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on compacta. Then C(X,R) is a LCHTVS, the topology of which is generated by
the family {pK : K ⊂ X is compact} of semi-norms defined by

(2.1) pK(u) = sup
x∈K

|u(x)| , u ∈ C(X,R).

Fixing a positive number µ > 0, we define ‖u‖µ for each u ∈ C(X,R) by

‖u‖µ = sup
x∈X

|u(x)|e−µx

(‖u‖µ may be infinite. I owe this idea to Krasnosel’skǐı and Zabrěıko [3]p.229).
Then

Cµ(X,R) = {u ∈ C(X,R) | ‖u‖µ < ∞}
is a subspace of C(X,R).

Remark 2.1. It is not hard to show that ‖·‖µ is a norm on Cµ(X,R) and Cµ(X,R)
is complete with respect to this norm. This observation actually enables us to
rewrite the succeeding discussion in the framework of a Banach space instead of a
LCHTVS.

I would like to remind the readers’ of the generalized Ascoli-Arzelà theorem :

A subset H ⊂ C(X,R) is relatively compact (with respect to the topology
of the uniform convergence on compacta) if

(i) H is equi-continuous, and
(ii) {u(x)|u ∈ H} is bounded for each x ∈ X.

(cf. Schwartz [5]pp.78-80.)

In the remaining part of this note, we specify X as [0,∞) and assume h ∈
Cµ([0,∞),R).

3. Lemmata

We shall find out a solution for the equation (P ) in Cµ(X,R) by choosing µ > 0
suitably.

Let Sr be the closed ball in Cµ([0,∞),R) with the center 0 and the radius r > 0.

Lemma 3.1. Sr is bounded in C([0,∞),R).

Proof. Let pK be a seminorm on C([0,∞),R) defined by (2.1). For any u ∈ Sr,
pK(u) is evaluated as

pK(u) = sup
x∈K

|u(x)| = sup
x∈K

|u(x)e−µx| eµx

≤ ‖u‖µ · sup
x∈K

eµx ≤ r · sup
x∈K

eµx.

Consequently, we obtain
sup
u∈Sr

pK(u) < ∞.

□
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We need a couple of assumptions imposed on K and f .

Assumption 3.2. K : [0,∞)× [0,∞) → R is continuous and satisfies

sup
(t,s)∈[0,∞)2

|K(t, s)| ≡ κ < ∞.

Assumption 3.3. f : [0,∞)× R → R is continuous and satisfies

|f(s, x)| ≤ a+ b|x| , s ∈ [0,∞) , x ∈ R

for some positive constants a and b.

Remark 3.4. The constants a and b can be replaced by some positive integrable
functions a(t), b(t) ∈ L1([0,∞),R). This generalization is almost trivial, and so we
skip the details.

Let T : Cµ([0,∞),R) → Cµ([0,∞),R) be a nonlinear integral operator defined by
the righ-hand side of (P ) :

T : x(·) 7→ h(t) +

∫ t

0
K(t, s)f(s, x(s))ds.

We first evaluate the magnitude ‖Tx(t)‖µ for x(·) ∈ Cµ([0,∞),R) .

|e−µtTx(t)|

=
∣∣∣e−µth(t) + e−µt

∫ t

0
K(t, s)f(s, x(s))ds

∣∣∣
≤ e−µt|h(t)|+

∣∣∣e−µt

∫ t

0
|K(t, s)(a+ b |x(s)|)|ds

∣∣∣
≤ ‖h‖µ + e−µtaκt+ e−µtbκ

∫ t

0
|x(s)|ds.

It is easily shown that 0 ≤ e−µtt ≤ 1/µe for all t ∈ [0,∞). Hence, continuing the
above evaluation, we obtain
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|e−µtTx(t)| ≤ ‖h‖µ +
a

µe
κ+ e−µtbκ

∫ t

0
|x(s)|e−µs · eµsds

= γ + e−µtbκ

∫ t

0
|x(s)|e−µseµsds

(where γ = ‖h‖µ + aκ/µe)

≤ γ + bκ

∫ t

0
‖x‖µe−µ(t−s)ds(3.1)

= γ + bκ‖x‖µ
∫ t

0
e−µηdη

(by changing variables)

= γ + bκ
1

µ
(1− e−µt)‖x‖µ

= γ + bκ
1

µ
‖x‖µ.

Here we choose µ > 0 sufficiently large so that

(3.2)
bκ

µ
∈ (0, 1).

Defining θ ∈ (0, 1) by 1− θ = bκ/µ, we choose r > 0 so large as to fulfill

(3.3) θr > γ (γ is defined above).

If µ and r satisfy (3.2) and (3.3), we can show that Tx ∈ Sr for any x ∈ Sr. In fact,
it follows from the evaluation :

|e−µtTx(t)| ≤ γ + (1− θ)‖x‖µ (by(3.1))

≤ γ + (1− θ)r = r − (θr − γ) < r. (by(3.3))

Lemma 3.5. Under Assumptions 3.2, 3.3, we obtain T (Sr) ⊂ Sr if µ and r satisfy
(3.2) and (3.3).

4. Fixed point Argument

We now proceed to show the relative compactness of T (Sr) in C([0,∞),R). Ac-
cording to (3.1), we have

|Tx(t)| ≤ [γ + bκ
1

µ
‖x‖µ]eµt ≤ [γ + bκr

1

µ
]eµt

for any x ∈ Sr.

Hence {Tx(t) | x ∈ Sr} is bounded for each t ∈ [0,∞).
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Moreover T (Sr) is equi-continuous. Evaluating |Tx(t)− Tx(t
′
) | (say, t′ < t) for

x ∈ Sr. we obtain

|Tx(t)− Tx(t
′
)|

≤ |h(t)− h(t
′
)|+

∣∣∣ ∫ t

0
K(t, s)f(s, x(s))ds

−
∫ t

′

0
K(t

′
, s)f(s, x(s))ds

∣∣∣(4.1)

= |h(t)− h(t
′
)|+

∣∣∣ ∫ t

t′
K(t, s)f(s, x(s))ds

∣∣∣
+

∫ t
′

0
|K(t, s)−K(t

′
s)| · |f(s, x(s))|ds.

We evaluate the second and the third terms, respectively.

2nd term ≤ aκ(t− t
′
) + bκ‖x‖µ

∫ t

t′
eµsds

≤ aκ(t− t
′
) + bκr

1

µ
(eµt − eµt

′
).(4.2)

We now turn to the third term. Let A be a positive number less than t. Then
[t−A, t+A] ⊂ [0,∞), obviously. f is uniformly continuous on [t−A, t+A]× [0, t].
Hence there exists some δ(t) ∈ (0, A), for each ε > 0, such that

|K(t, s)−K(t
′
, s)| < ε if |t− t

′ | < δ(t) and s ∈ [0, t
′
].

It follows that

3rd term ≤ ε

∫ t
′

0
(a+ b‖x‖µeµs)ds

≤ aεt
′
+ bεr

1

µ
(eµt

′
− 1)(4.3)

≤ aεA+ bεr
1

µ
(eµ(t+A) − 1),

provided that |t′ − t| < δ(t).

This proves the equi-continuity of T (Sr) since the right-hand sides of (4.2) and (4.3)
do not depend upon x ∈ Sr.

The next lemma follows from the Ascoli-Arzelà theorem stated above.

Lemma 4.1. T (Sr) is relatively compact in C([0,∞),R).

We confirmed that the operator T restricted to the bounded and convex set Sr

is a compact mapping into Sr. Thus we conclude that T has a fixed point in Sr by
the Mazur-Hukuhara theorem.
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Theorem 4.2. The equation (P ) has a solution in Sr under the Assumptions 3.2,
3.3 for a suitable combination of r and µ.

5. Uniqueness

Finally, we show that there exists only one solution of the equation (P ) under
the additional assumption.

Assumption 5.1. There exists some constant L > 0 which satisfies

|f(t, x)− f(t, y)| ≤ L|x− y|
for any t ∈ [0,∞) and x, y ∈ R.(5.1)

Let x and y be any elements of Sr. Taking account of the definition of the
operator T ,

|e−µt(Tx(t)− Ty(t))| =
∣∣∣e−µt

∫ t

0
K(t, s)[f(t, x(s))− f(t, y(s))]ds

∣∣∣
≤ e−µtκ

∫ t

0
|f(t, x(s))− f(t, y(s))|ds (by Assumption 3.3)

≤ e−µtκ

∫ t

0
L|x(s)− y(s)|ds (by Assumption 5.1)

≤ e−µtκL‖x− y‖µ
∫ t

0
eµsds ≤ κLe−µt · 1

µ
(eµt − 1)‖x− y‖µ

=
1

µ
κL(1− e−µt) · ‖x− y‖µ ≤ 1

µ
κL‖x− y‖µ.

Consequently, it follows that

‖Tx− Ty‖µ ≤ 1

µ
κL‖x− y‖µ.

If µ is sufficiently large, the operation T is a contraction of Sr into Sr. This
implies that T has a unique fixed point of T in Sr since Sr is complete with respect
to ‖ · ‖µ. Subtle locally convex space arguments are not necessary in the framework
of section 5.
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