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ABSTRACT. In this paper we introduce some best approximation theorems for
multimaps in abstract convex spaces. Our results extend a recent work of Mitrovié,
Hussain, de la Sen, and Radenovi¢ [8] on G-convex spaces. As applications, they
derive results on the best approximations in hyperconvex and normed spaces.
Consequently, our results generalize many known ones in the literature.

1. INTRODUCTION

A generalized convex space or G-convex space was first introduced by S. Park and
H. Kim in 1996 and the monotonicity of its definition was removed later. Recently
Z. D. Mitrovi¢, A. Hussain, M. de la Sen, and S. Radenovi¢ [8] stated that, in G-
convex spaces, many results were obtained in nonlinear analysis in 24 references.
The aim of [8] was to obtain the best approximation theorem in G-convex spaces
and to generalize theorems of A. Amini-Harandi and A. P. Farazadeh; W. A. Kirk,
B. Sims and G. X. Z. Yuan; M. A. Khamsi; and S. Park. Also they obtained that
almost quasi-convex and almost affine conditions is unnecessary in results of J. B.
Prolla [25] and A. Carbone [1].

Recall that we initiated the KKM theory in 1992 and noticed that G-convex
spaces and many others are contained in abstract convex spaces and (partial) KKM
spaces in that theory [15]. In our previous work [20], we extended the contents of [8]
on G-convex spaces to partial KKM spaces, and introduce new partial KKM metric
spaces which can be applied our new results. The present work is a continuation of
[20] to recall many related works on best approximations.

In 1929, Knaster, Kuratowski, and Mazurkiewicz (simply, KKM) obtained an
intersection theorem which is known to be equivalent to the Brouwer fixed point
theorem in 1912, the weak Sperner combinatorial lemma in 1928, and many other
important theorems, see [18] . The KKM theory is first named by ourselves in
1992 as the study of applications of extensions or equivalents of the KKM theorem.
Nowadays the theory is mainly concerned with abstract convex spaces and (partial)
KKM spaces due to ourselves and the realm of the theory is very broad; see [18].

One of the topics in the KKM theory is related to generalized KKM maps initiated
by Kassay-Kolumban in 1990 [5] and Chang-Zhang in 1991 [2]. Since then many
authors studied generalized KKM maps on various types of spaces and applied them
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to extend or refine well-known previous results. In fact, it has been followed by
Chang-Ma in 1993, Yuan in 1995, Cheng in 1997, Tan in 1997, Lin-Chang in 1998,
Lee-Cho-Yuan in 1999, Kirk-Sims-Yuan in 2000 for various classes of abstract convex
spaces; see [17]. All of those authors applied their results on KKM type theorems
and others to extend or refine well-known previous results in the KKM theory; for
example, variational or quasi-variational inequalities, fixed point theorems, the Ky
Fan type minimax inequalities, the von Neumann type minimax or saddle point
theorems, Nash equilibrium problems, and others.

In our previous review [17], we gave a unified account for generalized KKM maps
on abstract convex spaces in the works of Kim-Park [6], Lee [7], and Park-Lee [23].
We were mainly concerned with results closely related to the KKM type theorems
and characterizations of generalized KKM maps on various types of abstract convex
spaces. In short, we showed that generalized KKM maps can be reduced to the usual
KKM maps in our abstract convex spaces. Some related topics were also added in
[17].

Recently, Balaj and his colleagues extended generalized KKM maps w.r.t. a
multimap to weak KKM maps and generalized weak KKM maps w.r.t. a multimap,
and applied them to various problems in the KKM theory; see [21]. However, their
works are mainly concerned within the realm of topological vector spaces.

Recall that we have recently established the Grand KKM Theory mainly on
abstract convex spaces; see [19]. Since the recent results of Balaj and his colleagues
in [21] are on topological vector spaces or G-convex spaces, it is better to extend
them to abstract convex spaces. Our aim in this article is simply to try this task.

This article is organized as follows: Section 2 devotes preliminary for concepts
on abstract convex spaces, partial KKM spaces and their subclasses in our previous
works. In Section 3, we obtain generalizations of the main theorem and two corol-
laries of [8] to our partial KKM spaces. Finally, Section 4 deals with our studies
related to best approximation theorems in chronological order such that some of
them imply results of [8].

2. PRELIMINARIES ON ABSTRACT CONVEX SPACES

For the concepts on abstract convex spaces, partial KKM spaces and their sub-
classes, we follow [14, 15, 18] with some modifications and the references therein:

Definition 2.1. Let E be a topological space, D a nonempty set, (D) the set of all
nonempty finite subsets of D, and I' : (D) — E a multimap with nonempty values
'y :=T'(A) for each A € (D). The triple (E,D;I') is called an abstract convex
space whenever the I'-conver hull of any D' C D is denoted and defined by

copD':=| J{Ta: A€ (D)} CE.

A subset X of E is called a I'-convez subset of (E, D;T") relative to some D' C D
if for any N € (D’), we have I'y C X, that is, corD’ C X.
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Definition 2.2. Let (E, D;T") be an abstract convex space. If a multimap G : D —o
E satisfies
'aCcG(A) = U G(y) for all A€ (D),
yeA
then G is called a KKM map.

Definition 2.3. The partial KKM principle for an abstract convex space (E, D;T")
is the statement that, for any closed-valued KKM map G : D — FE, the family
{G(y) }yep has the finite intersection property. The KKM principle is the statement
that the same property also holds for any open-valued KKM map.

An abstract convex space is called a (partial) KKM space if it satisfies the (par-
tial) KKM principle, resp.

The (partial) KKM principle has a large number of equivalent formulations and,
for example, the following are equivalent [15]:

(0) The partial KKM principle. For any closed-valued [resp. open-valued] KKM
map G : D — E, the family {G(z) : z € D} has the finite intersection property.
(I) The Fan matching property. Let S : D — E be a map satisfying
(i) S(z) is open [resp. closed] for each z € D; and
(i) £ =U,cpr S(2) for some M € (D).
Then there exists an N € (M) such that
Ty n () S(z) # 0.

zeEN

There are plenty of examples of KKM spaces; see [18] and the references therein.

Now we have the following diagram for subclasses of abstract convex spaces
(E,D;T):

Simplex = Convex subset of a t.v.s. = Lassonde type convex space
— Horvath space = G-convex space => ¢ 4-space
—> KKM space = Partial KKM space

— Abstract convex space.

KKM maps on abstract convex spaces have at least two types of generalizations.
The first one is as follows:

Definition 2.4. Let (E,D;I') be an abstract convex space and Z a topological
space. For a multimap F': F — Z with nonempty values, if a multimap G : D — Z
satisfies
FTa) CGA) :=|]Gy) for all Ac (D),
yeA
then G is called a KKM map with respect to F. A KKM map G : D — E is a KKM
map with respect to the identity map 1g.
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A multimap F : E — Z is called a R€-map [resp. a KO-map) if, for any closed-
valued [resp. open-valued] KKM map G : D — Z with respect to F, the family
{G(y)}yep has the finite intersection property. We denote

RE(E,Z):={F:F —-Z| Fis a R¢-map}.
Similarly, RO(F, Z) is defined.

The second and more earlier generalization of KKM maps are generalized KKM
maps initiated by Kassay-Kolumban in 1990 [5] and Chang-Zhang in 1991 [2].

Definition 2.5. Let (X, D;I") be an abstract convex space and Y be a nonempty
set such that, for each A € (Y'), there exists a function 04 : A — D. Then a new
abstract convex space (X, A;A4) induced by I" and A is defined by the following

Aa(J) :=T(0a(J)) for each J C A.

Moreover, a multimap 7' : Y — X (called a generalized KKM map) reduces to a
KKM map on (X, A; A4) for each A € (Y') satisfying Aa(J) C T'(J) for each J C A.

The following characterization of generalized KKM maps extends Theorem 2 of
Park and Lee [24], which was stated for G-convex spaces:

The following characterization of generalized KKM maps given in [17] extends
many other previously given versions by other authors:

Theorem 2.6. Let (X,D;I") be a partial KKM space [resp. KKM space], Y a
nonempty set, and T :' Y —o X a map with closed [resp. open| values.
(i) If T is a generalized KKM map, then the family of its values has the finite

intersection property.
(ii) The converse holds whenever X = D and I'(yy = {z} for all x € X.

H. Kim and S. Park in [6] (Theorem 3) obtained the following extension of KKM
theorems of Ky Fan [16]:

Corollary 2.7. Let (X, D;Q) be a G-convex space, S a nonempty set and ® : S —o
X a multifunction with closed (resp. open) values. If ® is a generalized KKM map,
then the family of its values has the finite intersection property (More precisely, for
each T € (S), there exists and T' € (D) such that Qr N (N,ep O(t) #0.)

In this paper we use the following Corollary of Theorem 2.6.

Theorem 2.8. Let (X;T') be a partial KKM space, S a nonempty set and F : S —o
X a generalized KKM map with closed values. If there exists a nonempty compact
subset K of X such that (\,cp F(t) C K for some T € (S) then (\,cq F(s) # 0.

The following [8, Theorem 2] is used as a basis of [8]:

Corollary 2.9. Let (X;Q) be a G-convex space, S a nonempty set and ® : S — X
a generalized KKM map with closed values. If there exists a monempty compact
subset L of X such that (e ®(t) C L for some T € (S) then (\,cq ®(s) # 0.
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3. BEST APPROXIMATION THEOREMS

Let r € [0,4+00), X be a metric space and () # S C X, we denote r-parallel set of
S by

S+r:U{B(s,r) :s €S},

where B(s,r) ={t € X :d(s,t) <r}.
For nonempty subsets S and T of X, we define

d(S,T) =inf{d(s,t):s€ S, t € T}.

We say that a set K is metrically convez if for any x,y € K and positive numbers
p; and p; such that d(z,y) < p; + pj, there exists z € K such that z € B(x,p;) N

B(y, pj)-

From Theorem 2.8 we obtain the following generalization of [8, Theorem 3] on
best approximation theorem in abstract convex space.

Theorem 3.1. Let a metric space (X;T") be a partial KKM space with a metric
d, S a nonempty I'-convex subset of X, F': § — X is a continuous multimap with
compact values such that

(3.1) F(x)+ris ' —convex for all z € S.r >0

and g : S — S is a continuous surjection. If there exists a nonempty compact subset
K of X such that

(3.2) ﬂ {r e S:d(g(x),F(x)) <d(g(y), F(x))} C K for some M € (S),
yeM

then there exists vg € S such that

d(g(vo), F(vo)) = infegd(z, F(vo)).
If S is metrically convex and g(vo) ¢ F(vo), then vy € Bd(S).

Proof. Just follow the proof of [8, Theorem 3| and apply Theorem 2.8 instead of [8,
Theorem 2. O

Similarly, two Corollaries of [8, Theorem 3] can be improved as follows.

Corollary 3.2. Let the metric space (X;T') be a partial KKM space with metric d,
S a nonempty I'-convex subset contained in a compact subset of X, F' : S — X 1is
a continuous multimap with compact values such that condition (1) is satisfied and
g: S — S is a continuous surjection. Then there exists vg € K such that

d(g(vo), F(vo)) = infaesd(x, F(vo)).
If K is metrically convex and g(vo) ¢ F(vo), then vy € BA(S).

Corollary 3.3. Let the metric space (X;T") be a partial KKM space with metric d,
S a nonempty I'-convex subset contained in a compact subset of X, F : § —o X s
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a continuous multimap with compact values such that condition (1) is satisfied and
g:S — S is a continuous surjection. Then there exists vg € K such that

d(g(vo), F'(vo)) = infyesd(z, F'(vo)).
If K is metrically convex and vy & F(vg), then vy € Bd(S).

4. SOME APPLICATIONS

In Section 3 of [8], as some applications of the authors’ results, they gave the
versions of Fan’s best approximation theorems in hyperconvex and normed spaces.

Proposition PC. Let X be a normed linear space, S a nonempty compact convex
subset of X, f : S — X is a continuous map and g : S — S is a continuous
surjection. Then there exists vy € S such that

[lg(vo) — f(vo)ll = infres d(z, f(vo))

whenever
(P) g is almost affine (Prolla [25]) or
(C) g is almost quasi-conver (Carbone [1]).

Mitrovié et al. [8] showed that their results imply that Proposition holds without
assuming (P) and (C).

In the present section, we recall our study related to best approximation theo-
rem in chronological order such that some of them imply Proposition PC without
assuming (P) and (C).

(T) In 1987 [9], we give further generalizations of Ky Fan’s theorem. In a normed
vector space E, for any X C E, I x(z) denotes the weakly inward set of X at x € E,
that is, the closure of the inward set

Ix(z)={z+r(u—z)€e E: ue X, r>0}.
Theorem 4.1. Let X be a nonempty convex subset of a normed vector space E,
f,9: X — E continuous maps satisfying
llgx — fz|| < ||z — fz|| for all z € X.

Let K be a nonempty compact subset of X and Xy a nonempty subset of X contained
in some precompact convex subset of X such that for each x € X \ K, there exists a
point y € Xo satisfying
gz — f|l > [ly — fl].
Then there is an xg € K such that
llgzo — fxol| < ||z — fxol| for all z € Tx(gxo).
More precisely, either
(a) fand g have a coincidence point xog € K, or

(b) there is an xo € K such that gxo € BAX and
0 < [lgzo — fxoll < ||z = fxoll for all = € Ix(gwo).
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This implies Proposition PC without assuming (P) or (C).

(IT) In 1993 [22], we obtained two most general forms of Prolla’s theorem
The following is a generalization of Prolla’s theorem for two spaces and two maps
related by a very mild coercivity condition:

Theorem 4.2. Let X be a conver space, K a nonempty compact subset of X,
(E,||-|]) a normed vector space, and f,g: X — E continuous maps. Suppose that

(1) g is almost quasiconvez; and
(2) for each N € (X)) there exists a compact convex subset Ly of X containing
N such that, for each x € Ly\K there exists ay € Ly such that ||gz— fz|| >

gy — fal|.
Then there exists an xg € K such that

lgzo — fxo|| = d(fzo, g(X)).
Further, if g(X) is convex, then

lgzo — fxol| = d(fxo, I4(x)(g0));

more precisely, either
(a) f and g have a coincidence point zo € K; or
(b) there is an xo € K such that gxog € Bd g(X) and

0 < |lgzo — fxol| = d(fzo, I4(x)(g70))-
This generalizes Carbone’s theorem [1].

(III) Motivated by some best approximation or fixed point theorems for maps
whose domains and ranges have different topologies, in 1994 [10], we generalize,
improve, and unify known Fan or Prolla type best approximation theorems for
single-valued maps.

The following is a general Fan type best approximation theorem and a variant of
the Prolla type.

Theorem 4.3. Let X be a convex space (in the sense of Lassonde), K a nonempty
compact subset of X, (E,p) a seminormed vector space containing X as a subset,
and f,g: X — (E,p) continuous maps. Suppose that

(1) p(gr — fx) < plx — fz) for all z € X; and
(2) for each N € (X), there exists a compact convex subset L of X containing
N such that, for each x € Ly \ K, there exists a y € Ly satisfying p(gx —

fz) >ply — fz).
Then there exists an xg € K such that
plgzo — fro) < dp(fxo, X).
Moreover, if grg € X, then we have
p(gzo — fxo) = dp(fz0, Ix (920)).
In this case, grg € BAX and fxg ¢ Ix(gx)) whenever p(gwg — frg) > 0.
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In this article, several applications to existence of fixed or coincidence points are
also added.

(IV) In 1995 [11], we obtained best approximation theorems for admissible mul-
timaps in the sense of Park. Let (E;7) be a Hausdorff topological vector space and
(X;w) a weakly compact convex subset of E with the relative weak topology w.
Let S(E;w) the family of all continuous seminorms on (E;w). Let F' € AL (C, E),
the admissible multimap in the sense of Park.

The following is [11. Theorem 2]:

Theorem 4.4. Let C be a compact convex space, E a Hausdorff topological vector
space containing C as a subset, and F' € A5(C,E). Then, for each p € S(E,w)
satisfying

(z,y) — p(z —y) is continuous for (xz,y) € C x E,
there exists an (xo,yo) € F satisfying

p(zo = yo0) = dp(yo, Ic(x0)).
Moreover, xg € BdC' whenever p(zg — yo) > 0.
(V) In 1996 [12], the following is a main result:

Theorem 4.5. Let (C,0) be a convex space, E = (E,T) a Hausdorff topological
vector space containing C as a subset, F : (C,0) — 28 p € S(B,w), Qp : E —
2C7) the metric projection, and g : (C,7) — E a continuous map such that C C
g9(C). Suppose that either
(I) E* separates points of E, (C,0) is compact, g~ Q,F € A%((C, o), (C, 7)), and
for each g € S(E,w), (z,y) = q(z —y) is continuous on (z,y) € (C,0) x E; or
(I1) E is locally convez, 0 =T on C, and g ' Q,F € A7 ((C, 1), (C,T)) is compact.
Then there exists an (xo,y0) € F' such that

p(9z0 — Yo0) = dp(yo, C).

Moreover, if gxg € C, then we have

p(970 = yo) = dp(yo, Ic(g0))-
In this case, gro € BAC and yo ¢ Ic(gwo) whenever p(gzo — yo) > 0.
(VI) In 1997 [13], for a closed convex subset K of a Hilbert space X, the proximity
map p = p, : X — K is defined by
pr={yeK:|z—y|=dzK)} for zeX,

where d(z, K) = infycx ||z — y||. It is well-known that p is well-defined and nonex-
pansive.
We begin with the following best approximation theorem:

Theorem 4.6. Let K be a closed convex subset of a Hilbert space X, f: K — X
a nonexpansive map, and p : X — K the prozimity map. Suppose that one of the
following holds:

(i) K is bounded.
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(ii)) f(K) is bounded.
(iii) There exists a w € K such that the set
Gu, fu) :={z € K : |z — ful <[z —ull +d(fu, K)}

s bounded.
(iv) There ezists a uw € K such that the set

LS(u, (pf)u) :={z € K:Re((pf)u —u, z—u) >0}

s bounded.
(v) There exists a u € K such that the set

Gu, (pf)u) = {z € K: |z = (pf)ull <z — ull}

is bounded.
(vi) There exists a bounded set A C K such that the set

G(A) = (1) G(u, (pf)u)
ucA
1s either empty or bounded.

Then either f has a fixed point in K, or there exists an xy € Bd K such that
0 < |lzo — fzoll = d(fxo, K) = d(fxo, [ (20))-

(VII) In 1999 [4], we begin with the following basis of best approximation or
fixed point theorems for continuous multifunctions:

Theorem 4.7. Let X be a convex space, K € k(X), L a c-compact subset of X, E
a t.vu.s. containing X as a subset such that the inclusion ix : X — E is continuous,
and F : X — ke(E). Letp: X x E — [0,00) be a function such that, for each
x € X, p(x,-) is a continuous convez function on E. Suppose that

(1) for eachy € X,

: inf —u) < i —
{reX u1€anp(:c,ar w) _Ulergxp(x,y v)}

1s compactly closed in X ; and

(2) for each x € X\K with inf,cp, p(z, 2 —u) > 0, there exist a z € I1(x) and
av € Fx such that

—v) < inf —u).
ple,z —v) < inf pla,z—u)

Then either
(a) there exist an & € X\K and a u € Fz such that p(z,& —u) = 0; or
(b) there exist an & € K and a 4 € FZ such that
p(i,i’ - ,&) < p(i‘ay - U)
for ally € Tx (%) and all v € F3.
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(VIII) In 1997 [3], the following Browder type best approximation theorem is
our main result.

Theorem 4.8. Let X be a convex space, K a nonempty compact subset of X, E
a topological vector space, p : X x E — R a continuous map, and f,g : X — FE
continuous maps. Suppose that

(1) for each x € X, p(x,-) is a convex function on E;

(2) g is almost p-quasiconvez; and

(3) for each N € (X), there exists a compact convex subset Ly of X containing
N such that, for each x € Ly \ K, there exists a y € Ly such that

p(z, fr — gx) > p(z, fy — gz).
Then there exists an uw € K such that

plaw, fu — gu) = inf{p(u, fu— gu) : = € X).
Further, if g(X) is convezx, then
p(u, fu — gu) = inf{p(u, fu—2):z € ClIg(X)(gu)}.
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