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SINGULAR PDE’S GEOMETRY
AND BOUNDARY VALUE PROBLEMS

RAVI P. AGARWAL AND AGOSTINO PRASTARO

ABSTRACT. Local and global existence theorems for boundary value problems
in singular PDE’s are considered. In particular, surgery techniques and integral
bordism groups are utilized, following previous works by A.Prastaro on PDE’s,
in order to build global solutions crossing also singular points and to study their
stability properties.

1. INTRODUCTION

The geometric theory of PDE’s generally works in some regularity conditions
where general theorems can be built in order to obtain local and global solutions
existence theorems. However, the great complexity of natural and mathematical
phenomena, requires also to handle “singular PDE’s”. The aim of this paper is
just to give a geometric characterization of such mathematical objects and to find
general existence theorem of local and global solutions passing through singular
points of PDE’s. The characterization of singularities can be obtained by means
of algebraic-geometric techniques and algebraic topological differential techniques.
These induce effects on the integral structure of PDE’s, described by means of their
Cartan distributions, and formal prolongations properties. There the symbol of a
PDE plays a fundamental role. Singular points in PDE’s are sources of interesting
phenomena, thus we can say that they instead to disturb the integral structure, they
constitute a more richness and contribute to more versatile behaviours in PDE’s
solutions.

On the other hand singularities are also origins of unstabilities. In some sense we
could say that singular points in PDE’s are like doors that open new possibilities
to solutions passing through them.

The main results of this paper are the following. Theorem 3.10 that relates sin-
gular integral bordism groups of PDE’s to global solutions passing through singular
points of PDE’s. Theorem 4.2 that characterizes singular ODE’s singular solutions
and their stability. Theorem 4.4 that completes Theorem 4.2 on the same subject
emphasizing the role played by singular points to conserve the smoothness or to
create bifurcation in solutions of singular ODE’s.

Some examples of singular PDE’s and ODE’s are considered in some details in
order to show how our general theory works. In particular, for singular ODE’s
are considered also some examples just studied by R.P.Agarwal and D.O’Regan in
the framework of the functional analysis [1, 3]. We show how by using only our
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geometric framework one can obtain local and global existence theorems also for
singular boundary value problems.

2. SINGULAR PDE’S AND LOCAL SOLUTIONS EXISTENCE THEOREMS

In this section we resume some fundamental definitions and results on the ge-
ometry of PDE’s in the category of commutative manifolds, emphasizing some our
recent results on the algebraic geometry and topology of PDE’s, that allowed us to
characterize singular PDE’s [2, 14, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33]."

Let W be a smooth manifold of dimension m + n. For any n-dimensional sub-
manifold N C W we denote by [N]¥ the k-jet of N at the point a € N, i.e., the
set of n-dimensional submanifolds of W that have in a a contact of order k. Set
JEW) = Upew JEW)a, JEW)a = {[N]¥|a € W}. We call JE(W) the space of
all k-jets of submanifolds of dimension n of W. JF(W) has the following natural
structures of differential fiber bundles: 7 1 : J¥(W) — JE=1(W), with affine fiber
JE(W)g, where ¢ = [N]E~1 € JF=Y(W), a = mp.0(q), with associated vector space
Sk(T, wN) @ vy, Vg = T,W/TyN. For any n-dimensional submanifold N C W one
has the canonical embedding j* : N — J¥(W), given by j* : a — j¥(a) = [N]*. We
call j5(N) = N® the k-prolongation of N. In the following we shall also assume
that there is a fiber bundle structure on W, 7 : W — M, where dim M = n. Then
there exists a canonical submanifold J*(W) of J¥(W) that is called the k-jet space
for sections of w. J*(W) is diffeomorphic to the k-jet-derivative space of sections of
7, JD¥(W), and has the same dimension of J¥(W) [12, 20]. Then, for any section
s: M — W one has the following commutative diagram:

(2.1) JDF(W) == JF(W)—— JF(W)
TDks jks ﬂkl
M M M

where DFs is the k-derivative of s and j*(s) is the k-jet-derivative of s. If
s(M)*®) ¢ J*¥(W) is the k-prolongation of s(M) C W, then one has j*(s)(M) =
s(M)*) 2 s(M) = M. Of course there are also n-dimensional submanifolds N ¢ W
that are not representable as image of sections of . As a consequence, in these cases,
N®*) = N is not representable in the form j*(s)(M) for some section s of 7. The
condition that N is image of some (local) section s of 7 is equivalent to the following
local condition: s*n = s*daz! A+ Ada™ # 0, where (2,7 )1<a<n,1<j<m, are fibered
coordinates on W, with 3/ vertical coordinates. In other words N C W is locally
representable by equations y/ = ¢/ (z!,...,2™). This is equivalent to say that N is
transversal to the fibers of 7 or that the tangent space T'N identifies an horizontal
distribution with respect to the vertical one vT'W|y of the fiber bundle structure

For general informations on the geometric theory of PDE’s see, e.g.,[4, 5, 6, 7, 8, 9, 10, 12,
13, 14, 38, 39, 40]. For basic informations on differential topology and algebraic topology see e.g.,
[4, 9,11, 15, 16, 17, 18, 35, 36, 37, 38, 39, 40, 41, 42].
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m: W — M. Conversely, a completely integrable n-dimensional horizontal distri-
bution on W determines a foliation of W by means of n-dimensional submanifolds
that can be represented by images of sections of 7.

Definition 2.1. A partial differential relation (PDR) of order k on the fibre bundle
7 : W — M, defined in the category of manifolds, 901, is a subset Ej, C JD¥(W) of
the jet-derivative space JD*(W) over M.

A partial differential equation (PDE) of order k on the fibre bundle 7 : W — M,
defined in the category of manifolds, 91, is a submanifold E, C JD*(W) of the
jet-derivative space JD*(W) over M.

A PDE E}, is regularif the r-prolongations (Ey) 1= Eyir= JD" (Ey)NJ D7 (W)
are subbundles of iy pir_1 : JDO¥T(W) — JDM=YW), Vr > 0. Further-
more, we say that Ej is formally integrable if Fj is regular and if the mappings
Eyiri1 — Epyr, Vr >0, and 7o : B, — W are surjective.

Remark 2.2. In the following we shall consider PDEs on a fiber bundle 7 : W — M,
where M is a manifold of dimension n and W is a manifold of dimension m + n.

Definition 2.3. The symbol gi4, of Ex,, is a family of R-modules over Ej char-
acterized by means of the following short exact sequence of R-modules:

0— Wz—l—rgk-‘r?“,k - vTEk—i-'r - Wl:—i—r,k—‘,—r—lUTEk—&—r—l-

Proposition 2.4. If Ey is a formally integrable PDE, then we can complete above
exact sequence with the following:

* *
O - 7rk+r,kgk+r - vTEk‘J,»r — 7rk+7.7k+,,,71'l}TEk+r71 — 07
which means that Fi1, is an affine bundle over Eyy,._1 with associated vector bundle

*
Totr—1,kIk4r = Ehgr—1.

Proposition 2.5. The symbol (gi)q, ¢ € Ex, of a PDE Ey, C JD¥(W) is a R-
submodule of Homg (S§(T,M);vT;W), p=m(q) € M, § = mro(q) € W.

Theorem 2.6 (0-complex). One has the following complex of R-modules over Ej,
(0-complex ):

0— gm > Homg(TM; gim—1) 2 Homg(A§M; grm—2) 2
A HomR(Agl_kM; Jk) LR 5(H0mR(Agz_k; gr)) — 0
Proof. See [7]. O

(2.2)

Definition 2.7. We call Spencer cohomology of Ek the homology of such complex.
We denote by {H;”_j’j}quk the homology at Hom(A%M; Gm—j)q- We say that Ej,
is r-acyclic if H;n’j =0, m>k 0<j<r Vqe E;. Wesay that Ej, is involutive
if H;n’j =0,m >k, j > 0. We say that Ej is d-reqular if there exists an integer
Ko > K, such that g, is involutive or 2-acyclic.

The following two theorems are fundamental in order to characterize the integra-
bility of PDEs. (For their proofs see [7].)

Theorem 2.8 (J-Poincaré lemma for PDEs). Let E, C JDK(W) be a regular
PDE.Then Ey is a d-reqular PDE.
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Theorem 2.9 (Criterion of formal integrability for PDEs). Let Ej, C JDF(W) be
a regular, (6-reqular), PDE. Then if ggir11 is a bundle of R-modules over Ej, and
Eivri1 — Eiqy is surjective for 0 < r < h, for suitable h, then Ej is a formally
integrable PDE.

Definition 2.10. An initial condition for PDE Ejy C JDF(W) is a point ¢ € Ej.
A solution of Ej. passing for the initial condition ¢ is a manifold, N C Ej such that
g € N,dim N = n, and such that N can be represented in a neighboroud of any of its
points ¢’ € N, except for a nonwhere dense subset (N) C N of dimension < n—1,
as image of the k-derivative D¥s of some C*-section s of 7 : W — M. We call ¥(V)
the set of singular points (of Thom-Boardman type) of N. If X(N) # () we say that
N is a regular solution of E, C J Dk(W) We shall also consider singular solutions
of Fj, manifolds of dimension n, N C Fj, that can be obtained as projections of
ones of the previous type, but contained in some s-prolongation Fy 4, s > 0.

Definition 2.11. The Cartan distribution of JDF(W), is the distribution Ey(W) C
TJD*(W), spanned by tangent spaces to graphs of k-derivatives of sections of
the bundle 7 : W — M. The Cartan distribution of J¥(W) is the distribution
EF(W) c TJE(W), spanned by the tangent spaces to k-prolongation of manifolds,
of dimension n, contained in W.

We call integral plane at the point g € J¥(W) the linear subspace in T, J%(W) of
the form, T; N (k) for some C* manifold N ¢ W, of dimension n, passing for a € W,
with a = 7 0(g). Any point ¢ € J¥(W) identifies a unique regular integral plane L,
at ¢' = mpx-1(q) € Iy W) Ly C Ty Iy (W), Set: I(W) = Uyegr oy I (W),
I (W), = Grassmannian of integral planes at ¢q. An integral plane at a point
u € JF(W) is defined to be a n-dimensional space, subspace of (EF),, tangent to
some integral manifold of the Cartan distribution EF ¢ TJ¥(W)). Let I(Ej.s)
be the fiber bundle of Grassmannian n-dimensional integral planes of the Cartan
distribution Ef on Ey,, being Ex C J¥(W) a PDE. If Ey,, = J¥*(W) one has
I(TEH(W)) = Ty (W),

Remark 2.12. (A) An integral manifold on JX(W) is an integral manifold of its
Cartan distribution EX on J¥(W). In particular: (i) Maximal integral manifolds of
Jo° (W) are of dimension n and are regular ones (without singular points). (i7) Max-
imal integral manifolds, V' C J¥(W), are divided into types, (typeV). (For details
see, e.g., [12, 19].) If dimV > dimV’ = typeV < typeV’. (iii) The zero type
integral manifolds coincide with the fibers of projections 7y —1. (iv) Maximal
integral manifolds of type n are of dimension n. They have the representation
Z\ %(Z) = |, Vi, as said before, where the regular components V; are the k"
prolongations of n-dimensional submanifolds of W. We call such integral mani-
folds solutions of J¥(W) and the corresponding set is denoted by Sy (JF(W)). If
the set of singular points is empty, we call such solutions regular solutions and the
corresponding set is denoted by S,,(JE(W)).

(B)(Exceptional cases). (a)(n =m = 1). Integral manifolds are one-dimensional
and glued from pieces of type zero or type 1. A piece of type 0 is an open subset
of the fibre 7rk_7,1€_1(q7), g € JF=1(W); A piece of type 1 is an open subset of regular
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integral manifold (of dimension). (8)(k = m = 1). In this case J!(W) becomes a
classic contact manifold [20].

Definition 2.13. Let £, C JD¥(W) be a PDE. For a p-dimensional integral man-
ifold V of Ex, 0 < p < n, with boundary 9V, (or eventually with OV = 0), we
mean an element V' € Cp(Egyp), b > 0, such that TV C Ej4p. Here Cp(Eg+p)
denotes the vector space of p-chains in Ejyp. So, if V=73, a'u;, a; € R, one has
oV =3 .(-1)'a'du.

Definition 2.14. We call PDR (resp. PDE) for n-dimensional manifolds, contained
into W, a subset, (resp. submanifold), Ej, C JF(W).

We say that the PDE Ej C Jff(W) is completely integrable if for any point ¢ € Ej
passes a manifold V' of dimension n, that is the k-prolongation of a n-dimensional

manifold X c W: V = X&),

Definition 2.15. By using the natural embedding JD*(W) c J¥(W), we can
consider PDR’s, (resp. PDE’s), E, C JD¥(W) like PDEs E; C JF(W), hence
we can consider solutions of Ej, as n-dimensional manifolds V' C FEj such that V'
can be representable in the neighborhood of any of its points ¢’ € V, except for a
nonwhere dense subset X(V) C V, of dimension < n—1, as N*), where N*) is the
k-prolongation of a n-dimensional manifold N C W. In the case that X(V) = 0,
we say that V is a regular solution of Ey C J¥(W). Of course, solutions V of Ej C
JF(W), even if regular ones, are not, in general diffeomorphic to their projections
(V) C M, hence are not representable by means of sections of 7 : W — M. We
shall also consider solutions of Ey C J¥(W), manifolds of dimension n, V C FEj,
that can be obtained as projections of ones of the previous type, but contained in
some s-prolongation Ey, C J¥(W), s > 0.

Theorem 2.16. Let Ej, C JD*(W) be a PDE such that the following conditions
are satisfied: (i) Ey is regular; (ii) The symbol gpir+1 of Eixyry1 s a bundle of
R-modules over Ey, r > 0; (iii) Exyry1 — Egtr is surjective with 0 < r < I, for
suitable l. Then, E}, is formally integrable.

Furthermore, if E), C JD*(W) is a formally integrable PDE in the category of
manifolds of class C, then the PDE Ej, C J*(W) is completely integrable.

Proof. See [7]. O

Theorem 2.17 (Cauchy problem for PDE’s). Let Ej, C J*(W) be a formally inte-
grable and completely integrable PDE. Let N C Ey, be a regular integral manifold of
dimension n — 1. Let us assume that the symbols gi and gip+1 are not trivial. Then
there exists a solution V C FEy, such that N C V. In particular, if there exists a
symmetry vector field ¢ of Ey, transverse to N, that is a characteristic vector field
for a sub-equation E, C E},, then there exists a solution V C Ej, passing through
N, having ¢ as characteristic vector field.

Proof. Since N is a (n — 1)-dimensional regular integral manifold of Ej, C J¥(W),
then there exists a n-dimensional submanifold Y C W such that X = m;,o(N) C Y
and N = X®)_ In general Y®) c J¥(W), but Y®) ¢ Ey, evenif Y ) NE), = N. Let
us consider the first prolongation Ej,1 C J¥1(W) of Ej. Taking into account that
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E}, is formally integrable and completely integrable, we can use the fact that Ey
is a strong retract of Ji (W), and that giy1 # 0, to deform Yy E+D) ¢ JELY(W) in
Ej11, obtaining a solution ¥ of Ej,i. Then T k(Y )=V C Ej is a solut1on of
E, passing for N, since N = XD ¢ Y+ “and 714 1 (N*®)) = N. (See also
25

| 1]?1)nally, if there exists a symmetry vector field ¢ of Ej, that is transverse to N and
characteristic for a sub-equation Ej, C Ej, then V = UAG] o] OA(N), with 9¢ = ¢,
is a solution of EJ, hence a solution of Ej, too, having just ¢ as characteristic vector

field. g

Definition 2.18 (Algebraic formulation of PDE’s). Let 2 be the sheaf of germs
of differentiable functions JD®(W) — R. Tt is a sheaf of rings, but also a sheaf of
R-modules. A subsheaf of ideals 9B} of 2, that is also a subsheaf of R-modules is
a PDE of order k on the fiber bundle 7 : W — M. A regular solution of By is a
section s : M — W such that f o D¥s = 0,Vf € Bj. The set of integral points of
By, (i.e., the zeros of By, on JD*(W) is denoted by J(By). The first prolongation
(B)+1 of By is defined as the system of order k + 1 on W — M, defined by
the fome_1 and fU), where f() on D*ls(p) is defined by f()(DF+ls(p)) =
(824.(f o DEs(p))). In local coordinates (z, 17, yl) the formal derivative fU) is
given by fO (x4 yd) = (Oxa.f) + Z[ﬁ}gk yéa(ﬁyf.f). The system By, is said to
be involutive at an integral point ¢ € JD*(W) if the following two conditions are
satisfied: (i) By is a regular local equation for the zeros of By at q (i.e., there are
local sections F1,..., F; € I'(U,By) of By, on an open neighbourhood U of ¢, such
that the integral points of By, in U are precisely the points ¢’ for which F;(¢') =0
and dFy A --- ANdFy(q) # 0, that is Fy, -+, F} are linearly independent at ¢; and
(i) there is a neighbourhood U of ¢ such that 7Tk+1 LU)NJ((Br)+1) is a fibered
manifold over U () J(By) (with projection myq1%). For a system 9Bj generated
by linearly independent Pfaffian forms #',--- 6% (i.e., a Pfaffian system) this is
equivalent to the involutiveness defined for distributions.

Theorem 2.19 ([13]). Let By be a system defined on JD*(W), and suppose that
By is involutive at ¢ € J(By). Then, there is a neighbourhood U of q satisfying the
following. If ¢ € J((Br)+s) and T4sx(q) is in U, then there is a regular solution
s of By, defined on a neighbourhood p = myys1(q) of M such that D**%s(p) = q.

Theorem 2.20 (Cartan-Kuraniski prolongation theorem [23,25]). Suppose that
there exists a sequence of integral points ¢ of (Bk)+s,s = 0,1,---, projecting
onto each other, mpysprs—1(q®) = ¢V, such that: (a) (By)ts is a regular lo—
cal equation for J((Br)ys) at ¢ and (b) there is a neighborhood U) of ¢(®
in J((Br)+s) such that its projection under Tj4s pts—1 contains a neighborhood of
¢V in J((Bk)(s—1)) and such that Ty skis-1 ° Ul — 7rk+s,k+s_1(U(s)) s a
fibered manifold. Then, (By)+s is involutive at ¢®) for s large enough.

Let us consider, now, a relation between the algebraic localization of modules

and the geometry of PDE’s. This algebraic characterization of PDE’s is principally
useful to describe singularities in PDE’s given by means of polynomial functions.
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In this section we will start by considering commutative rings. (The proofs are
almost omitted since the material is standard. For more details, see also, e.g., [24]
and works quoted there.)

A zero-divisor in a ring A is an element a € A such that there exists b € A,
b # 0, such that ab = 0. An element a € A is nilpotent if a™ = 0, for some n > 0.
(A nilpotent element is a zero-divisor (unless A = 0), but not conversely.)> The
identity element 1 € A is defined by al = la = a, for all a € A. A unitin A is an
element a € A that divides 1, i.e., 3b € A such that ab = 1. Then b is called the
inverse of a and denoted by a~!. (a~! is uniquely determined by a.) An integral
domain is a ring with non-zero-divisors # 0. The set of units forms a multiplicative,
abelian group in A, that we denote by G(A). For any subset S C A, the smallest
ideal a C A containing S is called the ideal generated by S and denoted by (S).
Any ideal p = (a), a €A, is called a principal ideal. A ring is called principal ideal
ring if every ideal is principal. In particular we denote a+b = ({a + b}aecapes), and
ab = ({ab}acapes). If S C Ais a subset and a C A is an ideal, then the quotient
5 ={a € AlaS C a} is an ideal of A. If S C A is a multiplicatively closed subset of
A, we call a mazimal ideal with respect to S, a maximal member m C A among the
set of ideals do not meet S. In particular, if S = {1}, then m is called a mazimal
ideal of A. An ideal m C A is maximal iff A/m is a field. An ideal p C A is prime
if p# (1) and zy € p implies € p or y € p. p is prime iff A/p is any integral
domain. A maximal ideal m of A is prime. If a is any ideal of A, the radical of a is
the following ideal

Va=r(a)={z € A| 2" € afor some n > 0} = rad(a).

An ideal a such that a = y/a is called radical-ideal (or perfect). One has the following
properties: (i) /{0} is the ideal consisting of all nilpotent elements of A and is
denoted also by nil(A): /{0} = nil(A). If {0} is a radical ideal, or equivalently,
when nil(A) = {0}, A is said to be reduced. (ii) r(a) 2 a; (iii) r(r(a)) = r(a); (iv)
r(ab) = r(anb) = r(a)Nr(b); (v) r(a) = (1) & a=(1); (vi) r(a+b) = r(r(a)+r(b));
(vii) If p is prime, r(p") = p for all n > 0;(viii) One has that r(a) is the intersection
of all prime ideals containing a; (ix) If a is a radical-ideal, A/a is reduced, and in
particular A/nil(A) is reduced. (x) The radical nil(A) of a commutative ring A
is the intersection of all prime ideals of A. In particular nil(A) C rad(A), where

rad(A) is the radical of A defined by:

rad(A) = ﬂ m.

m = maximal ideals of A

rad(A) is an ideal of A. One has: a € rad(A) iff for all 2 € A, one has that 1 — za
has a left inverse. An ideal q C A is primary if ¢ # A and if xy € q implies x € q or
y™ € q for some n > 0. One has the following properties: (i) q is primary iff A/q # 0
and every zero-divisor in A/q is nilpotent; (ii) Every prime ideal is primary; (iii) Let
q be a primary ideal in a ring A. Then r(q) is the smallest prime ideal containing
g. If p =r(q) then q is said to be p—primary.

2A ring A, such that the set of its nilpotent elements is reduced to {0}, is called a reduced ring.
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Definition 2.21. The prime spectrum of a ring A is the set Spec(A) of all prime
ideals of A.

Proposition 2.22 ([24]). Let A be a ring and let p € Spec(A). Then one has the
following properties:

(i) If a1, -+ ,a, are ideals of A and ay---a, C p, then a; C p for one i €
1, ,r}.
(ii) If aj,--- ,a, are deals of A and ay N ---Na, C p, then a; C p for one

i€ {l,---,r}. In particular if the equality holds, then a; = p.

Definition 2.23 (Localization). Let S C A be a multiplicatively closed subset of
Awith1€ S. Let ST1A = Ax S/ ~, where ~ is the following equivalence relation:
(a,5) ~ (d',s") & as’ —a’s = 0. We denote by & the equivalence class of (a, s) and
call S~1A the set of fractions of A by S. In particular, if p C A is a prime ideal we
call A, = S71A, S = A — p, the localization of A at p. If a € A and S = {a"}>o0,
then one writes A, = S~ A.

Let M be a A-module. Set S™'M = M x S/ ~, where ~ is the following
equivalence relation: (p,s) ~ (p',s') & It € S : t(sp’ — s'p) = 0. We denote by 2
the equivalence class of (p,s) and call S~1M the set of fractions of M by S. This
is a S~!A-module.

In particular, if p C A is a prime ideal and § = A —p, then M, = S™IM is called
the localization of M at p.

Theorem 2.24 (Localization properties). 1) One has the following properties:
(i) S~ is an evact functor;
(i) ST' (M @ P) = (S~'M) & (S~'P); In particular (M & P), = My & Py, for
any p € Spec(A);

(ii)) STHYM + P) = (S7IM) + (S7LP); In particular (M + P)y = My + P, for

any p € Spec(A);

(iv) STY (M N P) = (S7*M) N (S7P); In particular (M N P), = My, N P,, for

any p € Spec(A);
(v) STYM/N) = (S7'M)/(SIN), (as (S~'A)-module); In particular
(M/N)p =2 Mp/Ny, for any p € Spec(A);

(vi) ST'A®A M = S7IM, for any p € Spec(A); In particular Ay @4 M = M,

for any p € Spec(A);

(vii) S7A is a flat A-module; In particular Ay is a flat A-module, for any p €

SPGC(A);
(vili) STIM ®@g-14 STIN 2 ST M ®4 N); In particular My @g-14 Np = (M ®4
N)p, with S = A\ p and, for any p € Spec(A).

2) If S is the set of non-zero-divisors of A, one denotes S™'A = Q(A) and calls
it the full ring of fractions of A. In that case, A can be considered as a subring of
Q(A). One has the following evact sequence: 0 — tg(M) — M — S™1M, where
the map M — S™'M is x — £ and ts(M) = {x € M|sz = 0, for some s € S} is
called the S-torsion submodule of M .3

3A module is called torsion-free if it has no torsion element, i.e., ts(M) = 0. For example the
Z-module Q/Z is torsion free.
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When A is an integral domain and S = A\ {0} then K = Q(A) is a field called
the field of fractions of A. If S = Sy, then S™1A = A[é]

One has the following local properties:

(i) M =0 iff My =0 for all prime ideals p C A;

(ii) M =0 iff My = 0 for all mazimal ideals m C A:

(iii) ¢ : M — N injective iff mp : My — Ny is so, for each prime ideal p C A;

(iv) ¢ : M — N injective iff my : Mm — Nm is so, for each mazimal ideal
mcC A;

(v) M flat iff My is so, for each prime ideal p C A;

(vi) M flat iff My, is so, for each mazximal ideal m C A;

(vii) A sequence M — N — F of A-modules and homomorphisms is exact iff
the corresponding localized sequences: My, — Ny — Fy is exact, for all
maximal ideals m C A.

(viii) A short exact sequence 0 — M — N — F — 0 of A-modules and homo-
morphisms, where M is finitely presentable splits iff the the corresponding
localized exact sequences: 0 — My, — Ny — Fyy — 0 splits for all maximal
ideals m C A.

(ix) If M is a finitely presentable A-module and N C M is a finitely generable
submodule, then N is a direct summand of M iff Ny is a direct summand
of My, for any mazximal ideals m C A.

(x) If A is an integral domain, and M is an A-module, then M is torsion-free
iff My is torsion-free for any mazimal ideal m of A.

(xi) If M is a finitely generated module over a Noetherian integral domain A,
then M is reflexive, i.e., M = Homa(Homa(M; A); A), iff My, is reflexive
for any mazximal ideal m of A.

(xii) If M is a torsion-free module over an integral domain A and S = A\ {0},
then we have an exact sequence 0 — My — STIN, for any mazimal ideal

m of A and N = (), M.

3) If ¢ : A — A/a is the canonical homomorphism, it follows that r(a) =
¢~ (nil(A) a/a)-

A ring with a unique mazximal ideal m is called a local ring. Ay is a local ring,
where p is a prime ideal of A.

Theorem 2.25 (Topological structure of Spec(A)). 1) One has a natural structure
of topological space (Zariski topology) on Spec(A). The open sets in this topology are
the sets V(E) = {p D E|E C A, p prime ideals}. With respect to such a topology,
Spec(A) is a quasi-compact space, that is every open covering of Spec(A) has a finite
subcovering. If the ring A is Noetherian, Spec(A) is a Noetherian space. (The
converse of this is false.)

2) Spec (ngz‘gn Ai) = U Sp@C(Ai)-

1<i<n

3) Let a be an ideal of A. The ideals of A/a are in correspondence one-to-one
with the ideals of A that contain a, hence Spec(A/a) = V(a), where V(a) is the set
of prime ideals of A that contain a. This is just a closed subspace of Spec(A).

4)  Spec is a contravariant functor from the category of rings and
ring-homomorphisms to the category of topological spaces and continuous maps. In
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particular, if ¢ : A" — A is surjective, then Spec(¢) : Spec(A) — Spec(A’) is a closed
embedding, i.e., a homeomorophism of Spec(A) onto a closed subset of Spec(A').
Furthermore, if ¢ is injective, then Spec(¢) is dominant, i.e., Spec(¢)(Spec(A)) is
dense in Spec(A').

5) Let a € A. Then Spec(Ay) = {z € Spec(A)la & z}. Let ¢ : A — A,
be the canonical homomorphism associated to an element a € A. Then the cor-
responding mapping Spec(¢) is a homeomorphism of Spec(Aq) onto the open set:
D(a) = Spec(A) — V(a) = {z € Spec(A)|a(x) # 0} = support of a. Here a(z) de-
notes the class of a mod x in A/x. Thus a(z) = 0 iff a € z. (D(a) is an open
set.)

In the following table we report some distinguished objects associated to the
points of a prime spectrum of a ring. (For the definition of affine variety see [24]
and Definition 2.32.)

TABLE 1. Objects associated to & € Spec(A)

local ring at 71 A, =S~ 1A, S=A\z

A, =S71A, S = A\ 2: residue field of A,

k(z) = Ay /my, my; C A, maximal ideal. (x)

value of a € A at z, a(x) € A/x C k(x), A — A/z, (a(z) =0 a € z). (%)

tangent space at @, T Spec(A) = Homy () (Mg /m2; k(2)). (x * %)

(%) One has the exact sequence: 0 — z — A — k(x)

(+%) If A C k[X], X = affine variety, x € X determines a maximal ideal of A

k(z) = Kk, a(x) = value of the function a at x.

(x % %) m, /m2 is a k(x)-vector space.

If A, is a Noetherian ring (e.g. if A is Noetherian) then m,/m2 is finite dimensional.

Definition 2.26. The support of a A-module M is defined by the following:
suppa(M) = {p € Spec(A) : My # 0} C Spec(A).

Theorem 2.27 (Properties of support of A-module). 1) M # 0 < suppa(M) # 0.

2) V(a) = suppa(A/a), where V(a) is the set of prime ideals containing a.

3) If0 - M — M — M" — 0 is an ezact sequence, then supps(M) =
suppa(M') U suppa(M"). If M = 37, M; = suppa(M) = U; suppa(M;).

4) If M s finitely generated A-module, it follows that

suppa(M) =V (anna(M))

and therefore is a closed subset of Spec(A). If M and N are finitely generated, then
suppa(M @4 N) = suppa(M) N suppa(N). If M is finitely generated and a is
an ideal of A, then suppa(M/aM) = V(a+ anna(M)). If f : A — B is a ring
homomorphism and M s a finitely generated A-module, then suppa(B @4 M) =
[ L(suppa(M)), where f* : Spec(B) — Spec(A) is the map induced by f.

5) Let A = @ocpcoo An be a Noetherian graded ring. Then Ao is a Noetherian
ring and A = Aglr1, -+ ,xs], with |z;| > 0,% e, A is a finitely generated Ay-
algebra.

“Here lz;| =niff z; € A,.
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Theorem 2.28 (Hilbert-Serre). 1) Let C be a class of A-modules and \ : C — Z.

The function X is additive if, for each short exact sequence 0 — M’ Lm0
in C, we have A(M) = A(M") + A\(M"). Let 0 — My — My — -+ — M, — 0 be
an exact sequence of A-modules in which all the modules M; and the kernels of all
the homomorphisms belong to C. Then for any additive function A on C we have
Y o<icn MM;) = 0. We call Hilbert polynomial P(M,t) = > i, <o0 MMp)t" €
Z[[t]], where X is an additive Z-valued function. P(M,t) is a rational function in

t of the form P(M,t) = %, where f(t) € Z[t], and s is the number of

generators of A over Ag.

2) We denote by d(M) the order of the pole of P(M,t) att = 1. It provides a
measure of the "size” of M (relatively to X). In particular d(A) is defined. If each
|x;| = 1, then for all sufficiently large n, \(M,,) is a polynomial in n (with rational
coefficients) of degree d — 1. (We adopt the convention that the degree of the zero
polynomial is —1; also the binomial coefficient (fl) =0 forn>0, andn =1 for
n = —1.) This polynomial is called Hilbert polynomial of M (with respect to \).

Example 2.29. If z € A, is not a zero-divisor of M, then d(M/xM) =d(M) — 1.

If Ay is an Artinian ring (in particular, a field), A = Ag[z1, - ,zs], then A, is
a free Ap-module generated by the monomials z7"" - -- 2%, with ). m; = n; there
are (s;ﬁzl) of these, hence P(A,t) = (1 —t)~*.

Definition 2.30. We define dimension of the Supp(M) the degree of the Hilbert
polynomial. We define Krull dimension of a ring A the sup of lengths of (n + 1)-
chains of prime ideals pg C p1 C --- C p,, of length n:

dim A = sup{pg C p1 C -+ C pn}.

Theorem 2.31 (Dimension properties). One has the following properties.

1) dim A = supyeg,..(A) dim(Ay).5

2) dim A > 0, +o0.

3) A field has dimension 0; the ring Z has dimension 1.

4) A ring A is Artin iff A is Noetherian and dim A = 0.

5) Let A be a Noetherian local ring, m its maximal ideal. Then, exactly one of
the following two statements is true: (i) m™ # m™*! for all n; (ii) m™ = 0 for some
n, in which case A is an Artinian local ring.

6) dim A = d(A) = 6(A), where 6(A) is the least number of generators of an
m-primary ideal of A, Noetherian local ring.

7) Let M be an A-module. Then

dims (M) = dim(A/anna(M)) = suppesupp,(ar)1dim(A/p)}.

Definition 2.32. 1) Let « be a field of characteristic zero, that is a field containing
the field Q of rational numbers as s subfield, and set A = k[x] = K[x1, ", Xn]
the ring of polynomials in the indeterminates x; with coefficients in k. For r given
polynomials Py, -, P, € k[x|, we define algebraic set X determined by the ideal
a= (P, -, P) of k[x] the following one:

S5For a Noetherian ring A one has dim(A,) < +o00, but can be also dim(A) = +oc.



428 RAVI P. AGARWAL AND AGOSTINO PRASTARO

x;, 1 < i <n, belong to an extension of k
X=Rz=(z1, - ,xn) (for example its algebraic closure)
such that Pj(z) =0,1<j <r.

2) We define irreducible algebraic set (or wvariety) the set X of points in &",
where K is an algebraic closure of x, which are zeros of solutions of a prime ideal
p € Spec(k[x]). We shall write X = Z(p) and we shall introduce the field K =
k(X) = Q(k[x]/p) as the quotient field of the integral domain A = k[X] = k[x]/p
of polynomial functions on X. (We have the inclusions x C A C K.)5 We call
A = k[X] the coordinates ring of X. K = rk(X) is called the field of rational
functions on X. A ring B is integral over a ring A if each element of B is integral
over A, that is to say if each element of B is a root of a unitary polynomial with
coefficients in A.7 If A C B are two rings, the integral closure of A in B is the
subring of B consisting of all elements of B that are integral over A.

3) Let us consider a field extension K/x.® Elements a1,---,a, € K are said
to be algebraically independent over k in K if one cannot find a polynomial P €
K[X1," ", Xn] such that P(aj,---,a,) = 0. Otherwise we say that ay,--- ,a, € K
are algebraic over k. An extension K/k is called an algebraic (field) extension if
every element a € K is algebraic over k, i.e., we can find a polynomial P € k[y],
such that P(a) = 0.

Theorem 2.33 (Existence of primitive element theorem). FEwvery finitely gener-
ated algebraic extension is generated by a single element. More precisely, if L =
Kt nm™) = Q(Kn,--- ,n™]), then we can find c1,--+ ,cm € K such that
L = K@) = Q(K[(]), with ¢ = ein* + -+ + emn™. An extension L/K is called
regular if K is algebraically closed in L, that is no element of L is algebraic over
K.

Definition 2.34. Let us consider the following extensions of fields: xk C K C L. If
L/k is regular, then K ®, L is an integral domain. A maximal subset of K which
is algebraically independent over x is called a transcendence basis of K/k. The
number of elements of a transcendence basis is uniquely defined and only depends
on the extension K/k. This numebr is called the transcendence degree of K/k and
denoted by trd(K/k). If A is an integral domain containing a field x, we shall define
trd(A(k)) = trd(K/k) with K = Q(A). Since K = k(A), transcendence basis exist
that are subsets of A and any such transcendence basis will be called a transcendence
basis of A/k. If K/k is a finitely generated extension, say K = k(a1,- - ,a,) we may
find a transcendence basis among the a;, say ai,--- ,a, and k(ay,--- ,a,), called a
purely transcendental extension of k-module K, is a finite algebraic extension of

k(ay, - ,ar).

6we may consider A as a vector space over k and K as a vector space over A or over k. If we
put |A/k| = dim, A, |K/A| = dima K, |K/k| = dim, K, then we get |K/k| = |K/A|.|A/K|.

A unitary polynomial is a polynomial where the coefficient of the term of highest degree is
equal to 1.

8For simplicity we shall denote by K/k an extension of fields 0 — x — K — K/ — 0.
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Theorem 2.35 (Noether normalization lemma). If A = k[aq,--- ,ay,] is a finitely
integral domain with trd(A/k) = r, then there exist r algebraically independent
linear combinations by, - - - , b, of the a; such that A is integral over B = K[by, -+ , b;]
and K = Q(A) is algebraic over k(by,--- ,b.). If K is an infinite field and P €
K[X1, "+ Xn] 18 @ non-zero polynomial, then we can find elements oy, -+ ,ap € K
such that P(ay, -+ ,ap) # 0 in an infinite number of fashions.

Definition 2.36. If X is a variety defined over the ground field x we define the
dimension of X to be the integer dim,(X) = trd(k(X)/k). If X is an affine va-
riety, that is to say X = Z(p) with p € Spec(k[x1, -, Xn]), then we define the
codimension of X by the integer codim(X) = n — dim(X) = n — d(X). Let X be
an algebraic set defined as the zero of an ideal a, that is X = Z(a). Let us consider
the decomposition of the ideal I(X) = rad(a) into prime ideals. Then, we define
dimension of algebraic set (or of the ideal) to be the maximum of the dimensions
of its irreducible components.

Example 2.37. An irreducible plane curve is a variety of dimension 1.

A hypersurface is an algebraic set which is defined by principal ideal in
K[X1, -+, Xn] and all its irreducible components are of codimension 1. Conversely,
any algebraic set whose components all have codimension 1 is a hypersurface and
its defining ideal is principal.

If a polynomial P does not vanish identically on a variety X, then the irreducible
components of the intersection of X with the hypersurface defined by P all have
dimension equal to dim(X) — 1.

Theorem 2.38 (Hilbert theorem of zeros). A polynomial P € k[x] vanishes on all
the zeros of Py,--- , P, € k[x| iff P € rad(Py,--- , Py).
The polynomials Py,--- , P, € k[x]| have no-common zero iff

<P17"'aP7'>:AEH[X17"'7Xn]'

Theorem 2.39. 1) Let us denote by X = Z(a) the algebraic set deteremined by a
and by I(X) C A the ideal of all polynomials vanishing on X. One has: 1(Z(a)) =
rad(a). One has the following properties:

) XCY = I(X)>I(Y).

(i) aCc b = Z(a) D Z(b).

(iii) I(XUY)=I(X)NnI(Y).

(iv) Z(a+b) = Z(a)N Z(b).

v) Z(a) =0 = a=A.

(vi) Let X andY be algebraic sets defined over k with I(X) = a C k[ug, -+, uy]
and I(Y) = b C K[vy,---,vs]. Then one has k[X x Y] = k[X] ®, [Y],
where k[X] = klu]/a, K[Y] = k[v]/b and K[ X X Y] = k[u,v]/(a,b).

(vii) The ring k[X] = k[x]/a is reduced, that is does not contain any nilpotent
element. Such a ring is called the ring of rational fractions on X. a is
an intersection of prime ideals according to the decomposition theorem, say

= (0, then X = |, Xi, with each X; = Z(p;) a variety and x[X]
is contained in a direct sum of integral domains A; = k[ X]|/pi: k[X] C
D, Ai. k(X) is contained in a direct sum of fields K; = Q(k[x]/p:): k(X) C
D, Ki. FEach field K; is a finitely-generated extension of k and so has a
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finite transcendence degree over k, i.e., the mazximum number of algebraically
independent elements. FEach variety X; coincides with the set of maximal
ideals of A;. Then, the local dimension of X; at p € X; is dim(A;)m,, where
m; is the maximal ideal corresponding to p. The local dimension of X at
p €; X; is dimp X = sup;{dim(A;)m, }.

2) If A is an integral algebra of finite type on a field k, then for any mazimal
ideal m C A, one has dim Ay = trd(Q(A)/k).

3) If A is a Noetherian local ring with dim A = d, the minimal number of gener-
ators of the maximal ideal m is always > d. We say that A is regular if the equality
holds. A Noetherian ring A is called regular if Ay, is reqular for any mazimal ideal
m of A.

Example 2.40. The ring of polynomials A[x] and formal series A[[x]] are regular.

Theorem 2.41 (Syzygies theorem of Hilbert-Serre). The A-modules M of finite
type, with A reqular, are characterized by the fact to admit a projective resolution:
00— Ly — Lg1 — -+ —> Ly — M — 0. A regular local ring is integral and
integrally closed.

Theorem 2.42. 1) Let X and Y be two varieties defined over the field k. One has:
codim, (X NT) < codim,(X) + codim,(Y).
2) Let A be a Noetherian ring then one has: dim Alxy, -+ ,x,] =n + dim A.

Definition 2.43. Let Y be any variety. Y is nonsingular at a point p € Y if the
local ring A, = k[Y],, is a regular local ring. Y is nonsingular if it is nonsingular at
every point. Y is regular if it is not nonsingular.

Proposition 2.44. If A is a Noetherian local ring with mazimal ideal m and residue
field k, then dim, m/m? > dim A. If A is reqular one has dim, m/m? = dim A.

Let Y be a variety. Then the set, Sing(Y'), of singular points of Y, is a proper
closed subset of Y.

(Topologies on a ring). Let (A,) be a filtration of a commutative ring A. Then
(A;,) defines a topology on A compatible with the structure of ring, where (Ay,) is a
fundamental system of neighbourhoods of 0 € A. Set Ao = (), An. Then AJ/A is a
metrizable topological ring and its completion A is called the (separated) completion
of A. The adherence in A of Ay /Ax forms a fundamental system of neighborhoods
of 0. Then A = liinA/An.

Example 2.45 (a-adic topology). Let a C A be an ideal of A and let us consider
the filtration (A, = a”) of A. Then the corresponding topology is called a-adic.

Furthermore, let us assume that (), a” = {0} and that a is of finite type. Then,
one has a” = (&@)" = a" A, where @ is the adherence of a with respect to the a-adic
topology.

In particular, if A = R[x1,---,Xn] and @ = (x1,--- .Xn), then one has A =
R[[x1, -, Xn]], the ring of formal poweseries in n indeterminates on R, that is
YoaCaX® X = X7 X0, ¢ € R, o = (on,--+ , ) € N7, converging in the
topology of A. If R is integer, then so is A = R[[x1, - xnl]-
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Theorem 2.46. Let A be a Noetherian local ring with mazimal ideal m, and let A
be its completion with respect to the m-adic topology. Then one has the following
properties. (i) A is a local Noetherian ring with mazimal ideal @ = mA, and there
is a natural injective homomorphism A — A. The residue field offl s canonically
isomorphic to that of A. Furthermore, A is a flat A-module such that for any
p € Spec(A), one has p = ANy’, for some p’ € Spec(/l), (that is the A-module A
is fidelly flat). (ii) If M is a finitely generated A-module, its completion M with
respect to its m-adic topology is isomorphic to M ® 4 A. (iii) dim A = dim A. (iv)
A is reqular zﬂ’fl is reqular. (Furthermore, if A is regqular any localized ring Ay is
also regular.)

(Cohen structure theorem). If A is a complete reqular local ring of dimension n
containing some field, then A = k[[x1,- - ,z,]], the ring of formal power series over
the residue field k of A.

(Elimination theorem). We say two points p € X and q € Y are analytically
isomorphic if there is an isomorphism A(X), = A(Y), as r-algebras. Here A(X) =
k[ X] and A(Y) = k[Y].

Let f1,---, fr be homogeneous polynomials in xq,- - ,x, having indeterminates
coefficients a;;. Then there is a set g1,--- , g of polynomials in the a;j, with integer
coefficients, which are homogeneous in the coefficients of each f; separately, with the
following property: for any field k, and for any set of spacial values of the a;; € K,
a necessary any sufficient condition for the f; to have a common zero different from
(0,0,---,0) is that the a;; are a common zero of the polynomials g;.

Example 2.47 (Examples of singular points). In the following table are reported
some examples of singular points of curves and surfaces.

TABLE 2. Examples of singular points

Name \ Equation

Singular points of curves in k% (charx # 2).
node 4yt —22=0
triple point 20490 —2y =0
cusp 4yt =P 2 =0
tacnode ot oyt — 2%y — 2y =0

Singular points of surfaces in % (chark # 2)
conical double point | 22 — 3% = 0
double line 22— —y?=0

pinch point B4y +ay=0

Let Y C k2 be a curve defined by the equation f(z,y) = 0. Let p = (a,b) be a
point of k2. Make a linear change of coordinates so that p becomes the point (0,0).
Then, write f as a sum f = fo + --- 4+ fy4, where f; is a homogeneous polynomial
of degree 7 in x and y. Then, we define multiplicity of p on Y, denoted p,(Y), the
least  such that f, # 0. (Note that p € Y iff p,(Y) > 0.) The linear factors of
fr are called the tangent directions at p. Then one has the following: s, (Y) =1
iff p is a nonsingular point of Y. If Y, Z C w? are two distinct curves, given by
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equations f = 0 and g = 0, respectively, and if p € Y N Z, we define the intersection
multiplicity, (Y.Z),, of Y and Z at p to be the length of A,-module A,/(f, g). Then
one has the following: (a) (Y.Z), is finite and (Y.Z), > pp(Y).1up(Z); (b) If p € Y
for almost all lines L trough p (i.e., all but a finite number) (L.Y'), = u,(Y).

The fields, the ring Z, the complete Noetherian local rings, are called excellent
Tings.

Let A be an excellent ring. Then the permanence properties hold: (i) Any local-
ized ring S~!A is an excellent ring. (ii) Any A-algebre of finite type is an excellent
ring.

Furthermore, one has the following propositions: (iii) A is a reduced ring iff Ais
so. (iv) A is integral and integrally closed iff A is so. (v) If A is integral, its integral
closure A’ is a finite A-algebra.

Proposition 2.48 (Derivations and localization). [24]. Let A be a ring containing
a field k. Let S C A be a subset of A. Then 6 € Der(A, M) induces a unique
derivation § € Der,(S™1A; S™'M). More precisely 0(%) = 55“8%“‘55. In particular,
§ induces a unique derivation § € Der,(Ap; My), ¥p € Spec(A). There are the
following isomorphismS'

1A®Q S7'A), ST'AQ) Derg (A, M) = Derg(S™'A; S M),
A
In partzcular one has the following isomorphisms:
Ap®9 =~ 0L(4,), Ap®perK (A, M) = Derg (Ap; M),

for any p € Spec(A).

Example 2.49. Let us consider a finitely generated integral domain A =
K[X1,"** , Xn] over a field k, with quotient field K = Q(A) and extension of finitely
elements y1,--- ,y, € A such that A is integral over k[y] = k[y1, - ,y,], that is
each element a € A satisfies a polynomial equation of the form

Pla)=a? +cia®™ + - 4 ¢4 =0,

where ¢; € kly]. In that case K is an algebraic extension of k(y), that is each
element of K satisfies a polynomial equation with coefficients in x(y) = Q(k[y]) and
(y1,- -+ ,yr) is called a trascendence basis of the extension K/k of degree r. Then
we have that there exists 0 # ¢ € k[y] C A such that Q(A) is a free A--module with
basis {dy;} and Der(A.) is a free A.-module with basis {Jy;}.

Proposition 2.50. [24] Let k C K C L be a chain of extensions of fields. We have
the following short exact sequence of vector spaces over L:

0— L) QN (K)x — QN (L)x — Q' (L) — 0.
K

Here we denote Q1(A), = QYA), (resp. Q' (A)x = QY(A)) to emphasize that
we are talking about k-derivations, (resp. K-derivations). If L/K is any algebraic
extension, we have of course Q(L) g = 0 because any derivation of K can be extended
uniquely to L and we get the following isomorphism: L Q) Q(K)x = Q(L),.
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Definition 2.51. A differential ring is a ring A with a finite number n of commu-
tating derivations dy,--- ,dy, d;d; — d;d; = 0, Vi,j = 1,--- ,n. A differential ideal
is an ideal a C A which is stable by each d;, i = 1,--- ,n.

A differential ring (A, {d;}1<j<n) identifies a subring (subring of constants): C =
cst(A) = {a € Aldja = 0,Vj = 1,---,n} C A. We may extend each d; to a
derivation of Q(A), still denoted by d; and such that d;(a/r) = (rd;a — ad;r)/r?, for
any 0 #r, a € A.

Example 2.52. If K is a differential field with derivations 0y,---,d, and ",
k=1, ---,m, are indeterminates over K, we set y(’)C = y*. Then the polynomial ring
Klyla = K[yl’j,k =1,---,m, = p1-- s, || > 0], can be endowed with a struc-
ture of differential ring by defining the formal derivations d; = 0; + yl’j Hi@yfj . Of
course K[y]q is not a Noetherian ring. We write K[y,|q = K[yl’j\k =1,---,m0<
|u] < q] and one has K(yq)a = Q(K[ygla). We set also K (y)a = Q(K[yla).

Definition 2.53. A differential subring A of a differential ring B is a subring which
is stable under the derivations of B. Similarly we can define a differential extension
L/K of differential fields, and such an extension is said to be finitely generated if
one can find elements n',--- ,n™ € L such that L = K(n',--- ,n™). Then the
evaluation epimorphism is defined by K(yly — K[n)a C L, y* — n*. Its kernel is a
prime differential ideal.

Proposition 2.54. [24] Let (S)q denote the differential ideal generated by the subset
S C A, where A is a differential ring. If A is a differential ring and a,b € A, then
one has the following:
(1) alid,b € (d, (ab)l[v] < ).
(ii) (d;a)* =1 € (a")q.
(iii) If a is a radical differential ideal of the differential ring A and S is any
subset of A, then a: S = {a € AlaS C a} is again a radical differential ideal
of A.
(iv) If a is a differential ideal of a differential ring A, then rad(a) is a differential
ideal too.
(v) One has the following inclusion: arad(S)q C rad{aS)q, Ya € A, and for all
subset S C A.
(vi) If S and T are two subsets of a differential ring A, then

rad(S)q.rad{T)q C rad(ST)q = rad(S)qs Nrad(T),.
(vil) If S is any subset of a differential ring A, then we have:
rad(S,ai,- - ,a,)q = rad(S,a1)qg N ---Nrad(S,a,)q.

Definition 2.55. A differential vector space is a vector space V over a differential
field (K, 0;)1<i<n such that are defined n homomorphisms d;, i = 1,--- ,n, of the
additive group V such that: d;(av) = (0;a)v + a(d;v), Va € K, Vv € V. Then we
say that K is a differential field of definition.

Proposition 2.56. [24] Let V be a differential vector space over a differential field
K, with derivations d;, i = 1,--- ,n, and let {ej}jcr be a basis of V. Then the field
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of definition k of a differential subspace W C V is a differential subfield of K if it
contains the field of definition of each die;,--- ,dne; with respect to {e;}.

Definition 2.57. A family n = (n',--- ,7™) of elements in a differential extension
of the differential field K is said to be differentially algebraically independent (or
a family of differential indeterminates) over K, if the kernel of the evaluation epi-
morphism K[y]q — K|nl]q is zero. Otherwise the family is said to be differentially
algebraically dependent (or differentially algebraic) over K.

Proposition 2.58. If K/k and L/k are two given differential extensions with re-
spective derivations di and dy,, there always exists a differential free composite field
of K and L over k.

Proof. The ring K @), L has a natural differential structure given by d(a ® b) =
(dga) @ b+ a® (drd), as di|. = dr|x = 0. On the other hand there is a finite
number of prime ideals p; C K @), L such that (), p; = 0 and p; +p; = (1), Vi # j.
Now we have the following lemma.

Lemma 2.59. Ifay,---,p, are ideals of a differential ring A such that a;+a; = A,
Vi #£ j, and a; N ---Na, is a differential ideal of A, then each a; is a differential
ideal too.

Therefore we can conclude that each p; is a differential ideal, hence the proposition
is proved. O

Lemma 2.60. A family n is differentially algebraic over K iff a differential poly-
nomial P € p exists such that (Oyp.P) & p, where yp is the highest power of yp,
appearing in P. Sp = (Qyp.P) is called the separout of P. (The initial of P is the
coefficient of the highest power of yp appearing in P and it is denoted by Ip. More
precisely one has P = Ip(yp)" + terms of lower degree.)

Proposition 2.61 ([24]). If S is any subset of a differential ring A and r > 0 is
any integer, we call r-prolongation of S, the ideal

(S)4r = (dyalae S,0<|v|<r) C A

One has the following properties: (1) (S)y(r4s) = ((S)+s)4r- (i) () 400 = (S)a-
(iii) Let a be a differential ideal of the differential ring Klylq. We set ag =
aN K[ygla, a0 = aN K[ylg, s = a. We call the r-prolongation of ay, the following
ideal:
(aq)Jrr = (d,P|P € ag, 0 < lv| <r) C K[yq+r]d~

One has:
(ag)4+r S agtr,  (dg)4o0 S @, (ag)4r N Kygla = ag, Vg,7 > 0.

With algebraic sets it is better to consider radical ideals. Hence if v C Klylq
is a radical differential ideal, then v, is a radical ideal of K[y,lq, for all ¢ > 0.
Then if E;, = Z(vq) is the algebraic set defined over K by v, = I(F,), we call
r-prolongation of E, the following algebraic set: (Ey)4+r = Z((tq)4r). In general
one has (tq)+r C tqqr, hence rad((tq)4+r) C tg4r. Therefore, in general one has:
Eq+r < (Eq)—i-r-
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Proposition 2.62 ([24]). Let p C Klyl|a be a prime differential ideal. Then we
can identify each field Ly = Q(Klyqla/py) with a non-differential subfield of L =
Q(Klyla/p) and we have: K C Ly C --- C Lo = L. Then there are vector spaces
R, over Ly or L defined by the following linear system:

@y Pk =0, {1<r<t, 1<k<m, |u=q},

where 1 1s a generic solution of p and Py, --- , Py are generating py. Such result does
not depend on the generating polynomials. We can also define the vector space g
(symbol) over L, or L, by means of the linear system:

Oy P =0, {1<7<t, 1<k<m, 0<]|u <q}.
For the prolongations (gq)+r one has, in general, gg+r C (gq)+r, Yq,r > 0.

Definition 2.63. We say that R, or g, is generic over E,, if one can find a certain
number of maximum rank determinants D, that cannot be all zero at a generic
solution of p.

Proposition 2.64. R, or g4 is generic if we may find polynomials An, By € Klygla

such that:
ZAQDQ + ZBTPT =1.
o T

Furthermore, Ry or gq are projective modules over the ring K|y4la/pq C Kyla/p.
Proof. It follows directly from the Hilbert theorem of zeros. O

Theorem 2.65 (Primality criterion [24]). Let p; C K[yq4la and pgr1 C Klyg+1]a be
prime ideals such that pgi1 = (pg)+1 and pgr1 N Klygla = pq. If the symbol g4 of
the variety R, defined by pg is 2-acyclic and its first prolongation gey1 is generic
over Ey, then p = (pg)+oo is a prime differential ideal with p N K[Yg+rla = (Pg)+r,
for allr > 0.

Let vy C Klygla and tq41 C Klygt1la be radical ideals such that tgy1 = (v)41
and tgr1 N Klygla = vq. If the symbol g of the algebraic set E, defined by v, is
2-acyclic and its first prolongation gq41 is generic over Ey, then t = (tg)1o0 5 @
radical differential ideal with ¢ N K [yg4r]a = (tq)4r, for all v > 0.

Theorem 2.66 (Differential basis). If v is a differential ideal of Klyls, then v =
rad((tq)+o0) for q sufficiently large.

Proof. In fact one has the following lemma.

Lemma 2.67. If p is a prime ideal of K|ylq, then for q sufficiently large, there is

a polynomial P € Klygla such that P & py and Ppgyy C rad((pg)+r) C Pgtr, for all
r > 0.

After above lemma the proof follows directly. g

Every radical differential ideal of K[y] can be expressed in a unique way as the
non-redundant intersection of a finite number of prime differential ideals. The
smallest field of definition x of a prime differential ideal p C K[y] is a finitely
generated differential extension of Q.
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Example 2.68. With n = 2, m = 2, ¢ = 1. Let us consider the differential
polynomial P = yiy2 — y?ys — 1. We obtain for the symbol g1: yiv? + y3v] —
yiv? — y?v) = 0. Setting vF = yFw! we obtain (yy3 — y?ys)(w? +wl) = 0 and thus
w3 +wi = 0 on Ey. Hence g; is generic. One can also set Py =y, P» = y? and we
get the relation: y2P; — ysP> — P = 1. A similar result should hold for E;. g is
involutive and the differential ideal generted by P in Q(y',y?) is therefore a prime
ideal.

Definition 2.69. A differentially algebraic extension L over of a differential field K
is a differential extension over K where every element of L is differentially algebraic
over K.

The differential transcendence degree of a differential extension L/K is the num-
ber of elements of a maximal subset S of elements of L that are differentially tran-
scendental over K and such that L becomes differentially algebraic over K (S). We
shall denote such number by trd;(L/K).

Theorem 2.70 ([24]). One has the following formula:

dim(Pq+7«):dim(Pq_1)+ Z (7’+i)! i

1<i<n

where ozfz is the character of the corresponding system of PDE’s. The character ozfz
of a g-order PDE E, C JDY(W), 7 : W — M, dim M = n, with symbol g4, is the

integer a; = dim(géz_l))p — dim(gt(f))p, p € E,, where (g((f))p = {C € (g¢)pl¢(v1) =
- = ((vi) = 0}, where (v, -+ ,vn) is the natural basis in Tr, ;) M.

The character o and the smallest non-zero character only depend on the differen-
tial extension L/ K and not on the generators. In particular, one has: trdy(L/K) =
all.
qIf{ is differentially algebraic over K(n)q and n is differentially algebraic over K,
then C is differentially algebraic over K.

If L/K s a differential extension and £,m € L are both differentially algebraic

over K, then & +mn, &n, £/n, (n #0), and d;§ are differentially algebraic over K.

Definition 2.71. If L/K is a differential extension, the set of elements of L that
are algebraic over K is an intermediate field Ky, called the algebraic closure of K
in L. Furthermore, the set of elements of L that are differentially algebraic over K
is an intermediate differential field K, called the differential algebraic closure of K
in L. (K’ is differentially algebraic closed in L.)

If K is a differential field with derivations 01, --- , 0y, we say that the derivative
operators {8H}|M|20 are algebraically independent over K if there does not exist a
differential indeterminate z over K and a nontrivial differential polynomial in K[z]g
vanishing on any element of K.

Proposition 2.72 ([24]). The derivative operators {0} >0 are algebraically in-
dependent over K iff one of the following equivalent propositions are verified:

(i) The derivative operators {0y}, >0 are linearly independent over K.
(ii) The derivatives Oy, - -+ , 0y are linearly independent over K. (In such a case
we simply say that 01, -+ , 0y are independent over K.)
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Theorem 2.73 (Differentially primitive element [24]). If K is a differential field
with independent derivations, then every finitely generated differentially algebraic
extension of K can be generated by a simple element.

If L/K is a finitely generated differentially algebraic extension with derivations
dy,--- ,dp, then L/K can be considered as a finitely generated extension with deriva-
tions dj,--- ,d},_y such that d; = cid; for certain ¢ € C = cst(K).

If L/K is a finitely generated differential extension, then one has the following
propositions: (1) Any intermediate differential field between K and L is also finitely
generated over K. (ii) If C = cst(K), D = cst(L), then D/C is a finitely generated
extension. (iii) If Ko is the algebraic closure of K in L, then Ky is a finitely
generated extension of K and |Ko/K| < oco. (iv) If K’ is the differential algebraic
closure of K in L, then K'/K is a finitely generated differential extension.

If ¢ is differentially algebraic over K(n)q but n is not differentially algebraic over
K ({)q, then ¢ is differentially algebraic over K.

If K C L C M are differential fields and S is a differential transcendence basis
of L/K while T is a differential transcendence basis of M (L), then SNT =0 and
SUT is a differential transcendence basis of M /K. Furthermore

t?”dd(M/K) = tTdd(M/L) + tT‘dd(L/K).

Let (A,{d;}1<j<n be a differential ring such that A is an integral domain with
field quotients K = Q(A), then cst(A) is integrally closed in A while cst(K) is
algebraically closed in K. In general one has cst(A) C cst(K).

Let M and N be filtered modules over the filtered ring A. This means that there
are increasing filtrations, --- C My_1 C My C --- C M and --- C Ny—1 C Ny C
-+ C M, such that A,My C Mgy, and ANy C Ngip respectively, for all g,r > 0.
To such filtered modules we can associate graded modules gr(M) = G = @qugoo Gy
and gr(N) = H = @< <o, Hy respectively, such that Gy = Mg/My—1 and Hy =
Nq/Nq_l.9 Then any morphism f : M — N, compatible with above filtrations,
that is f(My) C Ng, induces by restriction morphisms fg : My — Ny that pass to
quotient inducing morphisms grq(f) : G¢ — Hg, hence a morphism gr(f): G — H,
such that the following diagram

()4>Mq_1 Mq Gq 0
fqli fql grq(f)l
00— Nyt N, H, 0

is commutative with exact horizontal lines. In general f(M)N Ny # fq(My), for
all g > 0.

Definition 2.74. A strict morphism f : M — N between filtered modules is a
compatible morphism such that the following equivalent propositions are verified:
(i) f(M)N Ny = fy(M,), for all ¢ > 0. (ii) The following short exact sequences are
exact 0 — coker(f,) — coker(if), for all ¢ > 0.

INote that G and H are modules over the graded ring gr(A).
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Proposition 2.75. [24] 1) For filtered modules and strict compatible morphisms
hold the following propositions:
(i) A short sequence

OHM’LMLM”HO
is exact iff the associated sequence

0— gr(M") M>g7“(M) L(w>gr(M”) —0
15 exact.
(i) Let M’ L M2 M be an exact sequence then the associated sequence

gr(M') — arid), gr(M) 9719), gr(M") is exact too.

(iii) If the sequence gr(M') 25 o), gr(M) L(g)> r(M") is exact (without assuming

that f and g are strict), and M = quz M, wzth M, =0 for ¢ <0, then f and g

are strict and the filtered sequence M’ LM M s exact.
If the sequence of filtered modules M’ ML M is ezact does not imply
that sequences M, S, M, e, My are exact for all ¢ > 0.

Let
M/ f M g M//
be an exact sequence of Noetherian filtered modules and compatible morphisms. If
the associated sequence

G/q grqe(f) G grqg M//

are exact for sufficiently large q, then the sequence

fq Mq 9q Mé/

(9)

My

are exact for sufficiently large q.

2) Let M be a filtered module over a filtered ring A. One has the following
propositions: (1) M s finitely generated iff gr(M) is finitely generated over gr(A).
This is equivalent to say that there exist homogeneous elements T4, -+ , %, € G, with
Z; € Gy, being the canonical projection of x; € My, such that any element of Gg
may be written as finite sum Y -, <, @;T; where a; € grq—q,(A).

M is Noetherian iff gr(M) is Noetherian.

3) If A is a Noetherian filtered ring, the following three conditions are equivalent:

(i) M s a finitely generated A-module.
(ii) G is a finitely generated gr(A)-module.
(iii) There exist qo such that A; My = Myyq for any q > qo.

Theorem 2.76. Let (A,{0;}1<j<n) be a differential ring. The set D(A) of differ-
ential operators over (A, {0 }1<j<n) is a non-commutative filtered ring and a filtered
bimodule over A.

Proof. If y is a differential indeterminate over A, we may introduce the formal
derivatives dy,- - ,d, which are such that d;d; — d;jd; = 0, Vi,j = 1,--- ,n, and
are defined by: d;(ay) = (0;a)y + a(diy). We shall write d;y = yi, diyy = Ypu+t14,
where g is the multi-index p = (p1,- - , ) with length |u| = w1 + -+ + pn. If



SINGULAR PDE’S GEOMETRY 439

y = (yh---,y™), we set d, = (dq)"* - (dp)* and duyl’C = yl’j Any differential
operator of order g over A can be written in the form P = ZOSuSq atd,, a* € A.
Set ord(P) = q. Then, we can write D(A) = A[dy, - ,dy] = Ald] the ring of partial
differential operators over A with derivatives dq,--- ,d,. The addition rule is clear.
The multiplication rule comes from the Leibniz formula:

9y(ab) = Z)\—FM:V )\1!/7,2!(8)\@)(3#(7)
dy(ay) = Z)\-W:y ¢ (8)\a)duy

Here we have put p! = -+ up!.  With these rules D(A) becomes a non-
commutative ring and a bimodule over A. In fact, the previous formula defines
the right action of A on D(A). The left action of A on D(A) is simply the multipli-
cation on the left by A, that is aP = a(} o<, <, a"du) = D o<, <, aat'dy. Now, the
filtration of D(A) is naturally induced by filtration of spaces of differential operators.
More precisely Dy(A) = {P € D(A)|ord(P) < q}, where ord(P) = sup{|u||a* # 0}.
We set D_1(A) = 0 and Do(A) = A. Then, Dy(A) C Dgt1(A4), D(A) = U,50 De(4)
and Dy(A)D,(A) C Dpiq(A). - O

Al
!

Definition 2.77. If x1,--- , xn, are indeterminates over A, we define the prinipal
symbol of P € D(A), with respect to x, by setting: o, (P) = Zm‘:ord(m atx -
If f,g € A[x|, we define the Poisson bracket:

{f,9} = D 0xi-£)(0:-9) — (9x:-9)(0:-f) € AlX],
1<i<n
where 0;.f is the polynomial obtained by applying 0; to the coefficients of the
polynomial f.

Proposition 2.78. For any P,Q € D(A) with ord(P) = p, ord(Q) = q, we
have: o, (PQ) = oy (P)oy(Q); ord([P,Q]) < p+ q — 1, with [P,Q] = PQ — QF;
{0 (P),00(Q)} £0 = ord([P,Q)) = p+ g — 1 and 0y ([P, Q]) = {ox(P), 0x(Q)}-

Dy(A) identifies a representable functor Dy on the category of modules. More
precisely, for any A-module EE one has the following A-module

Dy,(E) = Homa(ZY(E); A),

where T9(E) = T9(A) Q4 E and T9(A) = Homa(Dy(A); A). One has the isomor-
phism: Dgy(E) = Homa(Z9(A); E*), where E* = Homa(E; A).

If E is finitely generated and projective or free one has the isomorphism Dy(E)
DA ®, B

D(A) identifies a functor from the category of modules to the category of filtered
modules. More precisely, for any A-module E one has: D(E) =J,5q Dq(E).

If E is finitely generated projective module over A, one has the isomorphism:
D(E)=D(A) @, E*.

D(A) identifies a representable functor of two variables, controvariant in the first
and covariant in the second. More precisely one has; Dy(E; F) = Homa(Z4(E); F).

Proof. Let T9(A) = Homa(Dy(A); A) = Dy(A)*. One has the isomorphism
Dy(A) = Homy(Z9(A);A) = Z9(A)*. Then, if E is a module over A, setting
T9(E) = mathcall?(A) Q 4 E, we get on Z9(E) a left-module structure over A. If

~



440 RAVI P. AGARWAL AND AGOSTINO PRASTARO

{er} is a set of generators for E, typical terms of Z9(FE) are 55 ® ek, 0 < |u|l <gq,
fl’j € A. One has also the g-jet operator: j, : E — T9(E), j,(&*ex) = (0,£%) @ ex,
0 < |u| < ¢. One has the isomorphism:

Dy(E) = Homa(T(E); A) = Homa(T9(A); E*).

If F is finitely genertaed and projective or free one has the following isomor-
phisms:

Homa(T9(A); E*) = Hom(Z9(A ®E = 79(A)* (X) E* = Dy(A) R) E™.
A

It is enough to consider that to the inclusions Dy(A) C Dg41(A) there correspond
the projection Z¢t1(A) — T9(A). Then by taking the inductive limit on the filtra-
tion of D(A) we get D(A) = limZ9(A)* = Z°°(A)* and the corresponding projective
limit gives 7°°(A) = imZ9(A). So D(E) = ;>0 Dq(E).

This follows directly from the above points.

Furthermore,

(2.3) D(E,F)=FQ)DA) Q) E*=F(K)D(E
A A A

= F (X) Homa(I™(E); A) = Homa(I™(E); F).
A

!

The ring A can be considered a left-module over D(A): D(A) x A — A, (P,a)
P(a). Then one has the isomorphisms: Homp4)(D(A); A) = A; A= D(A)/I(A
D(A) = A@I(A), where I(A) = {P € D(A)|P(1) = 0}. Hompa)(A;A)
C = cst(A). T(A) = D1(A)JA = {P € Di(A)|P(1) = 0} C Derc(A ) Dl(A)
APT(A).

The left action of D(A) on A coincides with the evaluation of the differential
operators, i.e., (P,a) — P(a). This induces the isomorphism (i). I(A) is a left ideal
of D(A) generated by dy,--- ,d,. This induces the isomorphism (ii). By means of
the inclusions A = Dy(A) C D(A), we can identify A with a subring of D(A), hence
any D(A)-module can be considered also as a A-module, just by forgetting about
the differential structure. Then, one has Hompa)(A4; A) = cst(A) = C. Further-
more, for the A-module D;(A)/Dy(A) = D1(A)/A one has the natural short exact
sequence: 0 — D;i(A)/A — Derc(A), as any element 6 € Di(A)/A is of the form
§ =a'dy + -+ a™d,, hence can be identified with a vector § = a0y + - - - +a"0,, €
Derc(A). Therefore, T(A) = D1(A)/A is a free module over A. Furthermore, as
T(A) can be considered also an element of Dq(A), we get isomorphism (iv).

If A is an integral domain then D(A) is also an integral domain.

Identifying T'(A) C D(A) as a submodule, the commutator in D(A) restricts to
T(A) to produce the standard bracket for vector fields.

We have the following short exact sequences:

~—

i1l

0 — S,T"(A) = TU(A) = T (4) = 00— Dy_1(A) — Dy(A) — S,T(4) 0
where T#(A) = Homu(T(A); A).
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For the graded module gr(D(A)) associated with the filtered module D(A), i.e.,
grq(D(A)) = Dy(A)/Dy—1(A), we have: gry(D(A)) = S,T(A). Furthermore, intro-
ducing indeterminates x1, - , xn over A, we get: gr(D(A)) = Alx1, ", Xn]-

If A is a Noetherian ring, then D(A) is also a Noetherian ring.

The module D(E) can be considered also a left-module over D(A): D(A) x
D(E) — D(E), (P,Q)(e) = P(Q(e)). In particular, if E is a finitely generated
projective module over A, one has the isomorphism Homp4)(D(E); A) = E. One
has a canonical C-linear map (adjoint involution):

ad € Homc(D(A); D(A)), ad(P) = ad(a"dy,) = (—1)*d,a".

One has the following properties: (i) ad? = idp(a; (ii) ad|p,—a = id.4; (iii) ad(d;) =
—d;i; (iv) ad(PQ) = ad(Q).ad(P); If P € D(A) is a differential operator of order ¢
and Q € D(F) is a differential operator of order r, (PQ) € D(E) is a differential
operator of order ¢ + r, such that for any e € E one has P(Q(e)).

In fact, under our hypotheses one has:

Hompa)(D(E); A) = Hompa)(D(A) Q) E*; A) = Homa(E*; A) = E* =2 E. O
A

Theorem 2.79 (Localization in noncommutative ring). Let A be a noncommutative
ring and let S be a multiplicative set in A, that is 1 € S and S is closed under
multiplication. Let us assume that the following two conditions are satisfied: (i)
SanNAs#0,Vae€ A, seS. (Left Ore set condition). (ii) If s € S and a € A are
such that as = 0, then there ist € S such that ta = 0. Then there exists a ring S™'A
(left ring fractions or left localization of A with respect to S) and a homomorphism
0 =0s:A— STA, with the following properties: (iii) 0(s) is invertible in S~1A;
(iv) Each element of S™1A or fraction has the form 6(s)0(a) for some s € S and
a € A; (v) ker(f) = {a € A|Fs € S, sa = 0}. More precisely S™'A = S x A/ ~,
where ~ is the following equivalence relation: (s,a) ~ (t,b) < 3Ju,v € A such
that us = vt € S, ua = vb. We will denote the equivalence class of (s,a) by
s7la € S7TA1Y For symmetry we have a similar theorem for right ring fractions
or right localization of A with respect to S. If A is Noetherian and S C A is simply
a left Ore set in A, then the existence of S~ A is assured.™

Proof. We shall use the following lemmas.

Lemma 2.80. If there exists a left localization of A with respect to S, that is a
homomorphism 0s = 0 : A — S™YA such that the above conditions (iii), (iv), (v)
are satisfied, then also conditions (i) and (ii) must be satisfied.

Lemma 2.81. If S is a left Ore set in a ring A, then one has the following proper-
ties: (a) If s,t € S then A;NANS # 0; (b) Two fractions 0(s)~10(a) and 60(t)160(b),
a,b € A, can be reduced to the same common denominator 0(us) = 6(vt), where
u,v € A such that us = vt € S.

1076t us emphasize that for a non-commutative ring A we cannot write % as it does not distin-
guish between s 'a and as—1.

11Compare with a recent result on the noncommutative localization introduced by A.Ranicki
(34]
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Now, in order to conclude the proof it is enough to prove that the above equiv-
alence relation is well defined in S x A. This can be down just by using above
lemmas. The other proof can be conduced for similarity.

furthermore, to end it is enough to prove that from the fact that A is Noetherian,
the assumption that S satisfies the left Ore condition (i) implies also condition
(ii). Now let s € and a € A such that as = 0. Let us denote yet by ann the
left annihilator in A. Then one has ann(s") C ann(s"t), Vn € N. As A is
Noetherian, we have ann(s") = ann(s"!) for n > 0. From the left Ore condition
we may find t € S, b € A such that ta = bs™ and we get bs"T! = tas = 0. Hence,
b € ann(s"tt) = ann(s"). Therefore ta = 0. O

Theorem 2.82 (Localization of module over noncommutative ring). Let M be a left
module over the noncommutative ring A and let S C A be a set in A that satisfies
conditions (i) and (ii) in Theorem 3.124(1). Then there exists a left module S~ M
over STLA (left module of fractions or left localization of M with respect to S) and
a homomorphism 0g = 0 : M — S™'M with the following properties:

(iii) Each element of ST'M has the form s~10(x) for s € S, x € M;

(iv) ker(8s) = ts(M) = {x € M|3s, st = 0} = S-torsion submodule of M.
More precisely S~'M = S x M/ ~, where ~ is the following equivalence relation:
(s,x) ~ (t,y) < Fu,v € A such that us = vt € S, ux = vy. For symmetry we have
a similar theorem for right module fractions or right localization of M with respect
to S. One has the following isomorphism of modules over S™1A:

(ST QM =S"M.
A

Proof. The proof can be conduced for similarity with one of the previous Theo-
rem 3.124(1). Let us simply emphasize, here, that tg(M) is just a sub-module of
M. For symmetry with respect to the point. This isomorphism is induced by the
multiplication map S™'A x M — S~™'M. O

Proposition 2.83 (Internal operations). Let A be a differential ring with n deriva-
tions {0;}1<i<n. A wvector ( € T(A) can be written ( = ('0;, " € A, and a
r-form a € N"T*(A), T*(A) = Homa(T(A); A) can be written in the form o =
2191<m<ir§n ozih...jiTéil Ao A = arpd!, where Qi € A and I = (i) <

. < i) is a multi-indexr and 8T = 6 A -+ A 6712 One has the following
distinguished properties: (1) (Exterior differential). d : A™T*(A) — A™H'T*(A),
do = (0;a1)6 N 61, ar.(0;ar) € A. One has the following property:

dlaAp)=(da)ANB+ (—=1)"andB, a € N"T*(A), g € A°T*(A).

(2) (Interior multiplication by a vector & € T(A)). &] : A"T1T*(A) — A"T*(A),
Ela = (Eaiiy...i, )0 A=+~ A& . One has the following properties: (i) (¢]d+d¢|)a =
€]da = £(a) = £(Dia) € A, a € A. (i) £]d+ de|d = d(€])d +de ], (as & = 0). (i)
El(a A f) = (EJa) A B+ (1Y an(E]B), a € NT*(A), B € AT*(4).

(3) (Lie derivative with respect to a vector £ € T(A)). L¢ : A"T*(A) — A"T*(A),
Lea =& (a) +d(€]a), @ € A"T*(A). One has the following property: [Le,Lc] =
E[E,{]? V§7C S T(A)

12por example if A =Q[x',---,x"], one has 9; = 0x;, 6 =daz’, i=1,--- ,n.
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Let A be Noetherian integral domain. Then D(A) is also a Noetherian integral
domain and if S C D(A) is a left Ore domain in D(A), then one has the following
isomorphisms: ST1D(A) = D(A)S™!.

(Adjoint operation). The adjoint operation identifies a functor from the category
of left D(A)-modules to the category of right D(A)-modules. More precisely m.P =
ad(P)m, for any m € M, where M is a A-module, and P € D(A). One has
m.PQ = ad(PQ)m = ad(Q)ad(P)m = (m.P).Q. ad(ad(P)) = P.

A"T*(A) has a right module structure over D(A), if A is a differential ring with
derivatives {0; }1<i<n-

Proof. If & = ad* A --- A 6", a € A, one has a.P = ad(P)(a)s' A--- Ad™. An
alternative proof can be given also by taking into account that D(A) is generated
by D1(A) = A@T(A). Then, any P can be considered as linear combinations of
iterated operators of first order. Such operators can be written as linear combina-
tions of term of the form a + ¢, with a € A, £ € T'(A). Then, it is enough define the
right action a.(a + §) = a.a + «.{. The action a.a is defined by «(¢)a, V¢ € T(A).
Furthermore, one has: a.§ = —L¢o. O

Proposition 2.84 ([24]). If M and N are left D(A)-modules, then Homa(M; N)
and M@ 4, N become left D(A)-modules. If M is a left D(A)-module and N is a
right D(A)-module, then M @ 4 N and Homa(M; N) become right D(A)-modules.
If M and N are right D(A)-modules, Hom s (M; N) becomes a left D(A)-modules. If
M is a left D(A)-module and N s a right D(A)-module, then one has the following
properties: (i) M, = A"T*(A) Q4 M is a right D(A)-module, called the converted
right D(A)-module of M. (ii) N = Homa(A"T*(A);N) = A"T(A)Q4 N is a
left D(A)-module, called the converted left D(A)-module of N. Above conversions
identify corresponding functors that are inverse to each other.

Definition 2.85. A linear differential system of order q, on the A-module E, is a
submodule over A, E, C Z9(E) of the A-module Z¢(E). We say that E, C 79(E) is
a normal differential system if F = T9(F)/E, and E, are free or projective modules
over A. We call r-prolongation of Ey, Eqy, = I"(E.) NZ97"(E). We say that Ey is
reqular if Eqi,., v > 0, is a normal differential system of order ¢ 4+ r. We say that
E, is formally integrable if it is regular and FEqi,41 — E44» — 0 are short exact
sequences for all » > 0.

Theorem 2.86 ([24]). Let E, C T9(E) be a differential system of order q. The
following properties hold:
(i) The following sequences are exact:

(a) 0 = E;, = I9E) - F —0
(b) 0 — F* = Dy(A) @, E* —
(€) 0 By — I977(E) — T'(F) — Qy — 0
(d) 0= QF — D,(F) — Dq+r(E)
Furthermore, the exact sequence D(F) — D(E) — M — 0, defines M equipped

with the quotient filtration My C --- C Mgy, C --- C M. In general the induced
sequences Dy(F') — Dyir(E) — Myyr — 0 are not necessarily exact.
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(i) If Ey is normal then the exact sequence (a) splits and the exact sequence (b)
can be completed obtaining the following one:

(bb) 0 — F* — Dy(A) (K E* — E; — 0.
A

(iii) If Eg4r is a regular system, then the sequence (c) splits and (d) can be
completed giving the following exact sequence:

(dd) 0 = Qp = Dp(F) = Dgyr(E) — Eg
(iv) If the morphism D(F) — D(E) is strict the sequences
D, (F) — Dq+r(E) — Mgir — 0

- — 0.

are exact. In this case we have the exact sequences: 0 — Eg . — M, 0 — Eg . —
El i1, Eqiry1 = Eqyr — 0, for all v > 0, where Ey is reqular. Therefore, in such
a case Iy is formally integrable.

(v) If E; C T9(E) is a formally integrable linear differential system, one has

Eq-‘rr - (Eq)—‘rr <~ Dqu - Mq—f—ra Vq,r > 0.
More precisely one has: Eqir = (Eq)4r for v > 0 and Ey C (Ep)4q—p), for all
p < q. One has the filtration of M = ES, < Eo = M* by means of My = Ej <
Eq = M. The corresponding gradiation is gr(M) = G, with g; = G4 < g, = Gy.

gq is the symbol of E. One has g4 € (9p)4(q—p), for all p < q, and ggyr = (9¢) 4+
for all T > 0.

Definition 2.87. A solution of a g-order linear differential system E, C T9(E),
is an element e € E such that ji(e) € E,;. The set of solutions is a submodule
Sol(E,;) =© C E, over A.

Theorem 2.88. Given a formally integrable q-order linear differential system FEq C
T E), one has the following isomorphism:

0= EaztOD(A)(M;A) = Hompa)(M; A).

Proof. As E and F are projective modules of finite rank over A, we obtain the exact
sequence of filtered left D(A)-modules:

(2.4) D(F) — D(FE) — 0.

If N is another left D(A)-module, any sequence D(F') — D(E) — N induces a
morphism M — N of left D(A)-modules. We can define a solution of M in N such
a morphism M — N. We denote the set of such solutions by Soly(M). Let us
apply the controvariant functor Homp(4y(—; V) to the sequence (2.4), and taking
into account the following isomorphisms:

(2.5) { Homp)(D(E); N) = Hompa)(D(A) Q@4 E*;N) = Homa(E*; N)
' ~prQN2EQ,N

we get the following exact sequence:

0 — Homp(a)(M;N) - EQRQN — F () N.
A A
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So we get thet Soly(M) = Hompa)(M;N) = Emt%(A)(M; N). In the case that
N = A we get that © = Emt%(A)(M; A). O

Theorem 2.89 (Algebraic criterion for formal integrability [24]). Let Z, = Z(p,) be
the variety defined by means of ideal pg C K[y4la such that the following conditions
are verified:

(i) (Pg)+1 = Pg+1 C K[yg+1la is also a prime ideal.
(i) pg+1 N Klygla = pq-
(iii) gg41 is generic over Ey.
(iv) gq is 2-acyclic.

Then (pq)+o00 =9 C K[ylq is a prime differential ideal, where p is the differential
ideal generated by a finite number of differential polynomials Pi,--- , P, defining
E,, and E, is formally integrable. If one of these conditions is not satisfied we get
that p is not a prime ideal, hence we have a factorization of p. In other words the
PDE is not formally integrable.

Proof. 1t follows from above propositions. O

Example 2.90 (D’Alembert equation). Let us consider the d’Alembert equation
(d'A) c JD*(W), defined by means the following differential polynomial F = ., u—
uguy, over JD?(W), where 7 : W = R3 — M = R?, (z,y,u) — (z,y). The ideal
(F') is not prime in R{u, Uy, ty, Uzy]. One irreducible component p; is generated by
(ug,uy), while the other is described by the system in solved form: (d'A) ug, =
% with the localization u # 0, that is formally integrable. The intersection of
these two components is described by the system

(2.6) (A)(\(B) =(C) C ID* (W) : {uz = 0,1y =0, uyy = 0}.

Let us see under which condition a solution of the formally integrable component
(B) C JD*(W) : {uzy = “*¢}, can pass for such intersection, say (A)((B) =
(C) ¢ JD*(W). For example, let us consider the following solution u(z,y) =
(ng + ay + 1)h(z), where o, 5 € R and h(z) is an arbitrary function on one real
variable [24]. Then let us require that such a solution pass for (C) C JD?(W). We
get that this condition requires h = v € R, a« = § = 0. Therefore, we get that
u = u(x,y) is also a solution of (C) iff u = v € R, i.e., a constant function on R2.
Since m(C) = R? = M, it follows that we can also find nontrivial solutions of (B)
that pass for some point (xg,y0) € R? = M for (C). For example
B 2

§y +1)a b?ﬁ#oa

is of the type above considered. This gives, for (zo,y0) = (0,0), u(0,0) = b # 0.
Thus the two solutions u(z,y) = b and the one given in (2.7) are both solutions of

(B), having a contact of second order in p = (0,0) € M, but the first, i.e., u(z,y) = b
is a solution of (A) also, and meets the solution (2.7) just in the intersection (C).

(2.7) u(z,y) = (be® — bx)(

Example 2.91 (Some singular PDE’s). In Table 3 we report some singular PDE’s
having singularities of the type just reported in Table 2.
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TABLE 3. Examples of singular PDE’s

Name Singular PDE

PDE with node and triple point (u;)4+(u§)47(ui)2:0

E1CJD(E) (u2)%+(up )0 —u2us=

PDE with cusp and tacnode (uglg)4+(u§)4—(ui)3+(u§)2=0

E1CJID(E) (u2)*+ (ud) = (u2)2 (ub)— (u2) (ul)2=0

PDE with conical double point, double line and pinch point (u1)2—(u316)(u§)2:0

ErCID(F) (u?)2— (u2)?— (ul)?=0
(6334 (ud)3+ (u2) (u3) =0

W:EER4*}R27 (3373/7U17U2)’_’(33:y)~ ﬁ:FERSH]R27 (x7y7u17u27u3)H(x7y)'

3. SURGERY, INTEGRAL BORDISM GROUPS AND
GLOBAL SOLUTIONS EXISTENCE THEOREMS

In order to characterize the global properties of solutions of PDE’s we shall char-
acterize the integral bordism groups of PDE’s. Here we shall report on some results
given by A.Préastaro in [14, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32].

Let V C JX(W) be an integral manifold, dimV = p, p < n — 1. We denote
by (V) C V the set of all singular points of the mapping 7o : V — W, and
Si(V) = {q € V|dim(ker(mp0|v)sq) =1} C (V). Set Lo g = ker(mppo|v)sq C TyV.
Then, one has Lo, C S*(Z;) & v, for some subspace 24 C L. We will consider only
the minimal subspace Z, with the above property. An integral manifold V' C J¥(W)
will be called admissible if the following properties hold:

(i) (V) C V has no open subsets and has no frozen singularities, i.e., for any
q € 2(V), Lo is a degenerate subspace in S*(Z,) & v, with respect to the exterior
2-form Q(q)(\) € COO(AQ(E,’fb(W);)). Recall that

kerQ(q)(\) = {0 € S (TEN) @ va|00 € TN © g3} =gV

where g, is a symbol space of tensor A € S* 1 (T,N)®@v}: g\ = {y € S"¥ 1 (T;N)®
Va | (\,7) = 0}. (ii) There is a vector bundle e : H — V such that the fibers H, D Z,
for any point g € V, satisfy the following conditions: =, C Hy C Ly, dimH, <.
(iii) The family Lo : ¢ — Log4 over X(V) can be prolonged to some subbundle
Ly ¢ HQv. (iv) If V is a compact closed integral manifold of dimension p,
0 <p<mn-—1, for V passes at least one integral manifold of dimension (p + 1)
that satisfies above conditions (i), (ii), (iii). More precisely, we shall assume that
an integral manifold V' of dimension p < n — 1, is admissible if its set of singular
points X(V') can be solved by means of integral deformations. Furthermore, we say
that V is integral admissible with respect to a PDE Ej, if V' is admissible in the
above sense, is contained into Ej, and the (p + 1)—dimensional integral manifold
mentioned in the above point (iv) is also contained into Ej. Let Ej, C J*(W), k> 0,
be a k-order PDE, dimW =n+m. If f; : P, — Ey, i = 1,2, are C*° mappings that
represent p-dimensional integral admissible manifolds N; C FEj respectively, then
Ny ~g, Na & 3 a C*™ mapping f : R — Ej, such that R is a (p + 1)-dimensional

smooth manifold with OR = P, U Py, flp, = fi, i = 1,2, and the following condition
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is verified: (i) f(R) =V C Ey is a (p+ 1)-dimensional piecewise admissible integral
manifold of Ej. Then we say that N; and No are Ep-bordant. We call ka, the
integral p-bordism group of Ej. Note that if N = dV is nonorientable, V' cannot be
simply connected. In fact, a compact nonorientable p-manifold without boundary
cannot be embedded in a simply connected (p + 1)-manifold [26]. The empty set
() will be regarded as a p-dimensional compact closed admissible integral manifold
for all p > 0. ~p, is an equivalence relation. We write ng for the set of all Ej-
bordism classes [V]g, of compact closed p-dimensional admissible integral manifolds

of Fx,0 < p < n — 1. The operation of taking disjoint union (J defines a sum +
on Q% such that Q" becomes an abelian group. The class [0]g, defines the zero
element. For k = 0 we set Q)0 = Q (Ey), where Ey C J)(W) = W, and Q,(Eo) is
the p-bordism group of Ey. We shall denote by €2,, p € N, the p-bordism groups of
unoriented smooth compact p-dimensional manifolds.

For any couple (J¥(W), Ey), where Ej, C JX(W) is a PDE, we will denote by
Qp(Eg), p € {0,...,n — 1}, the corresponding relative integral p-bordism groups,
and we call them the quantum p-bordism groups of .

The existence of admissible p-dimensional manifolds is obtained solving Cauchy
problems of order p € {0,--- ,n — 1}, i.e., finding n-dimensional admissible integral
manifolds (solutions) of a PDE Ej C J¥(W), that contains some fixed integral
manifolds of dimension p < n. We call low dimension Cauchy problems, Cauchy
problems of dimension 0 < p < n — 2. We simply say Cauchy problems, Cauchy
problems of dimension p =n — 1.

In a satisfactory theory of PDE’s it is necessary to consider in a systematic way
also weak solutions, i.e., solutions V', where the set X(V') of singular points of V,
contains also discontinuity points, ¢,¢' € V, with m40(¢) = mr0(¢') = a € W, or
7k(q) = m1(¢") = p € M. We denote such a set by X(V)g C X(V), and, in such cases
we shall talk more precisely of singular boundary of V', like (0V)g = 9V \ ¥(V)s.
However for abuse of notation we shall denote (0V)g, (resp. X(V)g), simply by
(0V), (resp. X(V)), also if no confusion can arise. Solutions with such singular
points are of great importance and must be included in a geometric theory of PDE’s
too.

Let Qfﬁl, (resp. QfﬁLs, resp. QEELU)), be the integral bordism group for (n—1)-
dimensional smooth admissible regular integral manifolds contained in E}, borded
by smooth regular integral manifold-solutions,'? (resp. piecewise-smooth or singular
solutions, resp. singular-weak solutions), of Ej.

Theorem 3.1 ([25]). Let us assume that Ey, is formally integrable and completely
integrable, and such that dim Ey, > 2n + 1. Then, one has the following canon-
ical isomorphisms: QL Y Bppsen_1H(W;Z) ®z, Qs = QEEI/KE’C =

n—1,w n—1,w

QEELS/KEELS’M. Furthermore, if E, C J¥(W), has non zero symbols: gpys # 0,
s >0, (this excludes that can be k = o0), then Kffly&w =0, hence inl,s &~ Qfﬁl’w.

Here we want relate the concept of conservation laws with the existence of smooth
solutions bording Cauchy manifolds in PDE’s, and with the integral bordism groups.

13This means that Ny € [Na] € Q%% iff N{>) € [NS>)] € QF=,. (See refs.[26] for notations.)

n—1s
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Definition 3.2 ([25]). We define (differential) conservation law of a PDE Ej C
JF(W), any differential (n — 1)-form (3 belonging to the following quotient space:

d~1CO"(Ey)
CO" 1(Ex) P dO2(Ex)’
where Q9(E), ¢ =0,1,2,..., is the space of differential g-forms on E, , CQ4(Fs
is the space of all Cartan ¢-forms on Ey, ¢ = 1,2,..., and CQ°(Esx) = 0,
CU(Ey) = QU(Ey), for ¢ > n, Q71 (Ey) = 0.1* Thus a conservation law is a
(n — 1)-form on E+ non trivially closed on the (singular) solutions of Ej.

Cons(Ey) = Q" HEx) N

Theorem 3.3 ([25]). There exists a canonical representation of the space of differ-

oo
ential conservation laws of Ey in H(Fy) = R%71,

Definition 3.4 ([25]). We call full p-Hopf algebra, (or space of the full p-conservation
E
laws), of Ej, C J¥(W) the following Hopf algebra: H,,(E},) = R%" 15 In particular
for p = n — 1 we write H(Ex) = H,,_1(Fx) and we call full Hopf algebra of Ej,
Boo
H(E,) = H,_1(Fy). If (E°" 1) = H(E,) = R%1, we say that Ej, is wholly
Hopf-bording.

Theorem 3.5 ([25]). If Qfﬁ"l 18 trivial then Ey is wholly Hopf-bording. Further-
more, in such a case E9"1 = 0.

In order to distinguish between integral manifolds V' representing singular so-
lutions, where ¥(V') has no discontinuities, and integral manifolds where X(V)
contains discontinuities, we shall consider “conservation laws” valued on integral
manifolds N representing the integral bordism classes [N]g, € QE’C.

. ~ _ QP (Ep)Nd- 1 (CQPTI(E
Definition 3.6 ([23, 24, 25]). Set: J(Ey)P = dQP*l(Ek)eg{g)s?p(E,f)mdfl((Csfp)ll(Ek)))}'

Then we define integral characteristic numbers of N, with [N]g, € ng, the numbers

iIN] = ([N]g, [o]), Vie] € T(Er)".

Theorem 3.7. [22, 23] Let E, C JX(W) be a PDE. Let us consider admissible p-
dimensional, p € {0,1,--- ,n — 1}, integral manifolds that are orientable. Let N1 €
[No)g, € ng, then there exists a (p + 1)-dimensional integral manifold V' C Ej,

such that OV = Ny U Ns, where V' is without discontinuities iff the integral numbers
of N1 and Na coincide.

Remark 3.8. Integral bordism groups allow us to identify a large class of PDE’s,
(extended crystal PDE’s), where their integral bordism groups are extensions of
crystallographic subgroups. There we can identify obstructions to existence of global
smooth solutions with some suitable charactersic classes. (For more details see
[29, 30, 31, 32, 33].)

MO0 (Boc) = {8 € Q1(Ew) B(C1 5 C) (p) = 0,Gi(p) € (BY)p, ¥p € Boo}.
I5H(E..) has a natural structure of Hopf algebra if Q> is a finite group, otherwise it is an
extension of an Hopf subalgebra. (See [22, 23].)



SINGULAR PDE’S GEOMETRY 449

V=Vioy,  VEViURY:

FIGURE 1. d’Alembert singular solutions (a) e (b).

Definition 3.9. Let E, C J¥(W) be a singular PDE, that splits in irreducible
components A;, i.e., By, = |J; Ai. Then, we say that Ej, admits an algebraic singular
solution V- C Ey, if V() A, =V, is a solution (in the usual sense) in A, for at least
two different components A,, say A;, A;, i # j, such that A; () A; # 0.

Let N1, N2 C E, C J¥(W) be two (n — 1)-dimensional admissible integral man-
ifolds. We say that Nj algebraic integral bords with Ny, if N1 and Ny belong to
two different irreducible components, say N1 C A;, Na C Aj, i # j, such that there

exists an algebraic singular solution V' C Ej such that 0V = Ny | Na.

In the singular integral bordism group Qfﬁ 1 of a singular PDE E} C JEW),
we call algebraic class a class [N] € Qfﬁlys, with N C Aj, such that there exists a
(n — 1)-dimensional admissible integral manifolds X C A; C Ej, algebraic integral
bording with NN, i.e., there exists an algebraic singular solution V C E}, with

oV =NUX.

Theorem 3.10. (Singular integral bordism group of singular PDE.) Let Ej C
JE(W) be a singular PDE, that splits in irreducible components A;, i.e., Ej, = U, 4.
Then a smooth solution V' C Ej is the one that belongs to some of its irreducible
components A;. If A;j(A; # 0, then V is an algebraic singular solution belonging
to both A; and A; iff Vij = (Vi= ANV)N(V; = A;NV) #0. In such a case we
say that V bifurcates along V;; C V.16

Proof. 1t is a direct consequence of above results and definitions. O

Example 3.11 (d’Alembert equation singular PDE and global algebraic singular
solution). Let us consider again the singular d’Alembert equation (Example 2.90).
If Ny C (A) and No C (B), it follows that Ni|J N2 = 0V, where V. = Vi, Vo,
where Z is reduced to the point p = (0,0), in (A)((B) = (C) and V; is the disk

16Note that the bifurcation does not necessarily imply that the tangent planes in the points of
Vi; C V to the components V; and Vj, should be different. See, e.g. Fig.1(a).
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D?, identified with the solution u(z,y) = b € (C), with boundary N, and V5 is
identified with the solution in (B) passing for p and bording N». So V' is an algebraic
singular solution of (d’'A), obtained by surgering V; with V5 at p. (See Fig.1(a).)
In this way the algebraic singular integral bordism allows to generalize integral
bordism to all the components of (d’A) and not only to the solved form (B). With
this respect we can state that QSC;A) = 0, by considering (d’A) as a singular PDE.
Note that Qgi,) = Qgi) = 0. Another algebraic singular solution of (d’A) can be

obtained by cutting, with the solution u = b’ # b, the above solution V5 of (B). In

this way one obtains circular sector V{ on the plane u = b, with boundary NjJ Z'.
Then the new algebraic singular solution is V' = V{ |, V3, where VJ has boundary
Z'|J Na. (See Fig.1(b).)

Finally note that u(z,y) = b € R is a smooth solution of the singular PDE (d'A),
belonging to both components (A) and (B) since it belongs also to (A4)()(B). In
the above examples of algebraic singular solutions one has that the bifurcation set
is reduced to a point in Fig.1(a) and to a circle in Fig.1(b).

4. SURGERY AND GLOBAL SOLUTIONS IN SINGULAR
ORDINARY DIFFERENTIAL EQUATIONS

Nonsingular ordinary differential equations (ODE’s) have some particularities,
with respect to PDE’s, one of most important is that for ODE’s the Cartan dis-
tribution is necessarily 1-dimensional and the symbol is trivial. Let us however
note that some important 1-dimensional dimensional characteristic distributions of
PDE’s can exist also for PDE’s. (See the following example. There, the characteris-
tic distribution is related to solutions of Cauchy problems.) In this section we shall
characterize singular ODE’s and to see how global solutions passing through sin-
gular points, can be obtained by surgering techniques. Furthermore, we shall show
that singular points in ODE’s are sources of unstabilities in the global solutions
passing through them.

Example 4.1. 1) (Cauchy problems and characteristic curves). Let us consider the
following PDE:

By CID(W), m:W=R"xR—RY {P%,u)ue+Q(",u) =0}

Its Cartan distribution E; is generated by the following differential 1-forms:

wo = [(024.P*)uq + (02+.Q)|dzY + [(Ou.P*)uq + (0u.Q)]du + P*duq
w1 = du — undx® ’

Therefore the Cartan distribution E; is generated by the following vector fields:
¢ = X¥0xq +uqlu) + Z,ou®, X% Zy € C°(JD(W),R)
such that

ZoP* = —X7[(024.P*)uq + (024.Q) + (Ou.P)uquy + (0u.Q)us).
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Therefore, dimE; = 2n — 1. Its completely integrable sub-distribution (character-
istic distribution), is obtained by means of the following conditions:
(¢, dwo) = Awo + Bwy
(¢, dw1) = Awy + Buwy
J

} A B, A, B e Co(JD(W),R)

X® = AP«
—Zy = A[szw + Qa + Pfu/gua + Quual
Therefore the characteristic distribution Char(E;) C E; is 1-dimensionale and
generated by the following vector:

¢ = P[0z + u,0u] — [PPus + Qo + Plugua + Quua]ou®.

Therefore, if N C Fj is a (n — 1)-dimensional integral manifold, such that ((p) &
T,N,Vp € N, the flow generated by ¢ produces an admissible integrale manifold
V C Eq, of dimension n: V = J, ¢+(N), ¢ = d¢. The corrisponding characteristic
distribution on W is generated by ¢ = P[0z, + u,0u] and generates the solution
on W.

For example let us consider the following first order PDE Ey € JD(W), {uzx+
uyy = 1}. The corresponding characteristic vector field is given by ¢ = z0x +
YOy + Ou — uy0u” — uyOuY. The characteristic curves satisfy the following ordinary
differential system:

(9 = dt = z(t) = cre!
T=ux
y=vy W — dt = y(t) = cae’
uw=1 =
Uy = —Ug du = dt = u(t) =t + ug
Uy = —1Uy ug(t) = cge™"

“y(t) = c4€_t J

Therefore, by considering an admissible 1-dimensionale integral manifold y = v,
defined by the following equations: F(x,yo,u,uz,uy) = 0, 1 < I < 3, we get
that the generated 2-dimensional integral manifold is identified by the equations:
Fl(zel, yoel,u+ t,uze ™t ue ) =0,1 <1 <3.

In singular ODE’s the Cartan distribution does not necessitate to be 1-dimensional
in the singular points. In fact one has the following theorem.

Theorem 4.2 (Integral characterization singular points in ODE’s). Let Ej C
JDE(W) be an ODE on the fiber bundle 7 : W — M, where dimW = m + 1
and dim M = 1. One has the following propositions.

(i) If Ex is a determined non-singular ODE, then its Cartan distribution Ey is
1-dimensional and its symbol (g)q = 0, Vq € E},. Furthermore, any smooth solution
V C E}, necessitates to be stable at finite times.'”

(ii) If Ey, is a singular ODE, then for its Cartan distribution (Ey)q, in a singular
point q € Ey, can be verified the following situations:

17But does not necessitate to be asymptotically stable. Note that the average stability for
solutions of ODE’s coincides with the asymptotic stability.
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(a) (Full degeneration). The jacobian matriz (0¢1,.F*)(q) = 0, where F* = 0 are

the local equations encoding Ey, and (£¥) = (t, (ﬁ)j), 0 < a <k, are the coordinates
on JD¥(W).!® Then, (Ey), = Ex(W)y, i.e., the Cartan distribution at g, coincides
with the Cartan distribution of JDk(W) at the same point q. Furthermore, the
symbol (gr)q = vVIGW, i.e., the symbol of Ej, at q, coincides with the symbol of the
trivial ODE JD¥(W) C JD*(W). In such a case we say that the integral singular
dimension of q is m.

(b) The rank of (9¢.F%)(q) is m —s, m > 1, s <m. Then (E), may be unde-
termined, whether some conditions are not satisfied, (integral singular consistence
conditions). When these conditions are satisfied, the dimension of (Ey)q is 1+ s.
We call s the integral singular dimension of such a singular point q. There the

symbol (gr)q has dimension s: dim(ggy)q = s. If m = 1, (8(1]? F)(q) = 0, then
dim(gy)q = 1 and dim(Ey), € {1,2}. In such a case we say that q has integral
singular dimenston s = 1.

Furthermore, in both cases (a) and (b), any smooth solution V. C Ej}, passing
through a singular point does not necessitate to be functional stable, i.e. there can

occurr finite times unstabilities.”

Proof. (i) In this case we can assume that the local equations

(k)

F'(t,u?, @, -, uJI)=0,i=1,...,m, can be solved with respect (u)]. This im-

plies that A = (9 (u) j.F") is a mxm matrix that in any point of E}, has determinant

different from zero. Then in such a case one has that Ej}, is a smooth submanifold
of JD*(W) of dimension dim Ej, = dim JD¥(W) —m = 14+m(1+k) —m = 1 +mk.
Furthermore a Cartan vector field of Ej is a vector field ¢ on JDF(W) of the type

14a) . (« . (K .
¢=T(0t+ Zogagk—l( % )Jﬁ(u)j) + ij)(u)j, where T and Z7, 1 < j < m, are

numerical functions on JD¥(W), such that ¢.F? = 0. So these functions must solve
the system:

; (a) i i ('1+a) ; (a) i
Z1(0 u j.F") = —T[Ot.F") + X pcack1 © (0 u ;. F")

Fi(t,ud, -, ud)y=0

k
Under the condition that det(0 (u)

solution of the system (4.1):
Z/(q) = =T (a)(A™)](0)
(14a) ()

(4.2) b(q) =[(OLF) + Ypcacpr © (0 u
q GEk.

(4.1)

;. F) = det(Aé-) # 0, one has the following unique

i F)]

18We adopt the notation that vertical coordinates in JD*(W) are written in the form (ﬁ)j,

with 0 < a < k, and we set %Dj =l

191 the case where (Ek)q is undertermined, there is no solution passing through the singular
point ¢ € E. However, if in the neighbourhood of ¢ there exist solutions tending to such a point
g, we can, for continuity surgery such solutions.
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Thus the Cartan distribution of Fj is the 1-dimensional distribution generated by
the following vector field

. o) - Qo . . -k
(4.3) c=ot+ S Vi —viania ' .

i
0<a<k—-1

The equation of the symbol can be written X?A? = 0. Since det(A?) # 0, it follows
that the unique solution is X* = 0, hence (gx), = 0, for all ¢ € Ej. This has as a
consequence that any smooth solution of E}, is functionally stable, i.e., there cannot
occurr finite times unstabilities. ‘ '

(ii) If, instead, there points ¢ € Ej, where det(A?)(q) = 0, and the rank of (A4])(q)
is m — s, then the linear equation (X°A7)(q) = 0 has there s linearly independent

o)) (s)
solutions, say (X,---, X ). The same happens for the adjoint equation A*(«) = 0.

(1) (s)

Say (a,---, o). Then equation (4.1) has, in such points, solutions iff the following
consistence conditions are satisfied.
(4.4) (W) = 3 W0, 1<r<s

1<j<m

In such a case equation (4.1) has an infinite number of solutions:
(4.5) Zi(q)= Y CrX(q)—T(q)W(q)

where C,. € R are arbitrary constants, and W(q) € (A71)(¢q)(b(q)), ¢ € Eg. This
means that the Cartan distribution of Ej, in the points ¢ € Ej, where det(A47)(g) =
0, has dimension 1 + s. Since, in such points, one has that the linearly indipendent
solutions of the symbol equation (X°A7)(g) = 0 are just s, we get dim(gg), = s,
when ¢ is a singular point of Ej. Then, if V is a smooth solution passing through
such a point, it can exhibit a finite time unstability. Finally, in the case where
conditions (4.4) are not satisfied in the singular point ¢ € E}, the system (4.1) has
not solutions, hence the Cartan distribution is not determined there. In order to
complete the proof of the theorem, let us assume that (9¢1.F%)(q) = 0, i.e., case
(a). Then equation (4.1) is satisfied for any vector field ¢ of Ex(W),, hence (E), =
E; (W), and dim(Ey), = dim E; (W), = m. Therefore, also in this case hold the
same considerations on the stability of solutions. The particular case m = 1 can
be similarly proved. (For a geometric theory of stability of PDE’s and solutions of
PDE’s see some recent works on this subject by A.Prastaro [28, 30, 31, 32, 33].) O

Definition 4.3. A singular ODE Ej, C JD*(W) is one that splits in irreducible
components Fy = | J A;, where each A; is an ODE.

An algebraic singular solution of a singular ODE, is one that can be obtained by
surgering solutions of some components A;, A; C Ej, such that A; (N A; # 0.

Theorem 4.4 (Smooth and bifurcating solutions in singular points of ODE’s).
An algebraic singular solution V' of a singular ODE is a smooth solution iff the
Cartan distribution of Ej in the points where V. C A;(A; # 0 admits a smooth
1-dimensional sub-distribution.
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If V' is not smooth, then one says that the singularity points are bifurcation
points.?°

An algebraic singular solution V- = V;JV;, with V; C A; and V; C Aj, of a
singular ODE Ej does not necessitate to conserve the stability behaviour when one
pass through a singular point.

Proof. In fact, if in the points V' C A;(A; # 0 there exists a 1-dimensional
smooth subdistribution of the Cartan distribution, the corresponding integral curve
is smooth.

The existence of singular points in ODE’s implies that the symbol of the equation
there is not zero, in general. So do not necessitate to be functionally stable a solution
passing there. Furthermore, the different branches in a global solution passing
through a singular point, can have different asymptotic stability behaviours. Then,
if there exists a bifurcation point on V', then the asymptotic stability of V; does not
necessitate coincide with the one of V5. O

Example 4.5 (Some singular ODE’s). In Table 4 we report some singular ODE’s
having singularities of the type just reported in Table 2.

TABLE 4. Examples of singular ODE’s

Name Singular ODE

ODE with node: Ey C JD?*(E) it +at — 42 =0

ODE with triple point: Eo C JD?(E) Wt +ut —in =0

ODE with cusp: Fy C JD(E)? it ot — i +au =0
ODE with tacnode: Ey C JD(E)? it + ut — 20— du? =0
ODE with conical double point: Ey C JD?(E) | ii? — 4u® =0

ODE with double line: Ey C JD*(E) W2 —u?—u?=0

ODE with pinch point: Ey C JD?*(E) i 4+ u? +au =0

T:E=RZ >R, (tu)—t.

For example, let us consider the first equation in Table 4. Let us consider the fiber
bundle 7 : E = R? — M =R, (t,u) — t. The corresponding fibered coordinates on
JD?(E) = R* are (t,u,,i). In the plane R2, (i,1i), we can identify an algebraic
curve I, with equation given just by the equation encoding E», i.e., F = @i* 4+ 0% —

20An ordinary smooth differential equation, (without singular points), cannot be web-chaotic
[2]. In fact, its Cartan distribution is 1-dimensional. Let us remark that even if a nonsingu-
lar ordinary differential equation cannot be web-chaotic, we can, in general, recognize for such
equations web-structures on the configuration sapce W, associated to their solutions. However,
these web-structures must not be confused with the web-chaotic concept. For example a first or-
der ordinary differential equation of the type E1 C JD(W), F(t,u,%) = 0, over the fiber bundle
7: W =R? - R, (t,u) — t, that admits the following solved forms @ = f;(t,u), i € {1,---,s},
identifies on W = R?, an s-web (of codimension 1), where each foliation is identied by means of
solutions of each equation & = f;(¢,u). In other words the solutions of F(t,u, %) = 0 identify on W
an s-web. A more concrete example is the well-known equation @* 4+ ui —t = 0, (symmetric wave
front), identifies a 3-web on R?. However, this equation is not web-chaotic.
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ii> = 0. Then we can represent Es as the following trivial fiber bundle

(4.6) Ey=|JR*=T xR
ael

In this trivial fiber bundle the fiber is the vector space R? and the basis is the
algebraic curve I'. Thus we can say that dim Fo = 3 and that the canonical surjective
mapping w2 : JD*(E) — E, remains surjective, when restricted to Fs. In fact,
one has the natural surjection mo : B2 — E 2 R? (a,t,u) — (t,u). Note that the
point of singularity in Ey is just the fiber (E2)q—(0,0) = R2. In fact, one has

(4.7) ((0t.F) (0u.F) (00.F) (9ii.F)) = (0 0 443 2ii*(2i% — 1)).

Therefore, with respect to Theorem 4.2 the singular points of this equation are of
the type full degeneration. In fact, (E2), & Eo(E), = R? that is the vector space
generated by the following two vectors {0t,dii}, i.e., the Cartan vector space of
JD?(E) at the points ¢ = (t,u,0,0) € Ey C JD*(E).

We can split Es in the following way

(4.8) By = A1 J(B2)a—00) | A2

where A;, i = 1,2 are the regular parts of E2. So the singular part (E2),—(0,0)
separates the regular parts. The Cartan distribution in the regular parts is the
1-dimensional distribution generated by the following vector field

a3
1 — 242
Then one can see that lim g )—.(0,0) ¢ = 0t. Therefore we can prolonge for continuity
a solution approaching the singular points with a time-like curve tangent to 0t, that
belongs to the Cartan distribution at the singular points. Such an algebraic singular
solution is not functionally stable since dim(g2), = 1, where q € (E2)q—(0,0)- This
is a bifurcation point.

(4.9) ¢ = Ot + udu + idu + B

Example 4.6 (Draining flow boundary value problem). Let us consider the follow-
ing ODE on the trivial vector fiber bundle 7 : E = R? — R, (t,u) ~ t,

(4.10) Es C JD3(E)=2R°: {F=u?i—1=0}.

Let us note that E3 is not properly a singular equation as usually one considers.
(See e.g.,[1, 3].) In fact the jacobian of the function F is given by the following 1 x 5
matrix

(4.11)  (§(F)) = ((Ot.F) (du.F) (9u.F) (9i.F) (i .F)) = (0 2uii 0 0 u?)

therefore it degenerates only in the points of JD3(E) with v = 0. But such points
do not properly belong to E3. In fact, E3 can be represented as the following trivial
unconnected fiber bundle

(4.12) E3 = (o)E3 U v Es =T(q) % R’ U L) x R’

where I,y and T'() are algebraic curves in the plane R? of (u, 1), identified by the
equation F' = 0, and R? is the space of (,1,ii). So FE3 is a smooth submanifold
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of JD3(E). Furthermore, its Cartan distribution E3 C TFj3 is the 1-dimensional
distribution generated by the following smooth vector field on Ej3:

(4.13) ¢ = Bt + idu + 100 + — i — B
u u

Therefore, for any initial condition, i.e., any ¢ € E3, there exists an unique smooth
solution passing for there, i.e., an unique integral curve on F3 tangent to ( in q.
Boundary value problems with two end points conditions, admit smoooth solutions
if these points belong to the same connected component of F3 and to the same
flow line of . In such a case one has an unique regular smooth solution, for such
boundary conditions. Whether we require, instead, that the solution can be a
weak solution, then the uniqueness is not more guaranteed and the two end points
conditions do not necessitate to belong to the same connected component of Ej3.
Another, typical boundary value problem with such an equation is the following.
(See [1, 3] and references quoted in the first above paper.)

uu—1=0
u(0) =1
(4.14) a(0) = 0

Since t, @ and i do not explicitly appear in equation F' = 0, one has that points like
(0,1,0,i,u) € E3 are on Fj iff u = 1. Thus the initial condition in (4.14) implies
that the initial points on Ej3 are the following ones g9 = (0,1,0,1,1) € E3. In such
points the Cartan vectors are the following (y = dt+i0u+0u—20 u. Therefore, since
1 is arbitrary we get that there exists an infinity of solutions satisfying the infinity of
initial conditions contained in the boundary value problem (4.14). Furthermore, the
asymptotic condition lim;,_ i(t) = 0, in the boundary value problem (4.14) has
sense, since the points {(¢,u, 4,0, %) € JD3(E)|ud —1 = 0} are on E3. On the other
hand the Cartan vector field in the points that satisfy such asymptotic condition

is the following smooth vector field {_,, = Ot + wdu + 58@ — 17238 u. So we can

try to find solutions of the boundary value problem (4.14) such that i = ae?, with
a,b € R, b > 0. In fact for such a function one has that the asymptotic condition
lim;,_ i(t) = 0, in the boundary value problem (4.14) is satisfied. By direct
integration of this function we get u = l;%ebt +ct +d, ¢,d € R. Let us determine
the constants by imposing to satisfy the initial conditions in the boundary value
problem (4.14). Then we get

1 1 1

(4.15) u = ﬁebt — (=),

So the solutions of the boundary value problem (4.14) is an open 1-dimensional
submanifold of S,;(F3) identified with R™.

b>0.

Example 4.7 (Gas dynamic through a semi-infinite porous medium boundary value
problem). Let us consider the following ODE on the trivial vector bundle 7 : E =
R2 — R, (t,u) — t,

(4.16) Ey C JD*(E) = R*: {F = iw!/? + 2t = 0}.
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Note that the jacobian of F', on Fj is given by the following 1 x 4 matrix
(4.17) J(F)|p, = (20 —t2 2t u?),
u

Therefore, the unique singular point on Fs is gg = (0000) € Es. This is completely
degenerate. The other points ¢ € Fy are regular points and there the Cartan
distribution is 1-dimensional, generated by the following smooth vector field on

Er \ {qo}:
o . U ) U U 9 1
Thus for any regular point ¢ € Fo one has a unique solution of Es, i.e., an unique

smooth integral curve passing for q. The Cartan distribution at ¢g coincides with
the Cartan vector space Eo(E)y, of JD?*(E) at qq, i.e.,

(4.19)  Clqo) = [T(Ot + wdu + iidn) + ZDiilgeq, = TOt + Z0ii, T,Z € R,

Therefore Eo(E)y, is a 2-dimensional vector space. A regular smooth solution be-
longing to F3 \ {go} can be eventually prolonged until to pass through go, since
(E2)qo = Eo(F)q,. However, such a prolonged solutions have in general finite times
unstability, since the symbol (g2)4, of E2 at go is just the symbol of JD?(E) there,
ie., (92)q = vTgE =R, where gy = m2,0(q0) € E.

For such an equation a typically asymptotic boundary value problem is the fol-
lowing. (See, e.g. [1] and works quoted there.)

)i,

/2 +2t0 =0
(4.20) limg pu(t) =1—-—a, 0<a<l1
limy_ oo u(t) =1

Let us assume 0 < o < 1 only. In such a case the point (0,u(0) = 1 — «, u, )
is on By iff & = —2tu1L/2|t:07u:1_a = 0. Therefore, the first condition in (4.20)
on Fj requires that the integral curve should start from a point (0,1 — «a,,0).
Therefore, the corresponding Cartan vectors are the following ones (g = 0t +
uwou — 2%8&. Furthermore, the condition lim; .~ u(t) = 1 can be satisfied by
looking that from equation F' = 0 we get lim;_, u(t)l/ 2 = limy oo —Qt%. Therefore,
the above asymptotic condition is satisfied if lim;_, —2%. = % So let us consider

the equation —2% = % Its integral gives u = ¢; fe_tht 4¢3, c1,c9 € R. This

means that the overdetermined system
iiul/? + 2t0 =0

_ .
(4.21) Ey € JD(E): {u+ o

has the unique solution u© = 1. Since E; C FEs, we can also say that u = 1 is a
solution of the original equation F5, and we call it the co-asymptotic solution of Ey
and denote it with the symbol u () € S,(E2). Thus we can obtain a solution of the
boundary value problem (4.20) by gluing any solution of the initial condition, in
such a way that @ > 0, with w(). This is possible since @ is arbitrary. Finally from
the equation F' = 0 we get 4 = —Qt# < 0. This means that such solutions have
down-concavity. The solutions so built are every-where smooth except in the point
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where they solders with U(OO).Ql By conclusion, the set of solutions of the boundary
value problem (4.20) is a smooth curve in S,;(E»), identified with R*.

Let us consider, now, the boundary value problem with oo = 1, i.e., the initial con-
dition u(0) = 0. The difference with the previous one is that now the corresponding
initial point on Es, can be any point gy = (0,0, 4, 1) € Es. Note, that the singular
point gg of E» belongs to such a set of initial points gy. However, for the moment,
let us exclude it. Then, solutions u = u(t), starting from (0,0) € R? = E, can have
any nonzero initial inclination and curvature. In order to satisfy the asymptotic
condition limy_,o, u(t) = 1 we can adopt the above surgery technique. Since we can
use, now, any initial values of @ and i, we get that the set of solutions of such a
boundary value problems is a 2-dimensional submanifold of S ;(E?), identified with
RT x (R\ {0}).

Finally, let assume that the initial condition should be just the singular point
qo € E5. Then, we shall consider that the Cartan vector field there belongs the the
2-dimensional vector space given in (4.19), i.e, generated by {0t,dii}. So we can
consider the integral curve of £ = 9t + adii, starting from ¢g. This curve identifies
the function u = %3, that can be a solution of Fj iff @ = 0. In fact, from (4.18)
we get limg_4, ¢ = 0t. So a solution starting from the singular point gy should be
necessarily u(t) = 0. We denote such solution u € S,/(E2). Then, we can choise
an (intermediate) initial condition ¢; = (to,u(to) = 0,u(ty) = 0,i(ty) > 0) € FEo,
and consider the unique solution of Es starting from ¢;. This solution will meet
U(so) at some time t2. In this way we get a regular solution of Fo, that satisfies
the boundary value problem, starts from the singular point ¢y and it is everywhere
smooth, except in two pints where it is continuous only. So it is a singular solution.
The set of such solutions is a 2-dimensional submanifold of S ;(Es2) identified with
Rt x R = (R*)2. This proves that singular boundary value problems can admit
solutions of class C? that are almost everywhere smooth curves in E.

It is important to underline that such solutions passing for the singular point
qo € FE» are not functionally stable, i.e., admits unstability at finite times, and
neither are asymptotic stable. In fact, let us consider the linear equation Es[u]
associated to Fs at one solution u = u(t) of above type considered.

(4.22) [2u]i + [4tu /2]y + [y = 0

Then one can see that at the singular point ¢y above equation is satisfied for any
function v = v(t). In particular we can consider the function v(t) = 1/(t, —t), that
has just a singularity for t = ¢, > 0. Furthermore, we can consider also v(t) = e,
b > 0, that gives asymptotic unstability.
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