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CONVEX ANALYSIS BASED SMOOTH APPROXIMATIONS OF
MAXIMUM FUNCTIONS AND SQUARED-DISTANCE
FUNCTIONS

KEWEI ZHANG

ABSTRACT. We use the explicit formula of the quadratic upper compensated
convex transform of the maximum function fn(x1,...,2Zn) = maxi<i<n T; to
study the properties of this C'*'-smooth approximation of the maximum func-
tion, and apply a generalized quadratic lower compensated convex transform to
the squared-distance function dist®(z, K) to a finite set K. The maximum-like
functions and squared-distance like functions are widely used in mathematical
programming and applied mathematics. These transforms provide explicit con-
vex C1'l-smooth approximations with quadratic growth for these functions. We
also use explicitly calculated examples of these approximations and their graphs
to illustrate the effects of our compensated convex transforms.

1. INTRODUCTION

In this paper we first study analytic and geometric properties of the C1'! smooth
approximations for maximume-like convex functions f by their quadratic upper com-
pensated convex transform [45] (quadratic upper transform for short) defined by

(1) C3a(f(2)) = Nz|* = C(Az[* — f(2)),
where C'(Az|? — f(z)) is the convex envelope [31] of the function A|z|? — f(z). We
compare our method with the prox-function regularization method proposed by Y.
Nesterov [25]. Let

fn(x)zlrglag}%xh x:(xla"'vxn)eR
be the n-dimensional maximum function. It was established in [45] that the qua-
dratic upper transform Cy 1\(fn(x)) can be calculated explicitly as

K 1
” . 2 ) n n
(2) G \(fal)) = Alz]” — Adist (z, c <2)\)> + o F eR", X>0,

where dist® (2, C(K,/(2))) is the Euclidean squared distance function to the scaled
canonical simplex C(K,,/(2))) defined by the convex hull of the finite set K, /(2X) =
{e1/(2N\),...,en/(2\)} with {e1,...,e,} the standard Euclidean basis of R™. Let
(x,y) be the standard Euclidean inner product of x, y € R"™ and |z| = /(x,x) the
Euclidean norm of x. Sometimes we also use z - y to denote the same Euclidean
inner product. We observe that the maximum function f,, can be written as f,(x) =
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max{(z,y), y € K,}. If we let J, = (—K,,) U K,,, then the [°° norm function
gn(x) = maxi<g,<n |zi| can be defined alternatively as g, (z) = max{(z,y), y € Jn}.
The common feature in these two functions is that the sets K, and J,, are both
contained in the unit sphere S~ := {z € R", |z| = 1}.

In [45], quadratic lower compensated convex transform was defined as

(3) Cha(f(2)) = C(f(x) + Aal?) = A,
It was established in [45] that the quadratic lower transform 057 , (dist*(z, K)) for

the squared distance function z — dist? (z, K) to a compact set K C R™ gives rise
to a C'-‘tight approximation’ as A — +oo. This type of lower translations were
used before to squared-distance functions in the study of quasiconvex relaxations
and gradient Young measure in the vectorial calculus of variations [40, 41, 42, 43,
44]. However, to derive explicit C!-approximation formulae for squared-distance
functions to finite sets, we need to modify the quadratic lower transform so that this
can be achieved. We will discuss this after our study of the maximum-like functions
and their quadratic upper transforms.

Theorem 1.1. Let F(z) = max{(z,y), y € K} where K C S"~! C R" is a given
compact set. Then the quadratic upper transform Cy \(F(x)) defined by (1) is given

by

K 1
4 u _ 2 . .9 N L n )
(4)  Cy\(F(x)) = Alz|” — Adist <x,C<2)\>)+4)\, zeR", A>0
Furthermore, we have
(i) Uniform error estimate
1
(5) 0 < Cy\(F(x)) — F(x) < v reR™ A>0.

(i) Smoothness and convexity
CY,\(F(z)) is convex and belongs to CH1(R™), and

(6) [DCyA\(F(2)) = DC(F(y))| < 2Mz —yl,  [DCy(F(z))| <1, x, y € R

(iii) Tightness of approximation
Let My be the medial axis of K (to be defined later), then

Cy \(F(x)) = F(x) whenever z€R"\C(K/(2)\)) and dist(z, M) > 2/\.

(iv) Volume estimate for finite sets B
If we further assume that K is a finite set with m > 1 elements, let B(0, R) C

R™ be the closed ball centred at 0 with radius R > 1/A and E](%A) = {z €
B(0, R), C35(F(x)) # F(x)}. Then
meas(Eg‘)) < C(m,n)
meas(B(0,R)) = AR

where C'(m,n) > 0 is a constant depending only on m and n.

The advantage of our approximation formula (4) is that it connects the original
functions with the squared distance functions to parameterized (convex) sets in-
volved, as seen in (4). Our approximation from above is tight in the sense that in
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any fixed ball centred at 0, the subset on which F(z) # C3,(F(z)) is very small
when A > 0 is large. Intuitively, this means that the graph of C3',(F(z)) is ‘at-
tached’ to that of F'(x) from above, leaving the area where the values of C3 , (F())
and F(x) are different very small, which are exactly a small neighbourhood of the
set where F(z) is not locally C1'1. Note that in a general tightness result in [45] we
showed that for any given continuous function f : R® — R, satisfying the growth
condition

(7) |f(@)| < Colz|* + C1, z €R™,

where Cy and C are non-negative constant, we have, at every point x where f is
CY1 in a neighbourhood of z, that Cy\(f(z)) = f(z) when A > A, for some Ay >0
large enough. Also lim_.o Cy \(f(x)) = f() uniformly on any given compact set.
In Theorem 1.1(iii), we know that the open set on which F(-) is locally Cb! is
exactly R™ \ My, thus we can obtain a more precise estimate of A, > 0 for each
x ¢ M, such that Cy \ (F(z)) = F(z) when A > A,. If K is finite, Theorem 1.1(iv)
provides a volume estimates for the set on which C3', (F'(z)) # F(z) in a given ball
B(0, R).

The maximum function f, is one of the most important non-smooth convex
functions in mathematical programming and its applications to economics and en-
gineering [22, 27]. However, since the maximum function f,, is not smooth, many
gradient based numerical methods cannot apply directly to such functions.

In the simple two-dimensional case, there are a number of smooth approximations
for the maximum function [13, 28, 19]. For example, by using the fact that

fo(x) = max{xy, 2} = (|x1 — z2| + 1 + 22)/2,
one can easily think of the smooth approximation (see, for example [19])
FQ(G,Z’) = ( (xl — .1‘2)2 + €2+ xr1 + 1‘2)/2.

for small € > 0. In the higher dimensional spaces, a well known C°-smooth ap-
proximation of the maximum function f, called entropic regularization is given by

1 n
(8) fa(X\2) = Xlog (Z e/\””’) , = (x1,...,2p) €R", A >0.
i=1

The so-called aggregation function f,(A,x) converges to f,(x) uniformly as A —
+00. In fact, there is a uniform error estimate depending on the dimension n as

) 0 < fu(h ) — fule) < %logn. zER"

Note that in practice the above aggregation function is written in the form
elog(>_7 | exp(z;/e)), replacing X by 1/e for small € > 0. The seemingly artificial
formula (8) turns out to be a natural consequence of the prox-function regulariza-
tion [25] by using the so-called entropic distance. To make the comparison between
the entropic regularization and our quadratic upper transforms easier, we write the
parameter as A > 0 and the approximation converges to the original function when
A — 4o00. In Example 2.10 and Example 2.11 at the end of Section 2, we plot
graphs for these approximations. We compare the approximations of the maximum
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function by the entropic regularization method and by our upper transforms for one
and two dimensional spaces.

The classical smoothing function (8) has been widely used in smooth minimiza-
tions for non-smooth convex programming problems [4, 9, 5, 21, 26, 29, 30, 14, 32,
34, 35, 25, 38]. The entropic regularization (8) also has a number of very useful alge-
braic and analytic properties which can be verified easily. We know that i) f, (A, z)
is invariant under the action of the permutation group Sy; ii) fn (A, ) preserves the
monotonicity property of the maximum function fy; iii) the uniform error estimate
(9) holds, and iv) the gradient satisfies |D f, (A, x)| < 1.

However, as pointed by several authors (see, for example [6, 25]) that for large
A > 0 (or equivalently, small e = 1/)), calculations involving exponential functions
in (8) can be very expensive and there is an issue concerning computational stability
as the coupling of the exponential function followed by the logarithm function may
involve dangerous operations. In [6], the authors reported that such a function may
cause the so-called ‘overflow problem’.

In order to overcome such a difficulty, a recursive extension of a simple two
dimensional smoothing function was proposed in [6]. Let n¢(x1,z2) be a smoothing
approximation for the two dimensional maximum function, one may apply such a
smoothing operation repeatedly. For example, in the three-dimensional case, the
approximation 7(ne(z1, z2), x3) can be considered. This type of recursive extension
preserves monotonicity property of the maximum function while the permutation
invariance property of the original function is lost. Simple numerical examples by
Matlab based programming presented in [6] show that numerical schemes based
on (8) may blow up for not very large initial values while the recursive extension
method still produces a correct answer. However, for large n > 2, it is difficult to
write down an ‘explicit’ formula for this recursive extension. Also this approach
requires several smoothing operations one after the other, the accumulated error of
the approximation will depend on the dimension n.

It was established in [25, 3] that for C1'! convex functions, there are effective nu-
merical methods for solving both unconstrained miniminzing problems in bounded
convex domains of R™ and for constrained problems by using the Lagrangian multi-
plier method. Therefore an alternative simple geometric C! convex approximation
such as (4) would be very useful for PC based programming.

Now we turn to the C1'! smooth approximation for the squared distance function
z — dist?(z, K) for € R and a finite set K. The following squared-distance like
function to a finite set was considered in [45]:

G(.I'): mln (‘:U_y2|2+bz)7 yleRn> szO, 121,2,,771
1<i<m

Let K, = {y;, i = 1,2,...,m} C R™, we see that if b = 0 for all i = 1,2,...,,
then G(z) is exactly the squared distance function dist?(z, K,,,). The method used
in [45] to find an explicit C1'! approximation for G(x) is to consider the extended
function F) : R” x R™ — R defined by
. 2 |yz|2 n m
Fy(z,t) = pin (|x]* — 2z - y; + 1_’_7)\) —2t; |, (x,t) e R" xR™.
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If we define [y[2 = (jy1]?,- - ,\ym|2)7and b= (by, - ,by) € R™, then it can be
easily verified that G(z) = F(x, —Aly|?/(2(1 + X)) — b/2). If we define
ga(@,t) = A, t) = A + L+ N)t?),  (2,1) eR* xR™,

then the anisotropic quadratic lower transform Cgln (F(z,t)) is a C1! approximation
of F\(x,t) which is given explicitly by

Cyy (Fx(z,1)) = (14 X) dist? ((a:,t), Ci(f”;)> —gx(z,t) — 1%1_)\7

where K, = {(yi,€i), i =1,2,...,m} C R" x R™ is a finite set. It was established
in [45] that the restriction of Cy, (Fi(z,t)) at t = —A|y[?[/(2(1 + X)) —b/2 is a
Cllsmooth approximation of G(z). In fact if we let

GA() = Cyy (Falz, ~NPT/(2(1 + 3) - b/2)))
then we have
diam?(K,,)
1+ 7
where diam(K,,,) and |K,,| = max{|w|, w € K,,} are the diameter and norm of K,,
respectively. This approximation can be considered as explicit if one can successfully
calculates the squared distance function to the convex polytope C(K,,)/(1+ A).
In this paper we consider another example related to the squared-distance func-
tion defined by
m
H(z) =) (lzj| —d))*, zj €R", v = (21, ,2m) ER™, d; >0, j=1,2,...,m.
j=1

0 < Glz) — Ga(z) < DGy (2)| < 2|Km|, «€R",

The function H(-) arises from the so-called molecular distance geometry problem [24,
15, 18, 2] where the three-dimensional structure of a molecule is to be determined
with the distances of a subset of the atoms involved are known. The problem is to
find z1, ...,z € R which describe the positions of the atoms in the molecule such
that for any given pair (4,j) € S, one has |x; — x;| = d;j, where S is a subset of all
pairs (i, ). Obviously the required equalities holds if the function

f@)= > (zi—al —dij)®, @ =(z1,...,2%) € R

(i,5)€S
reaches a minimizer 2* and f(z*) = 0. An alternative modelis g(z) = >_(; jes(|zi—

z;|? — dfj)2. We only consider H(-) obtained from the first model function above.
Our plan for the rest of the paper is as follows. In Section 2, we establish Theo-
rem 1.1 and other results related to quadratic upper transforms for maximume-like
functions. We also use graphs of the absolute value function f(z) = |z| and the
maximum function f(z,y) = max{z, y} to compare approximations by our upper
transforms and those by the entropic approximations given by (8). In Section 3,
we derive a C'*!-smooth approximation for the squared-distance-like function H(x)
defined above, followed by examples of some one and two dimensional explicitly
calculated lower transforms for squared-distance-like functions. We also illustrate
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these examples of explicit approximations by comparing their graphs with those of
the original functions by using Mathematica graphic softwares.

2. ExpLiCIT C11-APPROXIMATIONS FOR MAXIMUM-LIKE FUNCTION

We need some more notations and preliminaries. For a compact set K C R"™ we
define the diameter of the set K by diam(K) = sup{|z — y|, =,y € K} and let
I(K) = sup{z € R", x € K}. The space C*!(R") consists of functions defined on
R™ whose gradient D f are Lipschitz mappings:

[Df(x) = Df(y)l < Lylz —y[, z, yeR"

where Ly > 0 is the Lipschitz constant of Df.

Given a compact set K C R™ and a fixed t > 0, let tK = {tx, x € K}. For € > 0,
we also let (K). = {z € R", dist(z, K) < €} be the closed e-neighbourhood of K.
We denote by C(K) its convex hull [31]. For a convex compact set K C R™ and
a given point x € R™, we denote by Pg(x) the unique nearest point in K [20, 16]
such that dist(z, K) = |z — Pg(x)|. The mapping x — Pk (z) is called the convex
projection to K. For a Lebesgue measurable set @ C R", we denote by meas({2)
the Lebesgue measure of ().

Let S, be the group of all permutations of the set {1,...,n}. If 0 € S,, is given

by o(1,...,n) = (i1,...,in), then we define for a given point x = (x1,...,2,),
o(x) = (zi,,...,;,) as permutation of component positions. It is easy to see that
o : R™ — R™ is both linear and isometric, satisfying that |o(z)| = |z|. A function

g : R" — R is called permutation invariant if g(o(x)) = g(z) for all o € S,,. For
a vector h = (hy,...,h,) € R™ we write h > 0 (respectively h < 0) if h; > 0
(respectively h; < 0) for all ¢ = 1,...,n. We say that f : R® — R is monotone
increasing (respectively, decreasing) if f(x + h) > f(z) for all z, h € R™ with h > 0
(respectively, if f(x 4+ h) < f(z) for all z, h € R™ with h < 0). Observe that both
the maximum function f,(x) defined above and the classical smooth approximation
fn(X,x) defined by (8) are permutation invariant and monotone increasing.

For a compact set K C R", the medial axis Mg C R™ is the closed set on which
dist?(x, K) is not differentiable. It can be described alternatively as the closure
of the set MY < R"\ K, where MY consists all of the points z € R" and a
corresponding radius r(z) > 0 such that B(z,r(z)) C R"\ K is the maximal open
ball in the sense that any open ball B containing B(x,r(x)) cannot be completely
contained in R™ \ K [7, 12, 37, 23]. A simple example of points z € MY is that
dist(z, K) is reached at least two different points on K. For a finite set K C R",
the medial axis of K is the so-called Voronoi diagram [36, 7, 12, 37]. In this case,
My consists of those points whose distance to K can be reached by more than one
points in K, that is,

Mg ={z € R", Jy1, yo € F, y1 # ya, dist(z, K) = |z — x1| = |x — yal }.

Let us give a short description of the prox-function regularization method for
smoothing a maximum like function proposed by Nesterov [25]. We will compare
our method with this method later. Given a dual pair of finite dimensional normed
linear spaces (E, || - ||1) and its dual (E*,||-||2). Let A: E — E* be and linear map
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and Q2 C E* be a compact convex set. Consider

f(z) = max{(Az, y)2 — ¢(y), y € Q2}

where (-, -)2 is a ‘scalar product’ on E* and ¢ : Q2 — R is a convex function.
A prox-function da(y) is a strict convex function defined on C(K) satisfying

(Dda(y1) — Dda(y2), y1 — y2) > ollyr — v2l|3,  for some o > 0.

Let yo = argminy,{ds(y), y € C(K)} be the ‘prox-centre’, one may assume that
da(yo) = 0, hence da(y) > 5|ly — yoll3. Let 1> 0 be a small smoothness parameter,
the smooth approximation F),(x) is defined by

fu(x) = max{(Az,y)2 — pda(y), y € Q2}.

The resulting function is a C! approximation with Lipschitz constant of D fu
given by || A]|?/(uo). In practice it was proposed in [25] to use either the standard
Euclidean norm or the {! norm on E*. We will compare this approach with ours
later in the present paper.

We need the following two lemmas for the proof of Theorem 1.1.

Lemma 2.1. Suppose K C R™ be a compact set, then
(i) C[dist*(x, K)] = dist*(z, C(K)) for all x € R";
(ii) 0 < dist?(z, K) — dist*(z, C(K)) < diam?(K) for all z € R".
(iii) If K C R™ is convex and compact, then

(10) dist?(z, K) = |z — Px(z)|?, =€ R",

where Py (z) € K is the unique point in K such that (10) holds. Further-
more, Px : R" — K is continuous and D dist?(xz, K) = 2(x — Pg(x)), for
all z € R".

Lemma 2.2. Let K C R" be a compact convex set and define

K
falz) = Mz|> = M dist? (x, 2)\> +C)
for X > 0 with C\ a constant. Let Py 9y (x) the convex projection from x € R™ to
/(2X)

K. Then fa(z) = 2X(z, Pk (x)) +Cx and f(z) is both conver and of C* with
[Dir@)| <UK),  [Dfa(z) = DA <2Mz —yl, =, yeR"

Lemma 2.1 was proved in [45]. We give a proof to make the present paper self-
contained.

Proof of Lemma 2.1. Item (i) is well-known. Even for the more general case of
quasiconvex envelope of the p-distance function to a closed set K ¢ MN*" in the
calculus of variations, we have (see [39]) that Q[dist?(X, K)] = dist?(X, Qp(K)]
where Q,(K) is the quasiconvex hull if K is compact and p-quasiconvex hull of K
is unbounded. The following is a short proof of (i).

Clearly, dist?(z, K) > Cdist?(z, K) > dist?(z, C(K)). We prove the opposite
inequality. Let dist?(x, C(K)) = | — x0|? for some x¢ € C(K). By Carathéodory’s
theorem [31], there are at most n + 1 points x1,...,z,+1 € K, such that zy =
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S N with A > 0, 7\ = 1. Thus by the convexity of C dist?(-, K), we
have

n+1 n+1

C dist®(z, K) = Cdist*(x + Y Ai(zi — 20), K) <> XC dist?(z + 2; — 20, K)
=1 =1
n+1 n+1
< Z)‘i diStQ(fL‘ +x; —xp, K) < Z)\z|x +x; — T — :r:i|2
i=1 =1

= |z — 20| = dist?(z, C(K)).

The proof of (i) is finished.

Item (ii) is a consequence of the Pythagorean theorem. Without loss of gen-
erality, we may assume that the affine dimension of C(K) is n [31]. Clearly
dist?(z, C(K)) < dist*(z, K). Now given z € R” and dist?(z, C(K)) < dist?(z, K)
and z ¢ C(K), let 2o € C(K) \ K be the unique point such that dist?(z, C(K)) =
|z — x0|?. Note that for this particular x, dist?(x, C(K)) = dist?(z, 0C(K)). Let
E C R™ be a supporting plane of C(K) passing through xg with the smallest di-
mension, then we see that x — x¢ is perpendicular to . Now we take x1 € FN K
then we have

dist?(z, K) — dist?(z, C(K)) < |z — z1]* — |z — z0/?
= |21 — zo|* < diam?(C(K)) = diam?(K).
The proof for (ii) is finished.
Item (iii) is well known [23, 37]. The proof is also easy due to the nearest
point property for compact convex sets [20]. So it is easy to see that Pg(-) is
continuous. The formula for the gradient follows from the continuity of Px and the

definition of the squared distance function. We leave this last point to the proof of
Lemma 2.2. 0

Proof of Lemma 2.2. Tt is well-known that the convex projection Pk : R — K to
a closed convex set K C R”™ satisfies (see [16])

(1) [Px(z) = P < |z —y* — o — Px(2)* = ly = Px(y)*, z, y € R™

This implies that |Px(x) — Px(y)| < |z — y| hence Pg(-) is a Lipschitz mapping
with Lipschitz constant 1.
Now we consider f(-). We have, by Lemma 2.1 that

Dfx(z) = 2Az — 2X(z — Pijax(2)) = 2APg /21 (),
hence

(12) IDf()] = [2A Py o (2)] < »max{’;‘, ye K} ().

By (11) we also have

(13) IDfx(w) = DfA(y)| = 2A[Pgjar () — Prjoa(y)] < 2M|z — yl.
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We are only left to show that fy is convex. Since Adist?(x, K/(2))) is both convex
and of C1! we have, for any z, y € R that
0 < Adist?(z + vy, K/(2)\)) — Adist?(z, K/(2\)) — AD dist?(z, K/(2)\))
= M|z +y = Prjon (@ +9)[> = [& = Pryon (@)* = 2(z — Pgjn (@), v)]
< Mz +y — Pejan)(@)* = |2 = Py (@) = 2(z — Prjan (@), )] = Ayl
Thus
M@ +y) = falz) = (Dfa(z), y)
= Ny|* — A[dist?(z +y, K/(2\)) — dist?*(z, K/(2))) — Ddist?(xz, K/(2)\))] > 0,
hence f) is convex. O

Note that if the convex set K consists of more than one point, (13) is a sharp
estimate for all A > 0 so that 2\ is the Lipschitz constant of D fy(-). This is clearly
seen from (11) because for z, y € K/2\, x # y, we have Pk 2, () = @, P2\ (y) = ¥
and D fy(x) = 2z, Dfy\(y) = 2)\y.

Proof of Theorem 1.1. Let us establish (4) first. Note that K € S"~!, we have
(14) Aaf? = F(z) = Az|* — max(z, y)
yeK

o 2 _ i CYP WP
= min[Aj <m,y>]—gg;g(wm A

: y |2 1 .9 K 1

— (A —7‘ o adist? (o, ) -

( ver |" T 2N ) AN ® <x ox) i

Note that this identity also leads to
K 1
1 F(z) = Nz — \|z|? — — Azl? = Adist? (2, = ) + —.
(15) (z) |z|* — (Az|* — F(z)) = Alz|* — Adist” | =, X —|-4)\
Now by Lemma 2.1(i), we have

CN 2|2 — F(z)] = Adist? <x C <2[§>) _ %

so we have, by definition that

(16) C3\(F(x)) = Alz|* = C[A|z|* — F(x)] = Alz|> — Adist” <x C (g)) + %.

Next we prove (i). Combining (15), (16) and applying Lemma 2.1(ii) we obtain
0 < Co\(F(x)) — F(z)

K K K 1
— ist2 — ) — dist? - < Adiam? [ — | < =
A [dlst <w, 2)\> dist (x, C <2)\>>} < Adiam <2)\> =%

as diam(K) < 2 in our case. The proof of (i) is finished.

Note that I(K) =1 in our case. Thus (ii) follows from Lemma 2.2.

Now we prove (iii). Because K C S™7!, we see that Mg = Mk for every
k > 0. This is due to the fact that for any two point set Ko = {z1, 2} C S*~!
with z1, # x2, we see that M, is an n — 1-dimensional subspace in R" and M, is
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exactly the same subspace. Thus by a limit process we can easily see that in general
My = My fort >0 and K € S*1.
For zp € R™ \ C(K/(2)\)) with dist(zg, M) > 2/, we only need to show that

C()\‘l‘()’z — F(l‘o)) = /\|(l)0‘2 — F(.CC())

K 1
Nz|? — F(z) = \dist? <x, > - —

Note that (14) gives

2\ 4\
and Adist?(z, K/(2\)) — 1/(4)) is differentiable at zg. In order to show that
C(Alzof* = F(z0)) = Maol* — F(zo),
we only need to show that
Nzf* = F(x)] = Naol* = F(x0)] = (D(A|zo|* = F(x0)), x — o) >0, z €R",

or equivalently,

K K
. 2 il o . 2 il
(17) dist <x, 2)\> dist <xg, 2)\)
K
— <Ddist2 (:po, %) a:0> >0, z € R

Consider the closed ball B(xg,2/)\) C R™\ M, we see that for every x € B(xg,2/)),
there is a unique point P(x) € K/(2)) such that dist(z, K/(2)\)) = |z — P(z)|. Due
to the uniqueness property of the nearest point P(x) for € B(zo,2/)), we can
easily prove that D dist?(x, K/(2\)) = 2(z — P(z)). Furthermore, we can prove
that for € B(xg,2/)\), we have

[P(x) = P(y)| < |z —yl.

This last claim follows from the simple fact that for z € B(zg,2/\), P(x) € K/(2))
is the only point such that (z — P(z),z — P(z)) <0 for all z € K/(2\) [16]. Taking
z = P(y) for y € B(xo,2/A), we see that |P(z) — P(y)|> < (P(x) — P(y), v — y).
The conclusion follows.

Now for @ € B(z0,2/)), we have

dist? <:U, 2)\> — dist? <m0, 2)\) — <D dist? (wo, 2>\> , T — x0>
! K K
= /0 <Ddist2 <x0 + t(x — x9), 2)\> D dist? <:c0, 2)\) , T — x0> dt

1
= 2/ ((xo + t(x — x9) — P(xo + t(x — 9)) — (0 — P(x0), * — ) dt
0

=2 [|x i /01<P(950 +t(z — x0) — P(x0), x — x0>dt] > 0.

Thus (17) holds for x € B(xg,2/)). Next we consider x € R™\ B(x¢,2/)), we have
|z — x| > 2/A. We use the simple fact that F'(-) is Lipschitz with Lipschitz constant
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1, hence at xo, |DF(z9)| < 1. Then we have

dist? <x, 5\) — dist? <x0, 5\) — <D dist? (mo, 2l§\> , T — xo>
= Mz|> = F(z) — (Mzo|? — F(xg)) — (2Az0 — DF (2¢), z — 2)
= Mz — 20* = [F(z) — F(zo) — (DF(20), z — 20)]

= Mz — zo|® — 2|z — x0| = |z — zo|(N|z — 20| — 2) >0,

as M|z — xo| > 2. The proof of (iii) is finished.

Before we proceed, we remark that the medial axis Mg for a compact set K C
S"~1 is not necessarily a set of measure zero in R®. An example of K C S!
is constructed in [23] such that the two-dimensional Lebesgue measure of M is
nonzero, that is, meas(Mg) > 0.

Next we prove (iv). Given any = € Epg, that is, |z] < R, x ¢ C(K/(2)))
and F(z) < C3,(F(z)), the last inequality is equivalent to dist?(z, C(K/(2)\)) <
dist?(x, K/(2))).

Let I‘()‘) = {A,(C’\) =1,...s;} be the collection of k-dimensional faces (k-faces

87
for short) of the polytope C(K/(2\) with 1 < k <n — 1. We define A( ) to be an
open polytope in a k-dimensional space without boundary. We denote by si the
number of such k-faces and let l,(C ™) he the maximum number of k-faces a convex
polytope with m-vertices (exposed points) [8]. The estimates of [, and properties

of convex polytopes can be found in [8]. Now we see that
By = Uittt v,
where Vk(s = {z € Ep, dist(z, C(K/(2)))) = dist(x, AS‘S))
This is easy to see as dist(z, C(K/(2)))) = |[v — Pk /2x)(z)]. Now we can eas-
()

ily give an easy rough estimate of meaS(Vé’;’R)). The k-dimensional face A" is
contained in a k-dimensional ball with radius at most diam(K/(2))) < 1/A, so
meask(A,(jz) < by /AF where by, is the volume of the k-dimensional unit ball. Thus

meas(V, ") < byb,_x R**/AF. Therefore

n—1 sk n—k
meas( E( < Z Zmeas R) < Zskbkbn kR/\k
k=1 s=1 k=1
which implies that
(N - n—k
meas (L") R
—t =< Skbrbp—
meas(By) — ; S
n—1
1 (m bkbn—k C(ma ’I’L)
< Spbrbn_p———r < — l = . O
e ROROn=kD, (RA\)E = RA kzl kb, RA

Our next result is concerned with the general set K C R™ and we have to modify
our function to obtain a simple approximation formula.
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Theorem 2.3. Let G(z) = max{(z,y), y € K} where K C R" is a non-empty
compact set. Let

2
(18) Gi(z) —max{(x,y>—|i\, ye K}, XA>0.
Then
(19) aw) - P o o) < Gl). zer?

4\
and the quadratic upper transform of Gx(+) is given by

(20) CyA\(Ga(7)) = Az|? — A dist? <5L‘, C (g)) , z€eR" AX>0.

Furthermore,

9
1) P < 03, (6ala)) - Gy < ) g

4N - a7
Cy\(Ga(z)) is convex and belongs to CLYR™), and

(22) [DCYA(Ga()) — DOYA(GA(y))] < 2\,
IDCEA(GA@)| < UK), @, y e R™,

Proof of Theorem 2.3. The error estimate (19) is easy to obtain. Now we prove
(20). We have, for A > 0 that

2 A2 - s

_ min[Alaf? WPy qise? (2, K
—IZ(/TélII(l[MCC’ (x, y) + 4>\]—)\dlst (a:, 2)\>.

Thus we can rewrite G (x) as
K
(23) Ga(z) = Mz|? — (Nz? = Ga(z)) = Nz|* — A dist? (a:, 2/\> .

Now we have

C(\z]? — Ga(x)) = Adist? <x C <2I§>> ,
hence
u 2 . .9 K
(24) C3A(Ga())) = Alef? — Adist <x c (ﬁ)) -
Applying Lemma 2.1(ii) to (23) and (24) we obtain
diam?(K
() 0 < O (Ga(@)) — Gala) < B0,

Combining (19) and (25) we obtain the error estimate (21). Claim (22) of Theorem
2.3 follow from Lemma 2.2. g
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Let us compare the prox-function regularization method for smoothing a max-
imum like function proposed by Nesterov [25] with the general quadratic upper
transform method stated in Theorem 2.3. Let us consider the maximum like func-
tion G(x) in Theorem 2.3 as an example. Applying to the maximum function
fu(z) = maxi<i<p v, = (z,y), y € K,} = max{(z,y), y € C(K,)}, explicit calcu-
lations are performed for da(y) = logn+ > | y;logy; in C(K,) which is a simplex.
The calculations recovers the entropy smoothing formula F),(z) = plog(3_1, e¥/H).
The case under the standard Euclidean norm with dp = 3", (y; — 1/n)? was not
calculated in [25] for the maximum function and left as an abstract smoothing for-
mula. This last prox-function was used once for smoothing the Euclidean norm in
[25].

The advantage of the prox-function method is that it can be defined for more
general functions in the form f(z) = max{(z,y) — ¢(y), y € C(K)} where ¢ is
a convex function. If the set C(K) is simple, the norm of E* can be chosen so
that da() can be other than the squared Euclidean distance function to the prox-
centre. However, for a given convex set C'(K), the prox-centre itself might not
be easy to find and to define a proper prox-function requires some insight of the
set C(K). On the other hand, Theorem 2.3 reduces the smooth approximation
to the calculation of the squared distance function to a shrinking family of known
convex sets. Also in the definition of quadratic upper transform, one only needs
to consider the squared Euclidean norm instead of searching a prox-function ds(-)
based on the geometry of C'(K). In fact it was established in [45] that for a general
convex function f : R™ — R satisfying the growth condition (7), the quadratic
upper transform C3,(f(z)) is both CY1 and convex with Lipschitz constant of the
gradient at most 8. Clearly, the prox-function method does not apply to general
convex functions. Now in the case of Theorem 2.3, if we rewrite Cy, (Ga(2)), we
can find a close connection between the quadratic upper transform of Gy(z) and
the prox-function approximation of G(-). We have, by Theorem 2.3 that

u . K . Y |2
Cy\(Gi(z)) = Nz|? — X dist? (x, C <2)\>> = Mz|® - )\yenél(lil() Ux - ﬁ‘ ]

_ S R N vy _ P _ P
=, [ bl = o 00— ] = g [0 -

Thus the quadratic upper transform in this case is ‘almost’ the prox-function
smoothing function with do(y) = |y|?/2 and g = 1/(2)\) by using the standard
Euclidean norm. However, it is not obvious from the prox-function smoothing
formula to obtain C, (G (z)) through a backward calculation.

As the first applicétion of Theorem 1.1, we have the following result concerning
our CH! convex approximation to the maximum function f,(z) = maxj<;<, ;.
Since f, is both monotone increasing and permutation invariant, we can derive some
more detailed properties of C3 ) (fn(x)). As before, let e1,..., e, be the standard
Euclidean basis of R” and let K,, = {e1,...,e,}. Note here that geometrically K,
consists all the vertices of an n — 1-dimensional simplex in R".
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Corollary 2.4. Let fp(x) = maxi<i<p x; be the mazimum function, then the qua-
dratic upper transform is given by

K, 1
(26)  C3a(ful(x)) = Alz|* — Adist? <a: C < ) )) +oo TERY A>0.

Items (i)—(iv) in Theorem 1.1 hold for f, and K, with a better error estimate than
that in Theorem 1.1 as

(27) 0 < Co\(ful2)) = fulz) <
Furthermore,

(i) The quadratic upper transform C3,(fa()) given by (26) is both monotone
increasing and permutation invariant.

(ii) Given x € Mk, where Mg, 1is the Voronoi diagram of K, such that
dist(z, Kp) = | — em,| for j = 1,...,5 < n, where {em,,...,em,} i5 a
subset of K, consisting of at least two points, then

lim DCY,(falz Zem] € Ofn(x

A——+00

where Ofy(x) is the subdifferential of fn(x) [11].

Questions concerning the limit of gradient of the smooth approximations to the
subdifferential of the original function such as Item (ii) in Corollary 2.4 was studied
n [16]. We need the following Lemma to prove Corollary 2.4(i).

Lemma 2.5. Suppose f : R® — R satisfies |f(z)| < Co|z|?> + C1 and is mono-
tone increasing (respectively, decreasing), then C3,(f(x)) is monotone increasing
(respectively, decreasing).

Proof. Suppose f is monotone increasing and fix h € R™, h > 0. Let gp(z) =
f(z 4+ h), we have —f(x) > —gp(z) for all 2 € R™, hence for any fixed A > Cj,

Cal? = f(2)] = Co[M]? = gn(2)] = CulMz + h|* = f(z +h) = 2Xz - h = A|h[?]
= Cp[Mz + h|* = f(x + h)] — 2z - h — A|h|%,

due to the fact that I (x) := —2\z - h — A|h|? is affine in x, where C,(F(z,h)) is
the convex envelope in = for functions F' depending on both x and h. It is easy to
see that

Cu[Mz +h|* = f(z +h)] = C\|z + h]> = f(z + h)]
where the convex envelope on the right hand side of the above is taken with respect
to the x 4 h-variable. Thus

CA|z[* = f(x)) = CA|Jz + h|* = f(z + h)] — 2z - h — |h[,
which implies that
Cy\(f(x) < Alz|? = CN|z + h[> = f(z + h)] + 2z - h + 2A|h|?
= Mz + h|* = C\z + h|> — f(z + h)] = C3,[f (@ + h)).

The proof for monotone decreasing f is similar. 0
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Proof of Corollary 2.4. Estimate (27) follows from the fact that diam(K,) = /2.
We only need to prove Items (i) and (ii). All other claims are consequences of
Theorem 1.1 with K = K,, C S""!. Now we show that C3A(fn(+)) is permutation
invariant, that is, for every permutation o € Sy, C3\(fn(0(2))) = C3 \(fn(z)) for all
r € R", where (21, ...,%n) = (T(1), - -+ To(n))- Since A|z|? is clearly permutation
invariant, we only need to show that

dist? <a(x), C <2[§>> = dist? <U(m), g) :

This is also easy to see. Note that dist?(x, C(K/2)) = |z — Po(k/2,n)(x)[* and the
convex projection is a convex combination of the vertices of the simplex C'(K,,/(2X)).
Thus we can write Po(x/2n)(2) = D i 7e; with 73 > 0 and 77" | 7 = 1. Let
T=(T1,...,Tn), then

e (5)

= |z — Pokjen (@) = [z — 7> = |o(z — ) = |o(z) — o(7)?
=|o(x) = Pogryeny) (0(@)]? = dist*(o(x), C(K/(2))),
as 0 : R®™ — R" is both linear and isometric under the Euclidean norm.

Since f,, is monotone increasing, we have, by Lemma 2.5 that C§ , (fn(o(2))) is
monotone increasing.

Now we prove Item (ii). Given x € Mk, and let e;,,...,¢;, € K,, (2 <k <n) be
such that dist(z, K,) = |z —e;,| =--- = |z — ¢€;,|. Then it is easy to see that
e e
dist ( z, C —‘ “_..._‘ _ G
. (33 <2)\>> ) 2\

and

k
Po(k, e Z

s=1
for all A > 0 hence
hm DC’Z,\ fn(z Zelk € 0fp(z) =C({ei, .-, €,}).
The last equality can be found, for example, in [25]. O

Since the explicit formula (26) for C3\(fn(+)) is not in a closed form, we would
like to remark on the explicit calculations of C3', (fn(2)) and DCS, (fn(x)). These
all come down to the calculation of Pk, /(2x))(z). However, we have

Pe(r, /) (x) = QAPC(Kn) (2A7)
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due to the fact that

dist (33, C <I;;\L>) = inf{‘x - %

1
= Sy inf{]2)e — g, y € O(K,)}

y Y € C(Kn)}

1 1

xr —

PC(Kn)(Q)\x) y

hence we only need to find an effective way of calculating Pg(k,)(z). Now we
follow [33]. After an re-ordering of the components by a permutation o, such that
ox(x) = (®iy,...,x;,) with x;; > x;, > -+ > x; . Then the k-th component of
Po(Ky)(0,(2)) is given by

m*

zi + = (l—zmjlxi>, 1<k <m*
[Pogc) (o(@)]e =4 .
() 0, k> m*,
where m* < n is the largest positive integer m such that S := ot (ai, —ag,) <
1. Tt was proved in [33] that the sequence S(™ is non-decreasing and S = 0.
Thus

Pe(k,) (@) = 0, (Pok,) (02(x))).
Note also that DC&/\(fn(a:)) = Pc(Kn/(g)\))(Z').

Next we consider C'''! smooth approximations to maximum-like functions. The
first example of such a function is the /o, norm on R” defined by

(28) gn(z) = |2|lec = max |z;|, == (x1,22,...,2,) € R™.
1<i<n

It is known that if we enlarge the dimension of the space, we can write g,(z) =

{z1,—2x1,..., 2y, —x,} and define the C*° approximation (see, for example [25]) by
1 n
gn(A\, x) = " log (; [e’\“ + e_’\“}> :

However, if we apply the quadratic upper transform to g,(-) we do not have to
enlarge the dimension. Instead, we consider a cube with twice as many points as
the set K,, by defining J, = K, U (—K,), where K, is defined in Corollary 2.4.
Observe that J, is the set of vertices of an n-dimensional cube with side-length
V2. Again, we can derive a very simple geometric formula for C3 \(gn(x)) without
enlarge the dimension of the space.

Corollary 2.6. Suppose gn(-) is defined by (28) and J,, is defined as above, then

J, 1
w B 2 . .9 n n
(29) Oy 5 (gn(x)) = Alz]” — Adist (a:, C <2)\>> + € R™ A >0.

Items (i)-(iv) of Theorem 1.1 hold. In particular, if we replace the ball B(0, R) in
Theorem 1.1(iv) by the cube Dp = RC(J,,) = {Ry, y € C(J,)} and let

UY = {2 € C(RJ)\ C(Jn/(2N), gu(z) < O35 (gn(2))},
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then we have

UM 1\"
(30) meas(Up") _ 1 (1)
meas(Dg) 2AR
Furthermore, for any x € My, where My, is the Voronoi diagram of J, such that
dist(z, Jn) = |2 — wm,| for j =1,...,5 < 2n, where {Upm,, ..., Un,} 95 a subset of

Jn consisting of at least two points, then

. U 1 .
Jim DO (ga()) = 5 D, € Oga o).
j=1

Proof of Corollary 2.6. We only establish the volume ratio equality (30) for
meas(U}(;‘)))/meas(DR). The set Dp \ Ug‘) on which C3', (g (x)) = gn(w) consists
of 2" smaller cubes with total volume 2"(v/2R — v/2/(2)))". Thus

meas(U](%/\))) = <(\/§R)" - 2”(@ - ﬂ) ;

2 2(2))
hence
meas(Uy;")) _ (VZR)" = (VER—=2/@N)" (/[ 1\
meas(Dg) (ﬂR)" =1 (1 <2R)‘> > -

In our next example we consider the positive part of the maximum function
defined by fi(z) = max{f,(x), 0}, where f,, is the maximum function in Corollary
2.4. If we apply the quadratic upper transform to f,, we will see that the calculation
can be more complicated than that for the maximum function. However, if we give
away a bit of tightness of the approximation, we may perturb our original function
f+ by a family of functions fi(x) = max{f(z), 1/(4\)}. It is easy to see that
0 < fa(z) — f+(z) < 1/(4X). Thus for large A > 0, fi(-) is a very good uniform
approximation of fi (). Now we denote by KV = K,u {0}, where K, is defined
in Corollary 2.4. The proof of the following result follows directly from that of
Theorem 1.1 and is left to interested readers.

Corollary 2.7. Let f) and K,(LO) be defined above, then for A > 0,

(0
U _ 2 fat2 n 1 n
(31) Cy A (fa(x)) = Alz]” — Adist (CE, C ( 2% )) + T E R™.

Theorem 1.1(1)—(iv) are satisfied for fy and C§,(fr(x)). Furthermore, we have the
following uniform error estimate

3
(32) 0= Coalfa@)) = f+(2) < o, w€R™
Our next example is a tight C! approximation for the non-smooth function

(33) G(y,t) = max{|yi| +ti, y = (y1,...,ym) ERY, y; € R¥,
F=(t1,.. . tn) € R™),
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where N = " k;. The function G(y,t) arises from the so-call second order cone
optimization where the following constrained minimization problem is considered
[1, 10]
minimize f-x,
(34) . .
subject to  |[Ajx +b;| < ¢ x+d;, i=1,...,m,

where z € R” is independent variable, and all other quantities, f € R™, A; € M**xn,
b; € RFi ¢; € R”, and d; € R are given. As the standard Euclidean norm is not
smooth at 0, the constraints are non-smooth. We can rewrite the constraint in an
equivalent form

(35) 1r<n'zix [\Azx + bi‘ — (¢ -+ dz)] <0, zeR"

Now we consider the function G(x,t) defined above by (33) on RN*™ = [T | (R¥i x
R) Then (35) is just the evaluation of G(y,t) at yv; = Ajx + b;, t; = —(¢; - = + d;).
Before we write down the upper compensated convex transforms C3,(G(y, 1)), let
us define some subsets of RNV*™ = [T Rk x R. We define the sphere
1 1
2\ ti = I\ }7
The following is an explicit C*! approximation of G(y,t) by its quadratic upper
transform.

Sy ={(y,t) eRN™ 4 =0, =0, j #i, |yl = Sx = US}.

Theorem 2.8. The quadratic upper transform Cg)\(G(y,t)) s given by
(36)

: 1 m
C3A(G(y, 1)) = A(lyl* + [t*) = Adist*((y, 1), ClSI)+5y0 W) e RYF™, A > 0.

Furthermore, C¥,(G(y,t)) is convez and belongs to CH1 (RN ™),

1
(37) 0 < Cy,\(G(y,t) — G(y,t) < % (y,t) e RN X >0,
and
(38) [DC3\(G(y,1))| <1, |[DCS\(G(y,1)) — DOy (G(y', 1) < 2M\[(y, 1) — (v, t)].

The proof of Theorem 2.8 is similar to that of Theorem 1.1. The calculation of
Cy,(G(y,1)) is straight forward as
1 1

2 2\ _ . 2 2y ' ' 1.1
A(lyl” + [t]7) = G(y, 1) 1gglgnm[)\(|y| + [t]) (‘yl‘—{—tl)—FQ}\] o

= Adis(y,0), Sh) + gy
From the above we see that the calculation of C§ , (G(y,t)). However, if one tries to
apply the prox-function regularization, it is not obvious how to find a proper da(-)
and calculate a corresponding smooth approximation G (y,t).
Next we apply Theorem 2.3 to the following piecewise affine convex function
widely used in non-smooth convex programming [25, 17]:
(39) h(z) = min (a; -z +0b;), =z, a;j € R", bj € R.

1<j<m
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The sub-level sets of such a function can also be used to define convex polytopes [17].
A convex polytope K is a convex body in R" generated by a finite set. Therefore
K has finitely many facets, that is, faces of dimension n — 1. Let Vi,...,V,, be
the half spaces defining K with V; = {z, a; - x + b; < 0}, where a; € R", b; € R,
i=1,2,...m. We can write K =N, V; [31]. Thus K can also be written as

K ={zeR", mrgtlx(ai -z +b;) <0}
1=

Thus if we can find an explicit smooth approximation of h(z) := max}"(a; -z +b;),
then we can see that we may obtain a C'"!-approximation of the convex polytope.

One way to smooth h is to apply Theorem 1.1 directly to the m-dimensional
maximum function f,(y) and calculate CY, (fn(y)), then we set y; = a; - x + b;.
Alternatively, we can introduce another pertﬁrbation of h and calculate the resulting
upper transform. Let b = (b1,...,by) and ¢y = (cg)‘), e ,cg/\)) € R™ with cz()‘) =
laj|?/(4)), i =1,2,.... Let

12
H,\(x,t):1r<%82$n<aj-x—|jj/\|—l—tj>, (,t) e R" x R™, t=(t1, - ,tm)-

We have h(x) > Hy(x, b+cy). Let Ly, = {aj, 1 <j <m} and L = {(aj,e;), 1 <
j < m} where {ei,...,en} is the standard basis of R™. Then we have

Theorem 2.9. Under the assumptions above, we have for A > 0 that

3\ (Ha (1)) = A(J[2 + [12) — Adist? <(x,t), C <L’”>) ,

n
gy Gl ) = Allaf + b+ 0y?) — Adise <($’b+ e (Iﬁ)) |

diam?(L,,)

h(z) < CEA(HA(z, b+ ) < hl(@) + ———,

|IDCY \(HA(2,b+ c)))| < [Lin|, = €R™

We conclude this section by showing the graphs of two explicit examples of
maximume-like functions and their approximations.

Example 2.10. Consider the absolute value function f(x) = |z|, we see that
f(z) = max{—=x, x}. Thus we have the entropic regularization for f(z) given by
the aggregation function (8), that is,

1
f(Ax) = <log (e)‘z —i—e_)‘x) , z€R, A>0.

A
We also have

1 1
M2+ —, |z| € =,

” 4\ - 2\

Cz,,\(f(x)) = 1
f(x) 2] > o~

’ — 2\

Clearly, C3 ,(f(z)) is a tight approximation of f(z) while f(A,z) is not.
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FIGURE 1. (Example 2.10) f(x) = |z| (bottom), C3,(f(x)) (middle)
and f(A, z) (top) with A =5

In Figure 1 we plot the graphs for f(z) = |z| (bottom), C3\(f(z)) (middle) and
f(\,x) (top) for A =5 to compare different approximations to f(z) from above by

Cy\(f(x)) and f(\, ).

Example 2.11. Now we illustrate approximations to the maximum function f(x,y) =
max{z, y} in R? by both our upper transform Cy y(f(z,y)) and by the entropic
method.

We may write Cy A(f(z,y)) in the following explicit form

f(z,y), [z —yl >
CERUEM=1, 1
§(x—y) +§($+?/)+87\,
The entropic approximation (8) in this case is f(\, z,y) = (1/)\) log[e* + *Y].

In Figure 2, we display graphs for f(z,y), C§,(f(z,y)) and f(X\ z,y) in the
domain |z] < 0.2, |y| < 0.2 with A = 4. In Fig{lre 3, we examine the errors of
approximations with A = 4 in the order from the left to the right: C3,(f(z,y)) —
f(x,y), f(\z,y) — f(z,y) and f(\ z,y) — CF,\(f(x,y)). We can see that the
maximum error between C§ ,(f(z,y)) and f(:v,7y) in the domain |z| < 0.2, |y| <
0.2 is about 0.03 while the 7gap between f(A,z,y) and f(z,y) is about 0.2. The
maximum different between f(X,z,y) and C§,(f(x,y)) is close to 0.2. Therefore
we see that C3, (f(2,y)) is a better approximétion than f(\, x,y) for the same A.

3. CH' APPROXIMATIONS FOR SQUARED-DISTANCE AND DISTANCE LIKE
FUNCTIONS

In this section we first define a smooth approximation for the function H(z) =
> (ol = d;j)?. Then we examine some one and two dimensional examples for
explicitly calculated lower transforms for squared distance like functions. We use
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FIGURE 2. (Example 2.11) Left: f(z,y), middle: C3,(f(z,y)) and
right: f(\, z,y) with A = 4.

FIGURE 3. (Example 2.11) Left: ;ﬁ)\(f(:v,y)) — f(x,y), middle:
fA 2, y) — f(z,y) and right: f(A,z,y) — O3\ (f(z,y)) with A = 4.

Mathematica again to plot graphs of these approximations which illustrate the effects
of the so called tight approximations. We also consider an approximation to the
distance function by a combination of lower and upper transforms.

It is easy to see that (|z;| —d;)? = dist?(z;, Sq;) where Sy, = {y € R", |y| = d;}
is the n — 1-dimensional sphere centred at 0 with radius d;. Let " C R"™ be the
torus T = {y = (y1,---,Ym), ¥i € Sa;}, we see that H(x) = 30", (|o;] — d;)? =

dist?(x, T). Now we consider
d; \?> A3
1 o J J
1+ (l%l 1+>\> T

Ml + H(x) =) [N+ (gl —d)’T =
: =

J=1

This indicates that if we consider another function

Hy(z,t) = ;(L’Uﬂz — 2|xjld; + 1+7]>\ —2tj), (x,t) € R"™ xR™,

and let d = (d3,...,d%) € R™, then H(z,—\d?/(2(1+ \)) = H(z). Also

Mz®+ (14 N|t)? + H(z, 1)

m ) 2
AEDIPY [(w— 1) -y

j=1
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m

(1+X)

% 1
s 42 *
= (1+2) jz;dlst (@50t 72557 | —

— (14 \) dist? <(:z,t), HlAT) - (11”7”

where ST = {(y,1) € R"™1, y € Sy, is the (n—1)-dimensional sphere in R"*! centred
at (0, 1) with radius d; while if we write R"" x R™ = {((z1,t1), ..., (Zm,tm)), x; €
R", t; € R,j = 1,...,m}, then T* = {(z,t) € R™ x R™, (;,t;) € S}, j =
1,...,m}. Now we define the convex function gy(z,t) = Az|?> + (1 + \)|t|* for
(z,£) € R™ x R™, then

ga(x,t) + Hx(z,) = (1 + \) dist? <(x7t), 1+1AT> B ﬁ
hence
ist2 1 % m
(41) Clgr(z,t) + Hy(z,t)] = (1 4+ N) dist <(x,t), 1_‘_7)\0(T )) _ m7

where C(T™) is the convex hull of T%, so that

(42) Cl (Hx(z,t)) = (1 + A)dist? ((:U,t), 1J1r/\C(T*)>

m mn m
—m—g)\<l‘,t), (.’I],t)ER x R™.
We have
Theorem 3.1. For x € R™" the family of functions
(43) Fy\(z)=C! |H) [z LA
A - g A Y 2(1+)\)
Ad? 1
(14 ) dist ((m, 2(1+/\)> ) 1 +)\C( ))
2| 72
LI\ 41T M’
(I1+X) 41+ X)

defined by evaluating C’éA(H,\(m,t)) att = —Ad*/(2(1 + \)) for X > 0 is a Cb!
approximation of H(x) as A\ — 400 with the estimates
diam?(T*)
I+X
Let us apply the quadratic lower transforms to some one-dimensional examples.
The widely used fourth-order double-well function f(z) = (2? — 1)? vanishes
exactly at 1 and —1. The advantage of such a function in modelling a double-well
structure is that it is a fourth-order polynomial hence is smooth. The disadvantage
of such a choice is that it is super-quadratic hence is more difficult to control. The
natural geometric choice of the double-well function g(z) = dist?*(z,{—1,1}) =
min{|z — 12, |z + 1|*} is not smooth, therefore it cannot be used directly. Now we
take the quadratic lower transform on g(x) to obtain a C'! approximation.

0 < H(z) - F(x) < IDF\(2)| < 2/T°|, = €R™
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F1GURE 4. (Example 3.2) Left: f(z) and Cé,)\(f(x)), middle: h(z,y)
and right: C’é’/\(h(ac,y)) with o =1/2, A\ =T.

Example 3.2. Let g(z) = dist?(z, {—1,1}) = min{|z — 1%, |z + 1|?}, = € R, then
for A > 0,

A 1
—— = Az, Jz| < —,
14+ A 1+ A
C%,A(g(x)) = 1

We see that the lower transform simply smoothens out the corner and make the
resulting function C'. Clearly Cé’)\(g(:v)) — ¢(z) uniformly as A — 400, and

[C37(9(2))]" — ¢'(2) except at 0.

We would also like to present a slightly more general squared distance-like func-
tion and its lower transform. Consider f(z) = min{(z + 1)?, (z — 1)? + o} with
0 < a < 4 and the function h(z,y) = f(z) + y? of two variables. We have
h(ZE,y) = mln{’(‘x:y) - (_170)’27 |($,y) - ( 70)’2 + a}' We have

( 2
a(A+1) e 1
S A+ D) (== ——) 41— a2
5 v )<4 /\+1> G
CL o\ (f(x) = o L a1
2 TElTTAE U T T
f(z), otherwise.

It is also easy to see that Cé}\(h(w, y)) = Cé/\(f(:c)) + 2. In Figure 4 we plot the
graphs of f(z) and C’éA(f(a:)) in the same picture with o = 1/2, A = 7. We also
show the three dimensional graph of h(z,y) and Cé \(h(z,y)).

Example 3.3. Now we consider a genuine two dimensional function. Let K C R?
be the four point set K = {(-1,1),,(1,1),(1,-1),(—=1,—-1)} and let f(z,y) =
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FIGURE 5. (Example 3.3) Left: f(z,y), right: Céy)\(f(a:,y)) with A =7.

dist?((z,y), K). For A > 0,
Co\f(x,y) = Cldist®((2,y), K) + (2, 9) "] = A (z,9)[

9 1 1
9 L A2+ Ll ey < —
1 1
>_— >_—
1 \? 1
14N (2— —— 2(1— —— ) — A2 442
(+)(x 1+)\)+( 1+>\> (@ +y7),
o1 1
SRS U YL L
1 \? 1
1+ A —— 2(1— —— ) — A2 442
_ o )(m+1+)\) - ( 1+)\> @ +v7),
< — 1 — 1 <y < 1
STIEN 1Yy
1 \? 1
1+ A (y— —— 2(1— —— ) — A2 442
(+)(y 1+/\)+< 1+)\> (22 +y?),
> 1 — 1 <zx< 1
V=15 n 12" =115
1 \? 1
14\ —— 2(1— —— ) — A2 442
) (v ) +2(1- 1oy ) A+
< — 1 — 1 <z < 1
\ Y="1T 0 1IN

In Figure 5, we plot the graphs of f(z,y) and Céy)\(f(m, y)) for A = 4 in the domain
] < 2.5, |y| < 2.5.

Example 3.4. Consider the distance function

f(z) =dist(z,{-1, 1}) = min{|z — 1], |z + 1|} = ||z| — 1], z € R.
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1.0 1.0

1 - 1 2 2 1 - 1

FIGURE 6. (Example 3.4) f(x) and Cé/\(f(x)) Left: X = p = 2,
right: A= p =5.

We have
1 1
1— — — \z? < —
! mo A s gy
Cop(f(z)) = . )
f(z) ] > —; (A>2).
\ ’ —2)\ =9
1 1
pllal =17+ -, llal =11 < o
u K 2
Cy,(f(z)) = 1
fx), otherwise; (M > 2) :

If we apply the lower transform first followed by an upper transform for A > 1 and
w > 1, we have

1
1— — — a2 <
TSN ol < 5%

Cg,u[cé,)\(diSt(xa {_15 1})] = lu(|q;| — 1)2 + 4i’
1

dist(z,{-1,1}),  otherwise.

1
o] =1 < o,
2u

Due to the locality property of quadratic transforms, we see that in this example
C’%M[Céy)\(f(x)] = C’é’#[C;’)\(f(x)] for large A > 0 and p > 0 because the lower and
upper transforms act on different part of the graph respectively, upper near non-
smooth local convex points —1 and 1 while lower near the concave point 0. In Figure
6, we compare two sets of graphs between f(z) and C} , (f()) with A = = 2 and
A = pu = 5 respectively. 7

Example 3.5. Example 3.4 can be easily extended to a two dimensional one. Con-
sider

— min{|z — 1, [z + 1]} + min{|z — 1], |z + 1}
= [lz| = 1| +[ly| = 1].



404 KEWEI ZHANG

Ficure 7. (Example 3.5) Left: graph of ¢(z,y) and right:
$A[Ch (9, )] with A = p = 5.

Due to the special form g(z,y) = f(x) + f(y), we see, by the definition of convex
envelope that

Clg(z,y) + A(|z|* + |y»)] = Cl(f (@) + Alz|*) + (f(y) + Aly[*)]
= Cl(z) + Azl + CLf () + Alyl*].

Therefore
Cé,,\[g(flfay)] = Cé,,\[f(f’?)] + Cé,x[f(y)],

hence

O3, [Coal9(w, )] = C3[Co\[f (@)]] + C3-[Co 5[ F ()]
Thus for A > 0 and 7 > 0 small, C’ﬁ"T[Cé’)\[g(m,y)]] = C’é,)\[CéfT[g(m,y)]] and it
defines a tight C''*! approximation for g(x,%). Figure 7 shows how s, [Cé,)\[g(l‘, ol
smoothes g(z,y) near the edges and corners of the graph of g(z,y). Observe that

for A = p = 5, the two graphs are almost the same except at the edges and corners
where C} 03 [g(x, y)]] smoothes them out.
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