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REFINED HERMITE-HADAMARD INEQUALITY AND ITS
APPLICATION
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Dedicates to the memories of Professor Wataru Takahashi.

ABSTRACT. There are many generalizations of Hermite-Hadamard inequality for
convex function f defined on [a,b]. Recently we gave several types of refined
Hermite-Hadamard inequality and obtained inequalities satisfied by weighted
logarithmic mean. In this article we give several relations of upper bounds or
lower bounds of refined Hermite-Hadamard inequality. Fuhermore, we apply to
different types of inequalities under some conditions.

1. INTRODUCTION
A function f : [a,b] C R — R is said to be convex on [a, b] if the inequality

r+y, _ flx)+ fly

(11) pEryy < JEE I
holds for all z,y € [a,b]. If inequality (1.1) reverses, then f is said to be concave
on [a,b]. Let f:[a,b] CR — R be a convex function on an interval [a.b]. Then

a+b I f(a)+ f(b)
1.2 < — tdt < 2t~ 2,
(12) 15 < 5 [ roa< 2
This double inequality is known in the literature as the Hermite-Hadamard integral
inequality for convex functions. It has many applications in more different areas
of pure and applied mathematics. Recently we obtained the following two refined
Hermite-Hadamard inequalities.

Theorem 1.1 ([13]). Let f(x) be a convex function on [a,b]. Then for any m,n €
NuU {0}

1 b
(1.3) L) < o [ pwdr < 1Y) (),

b—a

where h, = °5*,

271/
L0 0.5) = o 37 flat 26— Dhn)
k=1
and -
L) (a.b) = ooy {f(a) i +2 Y f(a+khm)}.
k=1
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Theorem 1.2 ([13]). Let f(x) be a convex function on [a,b]. Then for any v € [0, 1]
and m,n € NU {0},

(1.4) rﬁ)}’n(a, b) < ﬁ /bf(t)dt < rﬁ)}’m(a, b),
where h,, = ”2_—”“,
gn
P (@) = o S uf(at (2~ ohn)
k=1
+ (1 =v)f(1=v)a+vb+ (2k —1)(1 — v)hpt1)}
and
Tfi,m(a, b) = leH {vf(a)+ (1 —0)f(d) + f((1 —v)a+vb)}
2m_1
+2im {vf(a+ kvhp)+ (1 —0v)f((1 —v)a+vb+ k(1 —v)hy)}.
k=1

In section 2, we examine the relations between L%ZL,LSEZL,T; 3 , and 'rﬁ)) - And

we combine Theorem 1.1 and Theorem 1.2. In section 3, we obtain the refined
inequality for differentiable convex function f. In section 4, we obtain the refined
inequality for twice differentiable but not necessarily convex function g. At last in
section 5, we extend the result of Moslehian for operator convex function in the
refined operator inequality.

1 2 1 2
2. RELATIONS BETWEEN L;}L(a, b), L;}L(a, b), r}’g’n(a, b) AND r;’g’n(a,b)

We give the following results.

Theorem 2.1. The followz'ng (1), (2), (3) and (4) hold.
(1) L%,I)L(a b) and rf,u (a,b) are increasing for n.
LE}J)L(Q b) and rfv "

@) 7} (ab) = L) (a,b),

r® (a,0) = LP) | (a.b).
(3) D (a,b) < M (a,b) does not hold.

(a,b) are decreasing for n.

fon fin+1
L%H sr fv,n( ,b) does not hold.
T}lz); a(a;b) > L;L(a b) does not hold.
5‘2,7)1(6% b) = Tf)m( b) does not hold.

(a,b) + L) (a,0)),

) n
(2) (a,b) = %(T;Z (a,b) +r§c3,n(a b)).
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Proof. (1) They are shown in Proposition 2.2 and Theorem 3.1 in [13].

(2) We show the first relation.

L}?Hrl(a b)

nt1
~ ontl 22 F(( 257;21)“ + 2;:21 b)
- o [f((l_ s )+ 27}”5) +f<<1— s )a+ Qfﬂb)
+f (( 2n5+2)a + 2n5+2 b>
+ ~+f<(1—2n;+;1)a+2n;+;1)b>
(T e )
(e =]
toetf <2n5+2a - 2”;1; 5b> +f <2n3+2a+ 277;124; 3b>
+1 (o S 0|
Zf<< B 2n+21)a+ 2§n+2lb)

+ki§::1+1f<( = 2n+21>a+2§n121b>
Zf(( - 2n+21)a+2§n:21b)

++Zf((1— 2n+21)a—|—(;+2§n:21>b>]
2n+1 Z { (2k — Dhnsa) + f <“2+b + (2k — 1)hn+2) }

(1)
f, ” (a, b).

2n+1

2n+1

Next we show the second relation.
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L)1 (a,0)
1 27L+1 1
= onto f(a)+ f(b) Z fla+ khpit)
k=1

1 g k
= ont2 f(a) b) +2 Z f<( 2n+1>a+2n+lb>

_ [f(a)+f<b)+f<2"+1—1a+ 1 b)+f<zn+l—za+ P b)

2 2n+1 2n+1 2n+1 2n+1
2n+1 -3 3 2n+1 _9n + 1 oan _ 1
+f< ont1 a+2n+1b>+”'+f< ot 4T o b)
2m 2m 2m —1 2m —1 1
+f<<1_2n+l)a+2n+lb>+f< on+1 CH'( on+1 +2n)b)
2" —2 2" —2 2 1 1 2" —1
+f on+1 a—l—( on+1 +27>b +otf 2n+1a+(2n+1+ on )b

1 [f(a);rf( ) +f(a+b)

+2 > {;f <(1 -~ 27’11)@+ 27511 ) + f( ;H_lka—i- (Q;;Ik + 2’1)17) }]

(3) Let f(z) =23 a=0,b=1and v =33 = 0.52. Then

Tﬁ)},o(a, b) = 0.219848, L%}(a, b) = 0.21875.

So 7“%370(&, b) > L(li(a b). And
r?) o(a.b) = 0.310304, L)(a,b) = 0.3125.

So 7';33,0(“7 b) < L(?(a, b). Let f(z) =z —3|,a=0,b=1and v = 3. Then
ri (a.b) = 022222+ LY (a,b) = 0.25.

So 7"50211(@, b) < Lgclz(a, b). And

) (a.b) = 02777, L'P)(a,0) = 0.25.

So L) (a,b) <) (a,b).
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(4)
L) (a,b) + LY (a,b)
2" on—1
— zin {f(a);'f(b) + Zf(a+ (2k — Dhpt1) + Z fla+ khn)}
k=1 k=1

k=1 k=1
fla) + f(b)
2

++ flat (7 = Dhnga)
+ fla+2hp41) + fla+ 4hpy1) + f(a+ 6hptq)
+o+ fla+ (2" = 2)hng)}

on on_1
_ L {f(“”f(b) =3 flat @k Dhe) + Y fla+ 2khn+1>}

+ fla+ hpy1) + f(a + 3hnt1)

b ontl_1
= zln{f(a) . MO fa+ kshnm}
k=1
= 2L§c2’11+1(a, b).

Then we have L;?T)Hl(a, b) = %{L%y)l(a, b) + L%ZL(a, b)}. Similarly,

r;%g,n(a, b) + rﬁ)}m(a, b)
1

g1 (0f(@) + (1 = 0)f(b) + f((1 —v)a+vb)}

o
+ 2% ;{vf(a + (2k — 1)vhpy1)

+ (1 —0)f((1 —v)a+uvb+ (2k —1)(1 — v)hny1)}
2n—1

+ 2% Z {vf(a+ kvh,)+ (1 —v)f((1 —v)a+vb+ k(1 —v)hy,)}
k=1

1
- W{Uf(a) + (1 =v)f(b) + f(1 —v)a+uvb)}
gn

+ 2in S {uf(a+ (2 — Dohai1)
k=1

+ (1= 0)f(1 = v)a+vb+ (2k = 1)1~ 0)hni1)}
on_1
+ 2% ; {vf(a+2kvhnir) + (1= 0)F(1 = v)a+vb+ 2k(1 = 0)hni1)}

1
= ﬁ{”f(a) + (1 =v)f(b)+ f((1 —v)a+vb)}
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4 {0 (@t vhngn) + (1= 0) (1= v)a+vb+ (1 - v)hn i)
+vf(a+3vhyi1) + (1 —0)f(1 —v)a+vb+3(1 —v)hpt1)
+vf(a+5vhpy1)+ (1 —0)f(1 —v)a+vb+5(1—v)hpt1)
Fuf(at (2 Dohg)

+ (1 =v)f(1=v)a+vb+ (2" - 1)(1 — v)hyt1)
+vf(a+2vh,1) + (1 —0)f(1 —v)a+vb+2(1 —v)hps)
+of(a+4vhpy1) + (1 —0)f((1 —v)a+vb+4(1 —v)hpyir)
+vf(a+6vh,i1)+ (1 —0)f(1—v)a+vb+6(1—v)hpt1)

+of(a+ 2" = 2)vh,1)
+ (1= 0)f((1 = v)a+vb+ (2" = 2)(1 = v)hyt1)}

1
= g {vf (@) + (1= 0) f(0) + f((1 = v)a +vb)}
ontl_q

+ o5 2 {vfla+ kb)) + (L= v)f((1 = v)a+vb+ k(1 = v)hni)}
k=1

2
= zrj(”,i);,n—i-l (av b)

Then we have rﬁ))’nﬂ(a, b) = %{rggm(a, b) + rﬁ))’n(a, b)}. O

Finally we get the result by combining Theorem 1.1 and Theorem 1.2.

Theorem 2.2. For any 0 < o, <1,0<v <1 and my,mg,n1,n2 € NU{0},

aLgim, b) + (1 — a)rtt L(a,b) < /1 f((1 =t)a +tb)dt
0

f’v7m
1 b
t)dt
= | 10

< BLY) (a.b) + (1 B)r?) (a.b).

f,'U,TLQ

3. CASE OF DIFFERENTIAL CONVEX FUNCTIONS

In the case of differentiable convex function f we give another Hermite-Hadamard
inequality different from (1.2).
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Theorem 3.1. Let f(x) be a differentiable convex function and v € [0,1]. Then
the following holds.

1.
1—wv)a—+ vb — 1 —v)a+vb)(1—2v)(b—a)
e i L <t [ s
< S{uf(@) + (L= 0) () + J((1 — v)a -+ D)}

Proof. Let P(a,0),Q(b,0), R((1 — v)a + vb,0), A(a, f(a)), B(b, £(5)), C((1 — v)a +
vb, f((1 — v)a + vb)). Since the upper bound of fff(m)dx is sum of area of the
trapezoid APRC' and area of the trapezoid CRQB, we get

/ fl@ v(b— a)(f(a) + F((1 - v)a + vb)

; %(1 )b a)(f(B) + F((1 — v)a+ vb))

b—a){vf(a) + (1= 0)F(5) + F(1 —v)a+vb)}

=5
2
Next we get the lower bound of ff f(x)dx.The tangent line in C' is given by
y— f((1=v)a+vb) = f((1 —v)a+vb)(z — (1 —v)a—vb).
When x = a, we put
Yo = f((1—v)a+vb)+ f((1—v)a+wvb)(a—(1—wv)a—uvb)
= f((1—v)a+vb) + f (1 —v)a+ vb)v(a — b).
And when z = b, we put
w = F((L—v)atvb)+ (1 v)a+ob)b—(1-v)a—ub)
= f((1 =v)a+vb)+ f (1 —v)a+vb)(1—v)(b—a).

Let E(a,y,), F(b,ys). Since the lower bound of fab f(z)dx is area of the trapezoid
EPQF, we get

/ e
5 (b= a){2f((1 = v)a+vb) + F (1 =v)a+ vb)(1 —20)(b—a)}.

Then we have the result. O

(b ) (v + 1)

>—ll\:>\

We give other type of inequality.

Theorem 3.2. Let f(x) be a differentiable convex function and v € [0,1]. Then
the following holds.

(1= v2)a + v2b) + %UQf/((l — 0)a+ v2)(b— a)(1 — 20)
+ (1 —0)f((1—v)%a+v(2—0)b)
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+ %(1 —0)2(1 = 20)f (1 = v)%a + v(2 — v)b) (b — a)

b
< bia/a f(x)dx
< %{vzf(a) +o(1 =) f((1 —v)a+vb) + vf((1 —v*)a + v*b)}

+ {00 =) (1~ v)a+ vb)
+ (1 =0v)*f(b) + (1 =) f((1 —v)’a+v(2—v)b)}.

Proof. Applying the inequality (3.1) on the interval [a, (1 — v)a + vb], we have

(1 =vHa +v%b) + %f,((l —vHa + v?b)v(b — a)(1 — 2v)

1 (1—v)a+vb
(32) <= /. f(@)da
< %{vf(a) + (1 =) f((1 —v)a+vb) + f((1 —v*)a+v?b)}
Similarly we apply (3.1) on the [(1 — v)a + vb, b], we have

f(1=v)%a +v(2 — v)b) + %f,((l —v)%a+v(2 —v)b)(1 —v)(1 - 20v)(b— a)

1 b
I Y L

%{vf((l —v)a+ob) + (1 —v)f(b) + (1 —v)%a+v(2 —v)b)}

IN

Multiplying v and (1—v) to the both sides (3.2) and (3.3) respectively and summing
each side, we obtain the result. Il

4. CASE OF TWICE DIFFERENTIABLE BUT NOT NECESSARY CONVEX FUNCTIONS

We begin with an improved variant of the refined Hermite-Hadamard inequality.
Theorem 4.1. Let g be a twice differentiable function on [a,b] and s =min,<;<p g//(t),
S = max,<i<p g (t). Then for any m,n € NU {0}

(1)

2’ﬂ
s s(b3 — a? 1 b
I = goer Yo+ k= Do) + 5= < [y
k=1 a

6(b—a) ~b—a

2 8 2, 12 ~ 2 s(b* — a®)
S LP(ab) — g 38 0P+ 2 Y (at ki) 56 —a)
k=1
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(2)
L) = g+ 2 Y (ot )+ SO D) L [y
g.m % gm+2 \¢ — ¢ " 6(b—a) ~b—a ag
27L
S(b? - a?)
< 1, _ _ 2 RO a7)
< LialeoD) = g D {a+ (k= Dhas)® + 25—

Proof. (1) For given twice differentiable function g, we define an auxilliary function
f by f(t) = g(t) — £ Since f(t) = ¢"(t) — s > 0, we find out that f is a
convex function on [a, b]. Therefore, applying the form of refined Hermite-Hadamard
inequality given by (1.3), we obtain

on

b
g 2 {9(a (@b = D) = S (a+ (b= D)} < / ox

2n

k=1
1 sa? s 9
< - = - — = .
< Smi {g(a) SEREAY +2Z{ (a+khpn) = 5 (a+ khm) }}
Then
S 2"
L) (a,b) — ST > (a+ (2k — Dhnia)?
k=1

1 b s b2
< — -
<ot [ gty Q(b_a)/a 2t

a

2m—1
< L) (a,b) — QmS+2 {a2 w0242y (a+t khm)2} .
k=1

Hence we get the result.

(2 ) We define an auxilliary function f by f(t) = S—t — g(t). Since f'(t) =
S—g ( ) > 0, we find out that f is a convex function on [a b]. Therefore, applying
the form of refined Hermite-Hadamard inequality given by (1.3), we obtain

2" b
2i kg { a+ (2k — 1)hn+1)2 —gla+ (2k — 1)hn+1)} < 5 i - /a f(t)dt

1 Sa? Sy
§2m+1{;—g(a)+ +QZ{ (a+ khyy, —g(a+khm)}}.
Then
271
ot > (a+ (2k — Dhni1)* — L) (a,b)
k=1
S b N b

< -
_Q(b_a)/a tat— = [ g
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2m_1
S
< 2 <a2 + 0% +2 Z (a+ khm)2> — Lg?zn(a, b).
k=1
Hence we get the result. O

5. CASE OF OPERATOR CONVEX FUNCTIONS

If A, B are self-adjoint operators on a Hilbert space H with spectra in an interval
J and f is an operator convex function on J, then the following two theorems hold.

Theorem 5.1. Let f(x) be an operator convex function on J. Then for any m,n €
Nu {0},

;kif ((1 - 2;;11)A+ 2;“13) < /1f((1 —1)A + tB)dt
§2ml+1{f( +2Zf<(1—)A+kB>}

Proof. 1t is clear that g(t) = (f((1 —t)A+tB)z, x) is a real valued convex function
on [0,1]. By putting a = 0,b =1 in Theorem 1.1, we have
2n

2k: - 1 /1
g < g(t)dt
Z 2n+1 0 ( )
2m—1

< s {g<o> +o+2 Y 9(2‘;)}

k=1

(5.1)

We have (5.1) by rewriting the above inequalty. g

Theorem 5.2. Let f(z) be an operator convez function on J. Then for any v €
[0,1] and m,n € NU{0},

2 - v — v
L3 o (1 Bty )
+(1—v)f <(1 —v— W)A+ (v+ (2k _22(11 _”))B)}

1
</O F(1—)A +tB)dt

< gt (0F(A) + (1= 0)f(B) + F((1 ~ )4+ 0B)}
o3 2 {1 (- f)ae gin)

—l—(l—v)f((l—v—W)A+<U+W>B>}
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Proof. Let g(t) = (f((1 —t)A+tB)z,x). By putting a = 0,0 = 1 in Theorem 1.2,

we have
1 & 2k — 1)v 2k —1)(1 — v
L5 (B e 200
! 1
< /0 g(1)dt < o {09 0) + (1 = 0)g(1) + g(0)}
1 %= kv k(1 —w)
e T () o 422
We have (5.2) by rewriting the above inequality. O
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