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HOLDER REGULARITY OF THE WEAK SOLUTIONS TO
PARABOLIC EQUATIONS WITH SINGULAR COEFFICIENTS

MYKOLA IVANOVICH YAREMENKO

ABSTRACT. We consider the quasilinear parabolic partial differential equation in
the divergent form under the p-growth condition. Assuming the existence of a
weak bounded solution to the parabolic problem we establish its Holder regularity
by showing its belonging to a certain De Giorgi class By (D7, M).

1. INTRODUCTION

Let Q be a bounded, open, strictly convex domain in R' for [ > 3 with the
boundary 02 is at least C**®, «a € (0, 1) of smoothness. This article deals with
the Holder regularity of the weak solution to quasilinear parabolic problem

(1.1) % = div (a; (z, t, Vu)) +a(z, t, u, Vu),
(1.2) U‘I‘(T) = (P‘F(T)a

where I' (T) = {(z, t) : v €09Q, t € [0, T} U{(z, t) : z €, t =0}, and an un-
known function is defined u (z, t) in clos (D), where clos (Dr) is the closure of the
domain D (T') = Q x (0, T'). The equation (1.2) contains in itself initial and bound-
ary conditions. We assume that given function ¢ is smooth enough in clos (Dr).

The parabolic form-boundary class is a subset of L} (€2 x (0, T)) for elements
of which the inequality

f[O, T] ”f (7 t) ¢(7 t)”il’ dt S
< B Jo.qIVO C D72 dt+ [ s (@) 116 (5 )72 dt
forall ¢ € W (2 x [0, T7) and some strictly positive 8, and cg (-) € L}, (2 x [0, T7),

where f € L7 (2 x (0, T)).
As a simple example of a form-boundary function we consider f (z) = # By

P P
< (L) IvelL,

Lp l_p

Hardy’s inequality, we have

¢

T

2
for all ¢ € W} (Q2), therefore, for p = 2, we obtain exact form-boundary § = (%)
and cg (t) = 0.
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o

The Hoélder space H* » (clos (D (T'))) consists of all functions w : D (T) — R
for which the value

u(z, t) —u(y, t)| u(z, t) —u(w, 7)|

ol g = sup LB DUl sp LB O mu i DLy
(z, 1), (y, t)ED |z — g (z, 1), (z, 7)ED It — 7>

is bounded.

Although the literature on parabolic partial differential equations is too extensive
to be reviewed in this paper, we will mention a few classical authors and describe
some recent results. The regularity properties of solutions to parabolic problems
were studied by De Giorgi [6], J. Moser [16, 17] and reviewed by O. A. Ladyzhen-
skaya, V. A. Solonnikov, and N. N. Uralceva [14] and extensive references therein;
we mention recent works of Z. Chen and J. Wang [4] where the existence and unique-
ness of the fundamental solution to non-local operators with perturbations and its
applications to stochastic differential equations; Z. Chen and X. Zhang [5] inves-
tigated the Holder continuity of fundamental solutions to the non-local Levy-type
operator and showed the solvability of the parabolic equation by application of the
maximum principle; in [7], M. Ding, C. Zhang, and S. Zhou studied properties of
weak solution to nonhomogeneous equation with symmetric kernel and fractional
p-Laplacian, the boundedness of these solutions was shown by the De Giorgi-Nash-
Moser iteration method; in [?, 7], H. Dong, T. Jin, and H. Zhang studied the Dini-
Schauder estimates for concave, nonlinear global parabolic equations with rough
kernels and drift terms; H. Dong, X. Pan, and Q. S. Zhang [8, 11], authors consider
the analyticity in time for solutions to incompressible Navier-Stokes equations in
the whole space, and in the half-space with the Dirichlet boundary conditions by
proving integrability properties of certain heat kernels; in [24], C. Zeng investigated
the pointwise time analyticity of the heat equations with perturbations of poten-
tial type and power nonlinearity, a necessary and sufficient conditions of analyticity
in time at zero time were obtained; in [23], Y. G. Zhao and M. X. Wang studied
the Lotka-Volterra equation that describes dynamical competition system invasive
and native species, authors described long time behavior of successful development
of invaders. Some modern applications to problems of physics and mathematical
modeling can be found in [1, 2, 3, 13, 15, 19, 21, 22].

The classes By (Dp, M) were introduced by De Giorgi [6] and further studied by
O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N. Uralceva [14]. In [14], authors
showed that classes By (D, M) are embedded into the Hélder space H* 2 (Dr)
for some appropriate positive parameter « so that each function u € By (Dp, M)
is Holder continuous and the Holder norm can be estimated by parameters of the
class By (D, M). Weak bounded solutions of parabolic quasilinear equations in the
divergent form belong to appropriate classes By, (Dr, M) under certain assumptions
on their coefficients.

The main goal of this paper is to establish the Holder regularity of weak solutions
to the problem for the parabolic equation in the divergent form under the form-
boundary conditions on its coefficients. Section 2 is dedicated to the introduction
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and description of the functional classes B, (Dp, M). In Section 3, we present the
proof of the Hoélder regularity of a weak bounded solution to the problem (1.1) -
(1.2) under conditions (3.1) - (3.3).

2. PRELIMINARIES ON FUNCTIONAL CLASSES By, (D, M)

The Banach space le o (D7) is defined as the subset of the Sobolev space Wﬁ o (D7),
of all elements v (x, t) which are continuous at ¢ in the topology of norm LP (£2)
and the norm V; (Dr) is given by

HuHVf”O(DT) = tg[lo?}:(r] lu (5 Dl 2y + IVl opyy -

Definition 2.1. The class B, (Dr, M) consists of all functions v : Qx[0, T] —
R such that
i) u € Vi (Dr) and esstaX|u| < M;
T

ii) let w(z, t) = tu(z, t) and wy (x, t) = max{w (z, t) — k, 0} then

2 2
tlgq%}ﬁm ||wk (.T, t)”2, B(p—o1p) < ||wk (a:, tl)HQ, B(p)

+0 ((Ulp)_p lwlly, pp, o + 070 (k, p, T))

and

p
HwkHVf,o(D(P—Ulp, T—02T))
<5 (((010) ™+ (2r) ) nl? 1y 1y + 070 (0, 7))

where D (p, 7) = {B (p) x (t1, t1 + 7)}, and p, T are a pair of positive numbers; and
o1, 02 € (0, 1), and (k. p, 7) = [y, meas® (B (p) (0) dts M, 5, s, 7, ca, x
are fixed positive numbers such that number k is chosen so that

essmaxw (z, t) —k < c3
D(p, )

and 3L+ L =1 se(2 Al rel ) i3

For additional information, readers can see [14].
The sufficient condition that function u belongs to class B, (Dp, M) is that
function w satisfies the following inequality

2
P
92 (z, t, +7)wy, (z, t +7) B —i—I/HGVwng, D(p, 7)

» 2
2

< ]e (2, 1) wp (, £1)

2, B(p)

+ec / (wi? VO + wi 0P~ 0,0) dzdt
D(p, 1)
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r 2(14x)

+c1 / / Odx | dt ,
[t1, t1+7] \J Er(p)(t)

where w (z, t) = tu(z, t), wg (v, t) = max{w(x, t) —k, 0}, and 0 (x, t) is an
arbitrary continuous, twice smooth function such that 0 < 6 (z, t) < 1 and equals
zero on sides of the cylinder D (p, 7) and its gradient vanishes on 9 x [0, T].

We recall the following embedment theorem [14].

Theorem 2.2. There exists an embedment of class B, (Dr, M) into the Hélder
space H* » (D7) for some positive number .

3. A NONLINEAR PARABOLIC PARTIAL DIFFERENTIAL EQUATION INVOLVING
P-LAPLACIAN

We are going to investigate the regularity of the solution to the parabolic prob-
lem (1.1) - (1.2) under the following assumptions. Functions a; (z, t, u, §) and
a(z, t, u, &) are defined for all (x, t) € clos (Dr) and u € R, € € R'; a; (x, t, u, €)
and a (x, t, u, &) are continuous at v and €. The coefficients satisfy the assumptions

(3.1) Za (z, t, &) & > v|ElP,
(3:2) ja; (2, ¢, O < pléfP ™ +m (2, 1),
(3.3) la(z, t, u, O < pa (Ju]) |€F + p2 () [ul” + 72 (2, 1),

with a positive continuous and monotone decreasing function v, and a positive con-
tinuous and monotone increasing function py. We assume form-boundary condition

1
nr, yor € PK (8) and pg € L.
For all s > 1 and r > 1, we define a norm

1
(34) HuHs,r,D(T) = (/ (/ |U(I‘7 t)|sdx) dt) .
[0, T Q

Definition 3.1. The class PK (§) consists of all functions f € L}, (2 x (0, T))
such that

2
/[O WG 06 Dl <ot /[0 IO D2 IVoC, Dl i
(3.5) : :
sl ol
0,7

)

for all ¢ € WY (2 x (0, T)).

Also, readers can be interesting in [20, 22, 23].
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Definition 3.2. The function u (z, t) is said to be a weak solution to the equation
(1.1)ifue L}, (2 x (0, T)), [Vu| € L},. (2 x (0, T)) and the identity

loc loc

T
— / / uOypdxdt
0 [0, 7] /2

+/ /ai (z, t, Vu) V;pdxdt+ /a(m, t, u, Vu) pdrdt =0
[0, 7]/ [0,71/9

holds for ¢ € C§° (€2 x (0, T')). The solution u is said to be a bounded weak solution
to the equation (1.1) if ess max lu| < oco.
T

/u(x, t) ¢ (z, t)dzdt
Q

(3.6)

For additional information see [14].
Straightforwardly, we conclude the inequality

T
— / / uorpdxdt
0 [0, T]/Q

(3.7) —I—/ /ai (z, t, Vu) V;¢dzdt
0, 7] Jo

/u(x, t) ¢ (x, t)dxdt
Q

< / / (2 |V ul? + a2 ful? + 72) || dadt,
0, 7] /o

for all ¢ € C5° (2 x (0, T')), where p1 = 1 <esstaX |u|)
T

Theorem 3.3. We assume that functions a; and a satisfy conditions (3.1) - (3.3),
and w is a bounded weak solution to the problem (1.1) - (1.2) with esstax|u] =
T

M < co. Then, the solution u belongs to the H™ » (Dr)- class, where the positive
constant adepends only on v, w, uo, I, v, M, p, 5.

Proof. Let u € V', (D (T)), D(T) € 2x (0, T) be a weak solution to the parabolic
problem (1.1), (1.2). We define the functions

and

For h <ty <ty <T — h, we obtain the identity

/ /n@tuhda:dt+/ /ai (x, t, Vu) Vinpdzdt
[tl,tﬂ Q [t1,t2] Q

+/ /a(a:, t, u, Vu)npdxdt =0,
[0, 7] Jo

for all uw € V5 (D (T — h)). Let @ be an arbitrary non-negative continuous, twice
smooth function, which vanishes on 9 x [0, T'] with its gradient, and such that
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0 <6 (x, t) <1. Then, we take
n (..’L‘, t) =" (.’L‘, t) max {uh (:E? t) — k, 0} = Hpuh, k

as a test function, and obtain

1
/ /9puh k%d:cdt / 0P (z, t) uh7k2 (z, t)
[t1, t2] 2 t1

— / /ep Yun, k —dmdt.
[t1, to]

We pass to the limit as h — 0 and deduce

2 | 00
_b / / w207 drdt
al,, 2/, wl/e ot

+/ /ai (z, t, Vu) V; (0Puy) dxdt
t1, t2]

+/ /a(az, t, u, Vu)Purdzdt = 0.
[0, 7]/

Let the function 6 vanish outside the ball B (p) then we estimate

to
+ 1// / |Vug|P 6P dzdt
[t1, t2] /Y B(p)

’ 2a B(p) t1

< p/ / (,u VulP~t + 71> (u — k) 0P~ V0| dadt
[t1, t2] Y Ej

+/ / (1 [Vul? 4+ po Jul? + v2) 67 (u — k) dxdt
[t1, t2] J Ex(p)

/ / )2 6P~ 189d dt
[t1, t2] YEx(p ot

where Ej (p) = {x € B(p) : (x t) > k}.
By the Young inequality, we have

t2
+ VfD(p, to—t1) |Vug|P 0P dzdt <

t2

p
2

0° (z, t)ug (z, t)

» 2

0% (z, t)uy (z, t)

1

2
(P ¢
S p} ’Ult[[tl, tg} fEk(p) |vu‘ 9pdxdt+
—i—p?,uf[th ta) fEk(p) (u ; k)P ]VZ]p dxdt+ .
+p@ f[tlv tQ] fEk(p) ’VQ, (U - k) d‘rdt + p? j‘[tl, tz] fEk(p) ’quepdmdt‘i‘

01 iy 1) S () [V 67 R, (u — k) dedt+

+ft1 ta] fEk(p N2|U’p+72)9pD(mtax )(u—k)dxdt—i—

p, ta—t1

+5 f[tl, ta] fEk(p) up26P~ 1%d$dt,

where we denote D (p, to —t1) = {B(p) x (t2 — t1)}, and €1, €9 are arbitrary pos-
itive numbers. Taking into consideration ess max |u| = M < oo and choosing k so
T

p(x t) ug (z, tH
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v
max (u(x, t)—k)<c

o trtl)( (z, t) — k) 38’

we obtain
» 2

1107 (z, to) ug (z, t2) + V/ |Vug|P 6P dzdt
2 2, B(p) D(p, ta—t1)

2

+01/ / (uk IVOP + ui 0P~ 189) dadt
2, B(p [t1, t2] J Ex(p 9

+c / / (M7 4+ cay2) OPdxdt.
[t1, t2] Y Ex(p)

We denote

1
<=
2

9 (.%' tl)uk (.le tl)

E=(m"+caye) 0"
Applying form-boundary condition, we have

a \P 2 —
[ (nte) dmar< 6% [t 0l 190 )l de
[t1, t2] J Ex(p) [0, 7]

LD, d
+Aﬂ%@wummt

)

2

D 20% ( )
< p% /[0’ . <p IV (- )T + ||¢>( )IIZ) dt

UP—
+[ﬂ%@”ﬂv%%ﬁ

07

similar arguments deal with the terms containing ~». Therefore, we have

= (z, t) dzdt< ||Z||||1]]%
/[t1,tz] /Ek(p) Ex(p)x[t1, t2]

2(14x)
<é / meas (Ex (p) (t))* dt .
[t1, t1+7]

2

Thus, we conclude

D
2

0" (z, to)ug (x, to)

‘ 2, B(p)

0
—i—cl/ / (ukp |VO|P + uk29p18> dxdt
1, t21 /B (o) ot

2(14x)
+c / meas (Ey (p) (t))s dt :
[t1, t1+7]

+ v [0V} _
2, B(p) Lr, D(p7 l2 tl)
2

p

< 0* (x, t1) ug (x, t1)

N
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A similar argument holds for the function —u (x, t). Thus, the function u belongs
to the class B, (Dp, M). Therefore, by Theorem 2.2, there exists a number o such

that u € H* » (D). The theorem has been proven. O
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