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ABSTRACT. In this work, we introduce two new improved algorithms based on
the subgradient extragradient method for solving pseudomonotone variational
inequality in real Hilbert spaces. Our first algorithm requires only computing
one projection onto the feasible set per iteration and the strong convergence
is proved without the prior knowledge of the Lipschitz constant as well as the
sequentially weakly continuity of the associated mapping by using the technique
of choosing a new step size. The advantage of the second algorithm is that it
does not require the Lipschitz continuous condition of the variational inequality
mapping. Finally, some numerical experiments are presented.

1. INTRODUCTION

Let H be a real Hilbert space with the inner product (-, -) and the induced norm
Il - ||. Let C' be a nonempty closed convex subset in H.

The purpose of this paper is to consider the classical variational inequality problem
(VI) of Fichera [14, 15], which is to find a point z* € C such that

(1.1) (Az*,y —2™) >0 Yy e C,
where A : H — H is a mapping. The solution set of (1.1), denoted by VI(C, A).

Many numerical methods have been constructed for solving variational inequali-
ties and related optimization problems, see [4, 5, 6, 7, 16, 17, 23, 24, 26, 31, 29, 41,
44, 45, 47] and the references therein.

It is well known that, one of the most popular methods for solving the prob-
lem (VI) is the extragradient method (EGM) which was introduced in 1976 by
Korpelevich [25] (also by Antipin [1] independently) as follows:

x € C, y,=Po(ry — Nxy,), Tnt1 = Po(z, — NAyy),

1
where \ € (0, z) and Pc denotes the metric projection from H onto C.
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In recent years, the method (EGM) has received great attention from many
authors, that is, there are many results that had been obtained by the extragradient
method and its modifications when A is monotone and L-Lipschitz continuous in
infinite-dimensional Hilbert spaces (see, for instance, [8, 28, 34, 39, 42, 43, 49]).

It is easy to observe that the extragradient method is the need to calculate two
projections onto the closed convex set C' in each iteration. So, in case the set C
is not simple to calculate projection onto it, a minimum distance problem has to
be solved twice in one iteration, which is a fact that might affect the efficiency and
applicability of this method (EGM).

To reduce the projection onto the feasible set C', Censor et al. [4] introduced
the modified extragradient method which is called the subgradient extragradient
method, in this new method, they replaced the second projection onto C' by a
projection onto a half-space:

(1.2) xo € H, yn = Po(xy, — Nxy), @py1 = Pr, (x, — ANAyn),

where T,, = {w € H : (), — Nz, — yn,w —yn) < 0} and \ € <0,%>.

In order to obtain the strong convergence of the method (1.2), Censor et al. [5]
also introduced the following hybrid subgradient extragradient method:

ro € H, yn = Po(zn — pAzy),
(1.3) Zn = QpZp + (1 - an)PTn (xn - )\Ayn)a

Tn+1 = Po,ng, o,

where T, = {x € H : (z, — Mzp — yn,z —yn) <0}, Cp, ={w e H : ||z, —w| <
|lzn —wl|}, Qn={we H : (x,—w,xo—2,) > 0}. They proved under appropriate
conditions the the sequence {z,} generated by (1.3) converges strongly to a point
u* = Pyrc,A)%o-

The strong convergence of the sequence {x,} generated by (1.3) seems to be
difficult to use in practical problems because the computation of the next iterate
have to use a subproblem to find a point in the intersection of two additional half-
spaces.

To overcome this barrier, Kraikaew and Saejung [26] combined the subgradient
extragradient method and the Halpern method to propose an algorithm, which is
called the Halpern subgradient extragradient method for solving the problem (VI)
as follows:

(1-4) zo € H, yp= PC(ajn - )\Axn)’ Tyl = QpZo + (1 - an)PTn (-Tn - )\Ayn)a

1
where T, = {x € H : (x, — Nxy — yn,x — yn) < 0}, X € (O’f)’ {an} C (0,1),

lim, oo iy = 0, Zzozl ay, = 400, They presented that the sequence {x,} generated
by the method (1.4) converges strongly to a point u* = Py (¢ 4)o-
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In addition, in order to speed up the algorithm convergence rate, inertial algo-
rithms for variational inequality and optimization problems has recently received
considerable attention, see, for example [12, 13, 11, 41] and the references therein.

In [41], Thong et al. introduced an iterative algorithm for solving VI (1) when the
variational inequality mapping is a monotone and Lipschitz continuous mapping.
The obtained strong convergence result is based on the viscosity method and the
inertial T'seng extragradient method.

The main drawback of the algorithm in [41] is that the step size requires the
knowledge of the Lipschitz constant of the mapping, this can restrict the applications
of the method because when this algorithm with a great value of the Lipschitz
constant can lead to very small step size, which may lead to a slow convergent
algorithm.

In [40], using the inertial technique Thong and Hieu proposed the inertial sub-
gradient extragradient method as follows:
(1.5)
xo, 71 € H, ¥, = xn+an($n*l‘n71)’ Yn = PC(ﬁn*)\A"gn)a Tni1 = Pr, (ﬂanAyn)a

where T, = {z € H|(¥,, — AAYy, — yn, x — yn) < 0}. Under some suitable conditions,
they showed that the above algorithm converges weakly to a solution of VI (1.1).
Since in infinite dimensional spaces norm convergence is often more desirable, a
natural question is raised:

Question: Can we give strong convergence results for the algorithm (1.5) with a
self adaptive step size without needing the information of the Lipschitz constant or
non Lipschitz continuous condition of the mapping A?

Motivated and inspired by the works of Attouch and Alvarez [2], Censor et al.
[5], Moudafi [32]. In this paper, we give a positive answer to this question. We
introduce two new improved subgradient extragradient type algorithms for finding
a solution of the VI (1.1) in the setting of infinite-dimensional real Hilbert spaces.
The advantage of the first algorithm has an additional inertial extrapolation term
in the algorithm formulation which can be regarded as the procedure of speeding up
the convergence properties of subgradient extragradient type iterative algorithms
for variational inequality problems (see, for example, [2, 27, 35]). Moreover, it need
only to compute one projection on the feasible set per iteration and the convergence
of the first algorithm is proved without any requirement of the prior knowledge of
the Lipschitz constant as well as the sequentially weak continuity of the variational
inequality mapping. The advantage of the second algorithm is that it does not
require the Lipschitz continuous condition of the associated mapping.

This paper is organized as follows: In Sect. 2, we recall some definitions and
preliminary results for further use. Sect. 3 deals with analyzing the convergence
of the proposed algorithms. Finally, in Sect. 4, we perform some numerical exper-
iments to illustrate the behaviors of the proposed algorithms in comparison with
other algorithms.
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2. PRELIMINARIES
Let H be a real Hilbert space and C' be a nonempty closed convex subset of H.

e The weak convergence of {x,} to x is denoted by x,, — x as n — oo.
e The strong convergence of {z,} to x is written as x,, — = as n — oo.

For each z,y € H, we have the following:

(2.1) lz +yl1? < llzll* + 2(y, = + ).

For all point « € H, there exists the unique nearest point in C', denoted by Pz,
such that
o — Poal|l < eyl vy e C.
Pc is called the metric projection of H onto C. It is known that Pg is nonex-
pansive.

Lemma 2.1 ([18]). Let C be a nonempty closed convex subset of a real Hilbert space
H. For any x € H and z € C, we have

z=PFPorx <= (x—z,z—y)>0 YyeC.

Lemma 2.2 ([18]). Let C be a closed convex subset in a real Hilbert space H and
x € H. Then

(1) ||Pox — Pcsz < (Pcx — Poy,x —y) for ally € H;
(2) |Pox —yl?* < |lz —ylI*> — ||z — Pox||* for all y € C.

Lemma 2.3 ([10]). For x € H and a > 3 > 0 the following inequalities hold.
|z = Pe(z — adz)| _ |z — Po(z — fAx)|
a - B ’
|z — Po(x — BAz)|| < ||z — Po(z — aAx)|.

For some more properties of the metric projection, refer to Section 3 in [18].
Definition 2.4. Let T': H — H be a mapping. Then
(1) The mapping T is called L-Lipschitz continuous with L > 0 if
[Tz —Ty| < Lljz —y|| Vz,y e H.
(2) T is called monotone if
(Te —Ty,z—y) >0 Va,y€ H.
(3) T is called pseudomonotone if
(Tz,y—2z) >0= (Ty,y —x) >0 Va,y € H.

(4) The mapping T is called sequentially weakly continuous if for each
sequence {z,} we have: z,, converges weakly to x implies {Tx, } converges
weakly to T'x.
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It is easy to see that every monotone operator is pseudomonotone but the converse
is not true.

Lemma 2.5 ([21]). Let Hy and Hy be two real Hilbert spaces. Suppose A : Hy — Ho
s uniformly continuous on bounded subsets of Hi and M 1is a bounded subset of H.

Then, A(M) is bounded.

Lemma 2.6 (|9, Lemma 2.1]). Consider the problem VI(C,A) with C' being a
nonempty, closed, convex subset of a real Hilbert space H and A : C — H being
pseudo-monotone and continuous. Then, x* is a solution of VI(C, A) if and only if

(Az,z — ™) >0 Vx € C.

Lemma 2.7 ([36]). Let {a,} be a sequence of nonnegative real numbers, {a,} be
a sequence of real numbers in (0,1) with Y .7 | o = o0 and {b,} be a sequence of
real numbers. Assume that

ant1 < (1 —an)an + anb,, Yn>1,

If limsupy_,obn, < 0 for every subsequence {an,} of {an} satisfying
liminfy_ o0 (an,+1 — an,) > 0 then lim,,_,o0 an = 0.

3. MAIN RESULTS
For the convergence of the methods, we assume the following conditions.
Condition 1. The feasible set C' is nonempty, closed, and convex.

Condition 2. The mapping A : H — H is L-Lipschitz continuous, pseudomono-
tone on H.

Condition 3. The solution set VI(C, A) is nonempty.

Condition 4. Let g : H — H be a contraction mapping with contraction parameter
k € [0,1). Moreover, we also assume {7, } and {3, } are two positive sequences such

0, where {8,} C (0,1) satisfies the following

n_

B

that 7, = o(5,), means lim,,

conditions: -
nh—>ngo Bn =0, Zlﬁn = 0.
—

We introduce the first algorithm:

Algorithm 1. Let A\; >0, a >0, p € (0,1) and zg, 21 € H be arbitrary and {n,}
be a nonnegative real numbers sequence such that »_ 2 | 7, < +oc.
Choose

o an = {e{ ot} e e

« if otherwise.
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Compute
O = Tpn + an(xy — Tp—1),
Yn = Po(0, — A\ AYy,)
Tnt1 = Bng(@n) + (1 = Bn) Pr, (V0 — AnAyn),
where T}, := {2z € H : (¥, — \yAVy, — Yn, 2 — yn) < 0}.

Update
(3.2)
. Hﬁn,_'ynH2 +'Hzn _’ynH2 :
An n f (A9, — Ayn, 2n — Yn 0,
>\n+1 = mln{lu 2<A79n - Aymzn - yn> ’ o } ' < Y 2 Y > ~

An + 1 otherwise,
wherez,, := Pr, (0n, — A\ Ayn).

Remark 3.1. As noted in [33] the sequence {\,} generated by (3.2) is allowed to
increase from iteration to iteration.

We start the analysis of the algorithm’s convergence by proving the following
lemmas

Lemma 3.2 ([33]). Let {\,} be a sequence generated by (3.2). Then

m A, = \ with \ € [min{Al,Z} Y +n},

n—oo

where n =Y > | nn. Moreover, we also obtain

(33)  2(AVn — AYn, 20 — ) < —— |00 — yall? + ~L—|20 — vl Vn.
An—l—l An+1

The following lemmas are quite helpful for analyzing the convergence of algo-
rithm.

Lemma 3.3. Assume that Conditions 1-3 hold. Let {z,} be a sequence generated
by Algorithm 1. Then

* * An
Iz = w12 < o = )12 = (1= 15 ) [0 = 9l
n+1
(3.4) \
— (1= 157 )z = wallP, v € VI(C, 4),
An+1

where zp, := Pr, (9, — A\ Ayp).

Proof. Using the inequality (3.3), Lemma 2.2 and u* € VI(C, A) C C C T, to prove
the inequality (3.38). Indeed, we have

l2n — w*I* =[|1Pr, (n — AnAyn) = Pr,u’|* < (20 — 0", 90 — AnAyn — u”)
1

1 L1
zinn — u*H2 + §||19n — MAy, —u H2 — inn — 9, + )\nAyn||2
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1 1 1
=5z = Wl 4 Sllon = w” + AN Aynl* = (P = v, AnAya)

1 1
- §||zn - 79nH2 - 5)‘721”143/11”2 — (20 — Uny A Ayn)

=5llzn —u I” + S 19n —u (= llen = Onll® = (20 — u*, AnAyn).

This implies that
(3.5) 120 = @ 1* < 190 — w*|* = llzn = Onll® = 2(z2n — w*, AnAyy).
Since u* is the solution of VI, we have (Au*,x — u*) > 0 for all z € C. By the
pseudomontonicity of A on C' we have (Az,x — u*) > 0 for all x € C. Taking
=1y, € C we get

(Ayn, u* —yn) < 0.
Thus,
(3.6) (Ayn, u” = 2n) =(Ayn, u” = yn) + (AYn, Yn — 2n) < (AYn, Yn — 2n).-
From (3.5) and (3.6) we obtain
120 = w*1* <90 — u*|* = llzn = Inll* + 220 (AYn, Yo — 20)

=100 = w12 = 120 = yall® = llgn — Fnll* = 2020 = Y, Yo — )
+ 22 (AYn, Yn — 2n)
(3.7) =[10n = w1* = llzn = yall* = Iyn = Onll* +2(0n — Ao AYn = Yns 20 — Yn)-
Since y,, = Pp, (¥, — \yAY,,) and z, € T, we have
2(0n — MyAYn — YnyZn — Yn)
= 2(0n, — M AV — Yn, 20 — Yn) + 220 (AY, — Ayn, 20 — Yn)
(3.8) <20 (AYy — Ayn, 20 — Yn)s
which, together with (3.3) implies that
An

An+1

A
" |2n — ynl|*.

Hﬂn - yn||2 +p

2<19n — MAYn — Yn, 2n — yn> <u Mo

From (3.7) and (3.8) we get

A A
20 = w*[1? <[00 = u*[? = (1 = p=)lyn = Onll® = (1 = =) 1z =yl
)\n+1 >\n+1

Modifying the technique in [43], we develop the following auxiliary result.

Lemma 3.4. Assume that Conditions 1-3 hold and the mapping A : H — H
satisfies the following condition

whenever {x,} C C,x, — z, one has ||Az| < linr_l)inf | Ay ||
n oo

If there exists a subsequence {Vp,} of {U,} convergent weakly to z € H and
limy o0 [0, — Yn, || =0, then z € VI(C, A).
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Proof. We have

or equivalently

1
A—(ﬁnk — Ynpr & — Yny) < (A0, @ —yp,) Vo eC.
ny,
Consequently

1
A—(ﬂnk — Ynpr & — Yny) + (A0, Yny, — Uny) < (A0p, 2 —Vy,) Vo e C.
Nk

Being weakly convergent, {¥,, } is bounded. Then, by the Lipschitz continuity of
A, {A9,,} is bounded. As |[¥p, — yn,|| = 0, {yn,} is also bounded and A\,, >

min{ A\, %} Passing (3.9) to limit as k — oo, we get

(3.9)

(3.10) liminf(Av,, ,x —V,,) >0 Yz € C.

k—o0

Moreover, we have
(3'11> <Aynk’ x_ynk> = <Aynk _Aﬁnk7x_19nk>+<A/I9nk7x_ﬁnk>+<Aynk7ﬁnk _ynk>'
Since limy_yo0 ||, — Yn, || = 0 and A is L-Lipschitz continuous on H, we get
lim [|AY,, — Ayn,|| =0

k—oo
which, together with (3.10) and (3.11) implies that

likrgicgﬂAynk,x — Yn,,) > 0.
Next, we show that z € VI(C, A). We choose a sequence {¢;} of positive numbers

decreasing and tending to 0. For each k, we denote by N, the smallest positive
integer such that

(3'12) <Aynj?x_ynj>+€k >0 Vj > Nyg.

Since {er} is decreasing, it is easy to see that the sequence {Ny} is increasing.
Furthermore, for each k, since {yn, } C C we have Ayy, # 0 and, setting

vN. = Ayn,
f Ay

we have (Ayn,,vn,) = 1 for each k. Now, we can deduce from (3.12) that for each
k

<AyNk737 + €xunN, — y]vk> > 0.
From A is pseudomonotone on H, we get

<A(5L’ + Gk’UNk),l' + €xUN, — yNk> > 0.
This implies that
(3.13)  (Az,z —yn,) > (Ax — A(x + €,VN, ), T + €xUN, — UN,,) — €k(AT, UN, ).
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Now, we show that limj_, e;vn, = 0. Indeed, since ¥, — 2z and limj_, [|¥p, —
Yn,. || = 0, we obtain yy, — z as k — oco. By {y,} C C, we obtain z € C. Since the
mapping A satisfies Condition 3, we have

0 < ||Az|] < liminf || Ay, ||.
k—o00

Note that, we can assume that ||Az| > 0, if Az = 0 then stop and z is a solution of
VI(C,A). Since {yn,} C {yn, } and e — 0 as k — oo, we obtain

. . €k lim supy,_, o €k
0 < limsup ||exvn, | = lim sup ( ) < — =0,
prep el = 10w \ o2, ) = Taninfy s A |

which implies that limy_, €xvn, = 0.

Now, letting k& — oo, then the right hand side of (3.13) tends to zero by A is
uniformly continuous, {Jn, }, {vn, } are bounded and limy_, vy, = 0. Thus, we
get

liminf(Az, z — yn,) > 0.
k—o0

Hence, for all x € C we have
(Az,xz — z) = lim (Az,x — yn,) = liminf(Az, 2 — yn,) > 0.
k—o00 k—o0

By Lemma 2.6, z € VI(C, A) and the proof is complete. O

Theorem 3.5. Assume that Conditions 1-4 hold and the mapping A : H — H
satisfies the following condition

(3.14) whenever {x,} C C,x, — z, one has ||Az| < linr_1>inf | Ay |-
n oo

Then the sequence {x,} generated by Algorithm 1 converges strongly to an element

u* € VI(C, A), where u* = Py, a) 0 g(u*).

Proof. Claim 1. The sequence {z,} is bounded. Indeed, for u* = Py (¢ 4y 0 g(u*),
by Lemma 3.3 we have

* * )\n
(3.15) [lzn — u*[* < [[9n —u ||2f(1fuA

A
) n—wal* = (1 —hy “lzn = ynll*-
n+1 n+1

n

Since limy,, o0 (1 — ) =1 — u > 0, thus there exists ng € N such that

n+1

An
(1—p ) >0 VYn > no.

n+1
Therefore, we have
(3.16) |z — ™| < |05 —u*|| Vn > ne.
From the definition of ¥,,, we get
[0 — u™[| = [|zn + an(zn — 2p—1) — u||

< |zn — || + anllzn — Tn-1|

* Qp
(3.17) = lln =l + B 5"

”wn — Tp_1]|-
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Since (3.1), we have a,, ||z, —xn—1]] < 7, for all n, which together with lim,, ;—n =
0 implies that !
lim %Hxn — Tp—1]| < lim n —o.
n—oo 3, n—oo (3,
It follows that there exists a constant M; > 0 such that
(3.18) O |zn — 2o || < My Vn> 1.
Bn
Combining (3.16), (3.17) and (3.18), we obtain
(3.19) llzn — u*|| < ||V — u*|| < ||z — w”|| + M1 VN > nyg.

From the definition of {z,}, we get

[2n1 — | = [[Bng(@n) + (1 = Bn)zn — u”||
= [1Bn(g(zn) — u*) + (1 = Bn) (20 — u)||
< Bullg(an) — u'll + (1 = Bn)llzn — vl
< Bullg(n) = gl + Ballg(u®) — ™l + (1 = Bn)l[2n — 7|
(3.20) < Bkillen —u*|| + Ballg(u®) — || + (1 = Bn)llzn — u”|l.
Substituting (3.19) into (3.20), we obtain
s =l < (1= (1= w)8a)llmn — |+ BuMy + Bullg) — u”l| ¥ > mg

M + [lg(u”) — u*]]
1—

=1 =1 =r)B)lzn = + (1 = K)Bn Vn > ng

e MaA llg(u”) —u]]
||

§max{||a:n— , L n

} Vn > ng

IN

o Mt o)y
1—-k
This implies {z,} is bounded. We also get {z,}, {g(zn)}, {¥,} are bounded.
Claim 2.
(1= ) (1= i 19 = gl (1= 8) (1 = 2 = il
<l = |* = ||zner — u*||* + B M,

< max {||33n0 —u

for some M4 > 0. Indeed, we get
01— u[1* < Bullg(zn) — u|* + (1 = Bn)llzn — u*|?
< Bulllg(@n) — g(u™)l| + [lg(u™) = w[)* + (1 = Bp) Iz — u*[|?
< Bu(wllzn —u|| + [lg(u™) = w[)? + (1 = Ba)llzn — u*||?
< Bl —u*[| + g(w) — u*[)* + (1 = Ba)llzn — u*||?
= Bullan — | + B (2llzn — u*[| - lg(w*) — u*||
+lg(u™) = w 1) + (1 = Bz — u*||?
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(3.21) < Ballzn — u1? + (1 = Ba)llzn — w*|I* + B M
for some My > 0. Substituting (3.15) into (3.21), we get
lZn1 = w*[[* < Ballzn —w*||* + (1 = Bu)[[0n — u||?

- (1= (1= i) 19,

An
=yl = (1= Bu) (1 = 157 )1z = il + B,
n+1

which implies from (3.19) that
190 = u*[|* < (lon — u’[| + B Mi1)?
= llon = u[* + Bu(2Mi]|zn — u*|| + B M7)
(3.22) < |lzn — u*[|* + BnMs,
for some M3 > 0. Combining (3.22) and (3.22), we obtain

|zn41 = w | < Ballzn — uw*|® + (1 = Ba) s — u*|?

+ Budy — (1= ) (1= ™ ) [0 =

W
An
= =B (1 iy Yl =l B

An
k12 o . o 2
= N =2 By = (1= ) (1= 5 9= ]

An
== B (1 iy Yo = gl M,

This implies that

>\ 2 >\n 2
(1= ) (1= i )W = gl (= B) (1= 5™ Y =
<l = w|* = [|l2nsr — u*[|* + B Ma,
where My := My + Ms.
Claim 3.
lzns1 —w[? < (1= (1 = K)Bp) lan — u*|®

(1= BB [ (g) = 0 gy — ) e O
-k /Bn

1—k : Hxn_xn—ln

for some M > 0. Indeed, we have
107 —u ”2 |Zn + an(Tn — Tn—1) —u* ||2
= |lzn —u H2 + 2an (Tn — U, Tn — Tp1) + O‘%Hwn - fcn—l”Q

(3.23) < lzn — w*|* + 20m e — u(lllen = zn-1]l + opllwn — 201,
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Using (2.1), we have

Zns1 = w*[1? = Bag(xn) + (1 = Bn)z — u*|®
= [Ba(g(xn) = g(u*)) + (1 = Ba) (20 — u*) + Balg(w*) — u*)|?
< 1Bn(g(@n) — g(u™)) + (1 = Bn) (20 — u’)|?
+ 26 (g(u*) — u*, xpy1 — u")
< Ballg(@n) — g(u*)|I* + (1 = Bn)llzn — u*|?
+ 2Bn(g(u
< Bkl — u|? 4 (1 = Ba) |20 — w*?
+26n(g(u’) —u*, nyy —u7)
< Bukllan — u|? + (1= Ba)llzn — u*|?
+ 26, (g(u*) — u*, zpy1 — u)
< Bukillzn —w P+ (1= Ba) [0 — u*|®
(3.24) + 26 (g(u*) — u*, xpy1 — u*).

Substituting (3.23) into (3.24), we have
lzns1 = w | < (1= (1= 8)Bn) lwn — u[* + 20n |20 — w20 — 21
+aplzn — zaoa [P + 289 (w") — ¥, @nsr — u)
= (1= (1= #)Bn)llzn — u*|?

2
1— )
PR
+ anllzn — zn-1l|2llzn — u*|| + anlzn — 2n-1]])

< (1= (1—K)Ba)llzn — u*?
+(1_K7)/Bn' 11—k

+ anllrn — 21| (2l|en — v + af|zn — zH-1]])

< (1= (1= #)Bn)|zn — u|?

(g(u*) —u™, xpyr —u®)

(g(u”) —u", ny1 —u’)

2 * * *
(L= B o lglu?) — ' s — ) + BM ol — |
< (1= (1= r)B) 20 —u*|?
2
P B [ o) " 2y — )
3M «
+1_,{'7n‘”$n_$n—1” )
n

where M := sup,,cn{||zn — v*||, a||zn, — zp—1]|} > 0.
Claim 4. {||z,, — u*||?} converges to zero. Indeed, by Lemma 2.7 it suffices to
show that lim sup;,_, . (g(u*)—u*, 2, +1—u*) < 0 for every subsequence {||z,, —u*| }
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of {||x, — u*||} satisfying

lim inf({|lzp, 11 — o[ = [l2n, —u*) = 0.
k—o0
For this, suppose that {||z,, — u*||} is a subsequence of {||z,, — u*||} such that
liminfy oo ([|@n,+1 — w*|| = ||&n, —u*|]) > 0. Then
lim inf (g, 41 — w** = [Jon, —u[*)
k—o0
= liminf[([Jon, 41 — '] = [lzn, — )21 = vl + [J2n, —a7[)]
> 0.

By Claim 2 we obtain

lim sup [(1 — Bny) (1 —

k—o00

Ange
)\nk+1

An
M = 92 4 (1= Bu) (1= 1157 ) 2y, = e P
ne+1

< limsup(||zn, — u*[|* = l|Zne+1 — w*||* + Bny M
k—00

< limsup[||zp, — u*||2 — |Tn41 — u*H2] + lim sup By, M4
k—o0 k—o0

= —liminf[|len, 11 —uw*|® — ||z, —u"|?
k—o0 k
<0.
This implies that

(3.25) lim ||yn, —9p,|| =0 and lim ||z, — yn,l =0.
k—o0 k—o00

Thus

(3.26) klggo |2n, — U, |l = 0.

Now, we show that
(3.27) |Zn,+1 — Zn,ll = 0 as n — oo.

Indeed, we have

(3'28) ||xnk+1 - an” = 57%”’2”1@ - g(xnk)H — 0,
and
(6%
(3'29) Hxnk - 797%” - O‘”ka”k - 5Unk—1H = B”kﬂ”xnk - 'xnk—lH — 0.
Nk

From (3.26), (3.28) and (3.29), we get

Hxnk-&-l - xnk” < ||xnk+1 - an” + ||an - 197%” + ||1977/k - x”k” — 0.
Since the sequence {z,,} is bounded, it follows that there exists a subsequence
{zp, } of {zy,}, which converges weakly to some z € H, such that

(3.30)

limsup(g(u*) — u*, x,, —u*) = lim (g(u*) —u*, zp, —u*) = (g(u*) —u",z —u").
k—so0 J—r00 J

Using (3.29), we get
Up, — 2 as k — o0,
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which, together with (3.25) and Lemma 3.4, we have z € VI(C,A). From (3.30)
and the definition of u* = Py (¢, 4) © g(u*), we have

(3.31) limsup(g(u*) — u*, zp, —u*) = (g(u*) —u*,z —u*) <0.

k—o0

Combining (3.27) and (3.31), we have

limsup(g(u™) — u*, zp, 41 — v*) < limsup(g(u*) — u*, z,, —u*)
k—o0 k—o0

= (g(u*) —u*, z —u")
(3.32) <0.
Hence, by (3.32), lim, %Hxn — Zp—1| = 0, Claim 3 and Lemma 2.7, we have
n
lim,, o0 |5, — w*|| = 0. That is the desired result. O

Remark 3.6. (1) When the mapping A is monotone, we don’t need to impose
Condition (3.14), (see, [10, 42]).

(2) It should be emphasized here that, in our proof we need only to impose
Condition (3.14) is weaker than the sequentially weakly continuity of A which used
in recent articles [37, 42, 43].

(3) Our result generalizes some related results in the literature [38, 41, 46, 48, 47|
and hence might be applied to a wider class of nonlinear mappings. For example,
in our Theorem 3.5, we replaced the monotonicity by the pseudomonotonicity of A.

Next, we introduce the second algorithm, where the Lipschitz continuous condi-
tion of the variational inequality mapping is removed. The algorithm is of the form:

Algorithm 2. Let v > 0, p € (0,1), 1 € (0,1), @« > 0 and zg,x; € H be arbitrary.
Choose

. . .
min {a, e } if X, # Tp_1,

a if otherwise.

Ay =

Compute
U = Zpn + ap (T — Tp_1)
Yn = Po(9, — N\yADy,),
Tnt1 = Bpg(@n) + (1 = Bn) Pr,, (9 — AnAyn),

where T, := {z € H : (¥, — MpAV — Yn, 2 — yn) < 0} and A, is chosen to be the
largest A € {v,~I,71?,...,71™, ...} satisfying

(3.33) M[AY, — Aynl| < pl|95 — ynl)-
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In order to the convergence analysis of Algorithm 2, we use the following condi-
tion:

Condition 2’. The mapping A : H — H is pseudomonotone on H and uniformly
continuous on bounded subsets of H.

Lemma 3.7. Assume that Conditions 1, 2" 3 hold. Then, the Armijo linesearch
rule (3.83) is well-defined and A\, <~y for all n.

Proof. 1f 9,, € VI(C, A) then ¥,, = Po(9, — yAV,), therefore (3.33) holds with
m = 0. For ¥,, ¢ VI(C, A), suppose to the contrary that, for all m, we have

(3.34) VI AY,, — AP (Un — YU AY)|| > pl|0n — Po (95 — U™ AY,,)|.
Then,
(3.35) |4, — APc(8y — A AD,)| > ) o(Wn = 1y

yim
If 9, € C, invoking that Pc and A are continuous, one sees that lim,, oo ||, —
Po (¥, — 41" AY,)|| = 0. From the uniform continuity of A on bounded subsets of

H, we have
lim || Ad, — APo(0, — 1™ AY,)|| = 0.

m—r0o0

Combining this and (3.35), we get
Uy, — Po(0y, — U™ AY,

m—00 "ylm
For t,, := Po (¥, — " AY,), we have
(tyy — O + VI AYy, 2 —ty,) >0 Vo € C.

=0.

Hence,

<tm_19n,a:—tm> + (AYy,x —t,) >0 Vo e C.

lm
Taking the limit m — oo in this inequality and using (3.36), we obtain (Ad,,z —

Yy) >0 Va € C, which implies that ¥,, € VI(C, A). This is a contradiction.
For 9,, ¢ C, we have

lim ||¢,, — Po(9, — 1™ AY,)| = |9, — Podyn|| > 0,

m—ro0

3.37
(3.37) lim 1™ | At — APo(0n — 71" AD,)|| = 0.

From this, which together with (3.34), (3.37), we get another contradiction.
g

Lemma 3.8. Assume that Conditions 1, 2' and 3 hold. Let {z,} be a sequence
generated by Algorithm 2. Then

(3.38)

lzn = u[* < [[9n —u[* = (1= @)l[9n = yull* = (1 = )l 2n —9all*, Vu™ € VI(C, A),

where zp, = Pr, (Un, — A Ayn).

Proof. The proof is similar to that of Lemma 3.3, we leave for the reader. O
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Lemma 3.9. Assume that Conditions 1, 2' and 3 hold and the mapping A : H — H
satisfies the following condition

whenever {z,} C C,x, — z, one has ||Az| < 1inl>inf | Az |-
n—oo

If there exists a subsequence {Vy,} of {Un} convergent weakly to z € H and
limy o0 [|[Un, — Yn,ll =0, then z € VI(C, A).

Proof. Assume that, there exists a subsequence {z,,} of {z,} such that {z,,}
converges weakly to z € H. From y,, = Po(Un, — An, AUy, ) we have

(Unp, — M AUy — Unpy © — Yny,) <0 Vo e C.

or equivalently

)\1nk<19nk — Ynpr T — Yny) < (AVp,, & — yn,,) Yz € C.
Consequently,
(3.39) Alnkwnk s — o) & (AT — D) < (A3 — On,) Va € C.
Now, we claim that
(3.40) lim inf(A0y, @ — 0r,) > 0.

Indeed, suppose first that liminfy_,o, Ay, > 0. By Lemma 2.5, {Ad,, } is bounded.
Taking £ — oo in (3.39), since [|¥p, — yn, || — 0, we get (3.40). Next, we assume
that iminfg oo An, = 0. Setting t,, = Po(In, — Ayl AV0,), as Mg l71 > Ay,
Lemma 2.3 yields

Hﬁnk - tnk H <

1
7”197% — Yn, || = 0 as k — oo.

Hence, t,, weakly converges to z € C. Because A is (uniformly) continuous on the
bounded set {9, } U {t,}, we obtain
(3.41) | Ay, — Aty || = 0 as k — oo.
As A\ 71 = yl™mk 71 = 4™ ! by the Armijo linesearch rule (3.33), we have
Al H[AY,, — APc(On, — AT A ) || > pl|On,, — Po(Un,, — Anyl ™ A0, |,

which is
1 [0y, — iy
;HAﬁnk - Atnk” > W
Combining this and (3.41), we obtain
im P =t _

k—o0 )\nkl_l
Furthermore, we have from the definition of ¢,, that

(O — A I A, — by, — ) <0 Vo € C.
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Hence,
1
Ang It
Taking the limit as k — oo, we get

liminf(AY,,,x — ¥y,,) > 0.

k—o00

(Uny =ty @ — tny) + (AUp, by, — Ony) < (A0, , 2 —Vp,) Vo e C.

Therefore, the claim (3.40) is proved.
Furthermore, we have

(3'42) <Aynk ’ x*ynk> = <Aynk 7A19nk’ £719nk>+<A19nk ) x*ﬁnk>+<Aynk’ ﬁnk 7ynk>’

As limyg_s o0 [|Un, — Yn, || = 0, by the uniform continuity of A on bounded subsets, we
get limy_oo || A0, — Ayp, || = 0, which together with (3.40) and (3.42) implies that
(3.43) lim inf(Ayn, , * — yn,) > 0.

k—o0

Finally, we show that z € VI(C,A). Take a sequence {e;} of positive numbers,
decreasing and tending to 0. Choose an increasing sequence { Ny} such that

(3.44) (AYn; s — Yn;) + e >0 Vi > Ng,

where the existence of Ny, follows from (3.43). Moreover, for each k setting vy, =
Ayn, || Ayn, || 72, we have (Ayn,,vn,) = 1. We deduce from (3.44) that, for each k,

(Ayn,, T + exvn, — yn,) = 0.
In view of the pseudomonotonicity of A on H, we get
(A(z + exun, ), ¢ + exvn, — Yn,.) > 0.
This implies that
(3.45)  (Az,xz —yn,) > (Az — A(z + €xun, ), T + €,UN, — Yn,) — €x{Ax, N, ).

We show that limy_, €zvn, = 0. Indeed, since x,, — z, limg_,o0 [|Tn, — p, || =0,
and limy_,o0 ||9n, — Yn, || = 0, we obtain yn, — z. Since the mapping A satisfies
Condition 3, we have
0 < ||Az|] < liminf || Ay, ||.
k—o00

Since {yn, } C {yn, } and € — 0, we obtain

. . €k lim supy,_, o €&
0 < limsup ||lexvn, || = limsup ( ) < — =0,
k—o0 r k—o0 ||Aynk || liminfy ||Aynk ||

which implies that limy_, exvn, = 0.
Letting k — oo, the right-hand side of (3.45) tends to zero due to the uniform
continuity of A. Thus, liminfj_,(Az,x —yn,) > 0. Hence, we have, for all € C,

(Az,z — z) = lim (Az,z —yn,) > 0.
k—o00

By Lemma 2.6, z € VI(C, A) and the proof is complete. O
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Theorem 3.10. Assume that Conditions 1, 2', 8 and 4 hold and the mapping
A H — H satisfies the following condition
whenever {z,} C C,x, — z, one has ||Az| < lirginf | Az, ||.
n—oo

Then the sequence {x,} generated by Algorithm 2 converges strongly to an element
u* € VI(C, A), where u* = Py, a0 g(u*).

Proof. The proof is similar to that of Theorem 3.5, and therefore is ommited. [

4. NUMERICAL ILLUSTRATIONS

In this section, we provide two numerical examples to show the practicability and
the advantage of our proposed algorithm by comparing it with other algorithms. In

this examples, we take g(z) = 3.

First, we consider three examples in finite-dimensional Hilbert space.

Since the exact solution of example 4.1 and example 4.2 are not known, so, we
use ||Zp41 — @p|| to measure the error of the n-th iteration, which also serves as the
role of checking whether or not the proposed algorithm converges to the solution.

In examples 4.1 and 4.2, the initial point zg is randomly chosen in R™. And take
uw=0.3,6,= n%rl, a =0.1 and

B

min {,a} if xp # Tp_1,
Qn = |Zn — Tn—1]]

«a otherwise.

We also choose «,, = n%rl, u = 0.5 and p = 0.3 for Algorithm 3.1 in [38] and

ap = n%rl, = 0.8 for Algorithm 3.1 in [46].
The feasible set C' C R™ is a closed and convex subset defined by
C:={zxeR": Hx <d},

where H is an [ X m matrix and d is a nonnegative vector.

Next, we give two choices of operator A.

Example 4.1 ([20]). Consider the following fractional programming problem:

. 2T Qx + a”x + ag
min < h(z) = o b ,

subject to z € X := {x € R : b7z + by > 0},

where
5 -1 2 0 1 2
-1 5 -1 3 —2 1
Q— 9 -1 3 0 , a4 = _9 ,b— 1 ,a0—72,b0—4.
0 3 0 5 1 0
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It is easy to verify that @ is symmetric and positive definite in R* and consequently

h is pseudo-convex on X = {z € R*: b7z + by > 0}. Then

(bT'z 4+ bo)(2Qx + a) — b(xTQx + ax + ag)
(bTx + bo)?

It is known that A is pseudo-monotone (see, e.g. [3, 22, 37] for details).

A(zx) := Vh(z) =

10°

T T T
= = Alg.1
—Alg.1in [34]

|Zns1 — 2l

10°

FIGURE 1. Comparison of Algorithm 1 and Algorithm 1 in [38].

We compared Algorithm 1 and Algorithm 3.1 in [38]. The numerical result is de-
scribed in Figure 1, it is observed that Algorithm 3.1 behaves better than Algorithm
3.1 in [38].

Example 4.2. Next, let us define

2 2
—1 1
Az) = ( (371 +?(’$2 ) )( +2$2) >
—x; —x1(z2 — 1)
It is easy to see that A is not a monotone map. However, using the Monte Carlo
approach (see [20]), it can be shown that A is pseudo-monotone.

For a given domain, the operator A is Lipschitz-continuous (see [37] for example).

We compared Algorithm 1 and Algorithm 1 in [46]. The numerical result is
described in Figure 2, it illustrates that the performance of Algorithm 1 is better
than that of Algorithm 1 in [46].

Example 4.3 ([13]). Take A : R? — R? as follows:
A(z,y) = (2z + 2y + sin(z), —2x + 2y +sin(y)), Va,y € R.

The authors [13] showed that A is v/26-Lipschitz continuous and strongly monotone.
Let C = {z € R?| —10e; < x < 10e1}, where e; = (1,1). Therefore the variational
inequality has a unique solution and (0, 0) is its solution.
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= = Alg.1
—— Alg.1in [43]

Hffmtl - Jl?nH

10—4 E .~ -

P,
10-5— ] \' R AR

I I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500
n

10®

FIGURE 2. Comparison of Algorithm 1 and Algorithm 1 in [46].

We choose z¢p = [2,—10] in this example. And take £, = %, Tn = 73, = 0.3,
a = 0.6 and «,, = 0.7& in Algorithm 1, p = 0,1 in Algorithm 3.1 [38], u = 0.3 and
vy, = 2 in Algorithm 3.1 [38], Algorithm 1 in [46] and Algorithm 2 in [48].

1020
—Alg. 1
o - = -Alg.3.1in[34]| |
10 7 B Alg. Lin[43] |~
R =-==-Alg. 2in [44]
20| R
10 S~al
10-40 L
L}
10—60 L
10-80 L
10-100 L
10.120 L L L L
0 100 200 300 400 500

Figure 3. Comparison results of these algorithms in example 4.3.

From Figure 3, we know that the performance of Algorithm 1 is better than
Algorithm 3.1 in [38], Algorithm 1 in [46] and Algorithm 2 in [48].

Next, we present an example in an infinite dimensional Hilbert space.
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Example 4.4 ([37]). Suppose that H L*(]0,1]) with norm ||z|| := (fol |z ( t)]th)%

and inner product {x,y) fo t)dt, z,y € H. Let C :={z € H : ||z| < 1}
be the unit ball. Define an operator A C — H by

1
A(z)(t) = /0 (x(t) — F(t,s)v(x(s)))ds + h(t), x € C,t € [0,1],
where
2tsel TS 2tel

————, v(x) =cosz, h(t) = ———.

ever—1 (@) ®) eveZ—1

It is known that A is monotone and L-Lipschitz-continuous with L = 2 and {0} is
the solution of the corresponding variational inequality problem.

F(t,s) =

Let g = cos(3nt), x1 = sin(3nt). Take B, = %, T = n2, =0.3, = 0.6 and
o, = 0.7& in Algorithm 1. And take 7 = %2 and «,, = 1 in Algorithm (4) in [26],
ay = % in Algorithm (3.6) in [28] and A = %, an = 0.1 and 3, = % in Algorithm
3.1in [41], 4 = 0.3 and @, = + in Algorithm 1 in [46].

10t
—Alg. 1
--------- Alg. (4)in [22]
0F Y T e [ Alg. (3.6) in [26] |
.\ —-==-Alg. 3.1in [37]
Alg. 1in [43]
10tF 4
= 107 ¢
10° F
104 £
10-5 1 1 1 1
0 20 40 60 80 100

FIGURE 4. Comparison results of these algorithms in example 4.4.

From Figure 4, we get that although the value of ||z, || of Algorithm 1, Algorithm
(3.6) in [28], Algorithm 3.1 in [41] and Algorithm 1 in [46] are almost equal after 45
steps, Algorithm 1 converges faster. The iteration of Algorithm (4) in [26] is very
slow.

Example 4.5. This example is taken from [19] and has been considered by many
authors for numerical experiments. The operator A is defined by A(x) :== Mz + g,
where M = BBT + S+ D, with B, S,D € R™*™ randomly generated matrices such
that S is skew-symmetric (hence the operator does not arise from an optimization
problem), D is a positive definite diagonal matrix (hence the variational inequality
has a unique solution) and ¢ = 0. The feasible set C'is described by linear inequality
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constraints Bz < b for some random matrix B € R™*™ and a random vector b € RF
with nonnegative entries. It is easy to see that A is n-strongly pseudo-monotone
with 1 = min(eig(M?* M)) and Lipschitz continuous with L = ||M||. Hence the zero
vector is feasible and therefore the unique solution of the corresponding variational
inequality.

These projections are computed using the MATLAB solver fmincon. Hence,
for this class of problem, the evaluation of A is relatively inexpensive, whereas
projections are costly. We present the corresponding numerical results (number of
iterations and CPU times n seconds) using four different dimensions m and two
different numbers of inequality constraints k.

TABLE 1. Comparison of Algorithm 1 and Algorithm 3.1 of [29] and
Algorithm 1 of [30].

Problem Size Alg. 1 Alg. 3.1 of [29] Alg. 1 of [30]
k m Iter. Sec. Iter. Sec. Iter. Sec.

30 10 111 0.104183 750  0.214737 2208  0.292347
30 221  0.121658 6744  1.873812 6146 0.867736
50 5954 0.348353 15290 4.191198 16040 2.202233
70 1002 0.58592 31033  8.651789 30828 4.319426
50 10 72 0.108587 778 0.474368 1388  0.307962
30 210 0.162806 6315  2.72109 6980  1.49006
50 522 0.441042 15684 6.8122369 17360 3.823579
70 798  0.593785 23164 10.126965 33062 7.512002

We randomly choose the starting points xo = (1,1, ...,1) and the stopping crite-
rion as ||z,| < 0.0001. The size k = 30,50 and m = 10, 30,50,70. The matrices
B, S, D and the vector b are generated randomly. Set u = 0.3, 8, = % and 7, = #
in Algorithm 1. Take A = 0.9¥2=L in Algorithm 3.1 of [20] and ¢ = Y3+ ¢ — 0.9¢
and A = \gp = 1 in Algorithm 1 of [30].

We can see from Table 1 and Figure 4.5 that Algorithm 1 performs better than
Algorithm 3.1 in [29] and Algorithm 1 in [30].

5. CONCLUSIONS

In this paper, we introduce two variants of subgradient extragradient methods for
solving pseudomonotone variational inequality in real Hilbert spaces. We present the
strong convergence of algorithms under the Lipschitz continuous condition or non
lipschitz continuous condition of the variational inequality mapping. The results
obtain in this paper extend some recent results in the literature, see [38, 40, 41,
46, 48, 47]. The efficiency of the proposed algorithms has also been illustrated by
several numerical experiments.
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