — vl

k=k1
(3.18) el
Letting k — o0 in (3.18), we obtain

+oo

3.19 —yl|? < +o0 = i —yl| =0
(319) Yl — el < oo = Tim | =0,

k=1
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and

o0
3.20 — yill? li — =0.
(3.20) ;HukJrl || <+OO:>k_1>IfooHuk+1 Y|

Due to the equations (3.19), (3.20) and using Cauchy inequality, we obtain

(3.21) U1 — ug| = 0.

lim |
k——+o0
Next, consider that 4 is a weak limit point of {u}, i.e., a subsequence, represented

by {ug, } of {uy} converges weakly to @. Then, {yg, } is also weakly converges to u
and 4 € A. From (3.10), the definition of s, and inequality (3.13), we have

5 F Uk r ¥) = 20, F (Yhy» Uk 1) + (Uky, — Uk 1, Y — Uky+1)

el
= %kkf(ukk7ukk+1) - %kkf(uk'k7ykk) - 2 . Hukk - yk‘k”2
e +1
132,
- W;H?/kk - ukk—l—lHZ + <Ukk — Uk +1,Y — Uk:k+1>
k
el
2 <ukk - ykkvukk-‘rl - ykk> - 2%k j»l ||uk’k - ykkHQ
k
g
(3'22) - W;Hykk - ukk+1H2 + <ukk = Uk +1,Y — ukk+1>7
k

where y € Eg. It pursue from (3.19), (3.20), (3.21) and due to boundedness of {u}
provides that the right-hand side of above relation converge to zero. Using sz, > 0,
condition (F3) and y;, — u, we obtain

0 < limsup F(yk,,y) < F(i,y), Vy € A.

k——+o0

Due to A C Zj implies that @ € A and F(u,y) > 0, for all y € A. It proves that
@ € Sol(F,A). Therefore, Lemma 2.4, guarantee that {u;} and {y;} converges
weakly to u* as k — +oo.

The final step is to demonstrate that limg oo Pgoy(r,a)(ur) = u*. Let Sy =
Psoi(r,a)(ug) be defined for each k € 7. Consider the following example to demon-
strate the boundedness of the &} such that

(3.23) ISkl < WSk — wll + [luwll < flo” —wgll + [Jur]-
As a result, {3} is bounded sequence. We write (3.16) for k > 1. We have
(3.24) s = Swal® < Juwry = Sl < lluk — Sull*, Ve > ka

The formula above suggests that the sequence ||uy — S|l is convergent. We can
write m > k > k; using (3.16) for

(3.25) 195 — mll® < 119k = | < -+ < 1S5 — wgl®

Allow Sy, Sk € Sol(F,A), and Lemma 2.1 (i) with (3.25) that m > k > ki, we
have

(326) [1S% — Smll® < 19k = wml® = 19m — wm|* < IS5 — wkll* = |Sm — um||*.
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The occurrence of limy_, 4o || Sk — ug|| implies that limy, g1 o0 [|Sk — S| = 0, for
all m > k. The solution set Sol(F, A) is closed set and {SJy} is a Cauchy sequence.
Thus, {Sr} — I € Sol(F,A). From Lemma 2.1 (ii) and u*,II € Sol(F, A),

(3.27) <uk — %k,u* — %k> < 0.
Since Sy — II and uw, — w*, imply (u* — IL u* — II) < 0, that gives u* = II =
limy, s 4 00 Pooi(F,a) (ug). Next, [Jug — yxl| — 0, implies limy oo Poy(r,a)(Yr) = u*

D

The proof of the theorem is now complete.

We now provide an iterative method that consists of a non-monotone variable
stepsize rule and two strongly convex minimization problems. The description of
the second main result is as follows.

Algorithm 2

STEP 0: Choose sy > 0, ug € Z, € (0,1), # € (0,2 — 1/2). Choose a
non-negative real sequence {px} such that Zﬁg pr < +oo. First, we have to
compute

STEP 1: Compute

. 1
yr = argmin{sep F (ug, y) + = ||lug — yHQ}
yEA 2

STEP 2: Compute
. 1
uky1 = argmin{sa. F(ye, y) + 5 llue — y[*}-
yeEA
STEP 3: Compute

: (2—v2-0)pllue—yr 2 +(2—v2—0) || ur 11 —yx ||
min {%k T Pk 2[F (upsupoq1) —F (upo sy ) —F (Y Uk 41)] }
(328) Ap+1 = if .F(Uk,Uk+1) - ‘F(ulﬂyk) - F(yk,“k-&-l) > 07

»y, + P, otherwise.

STEP 4: If up = yi, then complete the computation. Otherwise, set k: =k + 1
and go back STEP 1.

In this part, we use the results from our primary results to solve variational
inequalities and fixed point problems. The expressions (3.29) and (3.31) are used
to get the following results. More precisely, we consider two applications for the
problem (EP). (i) A wariational inequality problem for an operator M : A — E is
stated as follows: Find u* € A such that

(VIP) (M(u*),y1 —u*) >0, Yy € A.
Let us define a bifunction F as

(3.29) Fy1,y2) = (M(y1),y2 — v1), Yy1,92 € A.



136 H. UR REHMAN AND W. KUMAM

Then, the equilibrium problem convert into the problem of variational inequalities
defined in (VIP) and Lipschitz constants of the mapping M is L = 2¢; = 2¢q. (ii)
Let a mapping N : A — A is said to k-strict pseudocontraction [6] if there exists a
constant k € (0, 1) such that

(3:30) [Ny = Nuol* < llyr = woll® + £l (g1 = Ny) = (52 = N)IIP, Vn,pe € A
A fixed point problem (FPP) for N : A — Ais to find u* € A such that V' (u*) = u*.
Let us define a bifunction F as

(3.31) Fyry2) = (1 — Ny, y2 — 1), Vo, p2 € A

It can be easily seen in [22] that the expression (3.31) satisfies the conditions F1-F5

as well as the value of Lipschitz constants are ¢; = ¢o = 3:3:

Corollary 3.5. Assume that M : A — = is a pseudomonotone, weakly continuous
and L-Lipschitz continuous operator and the solution set Sol(M,A) # 0. Choose
> 0,u) € E, pe(0,1),60¢€ (02— V2). Choose a non-negative real sequence
{pr} such that Z;ﬁ pr < +oo. First, we have to compute
Yk = Pa(ug — 3. M(ug)).
Given ug, Y, and construct a half-space
Er={z€Z: (up — sxM(u) — Y,z — yx) < 0} for each k > 0.
Compute
up1 = Pz, (ur, — 59.M(yx))-
The stepsize must be modified as follows:
min {% (2—ﬂ—9)uuk—yk2+<2—x/§—0)uuk+1—ykn2}
B 2( M () =M (), wrs1—yk )
Hit1 = if (M(ug) = M(yr), ubs1 —yr) >0,

y, otherwise.

Then, the sequences {uy} converge weakly to u* € Sol(M,A).

Corollary 3.6. Assume that M : A — = is a pseudomonotone, weakly continuous
and L-Lipschitz continuous operator and the solution set Sol(M,A) # 0. Choose
29 >0, up € Z, € (0,1), 0 € (0,2 —+/2). Choose a non-negative real sequence
{pr} such that Z;ﬁ‘i pr < +oo. First, we have to compute

Yk = Pal(ug — 3. M (uyg)).
Compute
U1 = Pa(ug — .M (yk)).
The stepsize must be modified as follows:
min {%k (2—x/§—9)uuk—yk2+<2—x/§—emuk+1—ykn2}
’ 2( M(ur)~M(yr), urs1-yr)
Pl = if (M(ur) = M(yr), ups1 —yk) >0,

y, otherwise.
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Then, the sequences {u} converge weakly to u* € Sol(M, A).

Corollary 3.7. Assume that N': A — = is a pseudomonotone, weakly continuous
and L-Lipschitz continuous operator and the solution set Sol(N,A) # 0. Choose
wy > 0,up € E, pe(0,1),0€(0,2— \/5) Choose a non-negative real sequence
{pr} such that Z:;’ol pr < +oo. First, we have to compute

Y = Pafur — 500 (w, — N (uy))].
Given ug, Y, and construct a half-space
Er={z € &:((1 = sm)up + N (up) — yr, 2 — yr) < 0}
Compute

upt1 = Ps, [ug — s (ye — N ()]

The stepsize rule for the following iteration is assessed as follows:

min {%k 2—V2—-0)pllur—yr 2 +2—v2—0) pl|up 1 —yi? }
7 2<(uk—yk)_[N(uk)_N(yk)]vuk+1_yk>

A (e ) — W)~ N ). v — ) >0,

2y, otherwise.

Then, the sequence {uy} converges weakly to u* € Sol(N, A).

Corollary 3.8. Assume that N': A — = is a pseudomonotone, weakly continuous
and L-Lipschitz continuous operator and the solution set Sol(N,A) # (. Choose
wy > 0,up € E, pe(0,1),0€(0,2— \/5) Choose a non-negative real sequence
{pr} such that Z;ﬁ‘{ pr < +o0. First, we have to compute

Y = Paur — s (up — N (up))].
Compute

U1 = Pz, [ug — sa.(yx — N'(ur))]

The stepsize rule for the following iteration is assessed as follows:

min {%k (2—vV2-0)pul|ur.—yr |2+ (2—v2—0) pllug+1—yx > }
B T 2{(un—y) — IV () —N ()], w1~ )
k1= if  ((ur — i) — IV (ur) = Ny, st — yie) > 0,

2 otherwise.
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Then, the sequence {uy} converges weakly to u* € Sol(N, A).

4. NUMERICAL ILLUSTRATIONS

This section details a number of numerical experiments that were carried out
to illustrate the efficacy of the suggested methodologies. Some of these numerical
experiments give a comprehensive grasp of how to choose appropriate control set-
tings. Some of them show how the suggested strategies outperform current ones in
the literature.

Example 4.1. The first test problem here is drawn from the Nash-Cournot Oligopolis-
tic Equilibrium model in [21]. In this example, the bifunction F can be defined as
follows:

Flu,y) = (Pu+Qy+c,y—u)

where ¢ € RM and P, Q matrices of order M. The matrix P is symmetric posi-
tive semi-definite and the matrix () — P is symmetric negative semi-definite with
Lipschitz-like criteria ¢; = ¢ = 1||P — Q|| (see [21] for more details).
Experiment 1: In first experiment, we look at Example 4.1 to examine how Algo-
rithm 1 performs numerically when alternative control sequence p options are used.
This experiment assisted us in determining the best potential control parameter .
The starting points for these numerical studies are ug = (1,1,---,1), M =5 and
error term Dy = |lug — yx||. Two matrices P, @ and vector ¢ are defined by

312 0 0 0 16 1. 0 0 O 1
2 36 0 0 O 1 16 0 0 O -2
P=10 0 35 2 0 Q=10 0 15 1 0 c=|-1
0O 0 2 330 0 0 1 15 0 2
0 0 0 0 3 0O 0 0 0 2 -1

The constraint set A C RM is considered as A := {u € RM : —2 < u; < 5}.
Figures 1-2 demonstrate a variety of outcomes for first 50 iterations. The following

information about control settings should be considered: (i) Algorithm 1 (shortly,

MEGA): s = 5,6 = 0.050, p;, = (k}ff)z.
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Fig. 1. Computational behavior of Algorithm 1 using different val-
ues of p = 0.182,0.393,0.593,0.754, 0.988, respectively.
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Fia. 2. Computational behavior of Algorithm 1 using different val-
ues of p = 0.182,0.393,0.593,0.754, 0.988, respectively.

In second experiment, we look at Example 4.1 to examine how Algorithm 1
performs numerically when alternative control sequence 6 options are used. This
experiment assisted us in determining the best potential control parameter 6. The
starting points for these numerical studies are up = (1,1,---,1), M =5 and error
term Dy, = ||ug —yg||- Figures 3-4 shown a number of results by using a fixed number
of iterations. Information concerning the control parameters shall be considered as
follows: (i) Algorithm 1 (shortly, MEGA): s¢9 = o, n = 0.55, pj, = (klf(l))Q.
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FiGg. 4. Computational behavior of Algorithm 1 using different val-
ues of § = 0.54,0.46,0.33,0.18,0.05, respectively.

In the third experiment, we consider Example 4.1 to see the numerical com-
parison of Algorithm 1 with Algorithm 3.1 in [23]. For these numerical studies,
starting points are ug = (1,1,---,1) and error term Dy = ||ux — yx||. Figures 5-6
shown a number of results for first 50 iterations. Information regarding the con-
trol parameters shall be considered as follows: (i) Algorithm 1 (shortly, MEGA):
29 = 0.275, u = 0.55,0 = 0.05, p, = %; (ii) Algorithm 1 in [12] (shortly, EGA):
xy = 0.275,u = 0.55; (iii) Algorithm 2a in [21] (shortly, EEGA): o = 0.5;0 =
0.5;p = 1; (iv) Algorithm 1 in [1] (shortly, LEGA): s, = %,a =0.5;0=0.5;p=1.
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other existing algorithms.

Example 4.2. Assume that an operator G : R? — R? is specified as follows:
~ (0.5u3uz — 2uy — 107
Glu) = <—4u1 —0.1uf — 107>
where
A={ueR?: (u; —2)% + (ug —2)? < 1}.
It is indeed clear that G is Lipschitz continuous with L = 5 and pseudomonotone.
By defining the bifunction as F(u,y) = (G(u),y — u) and ¢; = c3 = % Figures
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7-10 and Table 1 shown a number of results. Information regarding the control
parameters shall be considered as follows: (i) Algorithm 1 (shortly, MEGA): >y =
0.275, u = 0.55,0 = 0.05, p = iyyzs (i) Algorithm 1 in [12] (shortly, EGA): 5 =
0.275, ;1 = 0.55; (iii) Algorithm 2a in [21] (shortly, EEGA): @ = 0.5;0 = 0.5;p = 1;
(iv) Algorithm 1 in [1] (shortly, LEGA): 5, = £, a = 0.5;0 = 0.5;p = 1.

TABLE 1. Numerical results values for Figures 7-10.

Number of Iterations

uo Algorithm 1 Algorithm 3.1 in [23] Algorithm 1 Algorithm 1
(1.5;1.7)T 25 20 13 8
(2.0;3.0)7 26 21 13 8
(1.0;2.0)7 26 22 14 8
(2.7;2.6)7 18 14 10 7
100F . -y
‘vv\ EEgA
'!\'-.\ ————— LEgA
Lo + M EgA
< »\v,n_\

Number of Iterations

Elapsed Time [sec]

Fig. 7. Computational comparison of Algorithm 1 with uwy =
(1.5;1.7)7.
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Fig. 8. Computational comparison of Algorithm 1 with uy =
(2.0;3.0)7.
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Fia. 9. Computational comparison of Algorithm 1 with uy =
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Fi1a. 10. Computational comparison of Algorithm 1 with uy =
(2.7;2.6)T.
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