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TOWARD THE STUDY OF THE LANGEVIN EQUATION
INVOLVING THE (k,)-HILFER DERIVATIVE VIA
BROWDER-GUPTA APPROACH

OUALID ZENTAR, MOHAMED ZIANE, AND SELMA GULYAZ OZYURT

ABSTRACT. This typescript is devoted to the study of some topological struc-
ture of the solution sets for a class of nonlinear (k, x)-Hilfer fractional Langevin
equations. In this context, the nonlinearity, which acts on an infinite-dimensional
Banach space, is assumed to satisfy Nagumo-type growth conditions. The ob-
tained Aronszajn-type result for the problem at hand is derived via the nonlinear
alternative for condensing maps combined with the Browder-Gupta strategy. Fi-
nally, an example is provided to illustrate our findings.

1. INTRODUCTION

It is well known that the theory of fractional differential equations has widespread
applications in many scientific fields. Consequently, many scholars are dedicated to
investigating this subject [14]. A multitude definitions for fractional differential
derivatives and integral operators have been introduced [23]. These operators ex-
hibit several distinctions and properties. Recently, a novel branch of the theory
known as “fractional calculus with respect to functions” has emerged [3]. This op-
erator appears in various concrete models. For example, it is present in several
anomalous diffusions, including ultra-slow processes [16], financial crisis [20], ran-
dom walks [12], Verhulst model [7] and Heston model [6]. Therefore, considerable
attention has been devoted to the qualitative and quantitative properties of solu-
tions to various types of differential problems driven by fractional derivative with
respect to functions [25, 26].

The classical mathematical Langevin model is highly significant for illustrating
how particles interact within their surrounding medium and the stochastic forces
or fluctuations that cause their erratic movements. Nevertheless, the reliance on
the specific relationship between a particle’s position and velocity has prompted
the development of the fractional Langevin model, aimed at describing anomalous
diffusion phenomena [15]. While the above-mentioned motivational models have a
great advantage, the difficulty of the corresponding mathematical model may sig-
nificantly increase, complicating the study of the existence of solutions. Therefore,
investigating the qualitative aspect for the nonlinear (k, y)-Hilfer Langevin equation
became important.
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Motivated by the preceding discussions, this manuscript presents a new qualita-
tive study for the following nonlinear fractional Langevin equation involving (k, x)-
Hilfer fractional derivative (FD)

Y,K; V—k,K;
1) { (HOUEX + WIDIAY) 5(6) = (6,5(6)), €€ T =[],
3(a) =5'(a) =0,
where k > 0, k < ¥ < 2k, k € [0,1], H@zf;x and f@g;k’mx denotes the (k, x)-Hilfer
fractional derivative of order ¥ and ¥ — k, respectively and type k (where y is a

positive function and x'(§) > 0), f : J x G — G is a given appropriate function
specified later, (G, || - ||) be a real Banach space and X > 0.

We should emphasize that if the imposed hypotheses for existence of solutions of
the system at hand do not guarantee uniqueness, it becomes essential to address the
topological characteristics of the solution set. Moreover, providing the topological
structure of solution sets, which encompasses properties such as acyclicity, com-
pactness, and the Ry property (see Definition 2.12), represents a highly intriguing
fact of the qualitative aspect of integral/differential equations and inclusions, owing
to its potential applications [4]. Specifically, the Rs property can serve to establish
the invariance of a reachability set under nonlinear perturbations in the associated
control system [11].

As a distinctive aspect of our investigation, we can highlight the following:

(1) Providing some conditions under which problem (1.1) is uniquely solvable.

(2) A new Aronszajn-type result is established, addressing an unresolved ques-
tion concerning the Langevin fractional equation in a general setting, specif-
ically, when the nonlinear forcing term acts on an infinite-dimensional Ba-
nach space. This is achieved through a combination of the nonlinear alter-
native for condensing maps and the Browder-Gupta technique.

(3) Our findings generalize, improve and extend the results demonstrated in
[2, 26].

The rest of the manuscript is structured as follows: In Section 2, we gather some
necessary background required for the subsequent sections. In Section 3, we will
address the aforementioned points (1)-(2). Finally, to validate our abstract result,
some illustrative examples are provided.

2. PRELIMINARY RESULTS

In what follows, we equip the space C'(J,G) of continuous functions f : J — G
with the supnorm

[flloe = sup [[f(E)]l, for all f e C(T,G).
£eg
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Consider the space L (J,G) (1 < a < 00) of Bochner-integrable functions f on J
with the norm

(2.1) 1l = ( / bx’(s)rf\%zs)i .

If x(§) = & the space LY (J,G) coincides with the usual L*(J, G).
Set

SL(T,R)={x : x€CYJ,R) and 0 < x'(¢) for all £ € J}.
Let x € SL(J,R) for &,s € J, (s < &), we define
6(€,5) = x() = x(s) and (&) = (x(&) — x(5))".
Definition 2.1 (10]). For a, 0,k > 0, the k-gamma function is given by

M) = [ et e
We have also some useful following relations.
Le(@) = k57T (2, Tula+ k) = ali(a), Te(k) = 0(1) = 1.
Definition 2.2 (17]). Let 9,k > 0 and x € S. (J,R). The (k, x)-Riemann-Liouville

fractional integral (RLFI) of a function f of order ¥ is given by

f 19
IO = g [, @0l

Lemma 2.3 (17]). Let U1,k > 0 and let v € R such that v > —k. Then

9 % . Fk(V) 19;11
jJrX ¢(£7a) _Fk(ﬁ+u+k)¢(t’a) .

Definition 2.4 (17]). Let & > 0 and x € SL(J,R). The (k,x)-Hilfer FD of
feC™(J,R) of order (n — 1)k < ¥ < nk and type 0 < k <1 is given as

HOUXf() = I X (g k) 3l ).

where C™ (J,R) is the spaces of n-times continuously differentiable functions on 7.

Theorem 2.5 (17]). Let f € C}, (J,R) andy = +(9+k(nk—19)) where (n—1)k <
Y <nk, 0<k<1, neNandk>0 then

(a2l s) (©)

VN $(&,a) 1 d\""’ FE=)ix
= ;ka‘—nw(w—ﬁl)){<x'<§>ds> (42, f@)}

where C, (J,R) the weighted space

&=a

C’ﬁx (\.77 R)
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1 d\"! 1 d\"
= {f- <X’(§)d§> f(§) € C(T,R) and ()(’(f)d{) f(§) € Cyx (j,R)}

and

R) = {f:feC((a,b.,R) and (-,a) 7 f(-) € C(T.R)}.

Definition 2.6 (5]). The Kuratowski measure of noncompactness (MNC) O of a
bounded set A in a Banach space G is defined as:

n
O(A) :inf{s>0:A UAj and diam(A;) <€ for 1 <j<n}.
j=1

Lemma 2.7 (5, 18]). Let U,V C G be two bounded subsets. Then O(-) satisfies
(1) O(U) =0 if and only if U is relatively compact;

(2) U C V implies that O(U) < O(V);

(3) O(UUV) = max{O(U),O(V)};

(4) O(U) = O(U) = O(conv(U)), where U and conv U represent the closure and
the convex hull of U, respectively;

(5) O(U+V)<0O(U)+ O(V), where U+ V ={u+v:ueUweV};

(6) O(dU) = |d|O(W), for any d € R;

(7) O(U+u) < O(U), for any u € G.

(8) For any bounded U, there exists a countable set Uc A, such that

O(U) < 20(0).

Lemma 2.8 (13]). Assume that {w,} > C LY (J,G) such that ||w,(t)| < s(t) for
almost all t € J and n > 1, where € L (T, Ry). Then, t — O({w,(t)}129) is
integrable and

(22) 0 ({ [ wnteras }M) <2 [ Olfun(s)}2)ds

Lemma 2.9 (9]). Let U be a bounded closed subset of a Banach space K and § :
U — K be a condensing map. Then I — § is proper and I — § maps closed subsets
of U onto closed sets.

Recall that the continuous map I — § is proper if for every compact J C K, the
set (I —F)~Y(J) is compact.
Next, we review certain concepts from geometric topology, see [4, 11].

Definition 2.10. A subset 2l C K is a retract of a Banach space K if there exists
a continuous map r : A — K such that r(w) = w, for all w € 2.

Definition 2.11. A set 2 is called contractible provided there exists a continuous
homotopy H : 2 x [0,1] — 2 and wg € 2A such that

(1) H(w,0) = w, for all w € A.
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(2) H(w,1) = wy, for all w € A.

Definition 2.12. A compact nonvoid space X is called an Rg-set provided there
exists a decreasing sequence of compact nonvoid contractible spaces (X, )men such
that

X= ) %m.
m=1

Lemma 2.13 (11]). Let Y, X be two normed spaces and § : X — Y be a continuous
map. Then, for all e > 0, there is a locally Lipschitz map §e : X = Y such that

I§(w) — F=(w)|| < e, for all w € X.

Theorem 2.14 (8]). Let X be a normed space, K a Banach space and §: X — K a
proper map. Suppose that for all € > 0, a proper map Fe : X — K is given, and the
following two assertions are met:

(a) ||§e(w) — F(w)|| < e, for every w € X.
(b) For everye >0 and y € K in a neighborhood of the origin such that |y|| < e,
the equation §(w) =y has exactly one solution we.

Then, F71(0) is an Rs-set.
Theorem 2.15 (21]). Let K be a Banach space, and U C K be closed conver with
0€U. Let W:U — U be a condensing map. Then either

(1) W admits a fized point, or

(2) the set F={3€U: u=pW3, 0<p<1} is unbounded.

The previous theorem provides the compactness of the solution set, the proof is
similar to the one given by [5, Theorem 1.6.12].
A slight modification of [19, Theorem 1] yields the following result:

Lemma 2.16. Let k > 0,%,]3 >1,q= }%1, x € SL(J,Ry), and A, B,F,w are
non-negative, continuous functions on the interval J. Let 1 : [0,00) — [0,00) be a
continuous, positive, non-decreasing function. If w satisfies the inequality

E 9
wit) < A) + B(E) / Y (8)6(€, ) E1F(s)n(w(s))ds, €€,

then

g
o
A

A (A + ) | 5 P s "ces

where Al(é-) = 2q_lsupa§s§§A(S)qr Bl(f) = 2q_13psupa§s§£B(8)q; 3p =

9
olbay(E=) 17 e s o
( p(I-1)11 ) , Az) = fxo ik for zg,x > 0 and A~ is the inverse of
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3. MAIN RESULTS
Before stating our result, we need to present the auxiliary lemma.

Lemma 3.1. Let 3 € C2 | (J,R) and g € C(J,R). The fractional linear differen-
tial equation
(3.1) { (if@tffx +RIDIEN) 5(6) = 9(€), € € [ab,
5(0’) = 3 ( ) - 07
has a solution given by

_ £ R s 9
(32) 38 = l#li(q?lilf)/ X' (s)e #9(&) </ X'(T)¢(s,7)k‘29(7)dr> ds.

a

Proof. Taking the (k, x)-RLFI ;7 ;X ato both sides of (3.1), we obtain,
(TN (FDUE(6(6) ) + R (TP (5(6)) ) = kT0Xg(6).
Using Theorem 2.5, this implies that
3(6) = d1(€,a) ™t — dag(€, a) 72 + R TN (3(€) — dad(&, @) 1) = 1IN ().

where 0 < vy = U= k+ﬁ(2}: W=k) < 1. Thus

5(6) = di(&, @) = dad(€,a) 72+ [ (5) (3(s) — ds(s,@)07") ds = 30X g (€).
The condition 3(a) = 0, leads to da = 0. We can take the first ordinary derivative
of

3(6) = di(€.a) ™+ [EX(5) (3(s) — ds(s.0)0 ") ds = 1T, Xg(6),
we have
{(©) + X (©3(6) = (3 — DX (©)6(6 a)
S ©otea 4 (1) VO o)

The condition 3(a) = 3'(a) = 0, implies that d; = d3 = 0.
New, let 3(¢) = 67%X(5)u(§), then

(€)= — X (O Ou() 1l (g)e IO,
So

e IO (g) - (}i - 1) VORI (6),
accordingly,

x ~O—k:
W (6) = (k - 1) X (©)erX O3 g ().
Integrating the last Equation, it follows that

) =uta)+ (1) [ ()OI g ),
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condition 3(a) implies u(a); hence

0 € ke
3(6) = (k — 1) e‘:"@/ X ()R X, 30 RN g (5 ds,
which completes the proof. O

To give an Aronszajn-type result for problem (1.1), Theorem 2.15 and 2.14 are
applied. Henceforth, the set of all solutions of problem (1.1) will be denoted by
S(J,f). Assume that:

(H1) The function §: J x G — G is Carath jlll odory.

(H2) There exists a real-valued function K € L)l/ “(J,R,) and a constant 0 <
a+1< % such that

[1§(&;0) = §(& )l < K@)[v = ul],

for all v,u € G and for each £ € J.
(H3) There exists a functions G,Q € C(J,Ry), and nondecreasing continuous
functions 1 : Ry — R, such that

1€, )l < G(E)n(lvl]) + Q(E),
for all t € J and each v € G.
(H4) There exists a function © € C(J,R4), such that for each t € 7,
O(f(&,3(€))) < B(HO(V(Y)),
where V is bounded in C(J,G).
For easy computations, we let ©* = supec s O(§), G* = supgc s G(§) and Q" =
SUD¢e g Q(f)-

3.1. Uniqueness Result. This subsection presents the contractibility of &(7,¥),
where the classical contraction principle is applied.

Theorem 3.2. Suppose that (H1)-(H2) hold. Additionally, it is assumed that

9_

e%ﬁ(b,a) (9 — k)p(b,a)* O‘||KHLé
X

k(1—a) \'°
W% (0 — k) (0 — ko) (z?—k‘(l+oz)> <1

Then, the set S(TJ,f) is a singleton in C(J,G). Moreover, &(J,f) is contractible,
hence an acyclic space.

(3.3) Vg =

Proof. Thanks to Lemma 3.1, let us define the operator W : C(J,G) — C(J,G)
given by
(3.4)
WO = g [ X619 ([ @5, E 5, m)ar ) s
E2Tx (9 — k) J, a ’ ’ ’

EeJg.
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Evidently, the solution set of (1.1) coincides with the fixed point of W. We need to
show that the operator W is a contraction.

: 1 -1 _ o 1 a=1 . . .
Since 549 = 1, then x'(7) = (X'(7))= (x'(7)) = , using the H H 1der inequality,
we obtain

/ D)o, 2K () dr
o5, 7)HS 25>d7> o ( / S X'(T)(K(T))id7>a

(3.5) (
]. — Oé 1 ﬁ_(1+ )
85, )R]
<
s) —

IN

1 + )
and by e —p (&)
(3.6) e ks

For each 3,v € C(J,G) and all £ € J, using (H2) combined (3.5) and (3.6), we
can get

IW3)(€) = W) (©)|
B kQFi(v“k k) em(h@/ (/ (7)o(s, 7)E K (7)]3(7) —t(T)HdT) ds

9 —k N k(1 - «) I=a 3
<« 2% opoa)y, _ M a) K / ’ —l-a
= T2TR(0 — k)ek 15— tlloo (19 Sy +a)> I ”Lé X (5)¢(s,a) ¥ ds

G L I
= k(9 — k) (0 — ko) <g_k(1+a)) 13 = tlloo-

So, one has

1 for all £ € J, we get
— ¢ 10601 0(50) < oFo(s0) < 6%¢>(b,a)7 for all a < s < €.

W5 = Wrlloo < Ualls — tlloo-
Thus, W is a contraction due to the condition (3.3). By Banach contraction
principle, we can deduce that W admits an unique fixed point, implying that
&(7,f) = {u}.
Now, we introduce the homotopy H : &(7,f) x [0,1] — &(T,f) by
t), for a<é<a+ (b—a)y,
s m)(E) = { %((t)), for a+ (gb — a)u(< 13 S)/Ij

In particular,

_ 3 for p=1,
o m) = { u, for pu=0.

We have to prove that H(-,-) is contractive. To this end, we will show that it is
continuous. Let (3n, 1n) € 6(T,f) x [0,1] be such that (35, pn) — (3, 1). We have

_ (8, for a<&<a+(b—a)un,
Hgns 1) (8) = { u), for a+(b—a)u, <&<b.
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Next we divide the proof into the following cases:

(1) If limy— o0 ptn, = 0, then
H(3,0)(§) =u(§), for £e€J.

Thus,
[H Gy ) (€) = G 1) () < I H Gy 1n)(€) — H G 1) ()]0, (b-a)pin]
+ [1H (G 0 ) (§) — H 35 1) () [t (b—ayiun b
< 3 (§) —3(8)] 1+ 1[U(€) = W)l fart(b—a)un by
< [[3n(&) — 3(8)] -
Hence

IHGrs ) = H(z 1) loo < N3 — 3llo0>
which tends to 0 as n — oo.
(ii) The case lim, o0 ft, = 1 is addressed similarly.
(iii) If pp # 0 and 0 < limy—yo0 pty, = 1 < 1, then, we can distinguish between
two sub-cases:
(1). 3, € 6(J,f). This implies that for £ € [a,a + (b — a)pn]
9 —k ¢ s
m(§) = ksz(M/a X/(S)efgd)(f’s) (/a X'(r)qﬁ(s,r)z2f(773n(7))d7> ds.

Using (H1) we find that for £ € 7,

501 = ooy [ X616 ([ ot ar ) ds
(2). It € € (a+ (b— a)pn, b, then
Hlans ) (€) = TE) = H(3,10(6).
Thus
(s pin) = H G p)lloc = 0 as n— oo,

Accordingly, #H is continuous, yielding the contractibility of &(7,f) to the point
. O

3.2. Rs-property of &(7,f). This subsection establishes the topological structure
of &(J,§).

Theorem 3.3. Assume that (H3)-(H4) and (H1) are fulfilled. Then &(7,f) is an
Rs-set.

Proof. Introduce again the operator W represented by (3.4). For N > 0, we define
On ={3€C(J,G) : [l3llsc <N}
The proof of Theorem 3.3 will proceed through several steps.
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Step 1 : W maps bounded sets of C(J,G) into itself.

By using (H3), for each £ € J, we have

(3.7) 1§17 3(r)Il < GO)n(l3()1 + Q(T) < n([l3]le0) & + Q7
Let 3 € On. Then by (3.6) and (3.7) for each £ € J, we have

ek¢(ba s
O [ X6 [ X078 21 laras
)e

W[ (hle + @] [

W) <

X' () /S X/(T)¢(S,T)%_2d7'd5

R o(ba) ¢ 19
erd(ba) ) .
S T0—F [n(HzHoo)G* +@ o)t = .

This implies that:
Wil < N

Step 2 : The continuity of the operator W.

Let {3n} be a sequence in Oy such that 3, — 3 when n — co. For each £ € J,
making use of (H1), we easily have

1f(s,3n(5)) = f(s,3(s)) = 0, asn — oo

Next, in view of (H3), one gets

(7, 3n(7)) = §(s: 3NN < 2G(E)n([l3 (1)) +2Q(€)
< 2G*n(N) + 2Q*.

Since, the function 7 — x/(7)d(s, 7')%_2 is Lebesgue integrable over [a, s] and the
function s — x/(s)o(s, a)%f1 is Lebesgue integrable over [a,&]. Then it follows from
the Lebesgue dominated convergence theorem that

[W3r)(€) — W31) (€l
(9 — k)erd®a)

3 ) s o
= k205 (9 — k) /a X(S)/a X ()6 (5,7) 2|7, 3u (7)) — 1(7,3(7)) || drds
_>—+> 0, for all £ € 3.

Therefore,

[W3n)(t) = (Ws)(O)| =0 as n— oo

Then,
IWsn —Wijlloo =0 as n — oo.

Consequently, the operator WV is continuous.
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Step 3 : The family WW(QOy) is equicontinuous in C(J,G).

For any &1,& € J with & < & and 3 € Oy, we obtain
[W3)(&2) = Wa) (&)l < Si+ S,

where
(19 B k.)€%¢(b,a) /52 / B / 2_9
g = W ket g / X ()65, 1) 2 f(r, () lldr ) ds,
k2f‘k(0 — k) L a
and
U—k & - s _x s

| ( / X (P)s, 7 2(r, 5(T>)d7> s
From (H3) and using (3.7), we get

9 —k %qﬁ(b,a) & s o
Sl S (kQPk()’;_k) [H(N)G* + Q*] / X/(S)/ X/(T)(é(s, T)EiQdeS

R (b,a 2
< krk;:_)@ NG+ Q7] / & X (5)6(s, a) " ds
ex#(b:a) ) )
< S =g NG+ Q] [ple )t — o6 a)f ]
Thus,
(3.8) S1— 0 when & — &, i=1,2

On the other side,

(0 —k) _x _x
SZ:k:QFk(ﬁ—k:)‘e pX(€2) _ o= x(&1)

ST s 9
[ e o) ([ v nt i) s
a a
Thus,
(3.9) SQ — 0 when {2 — §1.
From (3.8) and (3.9), it is clear that both inequalities are independent of 3 and
tends to zero as & — &;. Therefore, W(Qy) is equicontinuous.

Step 4 : VW is condensing.

For every bounded A C C(J,G), we define the MNC as

(3.10) 6C(A) = rénegc e O(A), for ¢ > 0.
€
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Now, since x'(+)x (- a,)%_1 € LY(J,R), we can choose ¢ such that

40*er(b:a)

' 21 —¢(e—s) 1
B a0 = s g / X ()6 (s, )1 <

Next, let {Z"}1°>9 C W(A) be the countable set and
(3.12) Oc{2"}20) = Oc (W(4).
Then, there exists {3,,},°] C A, such that

(3.13) Z"&) = W;sn(§)), forn>1, £€J.

After that, from

(9 — k)er?b0)

3.14 ‘o [y 2
1) Ws)(©) < o [ X6 [ X6l s (m)drds,

we get

(315) Oc({Z"(€)}29) = Oc ({W3n) (O)}29)

_ReNsba) e 5 ) oo
¢ ({(i?r%—m/ X’(S)/ X (T)o(s, 7)E™ 2‘f(mm(T))deS} >

n=1

Sy

<

Next, we estimate the left-hand side of the above inequality. Using (H4), for all
T € [a, s|, we have

o ({x Mot itrsnr} )

n=1

X (1)(5,7) E20(1)O({3u(r) 1)
<O (7)(s,7)F 2T sup e TO({3a(7) 1)

n=1
a<t<s

< O (T)e(s, 7)F 2¢O ({3n(7)}2).

Using Lemma 2.8, for all £ € J, s € [a,&] and T < s, one gets

(0 — k)ero®:a) e
O({ k‘zrk; k) /X 5/ )ET 2f(mn(f))dfds} )

n=1
49 — k)eﬂﬁ(b’“)
2Ty (0 — k)

4(29_k)€%¢(b’a) *A 400 ¢ ! (s i ! %—2
k2T (9 — k) 0" O ({3n.(6) 102 1)/a X' (s)e /a Y (7)o (s, 7) drds

C‘o

—~ 13 s
0" O ({3n(O)}1) / Y(s) / ()b, 7Y 2T drds

40%erd®a) ¥ 8
= moc({an(f) Zi’i)/ X (8)é(s, a) F ~LeSds.

a
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Multiplying both sides by e~¢¢, one obtains

(3.16) B
¢ M o . 72
cer o ({ k2T, (0 — k) /a X(s)/a X' (7)o (s, 7) k" 25(7, 3 (7))d7ds -
407 er o) o S A
< sup 5 Ol [ W ot )t e s

So, by (3.11), (3.15) and (3.16), we have
(3.17) Oc ({W3)(O}2) < a(O)O({3()}19).

Therefore, one has
Oc({3n}i21) < Oc(A) < O (conv (W(A) U{(0)})) = O ({2"},;29) -
By (3.11) and the above inequality, it follows that
O; ({2"}:23) = o0.
Therefore, @C (A) = 0, which proves the compactness of the set A. Accordingly, W
is condensing with respect to (3.10).

Step 5. The set F (see Theorem 2.15 (2)) is bounded.
Let 3 € C(J,G) and 3 = pW;3 for some p € (0,1). Then, for all £ € J, one has

530 =0 (rag [ X@He ([ Vot atoar ) as).

From (3.6) and Dirichlet’s formula [22], we can have

el AN
Il < e [ ([ sttt ))de> ds

9 — k)er?b:a)
< e [ XN sl [V ot ) 2aras

e 9(0.a) 3 . )
g [ YOl s
Recalling (H3), we get
erd(b.a)

{ s
I3 < 7o [ @t [Gmlsto)) + Qo] ds

* kqﬁ b,a) 13 9
< [ @t

ek 9(0.a) ¢ 0
+k{‘k(q9—k;)/a X' (8)9(&, 5) G s)nlla(s)ll)ds

3 9
< Ao+ A / X(5)8(E, 5)E1G(s)n(ll3(5) ) ds
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« Ro(b,a) ¢ Ro(b,a)
where Ay = Q egpkwﬂ(fg’a) " and Ay = m. Using Lemma 2.16, we obtain

1/q

ol <[4 (a0 + 4 [ aemsas)] = gea

where

b(b, ay(F-1+1) 7
> , and
Ax) = f; W, for 29,7 > 0 and A~! is the inverse of A.

Hence, for any £ € J, we obtain

l3lloo < M,

Ag =271 AL A =20713, 49, 3p=<

which implies that the set F is bounded. From Theorem 2.15, we deduce that
&(J,f) is non-empty and compact subset of C(7,G).

Step 6. &(J,f) is an Rs-set.

Given ¢, € (0,1) with &, — 0 as n — oo. By (H1), according to Lemma 2.13,
one can take a sequence {f,} of locally Lipschitz functions such that

(3.18) Iin(&y) —F(&y)|| <en, forall e J andyeG.
Making use of (3.18) and (H3), we can assume that

(&I <1+ GEn(llyl) +Q(E), n=>1.
We define the approximation operator £, by

__U-—k S e t(es)
w0 ELG v

</as x'(T)qﬁ(s,q—)Z2fn(r,3(r))d7> ds, ¢eJ.

Since f,, is locally Lipschitz, Theorem 3.2 implies that (3.19) is uniquely solvable.

Now, let
M(3) = (I = L)(3)-
By Step 4, one can show that £, : C(J,G) — C(J,G) is condensing, which permits
us to introduce the condensing perturbation of identity

Mn(3) = (I = Ln)(3)

which are, by virtue of Lemma 2.9, proper maps.

On the other hand, the relation (3.18) allows the convergence of {M,} to M
uniformly in C(J,G).
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Using (3.6), we can get
M (3)(€) = M@G)(E]

- § X s 9
<m0 (s = s ) ds
e ro(ba) B
< m¢(b»a)k5m £eJ,

and equation M,,(3) = y is uniquely solvable for each y € C(J,R) as well as (3.19).
Accordingly, the conditions of Theorem 2.14 are fulfilled. Then, the solution set

M~1(0) is an Rs-set.
g

4. JLLUSTRATIVE EXAMPLES

In this section we introduce some examples that illustrate our theoretical results.
Consider the Banach space

G=co={3=(1,32,""" 13n," ") : 3n — 0asn— oo}
endowed with
3]lco = sup |3n].
n>1

(I) Illustration of Theorem 3.2.
Let us take x(&) = €. For £ € J, consider the function §: J X ¢g — ¢y defined by

o061 (b—a)

- an- |3n
(4.1) f(t:3) = {(b_ ) Fo(1 + ef) (13“ (lanl) + T3 Ianl) }nzl

where 6 > 0 is a constant.
Obviously, the function f is Carath il odory and for any u,v € ¢g and € € 7, one
can check that

o 06— X (b—a) < lu— v H 1 <yu — yv|> H>
tu) — f(t,0)| < +||tan
It ) =1 ol = e e \T+ D+ o) I+ Juo]
9067 (b—a)
< 9 _ HU_UH
(b—a)F (1 +ef)
2e— 06— (b—a)
T (b—a)t (1 + %)

So, the hypothesis (H2) holds with

[ = o]].

9e— 06— (b—a)
K(¢) = 5 for £€J.
(b—a)r™*(1+e%)
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2e %
1+ea

Next,f0r0<a<%—1,letK*:‘

L Choosing 6 > 0 large enough and

suitable 0 < a0 < % — 1, one can arrive at the following inequality

B (9 — k)K* k(1—a) \'™®
Oa = 00— k) Do (0 — ) (19 "kt a)) <L

Therefore, all the conditions of Theorem 3.2 are satisfied. Then, the set of solutions
of (1.1) with f defined by (4.1) is a singleton.

(IT) IMlustration of Theorem 3.3.
For £ € J and 3 = {3, }n € co, consider the nonlinear forcing terms,

(4.2) Ht3) = {131+e£ (3 4 2% + 4tan1(|3n])) }@1 .

Obviously, f satisfies hypothesis (H1). To illustrate (H3), let £ € J and 3 = {3n}n €
A C ¢g. Then

1HE8) < ol (4 + 4]3])
(43) < Gl + Q).

Therefore, (H3) is verified with

QO =G(O) = 1 forall €€ T, )=y, y€[0,0)

Next, hypothesis (H4) is satisfied. Indeed, we recall that the Hausdorff MNC )Y in
(co, || * |leg) can be computed by means of the formula

Y(A) = lim sup [[(I—Pn)3ll,

n—oo 3€A

where A € P(cy), P, represents the projection onto the linear span of the first n
vectors in the standard basis (see [5]). Using (4.3) (see also [25]) and from Hausdorff
and Kuratowski MNCs which are related by the inequality

T(A) < V(A) <2T(A),
we get
O (j(&,A) <O(§O(A), forall € T,
where
0() = 2G(8).

Since, all hypotheses of Theorem 3.3 are verified, the solution set of (1.1), with f
defined by (4.2), is an Rj-set.
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5. CONCLUSION

Under compactness and Nagumo type growth conditions, we establish new results
regarding the topological characteristics of the solution set for nonlinear (k, x)-Hilfer
fractional Langevin equations in a Banach space. The employed strategy involves

several steps. The first step is based on the classical contraction principle, and the

second one relies on the nonlinear alternative for condensing maps with the Lasota-
Opial approximation. These results contribute significantly to this emerging field.
Further applications, such as periodicity and approximate controllability, of the

obtained findings will be discussed in a forthcoming manuscript.
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