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ABSTRACT. In this paper, we deal with nonsmooth multiobjective semi-infinte
programming problems with mixed constraints with uncertainty in the feasible
region and in the objective functions. We derive necessary and sufficient opti-
mality conditions for weak efficiency in terms of Clarke subdifferential using a
robust approach, We also use Wolfe and Mond-Weir type robust dual models to
establish duality results.

1. INTRODUCTION

In the real world problems, most of the time data is not to be evaluated exactly,
in which some variations or errors are occurred. These variations or errors are comes
out due to the measurement of equipments, suddenly demands or returns of any
product in the future, and missing of some data in the given series are evaluated by
some known numerical technique, etc. Such types of variations or errors are known
as uncertain set. For deal with such type of problems in optimization theory, robust
optimization is come. In 1973, one of the first researcher, who studied about it, is
Soyster [21]. In robust optimization problems uncertain sets are always belonged
in a bounded set and the set of feasible solution are comes under all realizations
of data from the uncertainty set. When the uncertainty is present in the objective
functions, then the robust optimization technique first find out the maximization
of functions over the uncertainty and after that optimize the problem.

Many authors have been doing lots of work in robust optimization. Recently
Lee and Son [17] gave the optimality conditions for nonsmooth robust multiobjec-
tive problems after that Lee and Lee [15] gave optimality conditions for the weakly
and properly robust efficient solution. Choung [1] gave the optimality and duality
results for robust multiobjective optimization problems in terms of limiting subdif-
ferentials. In this year, Fakhar et. al., [8] gave the sufficient optimality conditions
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with applications to portfolio optimization for nonsmooth robust multiobjective op-
timization problems and Lee and Lee, [16] gave the optimality and duality results
for continuously differentiable semi-infinite multiobjective optimization problems.

In this paper, we consider a nonsmooth robust multiobjective semi-infinite pro-
gramming problem with mixed constraints (RMOSIP). We establish KKT type nec-
essary optimality conditions for nonsmooth multiobjective semi-infinite program-
ming problem with mixed constraints in terms of Clarke subdifferantials under suit-
able constraint qualifications and with the help of it, we derive KKT type necessary
optimality conditions for RMOSIP. Also, establish sufficient type optimality condi-
tions for RMOSIP under convexity and generalized convexity assumptions. After
that, formulate Wolfe type and Mond-Weir type robust dual models and establish
weak and strong duality results for both the models under generalized convexity
assumptions.

The outline of this paper is as follows: in Section 2, we give some well known
definitions and theorems which will be used in the sequel. In Section 3, we de-
rive KKT type necessary optimality conditions for nonsmooth multiobjective semi-
infinite programming problem with mixed constraints and RMOSIP under suitable
constraint qualification. Also, derive sufficient optimality conditions for RMOSIP
under convexity and generalized convexity assumptions and lastly in this section
give an example in the support of KKT type necessary optimality conditions. In
Section 4, we give Wolfe and Mond-Weir type duality problems and derive weak
and strong duality results for both the dual models under convexity and general-
ized convexity assumptions. And lastly, in Section 5, we conclude the results of this

paper.
2. PRELIMINARIES

Let X be a non empty subset of the Euclidean space R™. The cardinality of X
(the number of elements in the set X, if X is finite), the closure of X, the convex
cone generated by X containing the origin of R™, the convex hull of X, the interior
of X, and the linear hull of X (the smallest subspace containing X) are denoted by
card X, clX, coneX, coX, intX, and spanX, respectively. The negative and strictly
negative polar cones of X are denoted by X< and X <, respectively, and are defined
by

XS:={deR" : (z,d)<0,VzcX}
and
X<:={deR" : (x,d)<0,Vze X}

We recall some basic results in the calculus of generalized gradient (for more
details, see [3]-[6], [14]).

Definition 2.1 (Locally Lipschitz functions). A function f : X — R is said to
be locally Lipschitz at x € X, iff there exist an open neighbourhood N of z and a
constant L > 0 such that

[f(y) = f(2)| < Llly = 2l|, vy, z € N,
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where L is called the Lipschitz constant and the function f is said to be a locally
Lipschitz function on X, iff it is locally Lipschitz for all x € X.

Definition 2.2 (One-sided directional derivative). The usual one-sided directional
derivative of f at x € X for each fixed d € R™ is denoted by f’(x; d) and is defined

by
z+td) — f(x

9
whenever this limit exists.

Definition 2.3 (Cone of feasible directions [12]). The cone of all the feasible direc-
tions of X at any point x € X, denoted by I'(X, x) and is defined by

NX, z):={deR" : el 0, such that x +td € X, Vt €]0, €[}.
Definition 2.4 (Clarke’s subdifferentials [6]). The Clarke’s directional derivative
of f at x € X in a direction d, denoted by f°(x; d) and is defined by

£ d) = Tim sup flx+h+td) — f(x+ h)’
h—0, £J0 t
and the Clarke’s subdifferential of f at € X, denoted by 0" f(x) and is defined by
Nf(x) = {z*eR" : fOx; d) > (z*, d), Vd € R"}.

Some properties of the Clarke’s subdifferentials are given as follows:

Lemma 2.5. Let fi, fo, ..., fm be m real valued locally Lipschitz functions at
x € X which are defined on X. Then,

(1) 8°fx(z) is nonempty, convex, weak* compact subset of R™ and ||z}|| < Ly
for every z; € O f(z) and k € M := {1, 2, ..., m}, where Ly, are Lipschitz
constants for fi at x.

(2) The function d — f2(z; d) is convex, positively homogeneous, finite and
subadditive and satisfies

|f (s d)] < Llld]]
for every k € M.
(3) °\fr)(z) = A fr(x), VA ER, ke M.
(4) f2(z; d) = max{(z}, d) : x}; € fr(2x)}, Vd R, Vk e M.
(5) (fr+ fat-+ f)(x) Cfi(x) + Ofa(w) + - - + O fn ().
Let B be a sequentially compact topological space and let ¢ : R" x B —
R, (z, b) — g(z, b), satisfies the following hypothesis from [17]:

Hypothesis
(H1) g(x, b) is upper semicontinuous in (z, b).
(H2) g is a locally Lipschitz in x, uniformly for b in B, that is, for each x in R,
there exist an open neighbourhood IV of z and a constant L, > 0 such that
forally, 2z € N, and b € B,

l9(y, b) — g(z, b)| < Lglly — 2]|.
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(H3) ¢%x, b; -) = g.(z, b; -), the derivatives being with respect to .
(H4) The generalized gradient 0%g(z, b) with respect to = is weak* upper semi-
continuous in (z, b).
Remark 2.6. A function ¢p : R™ — R with
() = max{g(z, b) : be B},

and we observe that our hypothesis (H1) — (H4) holds, it implies that the functions
1 exists and finite (with the maximum defining v attained) on R™. Since each g(-, b)
is locally Lipschitz, then the function v is also locally Lipschitz on R™. Let

B(z):={beB : g(x, b) =9(x)},
then B(z) is nonempty and closed for each = € R".
The connection between the functions ¢'(z; d) and ¢2(x, b; d) is given by the

nonsmooth version of Danskin’s theorem [7] for max-functions, which is given by
the following lemma:

Lemma 2.7 ([7]). Under the hypothesis (H1) — (H4), the usual one sided direc-
tional derivative ' (x; d) exists, and satisfies
W(w; d) = ¢ (2 d) = max{gy(w, b3 d) : beB(@)}
= max{(z*, d) : 2* € dg(x, b), b € B(z)}.

Some important Lemma’s which will be useful for remaining parts of the paper.
This Lemma is given by Lee and Son [17]:

Lemma 2.8 ([17]). Suppose that B is convez, and that g(z, -) is concave on B, for
each © € R™, and the hypothesis (H1) — (H4) hold. Then the following statements
are satisfied:

(1) The set B(x) is conver and sequentially compact.
(2) The set

Ng(x, B(x)) := {z* : Ib € B(x) such thatz* € g(x, b)}
18 conver and weak® compact.
(3) %(z) := {x* : Ib € B(x) such thatz* € Ng(x, b)}.
This Lemma is another type of Carathéodory’s theorem given by Rockafellar [20]:
Lemma 2.9. Let {C; : t € T} be an arbitrary collection of nonempty convex
sets in R™ and let K := cone(UperCt). Then, every nonzero vectors of K can be

expressed as a non-negative linear combination of n or fewer linear independent
vectors, each belonging to different Cy.

The following lemma is given by Hiriart-Urruty and Lemaréchal [11]:

Lemma 2.10. If X is a nonempty compact subset of R™, then the co(X) is a
compact set.

The generalized Motzkin’s alternative theorem given by Goberna and Lépez [10]
for the semi-infinite programming problems is as follows:
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Lemma 2.11. Let P, S and T be arbitrary (possibly infinite) index sets, a, =
a(P) := (a1(P),...,ar(P)) maps P onto R", and so does as and a;. Suppose that
the set co{a, : p € P} + cone{as : s € S} +span{a; : t € T} is closed. Then,
the system
<ap’ $><07 pepv P#Qﬁ
(i) (as, x)y <0, s€S 15 consistent
(ag, z)y =0, teT
or
(ii) 0 € co{ap : p€ P} +conefas : s € S} +span{a; : t €T}

but never both.

3. OPTIMALITY CONDITIONS

We consider the following multiobjective semi-infinite programming problem with
mixed constraints:

(MOSIP)  Minimize  f(2) == (fi(z), fo(2),..., fm(2))
(3.1) Subject to  gi(x) <0, i €1,
hJ(IL‘) = O, j S J,

where I and J are arbitrary sets not necessarily finite and fi, g; and h; are real
valued functions defined on R"”, for all k € M, i € I and j € J, respectively. The
above multiobjective semi-infinite programming problem with mixed constraints in
the face of data uncertainty to the objective functions and the inequality constraints
can be written by

(UMOSIP) Minimize (fi(z, a1), fo(z, a2),..., fm(x, am))
(3.2) Subject to  gi(w, b;) <0, i€ 1,
hi(w) =0, j € J.

where aj and b; are uncertain parameters, Ay and B; are sequentially compact
topological spaces with a; € Ay and b; € B; for k € M and i € I, respectively. The
functions are defined by fi : R" x Ay, = R, g; : R" xB; - R and h; : R" - R,
forall ke M, i€l and j € J.

Goberna et al. [9] studied linear multiobjective semi-infinite programming prob-
lems after it Lee and Lee [16] studied multiobjective semi-infinite programming
problems with data uncertainty in constraints only. The corresponding robust mul-
tiobjective semi-infinite programming problem with mixed constraints (RMOSIP)

for the above (MOSIP) is:

(RMOSIP) Minimize (ar?eaé filz, ar), max fa(z, az),..., Jmax fm(z, am)>
(3.3) Subject to gi(z, b;) <0, Vb; € B;, i € I,

hj(l‘) = O, ] S J,
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where the uncertain objective and the constraint functions are embedded with
the every possible value of the parameters within their prescribed uncertainty sets
Ap, ke M and B;, i € 1.
3.1. Necessary optimality conditions. Consider the MOSIP (3.1) and let

X :={zeR" : gi(z) <0, hj(zx)=0,i€l, jeJ}
be the set of all feasible points for the MOSIP. A vector Z € X is said to be a weakly
efficient solutions for MOSIP, iff

f(z) = f(x) ¢ —intRT", Vo € X.

Let I(Z) i= {i € T : g:(z) = 0} for any # € X and F(z) = ) 8°fu(z). Also,
suppose that =
A7) = ( U 8Ogi(§:)) U ( U aohj(g:«)) U (— U aohj(:z)).
i€I(T) jeJ jeJ
The negative polar cone of A(Z) is given by
(A(2)= ={deR" : ¢%(z; d) <O0forie I(z)and h)(F; d) =0 for j € J},
and the convex cone of A(Z) is given by
cone(A(z)) = cone< U 8ogi(:f)) + span( U 80hj(£)>.
1€I(z) jeJ
Zangwill Constraint qualifications (ZCQ) was introduced by Zangwill [22] for in-

equality type optimization problems, which was extended by Kanzi and Nobakhtian
[13] for mixed type semi-infinite optimization problems, which is as follows:

Definition 3.1. (Zangwill Constraint Qualifications) The Zangwill Constraint Qual-
ifications (ZCQ) holds at z € X for MOSIP, iff

(A(z))= Cdl(X, 7).
The following necessary condition for the MOSIP under ZCQ can be obtained.

Theorem 3.2. Let & € X be a weak efficient solution of MOSIP. Let f (k €
M), gi (i € I(z)) and hj (j € J) are locally Lipschitz at * € X. Also, let ZCQ
be satisfied at T and let the cone(A(T)) be a closed cone in R™. Then, there erists
A >0, k€ M with ZkeMj‘k =1landp; >0,1¢€l, 7y €R, jeJ, with finitely
many of them being nonzero, such that
(3.4) 0 > M fr(@) + > 10 gi(x) + Y 7;0°n;(2),

keM il jeJ
(3.5) and figi(z) =0, Viel.
Proof. Let T € X be a weak efficient solution of MOSIP. First of all, we are interested
to show that

(3.6) F@)<nl(X, z) ={}.
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Suppose that the above equality (3.6) is not satisfied, then there exists d € R™ such
that

de F(z)SNT(X, 7),
ie,de F(z)< and d € T'(X, Z). Hence,

(F(z), d) <0,
ie.,
(5, dy <0, Vired fu(@), Vk=1,2, ..., m,
which gives,
(3.7) Az d)= max (z},d) <0, Vk=1,2, ..., m.
z;€d0 i (T)

Now, for any k € M, one has

pfk(f+tkd)—fk(f) fie(Z + trd) — fi(Z)

lim su = inf sup
140 tk ar>0,  o<ty<ay 173
T+ h trd) — T+ h
< int sup fe(T 4 by + ted) — fr(ZT 4 hy)
Br>0, ||| <Br tk

ax>0, <t <ay
o fe(Z + hi + trd) — fo(Z + hy)
= lim sup

Ry —0, tr

£1.10
— limsup fr(y + ted) — fr(y)

Y=T+hy—T 12
trd0

= fi(z; d) <O,

which gives

fe(Z + trd) — fi(Z) fe(Z + trd) — fir(Z)

lim sup = inf sup
640 12 >0, 0<ty <ay i
<0, Vk=1,2, ..., m.

Hence, there exists ay > 0, such that for all ¢; €]0, az[, one has

fr@+ted) < fo(@), Vk=1,2, ..., m.
Let & = min{ay, ao, ..., ai}, then for all ¢ €]0, «of
(3.8) f(@+td) — f(z) € —intRY".
Also, d € I'(X, ) gives the existence of 5 > 0 such that
(3.9) T+tde X, Vte€lo, g

Taking € = min{a, S}, then (3.8) — (3.9) contradict that z is a weakly efficient
solution for MOSIP. Hence our supposition is wrong and the equality (3.6) is satisfy.
Then, the equality (3.6) gives

int(F(z))S Ndl(X, ) = {}.
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Since (F(z))<={de€R" : (z}, d) <0, Vz; € °f(2), Vk=1, 2, ..., m} and
(z7, -) is continuous, we get that (F(Z))< is open, so

(F(2))< Nel(X, z) = {}.

Then, by the assumptions of the theorem, we get

_ <
(F()=n (A@)~ = {},
which indicates that there does not exist any d € R™, for which the system

(zy, d) <0, kaeaofk( ), Vke M,
(77, d) <0, Va; € 8gi(z), Vie (),
(73, d) =0, V:U € h;(z), VjeJ

is consistent, that is, the system

(F(z), d) <0,

<80gi(j)7 d> <0, Vie I(j)>

(0°hj(z), d)y=0, VjieJ
is inconsistent.

Since a finite union of compact sets is compact in a finite dimensional space,
which gives F(Z) is a compact set. By Lemma 2.10, co(F(Z)) is also a compact
set. By assumptions of the theorem cone(A(Z)) is a closed set, then co(F(z)) +
cone( Uicr@) 9%g:(z)) + span( Ujes 9°h;(Z)) is a closed set. Then, by Lemma 2.11,
we get

(3.10) OECO(F( )+cone( U 2%g;(z) >+span<U80 ;E)

i€l(T) jeJ

using the properties of the Cl_arke subdifferential and convex hull, there exists A\ >
0, for all k € M with >, 5, Ax = 1, we get

(3.11) 0e Y M fi(@) + cone(A(x)).
keM
By using Lemma 2.9, there exists fi; > 0, ¢ € I(Z) and 4; € R, j € J with finitely

many of them being nonzero, we get

(3.12) 0e D> XN fi(@) Z i0°9i(7) + ) 7;0°h; (7).

keM iel(z jed

Taking fi; = 0 for i € I'\ I(Z), we get

(3.13) 0e > M (@ + > padg:(x) + > 7;0°h;(z)
keM icl j€d

Since g;(z) = 0 for all ¢ € I(z) and by our choice ji; = 0 for all i € I\ I(z). Thus
the proof is complete. O
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3.2. Robust necessary optimality conditions. Consider the above RMOSIP
(3.3), where fr : R"x Ay — R, g; : R" xB; — R are functions satisfying
the above hypothesis (H;) — (Hy) with respect to sequentially compact topological
spaces Ay, B; for all k € M, i € I, respectively and h; : R"™ — R are locally
Lipschitz functions for all j € J. The robust feasible set of RMOSIP is

X; = {.CCG]R” : lgl.lggx.gi('r’ bZ)SO, 1€1, hj(.iE):O, jEJ}
Let ¢k, 1; : R® — R for each k € M, ¢ € I and defined by
or(Z) = alllg&{fk(m, ax)} and ¥;(Z) = gleaﬁi{gi(x’ bi)}.

Let Ap(z) := {ar € Ay @ fu(Z, ag) = ¢(2)} and B;(Z) := {b €Bi & gi(z, bi) =
¥i(Z)} for all k € M and i € I(z), where I;(z) :=={i € I : ¢;(z) = 0}.

Definition 3.3. (Weakly robust efficient solutions) Let z € X; be a weakly robust
efficient solution of RMOSIP, if there does not exist any x € X; of RMOSIP, such
that

max fk(ZC ak) < max fk(.%' ak) VkeM.
ap€EAL apEAL

Suppose that A, B; are convex, and that the functions fi(z, -), gi(z, -) are
concave on Ay, B;, respectively, for each z € X and for each k € M, i € I,(Z).
Now, we define some sets with the help of Lemma 2.8,

M@= (U (Unene i@ b)) U (Ua0 @) u (= n@).
iely () jeJ

where 0%g;(, b;) is the Clarke subdifferential of g; with respect to z. The negative
polar cone of A1(Z) is given by

(Ar(2))*

={deR" : 7ma)(<)g?$(i, bi; d) <0, Vi€ I1(z) and h)(z; d) =0for j € J},
b, €B; (x

where g?x(:i, b;; d) is the Clarke directional derivative of g; with respect to = and
the convex cone of A1(Z) is given by

cone(A1(Z)) = cone( U (UBielBi(:Y:) gi(Z, b; ))) + span( U 9°h;(z) )
1€l (z)
Now, we extend the ZCQ in robust form and introduce robust Zangwill Constraint

Qualifications.

Definition 3.4. (Robust Zangwill Constraint Qualifications) The Robust Zangwill
Constraint Qualifications (RZCQ) holds at € X; for RMOSIP, iff

(A(2))= C dl (X1, Z).

Theorem 3.5. Under the hypothesis (H1) — (Hy), suppose that Ay, B; are convez,
and that the functions fi(z, -) (k € M), gi(z, ) (i € I1i(Z)) are concave on
Ay (ke M), B; (i € I1(Z)), respectively, for each T € X;. Let & € X1 be a weakly
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robust efficient solution of RMOSIP. Let hj (j € J) be locally Lipschitz at T € X;.
Also, let RZCQ) be satisfied at T and cone(A1(Z)) be a closed cone in R". Then,
there exists ay, € Ag(z) (k € M), b € Bi(z) (i € I1(Z)) and A\, > 0 (k € M) with
YDrem M =1and i; >0 (i €1), 7 € R (j € J), with finitely many of them being
nonzero, such that
keM iel jeJ
(3.15) and figi(Z, b)) =0, Vil
Proof. Above defining ¢y, (k € M) and ; (i € I), the RMOSIP may be rewritten
as:
(MOSIP1) Minimize (61(x), d2(x),..., dm(T))
Subject to Yi(x) <0, 1€,
hj(x) =0, j € J.
Since T is a robust weakly efficient solution of the RMOSIP. Therefore, T is a
weakly efficient solution of the MOSIP1. Also, since RZCQ is satisfied at = and
cone(A1(Z)) is closed in R". Then, by Theorem 3.2, there exists a; € Ay(Z) (k €
M), b; € B;(z) (i € [1(z)) and Ay, > 0 (k € M) with >, ;A =Ll and f; >0 (i €
I), 4; € R (j € J), with finitely many of them being nonzero, such that

0e D> Mdou(@) + Y w0 vi(@) + ) 7;0°h;(@),

keM i€l (z) jed
and fii(z) =0, Vie I1(Z).
Under assumption of the theorem, it follows from Lemma 2.8 that
Pon(z) = {z} : Fap € Ap(Z) such that 7} € % (Z, ap)}, k=1, 2, ..., m,

and 9%;(z) = {z} : 3 b; € B4(Z) such that z7 € g:(z, b;)}, i € I,(%).
Then, there exists a; € Ax(Z) (K € M) and b; € B;(z) (i € I,(%)) satisfying the
following conditions

0€ > MNOUfu(@ ar) + D 0gi(x, bi) + Y 7;0°h(x),

keM i€l () jeJ
and fiigi(z, b;) =0, Vi € (7).
Hence, by setting fi; = 0 for i € I\ I;(Z), we get the required result. O

3.3. Robust sufficient optimality conditions. In this subsection, we derive suf-
ficient optimality condition for RMOSIP, in which involved functions are either
convex or generalized convex type.

Definition 3.6 (Convex function [2]). Let fr : R™ x Ay — R be a real valued
function for k € M, then fi, (k € M) is said to be convex at z € Xy, iff for every
z € Xy, T} € 0 fi(Z, ax) and ag € Ak(Z), one has

Ie(z, ar) — fi(Z, ag) > (T}, v —T), Vk € M.
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Definition 3.7. (Pseudo convex functions) Let fi : R™ x Ay — R be a real valued
function for k£ € M, then f; is said to be pseudo convex at & € Xi, iff for every
re Xy, ) € A fu(Z, ax) and ap € A(Z), one has

fk(:L‘, ak) < fk(i‘, ak) - <i‘}z, T —:f> <0,VkeM.

Definition 3.8. (Quasi convex functions) Let fr : R™ x A — R be a real valued
function for k € M, then f; is said to be quasi convex at T € X, iff for every
xe Xy, T} € % fr(z, ay) and aj, € Ap(Z), one has

fk(ac, ak) < fk(a_:, ak) =4 <.f;;, T —.’f> <0,VkeM.
The following index sets will be used in the sequel:
ti={iel : 3;>0}, J :={jeJ:y>0tandJ ={jeJ : 7 <0}

Now, we are ready the prove a sufficient optimality condition.

Theorem 3.9. Let & € Xi. Suppose that there exists ar € Ar(Z), \p > 0 (k €
M), with ZkeMS‘k =1, and b; € Bi(z), i >0 (i € 1), 7, e R (j € J), with
finitely many of them being non zero (i.e. (card(I) + card(J* U J7)) is finite),
such that (3.14) — (3.15) are satisfied at T. If fx(-, ag) for each ar € Ay, (k € M)
are pseudo convexr and g;(-, b;) for each b; € B; (i € IT), hi(-) (j € J*) and
—h;i(-) (4 € J7) are quasi convex at T over Xi. Then, T is a weakly robust efficient
solution for RMOSIP.

Proof. Let & € X, and suppose that there exists a, € Ap(Z), Ay > 0 (k €
M),w1th2keM)\k—1 and b; € B;(z), 1; >0 (i € I), 7, € R (j € J), with
finitely many of them being non zero (i.e. (card(I™) + card(J* U J7)) is finite),

such that
OGZ)\kaoka ay) —I—ZMngZi"B Z 'y]@h

keM el + jeJtuJ—

0= f1;9:(x, b;), i € 1.

Then, there exist z; € d0fu(Z, ax), k € M, z} € g;(z, b;), i € IT, T3
d°h;(z), j € JT U J~, such that

(3.16) 0= NFi+ > LT+ > T

keM el t jeJtuJ—

S

Suppose to the contrary that T is not a weakly robust efficient solution of RMOSIP.
Then, there exist £ € X7, such that

max f(Z, ap) < max fe(Z, ar), Yk € M,

ag EAk

which implies that for some aj € A,(Z) and ax € Ag(Z), one has
fi(@, k) < fi(@, ak), ar € Ap(2), ar € Ap(Z), k€ M.

We have the following two cases:
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(1) if a € Ag(2), then
fk('f;7 C_Lk) - fk(*%a ak) < fk(‘i‘v C_lk), for some k = 17 sy M,

and
(2) if ag ¢ Ak(fﬁ), then

fr(@, ag) < fi(Z, ax) < fr(z, ax), for some k =1,..., m.
Under both the cases, we get
fi(@, a) < fi(@, @) < fu(@, a), VE=1,..., m,
ie.,
(3.17) (@, a) < fu(@, ax), ap € Ap(z), VE=1,..., m.

Since, maxy,ep, g;(Z, b;) = 0 for any i € I", there exists b; € B;(Z) such that
9i(Z, b;) =0 for any i € I and & € X1, one has

(3.18) gi(#, b)) <0 = g;(z, b;), Viel",
3.19 hi(2)=0=h;(z),VjeJ uJ .
J J

By the pseudo convexity of fi (k € M) and the quasi convexity of g; (i € I'1), h; (j €
Jt), —h; (j € J7) at T over X1, we get

I, 1—1)<0,VkeM,

(),

(Tr, &+ —x) <0, Vielt,
(Z}, 1 —1)<0,VjelJr,
(7, 2—x2)>0,vjeJ,

for all .i'z € 82]%(.@', L_lk), a € Ak(i‘) (k - M), .f;k € 82‘(]2'(%, I_)l), b; € Bz(f) (Z c
1), 25 € hy(z) (j € JTUJ7), and & € X;.
Therefore, for every z5 € 82 fi(Z, ax), ar € Ar(Z) (k € M), z} € 8%9:(, b;), b; €

Bi(z) (i € I'1), 7} € 3°h;(z) (j € JTUJ7), we get

<25\kf2+2ﬂ¢i‘f+ > :yj:f;,fc—f><o,
keM ielt jeJtuJ—

which is a contradiction to equation (3.16) and hence, T is a weakly robust efficient
solution of RMOSIP. g

Remark 3.10. Let z € X;. Suppose that there exists ap € Ag(Z), M >0 (k €
M), with S M = 1, and b; € Bi(z), iz > 0 (i € I), ;5 € R (j € J), with
finitely many of them being non zero (i.e. (card(I"™)+card(J*tUJ ™)) is finite), such
that (3.14) — (3.15) are satisfied at z. If f,(-, az) for each a; € Ay (k € M), gi(-, b;)
for each b; € B; (i € I'"), h;(-) (j € J*) and —h;(-) (j € J7) are convex at Z over
Xj. Then z is a weakly robust efficient solution for RMOSIP.
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The following example illustrate the above results in which we have taken only
inequality constraints.

Example 3.11. Let x := (z1, 72) € R?, consider a nonsmooth multiobjective
semi-infinite programming problem with the data uncertainty:

(UMOSIP) min (fi(z1, 22, a1), fa(z1, 22, a2)) := (ziay, x3az — 1),

1
subject to g;(x1, xe, b;) == —b;—x1, Vb; €B;, VieN,
i

/ / 1 / ! /
gi(x1, 2, b;) =~ —b; — %, Vb, eB,;, VieN,

and A x Ay := [0, 1]%, b € B; := [0, 1], b, € B, := [1/2, 1], Vi € N. Let
X;:={zx €R? : gi(z, b;) <0, g;(x, b)) <0, Vb € By, Vb, € B, Vic N}, then

X1::{x€R2 : xlzl, 33221}.

and its robust counterpart is:

RMOSIP1) min max 1, T2, a1), max T1, T2, @
( ) (mhaQ)eAlXA? filer, 72, ) (a1, a2)€A1 XA fal@1, @2 2)>

subject to g;(x1, w2, b)) <0, Vb; €B;, Vi €N,

gi(x1, 2, b;) <0, Vb; €B;, VieN.
Then, the set of all feasible solutions of the problem is given by {(z1, z2) € R? :
x1 > 1 and xg > 1}. So, it is clear that (Z1, Z2) = (1, 1) € X; is a weakly robust

efficient solution of RMOSIP1. We have A1(Z1, Z2) X Aa(Z1, Z2) = {(1, 1)} and
N(Z1, Z9) = {1} are active indices for both g and ¢’ functions and [] B;(Z1, Z2) =
1€N
{0, 0, ...} and [] B;(Z1, Z2) = {1/2, 1/2, ...}. Then, we can easily check that
1€EN
RZCQ holds at (Z1, Z2) and if we choose A = 1/2, Ao = 1/4, fip =1, [/1 =
1, (@1, a2) = (1, 1) and (by, b)) = (0, 1/2), then we set

MODf1(T1, o, Q1) + X0 fo(T1, T, Go2)
+ g1 (T1, T2, b1) + gy (1, T2, b)) =0,
fng1(Z1, T2, by) =0, fiyg (21, T2, by) = 0.
Thus, Theorem 3.5 holds.

4. ROBUST DUALITY

In this section, we formulate two types of dual problems for RMOSIP and derive
weak and strong robust duality theorems under convexity and generalized convexity
assumptions.
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4.1. Wolfe type robust dual. Now, we formulate a Wolfe type robust dual prob-
lem for the RMOSIP denoted by RMOSIP-WD.

(RMOSIP-WD) max £y, 1)+ jigi(ys bs) + ks (0
(y, @, b, A, 1y ) pyt ey

Fn(ys am) + Y migi(y, bi) + Z%’hj(y))

iel jeJ

subject to 0 € Z)\kagfk(y, ai) + Zuﬁﬁgi(y, bi) + Z’Yjaohj(y)a
k=1 i€l =Y

m
Me >0, ap €A, k=1,..., m, Z)\kzl,

k=1
MzZO; b’LEB’Lazela VJGRaje‘]v

with card(I") + card(JT U J7), is finite and I :={i el : pu; >0}, Jt :={j €
J ooy >0 Jo={jeJ 9 <0} Let A=Ay x--- x Ay, B=[[;c;B; and
a€lA beB.

The feasible set of RMOSIP-WD is defined by

k=1 el JjeJ

m m
MNe >0, ap €A, ke M, ac [JAr=4 > M=1,
k=1 k=1

pi >0, b €B,icl, be[[Bi=B, v €R, jeJ},
i€l
and its projection on R"™, denoted by Xy, is defined by
Xw:={yeR" : (y, a, b, \, u, v) € W}.

Let (y, a, b, A\, p, v) € W. It is said to be weakly robust efficient solution of
RMOSIP-WD, if there does not exist any (yo, ao, bo, o, to, Y0) € W, such that

Fewo, aok) + > igi(yo, boi) + Y _ Yoih(yo)
el jeJ
> fi(y, ax) + Z)‘igi(yv bi) + Z'yjhj(y), k=1, ..., m.
iel jeJ

Now, we derive weak and strong duality theorem between RMOSIP-WD and
RMOSIP.

Theorem 4.1 (Weak Duality Theorem). Let x € Xy and (y, a, b, A\, p, ) €
W. Let fx(-, ax), for each a € A (k € M), gi(-, b;), for each b; € B; (i €
I, hi(-) (j € JT) and —h;i(-) (j € J7) are convex at y over X1 U Xy, then the
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following inequalities cannot hold simultaneously:

max )fk(&", ar) < fr(y, ar) + > pagi(y, b) + > vihi(y), k=1, ..., m.
B SRR iel jeJ

Proof. Let x € X; and (y, a, b, \, p, v) € W, then
(4.1) gi(z, b)) <0,Vb eB;, Viel, hj(xr)=0,VjeJ,
and
0> M fily, ax) + > gy, bi) + Y v0°h;(y)
k=1 iel j€J

i.e., there exist yf € O fi(y, ax) (k € M), yf € Bgi(y, b;) (i € IT), ui =0, i €
I\I", and y} € OPhi(y) (j€JTUJIT), v =0,j€J\(JTUJ), then

(4.2) 0= > Myi+ D wyi+ >, vy
k=1

el t jeJtuJ—

Suppose to the contrary that

max )fk(x, ar) < fr(y, ak) +ngz‘(y7 bi) + Z’thj(y% Vk=1, ..., m.
B SRR iel jeJ

Using p; =0, i€ I\IT,and v, =0, j € J\ (JTUJ), we get

ok EAk(@) iert jeJrus-

Vk=1,..., m.

Hence,

fel@, are) < frly, ar) + D pagily, )+ > hi(y), are € Ap(z),
ielt jeJtuJ-
forallk=1,..., m.

We have the following two cases, first is ar € Ag(z) and other is a; ¢ Ax(x), so,
under the first condition:

Frlms ar) = fule, are) < felys ar) + Y migily, b))+ D ki),

el t jeJtuJ—
fork=1,..., m,

and under the second condition:
fele, ap) < frlz, are) < fuy, an) + > pagily, b))+ > vhi(y),

ielt jeJtuJ—
fork=1,..., m.



380 P. JAISAWAL AND V. LAHA

Hence, we have

(44)  flw, ar) < fuly, an) + D gily b))+ Y vihi(y), ax € Ay,

el + jeJtuJ—
VkE=1,..., m.
m
Multiplying (4.4) by Ay > 0 for k =1, ..., m with > Ay = 1 and adding all of
k=1

them, we get

(4.5) ZAkfk x, ai) <Z)\kfk: yoap)+ > gy, b))+ D> vhi(y)

ielt jeJtuJ-

By (4.1), i =0, s € INI*, py >0, i €It v =0,j€J\(J"UJ) and
v #0, jeJtUJ, we get

(4.6) nglxb + Z vihi(x) <0, b; € B;.
ielt jeJtuJ-

By adding (4.5) and (4.6), we get

Z)\kfk (@, ar) + > migi(z, b))+ > ihs()

ielt jeJtuJ—

(4.7)

<Z)\kfk Y, ak +Zﬂzgz Yy, bi) + Z vihi(y), for ay € Ay, b; € B; .
eIt jeJtuJ—

Since fx(-, ag), for each ar € Ay (kK € M), g¢i(-, b;), for each b; € B; (i €
I), hi(-) (j € J") and —h;(-) (j € J~) are convex at y over X1 U Xy, there-
fore

(4.8) fr(z, ar) — fly, ar) > (Wi, = — ), YV yk € B fu(y, ax), Vk € M,
(4.9)  gi(w, b)) —giy, bi) > (y;, « —y), Yy € Rgi(y, bi), Viel",
(4.10) hj(z) — hi(y) > <y], x—y), Vi € hyy), Vje
(4.11) hj(x) = hi(y) < (W5, = —y), Vyj € P hi(y), Vie .

Since A\ >0 (ke M), >0 €It), v, >0(j€J)and~; <0(j € J), then
multiplying simultaneously in (4.8) — (4.11), respectively and adding all of them,
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we get

Z)\kfk z, ap)+ Y pigi(z, b))+ Y vhi(x)

ielt jeJtuJ—

— Z)\kfk(% ar) = Y gy, b)) — > ihyy)
h=1

ielt jeJtuJ—

<2Akyk+2my,+ > vy, - >

iel+ jeJruJ—
Vi € R fr(y, ar), yf € 03giy, bi) and y; € hy(y).

Using (4.7), we get

m
> <2Aky72+ Doyt Y s x—y>,

ielt jeJtuJ-
Vyi € R fr(y, ar), yf € Agi(y, bi) and y; € 3°h;(y)
=0 (by (4.2)) for some yj; € 0% fi(y, ar), y; € Ogi(y, b;) and y! € 0°h;(y).

Which is a contradiction. Hence, our supposition is wrong and we get the required
result. O

Theorem 4.2 (Strong Duality Theorem). Let T € X1 be a weakly robust efficient
solution of RMOSIP such that the conditions of Theorem 3.5 are satisfied at Z.
Then, there exists ap € Ap(T), Xe >0 (ke M), with Y o MNe = 1, and b; €
Bi(Z), i >0 (i € I), 45 € R (j € J), with finitely many of them being non zero
(i.e. (card(IT) + card(Jt U J7)) is finite), such that (Z, a, b, A, fi, 7) € W.

If fk( ar), for each ay € Ap(Z) (k € M), gi(-, b;), for each b; € B;(z) (i €
It ) h;(- (] € J) and —h;(-) (j € J7) are convex at T over X1 U Xy, then

)
(Z, @, b, \, i, 7) is a weakly robust efficient solution of RMOSIP-WD.

Proof. Since the conditions of Theorem 3.5 are satisfied at z. Then, there exists (zk €
AR(@), Mg >0 (k € M), with S, e, A = 1, and b; € By(2), i, > 0 (i € I), 7
R (j € J), with finitely many of them being non zero (i.e. (card(I™) + card(J+ U
J7)) is finite), such that (3.14)—(3.15) are satisfied, which gives (Z, @, b, \, i, 7) €
Ww.

Now, we assume that (Z, a, b, A, i, 7) is not a weakly robust efficient solution
of RMOSIP-WD. Then, there exists a robust feasible point (7, @, b, A, fi, 4) of
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RMOSIP-WD such that

(4.12)  fx(g, ax) +Zuzgz (g, b +Z%

el jeJ

> fu(Z, ag +Z/ngz +Z’YJ ), k=1,2, ..., m,

i€l jeJ

By (3.15) and the feasibility of z, we get

Z:U’zgz B +Z’7j

el jeJ
then (4.12) gives
T (7, &k)‘i‘Zﬂigz +Z’Y] g) > fi(@, ag), k=1, 2, ..., m,
el jeJ
ie.,
Te(y, ax) +Zﬂigz ) + Z’y] ) > max fi(Z, ag), k=1, 2, ..., m,
icl jed apEA(T)

Which contradicts weak duality. Thus, (Z, @, b, \, fi, 7) is a weakly robust efficient
solution of RMOSIP-WD. g

4.2. Mond-Weir type robust dual. Now, we formulate a Mond-Weir type robust
dual problem for the RMOSIP denoted by RMOSIP-MWD.

(RMOSIP-MWD)  max (fuly, 1), fy, am))
(s a, b, A, 1, )
subject to 0 € Y " M0 fi(y, ar) + > pidgi(y, bi) + > 7;0%h;(y)
k=1 icl jed
Me >0, ap €A, k=1,..., m, Z/\kzl’

pi >0, pigi(y, b;)) >0, bjeB;, i €1,
v €R, vihi(y) =0, j € J,

with card(I™) + card(JT U J7), is finite and I :={i el : p; >0}, Jt :={j €
J oy >0 Jo={jeJ 9 <0} Let A=Ay x--- x Ay, B=][;c;B; and
a €A, beB.
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The feasible set of RMOSIP-MWD is defined by

MW ={(y, a, b, A\, 11, 7)1 0€ > M fr(y, ar)+Y_ midgi(y, bi)+> %0 h;(y)
k=1 i€l jeJ

MNe >0, ap €Ay, keM, ae [JAr=4 > A=1,
=1

pi >0, pigi(y, b) >0, b €B;, i, be |[Bi=B,
i€l
v €R, yihi(y) =0, j € J},
and its projection on R™, denoted by X, is defined by
Xyw ={yeR" : (y, a, b, A\, u, v) € MW}.

Let (y, a, b, A, pu, v) € MW. It is said to be weakly robust efficient solution of
RMOSIP-MWD, if there does not exist any (yo, ag, by, Ao, o, Y0) € MW, such
that

fk:(y(]v aOk) > fk(ya ak’)7 k= 17 ceey ML

Now, we derive weak and strong duality theorem between RMOSIP-MWD and
RMOSIP.

Theorem 4.3 (Weak Duality Theorem). Let x € X3 and (y, a, b, A\, u, v) € MW.
Let fr.(-, ag), for each a, € Ay (k € M) is pseudo convex and p;g;(-, b;), for each
bieB; (i €IT), vjhi(-) (j € JTUJT) are quasi convez at y over X1 U Xpny, then
the following mequalztzes cannot hold simultaneously:

(4.13) mgx fr(x, ap) < fely, ag), k=1, 2, ..., m.
(A
Proof. Let x € X1, then
(414) gi(l‘, bl) <0,Vb,€B;, 1€l and h](I‘) =0,Vje

Let (y, a, b, A\, pu, v) € MW, then, there exists y; € 02f(y, ax) (k € M), y}
929i(y, bi) (1 € IT), y5 € Phy(y) (€ JTUJT )i =0, i€ I\IT and v; =0, j €
J\ (JTUJ7), one has

(4.15) 0= Zkkyk =+ Z piy; + Z Y55

ielt jeJtuJ—
(4.16) pigi(y, bi) >0, b € B;, i € 1,
(4.17) vihi(y) =0, j € J.
Suppose to the contrary that (4.13) is not satisfied, then
aklél&}% fr(z, ar) < fily, ar), VE=1,2, ..., m.

Hence,

(4.18) fk(ZC, akx) < fk(y, ak), Ak € Ak(.%'), Vk=1,2, ..., m.
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We have the following two cases: first is ay € Ag(z) and other is a; ¢ Ag(z), so,
under the first condition:

Te(x, ar) = fu(z, are) < fily, ax), for k=1, ..., m,
and under the second condition:

fr(z, ag) < felz, ags) < fr(y, ag), for k=1, ..., m.
Hence, we have
(4.19) fr(z, ar) < fely, ax), ap € Ag, Vk=1, ..., m.

Let fr(-, ag), for each ay € Ay (k € M) is pseudo convex and p;g;(-, b;), for each
bieB; (i € IT), vjhi(-) (j € JTUJ7) are quasi convex at y over X; U X pw, then
(4.19), (4.14), (4.16) and (4.17) gives

(4.20) (Y, = y) <0, Vyi € B fuly, ax), k € M,
(4.21) < > i, @ - y> <0, Vy € Rgily, bi),
ielt
(4.22) < Z ViYis T — y> <0, Vyi € h;(y).
jeJtuJ-

Since A, > 0, k € M with Y, ., A = 1, we get

0> < SONUE D iy Y vy, - y> = 0 (by (4.15)),
keM ielt jeJtug-
which is not possible, Hence, our supposition is wrong and we get the required
result. .

Theorem 4.4 (Strong Duality Theorem). Let = € X1 be a weakly robust efficient
solution of RMOSIP such that the conditions of Theorem 3.5 are satisfied at Z.
Then, there exists aj, € Ap(Z), \p > 0 (k € M), with D ke M =1 and b; €
Bi(z), it >0 (i € 1), 75 € R (j € J), with finitely many of them being non zero
(i.e. (card(IT) + card(J* U J7)) is finite), such that (Z, @, b, A, fi, 7) € MW.

If fr(-, ak), for each ap, € Ay (k € M) is pseudo conver and [1;9;(-, b;), for each
bi€B; (i € IT), hi(-) (j € JTUJ™) are quasi convex at T over X1 U Xy, then
(z, a, b, N, i, 3) is a weakly robust efficient solution of RMOSIP-MWD.

Proof. Proof of this theorem is similar to the strong duality theorem for Wolfe type
Robust duality. O

5. CONCLUSIONS

In this paper, we have taken nonsmooth robust multiobjective semi-infinite pro-
gramming problem with mixed constraints. We have formulated necessary optimal-
ity conditions in terms of data uncertainty depends on the feasible region and in the
objective functions. After that, we have established sufficient optimality conditions
under convexity and generalized convexity assumptions and then gave an example
for the support of KKT optimality conditions. Lastly, we derived two types of
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dual model for the above taken problem Wolfe and Mond-Weir and developed weak
and strong duality results under convexity and generalized convexity assumptions
between these dual and primal models.

[1]
2]

[9]
(10]
(11]

(12]

[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]

22]

REFERENCES

T. D. Choung, Optimality and duality for robust multiobjective optimization problems, Non-
linear Analysis 134 (2016), 127-143.

T. D. Chuong, Robust optimality and duality in multiobjective optimization problems under
data uncertainty, SIAM Journal of Optimization 30(2) (2020), 1501-1526.

F. H. Clarke, Generalized gradients and applications, Trans. Amer. Math. Soc. 205 (1975),
247-262.

F. H. Clarke, A new approach to Lagrange multipliers, Math. Oper. Res. 1 (1976), 165-174.
F. H. Clarke, Generalized gradients of Lipschitz functions, Adv. in Math. 40 (1981), 52-67.
F. H. Clarke, Optimization and Nonsmooth Analysis, Classics in Applied Mathematics, Society
for Industrial and Applied Mathematics (STAM), Philadelphia, PA, 1990.

J. M. Danskin, The Theory of Max-Min and its Application to Weapons Allocation Problems,
Springer-Verlag, New York, 1967.

M. Fakhar, M. R. Mahyarinia and J. Zafarani, On nonsmooth multiobjective optimization
under generalized convexity with applications to portfolio optimization, European Journal of
Operational Research 265 (2018), 39-48.

M. A. Goberna, V. Jeyakumar, G. Li and J. Vicente-Perez, Robust solutions of multi-objective
linear semi-infinite programs under constraints data uncertainty, SIAM journal of Optimization
24 (2014), 1402-1419.

M. A. Goberna and M. A. Lopez, Linear Semi-Infinite Optimization, Wiley, Chichester, 1998
J. B. Hiriart-Urruty and C. Lemaréchal, Conver Analysis and Minimization Algorithms I,
Springer, Berlin, 1993

N. Kanzi, Constraint qualifications in semi-infinite systems and their applications in non-
smooth semi-infinite problems with mized constraints, SIAM Journal of Optimization 24
(2014), 559-572.

N. Kanzi and S. Nobakhtian, Nonsmooth semi-infinite programming problems with mized con-
straints, Journal of Mathematical Analysis and Applications 351 (2009), 170-181.

G. Lebourg, Generic differentiability of Lipschitzian functions, Trans. Amer. Math. Soc. 256
(1979), 125-144.

G. M. Lee and J. H. Lee, On nonsmooth optimality theorems for robust multiobjective opti-
mization problems, Journal of Nonlinear and Convex Analysis 16(10) (2015), 2039-2052.

J. H. Lee and G. M. Lee, On optimality conditions and duality theorems for robust semi-infinite
multiobjective optimization problems, Ann. Oper. Res. 269(1-2) (2018), 419-438.

G. M. Lee and P. T. Son, On nonsmooth optimality theorems for robust optimization problems,
Bull. Korean Math. Soc. 51(1) (2014), 287-301.

M. M. Makela and P. Neittaanmaki, Nonsmooth Optimization: Analysis and Algorithms with
Applications to Optimal Control, World Scientific, Singapore, 1992

O. L. Mangasarian, Nonlinear Programming, Classics in Applied Mathematics, Society for
Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1994

R. T. Rockafellar, Conver Analysis, Princeton Math. Ser., Princeton Univ. Press, Princeton,
NJ, 1970

A. L. Soyster, Convex programming with set-inclusive constraints and applications to inexact
linear programming, Operation Research 21 (1973), 1154-1157.

W. T. Zangwill, Nonlinear Programming a Unified Approach, Prentice Hall, Englewood Cliffs,
NJ, 1969




386 P. JAISAWAL AND V. LAHA
Manuscript received 30 July 2021

P. JaisawaL
Department of Mathematics, Institute of Science, Banaras Hindu University, Varanasi-221005,
India

E-mail address: pushkarjaisawal2@gmail.com

V. LAHA
Department of Mathematics, Institute of Science, Banaras Hindu University, Varanasi-221005,
India

E-mail address: laha.vivek333@gmail.com



