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WEIGHTED EQUILIBRIUM PROBLEMS

K. R. KAZMI AND S. A. KHAN

ABSTRACT. In this paper, we introduce a weighted equilibrium problem over
product of sets and a system of weighted equilibrium problems for vector-valued
bifunctions and show that both have the same solution set. Further, we introduce
the concept of normalized solution of the system of weighted equilibrium prob-
lems and give its relationship with the solutions of systems of vector equilibrium
problems. Furthermore, several kinds of weighted monotonicities are defined for
the family of vector-valued bifunctions. Using fixed-point theorems, we establish
some existence theorems for these problems. The concepts and results presented
in this paper extend and unify a number of previously known corresponding con-
cepts and results in the literature.

1. INTRODUCTION

The equilibrium problems theory has emerged as an interesting and fascinating
branch of applicable mathematics. This theory has become a rich source of in-
spiration and motivation for the study of a large number of problems arising in
economics, optimization, operation research in a general and unified way. Equilib-
rium problems include variational inequalities, complementarity problems, convex
optimization problems, saddle point problems, and Nash equilibrium problems as
special cases.

An important generalization of equilibrium problem is the vector equilibrium
problem which has applications in multiobjective optimization problems. In re-
cent past, various classes of vector equilibrium problems have been introduced and
studied by many authors, see for example [5,6,10-18] and the references therein.

Recently, some systems of vector equilibrium problems, that is, the families of
equilibrium problems with vector-valued bifunctions, defined on product of sets have
been studied by Ansari et al. [3,4] which include the systems of vector variational(-
like) inequality problems; the systems of vector optimization problems; Nash equi-
librium problems for vector-valued functions, relative monotone variational inequal-
ities, see for example [1,5,6,14,17] and the references therein.

Very recently, Ansari et al. [2] introduced the weighted variational inequalities
over product of sets and system of weighted variational inequalities and establish
some existence results for these problems.

Motivated and inspired by the recent work going in this direction, in this paper,
we introduce a weighted equilibrium problem over product of sets and a system
of weighted equilibrium problems for vector-valued bifunctions and show that both
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have the same solution set. Further, we introduce the concept of normalized solu-
tion of the system of weighted equilibrium problems and give its relationship with
the solutions of systems of vector equilibrium problems. Furthermore, several kinds
of weighted monotonicities are defined for the family of vector-valued bifunctions.
Using fixed-point theorems, we establish some existence theorems for these prob-
lems. The concepts and results presented in this paper, extend and unify a number
of previously known corresponding concepts and results in the literature, see for
example [2] and the references therein.

2. PRELIMINARIES

Throughout this paper unless otherwise stated, we use the following notations
and assumptions. Let for each given m € N, (R™,R"") be an ordered Banach space
where R = {u = (u1,...,um) € R™ 1 u; > 0forj = 1,...,m} is a pointed
cone. We denote by T7" and int T, the simplex of R’ and its relative interior,
respectively, that is,

TT:{U:(Ul,...,Um) GRTZu]:1}7
j=1

m
int T = {u = (u1,...,%y,) € int R : Zuj =1}
j=1
Let I = {1,2,...,n} be an index set and for each i € I, let l; be a positive
integer. Let, for each i € I, X; be a real topological vector space (not necessarily
Hausdorff) and let K; be a nonempty convex subset of X;, with X = [[..; X; and
K = [Licr Ki.
Let {¢i},c; be a family of bifunctions ¢; : K x K; — R% such that ¢;(z,z;) =
O,vViel, z € K.
We consider the following system of vector equilibrium problems (for short,
SVEP): Find z € K such that, for each i € I,

(2.1) (%, y:) ¢ —RI\{0}, Vi € K;

and the system of weak vector equilibrium problems (for short, SVEP,,): Find
T € K such that, for each 7 € I,

(2.2) 0i(Z,y;) ¢ —int Rl_f_, Vy; € K.
Throughout rest of the paper unless otherwise stated, we assume that

W= (Wi,...,W,) € [[(®i\{o})
el

i€l

is a given weight vector.

Now, we introduce the following weighted equilibrium problem over product of
sets (for short, WEP): Find € K with respect to (for short, wrt) the weight vector
W such that

(2.3) > Wigi(Z,y:) 20, Yy € K
iel
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and the following system of weighted equilibrium problems (for short, SWEP): Find
Z € K wrt the weight vector W such that, for each i € I,

(2.4) Wi.¢i(z,y;) >0, Vy; € K;

where dot ‘. denotes the inner product on RY. If, for each i € I,W; € ’]I‘l_ﬁ, then
the solutions of WEP (2.3) and SWEP (2.4) are called normalized. We denote E*
(respectively EY) the solution set of WEP (2.3) (respectively SWEP (2.4)) and
by EY (respectively EY ) the normalized solution set of WEP (2.3) (respectively
SWEP (2.4)).

Finally, we define the following problem which is closely related to WEP (2.3)
and can be termed as Minty weighted equilibrium problem (for short, MWEP):
Find x € K wrt weight vector W such that

(2.5) > Widily,z:) <0, Vg €Ki, icl.
il
The solution set of MWEP (2.5) is denoted by EY).
First, we show that both WEP (2.3) and SWEP (2.4) have the same solution set.

Lemma 2.1. For a given weight vector W (respectively W = (W1q,...,W,,) €
[Lic; ’]I‘ljr, ie€l), EY = EY (respectively E* = E¥ ).
Proof. Evidently, E¥ C E". Let x € E". Then

ZWz(bZ(i’,yz) >0, Yy, €eK;, i€l

el

For each j # i, let y; = &;. Then, from the preceding inequality, it follows that,
for each i € I,
Wi.¢i(Z,y:) >0, Vy; € K;.

Hence, € EY and this completes the proof. O

Next, by making use of SWEP (2.4), we solve SVEP (2.1) (or SVEP,, (2.2)).

Lemma 2.2. Each normalized solution T € K with weight vector W € [[,; le_ (re-
spectively W € [[;c;int Tli) of SWEP (2.4) is a solution of SVEP,, (2.2) (respec-
tively SVEP (2.1)).

Proof. Let © € K be a normalized solution of SWEP (2.4) with weight vector
W e Tlier ']I‘lfr (respectively W € HieIint']I‘lj). Suppose that z € K is not a
solution of SVEP,, (2.2) (respectively SVEP (2.1)). Then, there exist some i € [
and y; € K; such that

¢i(%,y:) € —int R, (respectively ¢;(Z,y;) € —R}\{0}).

Since W € Tﬂﬁ (respectively W € int le), for each i € I, we have W;.¢;(Z,y;) <
0, for each ¢ € I which contradicts our assumption that £ € K is a normalized
solution of SWEP (2.4). Hence, € K is a solution of SVEP,, (2.2) (respectively
SVEP (2.1)) and this completes the proof. O

From Lemma 2.1 and Lemma 2.2, we deduce the following result.
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Lemma 2.3. Each normalized solution T € K with weight vector W € [[;c; ’]I‘ZJ'r
(respectively W € [];c;int T{f_) of WEP (2.3) is a solution of SVEP,, (2.2) (respec-
tively SVEP (2.1)).

Now, we recall the following fixed point theorems which are important in estab-
lishing the existence theorem for WEP (2.3).

For every nonempty set A, we denote by 24 (respectively F(A)) the family of all
subsets (respectively, finite subsets) of A.

Theorem 2.1 ([8]). Let K be a nonempty and convez subset of a topological vector
space (not necessarily Hausdorff) X and let T : K — 2K be a set-valued mapping.
Assume that the following conditions hold:
(i) For all x € K, T(x) is convex;
(ii) For each A € F(K) and for all y € CoA, T~ 1(y) (N CoA is open in CoA,
where CoA denotes the convex hull of set A;
(iii) For each A € F(K) and all x,y € CoA and every net {xa},cp in K con-
verging to x such that ty + (1 — t)x & T(xzq), for all « € A and for all
t €[0,1], we have y & T'(x);
(iv) There exists a nonempty compact subset D of K and an element § € D such
that y € T(x) for all x € K\D;
(v) For all x € D, T(x) is nonempty.
Then, there exists & € K such that & € T(z).

Theorem 2.2 ([9]). Let K be nonempty convex subset of a topological vector space
(not necessarily a Hausdorff) E and let S,T : K — 2K be set-valued mappings.
Assume that the following conditions hold:
(i) Forallz € K, S(z) CT(x);
(ii) For all x € K, T(x) is conver and S(x) is nonempty;
(iii) For ally € K, S7'(y) :={x € K : y = S(x)} is compactly open;
(iv) There exists a nonempty closed, compact (not necessarily convex) subset D
of K and ij € D such that K\D C T~(g).
Then, there exists & € K such that & € T(z).

3. EXISTENCE THEOREMS FOR WEP (2.3)
First, we give the following definitions.

Definition 3.1. A family {¢;},.; of bifunctions ¢; : K x K; — Rl is said to be
(i) Weighted monotone wrt the weight vector W if, for all z,y € K, we have
> Widil(@,yi) + by, 1)) < 0;
i€l
(ii) Weighted pseudomonotone wrt the weight vector W if, for all z,y € K, we
have
D Widiwy) 20 = Widily,z:) < 0;
il icl
(iii) Weighted strictly pseudomonotone wrt the weight vector W if, the second
inequality in (ii) is strict for all x # y;
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(iv) Weighted conver in second argument wrt weight vector W if for all x,y, z €
K and X € [0, 1], we have

> Wifi(z, Avi+ (1= Nye) S A Wi filz,za) + (1= A) D> Wi filz,9:).
icl icl i€l
Definition 3.2. A family {¢;},.; of bifunctions ¢; : K x K; — RY is said to be
weighted hemicontinuous wrt the weight vector W if, for all z,y € K and X € [0, 1],
the mapping A — >, .; Wi.¢i(y + A(z — y), y;) is continuous.
It is remarked that the concepts given in Definitions 3.1-3.2 are the natural
extensions of the corresponding concepts given in [1,2,17].
Now, we prove the following Minty type lemma for WEP (2.3).

Lemma 3.1. If family {¢;};c; of bifunctions ¢; : K x K; — R 4s weighted pseu-
domonotone and weighted hemicontinuous wrt the weight vector W and convex in
second argument, then EY=EY).

Proof. E* C Ef}} is directly followed by weighted pseudomonotonicity of the family
{Qsi}iel' Let x € E};, we have

ZWi-Qbi(yaxi) <0, Vy; € K;, i € 1.

el
Since, for each i € I, K; is convex, |z;, yi[:= ay; + (1 —a)z; € K VYa € (0,1), and
hence, we have

(3.1) > Wigi(z,2:) <0, Vz €lay,yil.
el
Again, since ¢;(z,.) is convex, we have

(3.2) 0= Z Wi.bi(z,2;) < Z Wi.di(z,9:) + (1 — ) Z Wi.¢i(z, x;).
iel i€l i€l
From inclusions (3.1) and (3.2), we have

el
By weighted hemicontinuity of the family {¢;},.;, the preceding inequality implies

that

Zqubl(ﬂj,yl) >0, Vy, € K;, i € 1.

el
That is, z € EY, and this completes the proof. O
Theorem 3.1. Let the family {¢;},c; of bifunctions ¢; : K x K; — RY be such that
¢i(x,z;) = 0, Vo € K and let {¢;},c; be weighted convex and weighted continuous
in second argument and weighted pseudomonotone, weighted hemicontinuous wrt
the weight vector W. Assume that there exists a nonempty, closed and compact
subset of D of K and §j € D such that, for each x € K\D, Y, ; Wi.¢i(z,5;) < 0.
Then, there exists a solution T € K of WEP (2.3) and hence it is a solution SWEP
(2.4). Furthermore, if W € [];c; Tff_, then there exists a normalized solution T € K
of WEP (2.3) and hence it is a solution of SVEP,, (2.2). Furthermore, if W €
[Lic;int ']I‘li, then & € K is a solution of SVEP (2.1).
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Proof. For each z € K, define the set-valued mappings S, T : K — 2K by
S)={y e K:Y Widi(y,z;) >0}

el
and
T(x)={yeK:» Wigi(z,y)<0}.
el
Now, for each z € K, we claim that T'(z) is convex. Indeed, let y1,y2 €
T(z), a,f > 0 such that o+ 3 =1, ay; + Bys € K as K is convex. Hence

D Widi(w,y1:) <0 and Y Wigy(w,y2:) < 0.
iel icl

Since {¢;},; is convex in second argument, we have

> Widi(x, (ayni + Byas)) < 0= ay + By € T(x).
1€l
Hence our claim is verified.

Further, it follows from weighted pseudomonotonicity of the family {¢;},;.;, that

S(z) C T(zx) for each x € K. Since

S7Hy)={z e K:yeS(x)},
ie.,
Sy ={reK: ZWqul(y,xl) > 0},
el
then
(ST' ) ={reK:> Wigi(y,z:) <0}
i€l

It is easy observed from weighted hemicontinuity of the family {¢;},.;, that
(S7Y(y))¢ is closed, for each y € K and hence S~'(y) is open in K. Therefore,
S~1(y) is compactly open.

Assume that, for all z € K, S(z) is nonempty. Then all the conditions of Theorem
2.2 are satisfied and therefore there exists & € K such that & € T(%).

It follows that

0="> Wigi(#, &) <0,
el
which is impossible.

Hence, there exists x € K such that S(z) = (). This implies that, for all y € K,
Yoicr Wiidi(y, z;) < 0, that is, there exists T € K wrt the weight vector W such
that

ZWi-@(y,fi) <0, Vy;eK; iel.
el

By Lemma 3.1, z € K is a solution of WEP (2.3) and so by Lemma 2.1, it is a
solution of SWEP (2.4). If W € [[;c; le, then z € K is a normalized solution of
SWEP (2.4) and hence by Lemma 2.2, it is a solution of SVEP,, (2.2). Further, if
W e [];crint ’]I‘er, then again by Lemma 2.2, T € K is a solution of SVEP (2.1),
and this completes the proof. O
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Theorem 3.2. Let the family {¢;};c; of bifunctions ¢; : K x K; — R" be such that
¢i(w, ;) = 0, Vo € K and let {¢i},c; be weighted convex and weighted continuous
in second argument and weighted strictly pseudomonotone, weighted hemicontinuous
wrt weight vector W. Assume that there exists a nonempty, closed and compact
subset of D of K and §j € D such that for each x € K\D,  ..; Wi.¢i(z,7;) <
0. Then there exists a unique solution & € K of WEP (2.3) and hence it is a
solution SWEP (2.4). Furthermore, if W € [[ic; Tli', then there exists a unique
normalized solution & € K of WEP (2.3) and hence it is a solution of SVEP,,
(2.2). Furthermore, if W € [[;c;int ']I‘ljr, then = € K is a unique solution of SVEP
(2.1).

Proof. In view of Theorem 3.1, it is sufficient to show that WEP (2.3) has at most
one solution. Suppose that there exist two solutions a:/, 2" of WEP (2.3). Then, we
have

> Wigi(a" ;) > 0.

By the weighted strictly pseudomonotonicity of the family {¢;};.; of bifunctions,
we have o

Zqub(l‘ ,x; ) <0,

el
that is, z is not a solution of WEP(2.3), a contradiction. This completes the
proof. O

Now, we extend the notion of B-pseudomonotonicity given by Brezis [5] and
Ansari et al. [1, 2].

Definition 3.3. A family {¢;},.; of bifunctions ¢; : K x K; — RY is said to be
weighted B-pseudomonotone wrt weight vector W, if for each x € K and every net
{2%}aen in K converging to o with liminf, [, ; Wi.¢; (2%, z;)] > 0, we have

ﬁmSUpZWz‘-@(xa?yi) < ZWi-¢i(xayi)a Vy; € K.
el i€l
Theorem 3.3. Let the family {¢;},c; of bifunctions ¢; : K x K; — Rl be such that
¢i(x,x;) = 0, Vo € K and let {¢}icr be weighted conver in second argument and
weighted B-pseudomonotone wrt weight vector W such that, for each A € F(K),
r— Y i Wii(x,y;) is lower semicontinuous on CoA. Assume that there ex-

ists a monempty compact subset D of K and § € D such that for all x € K\D,
Yicr Widi(x, ;) < 0. Then there exists a solution = € K of WEP (2.3) and

hence it a solution of SWEP (2.4). Furthermore, if W € [];c; Tl_f_, then there ez-
ists a normalized solution T € K of WEP (2.3) which is also a unique solution of

SVEP, (2.4). Furthermore, if W € [],c;int ']I‘er, then = € K is a unique solution
of SVEP (2.1).

Proof. For each z € K, let T : K — 2% be same defined in the proof of Theorem
3.1, then for all x € K, T'(x) is convex. Let A € F(K). Then for all y € CoA,

(T~ ()] CoA = {z € CoA: > Wigi(x,y;) > 0}

el
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is closed in C'oA by the lower semicontinuity of the mapping x — .. Wi.¢:(z, i)
on CoA. Hence (T~(y))(CoA is open in CoA. Suppose that z,y € CoA and
{z%}aea is a net in K converging to = such that >, ; Wi.;(z, ty; + (1 —t)x;) > 0
for all @ € A and all ¢ € [0,1]. For t =0, we have >, _; Wi.¢p(z%,2;) > 0, Vo € A
and therefore liminf, [}, ; Wi.¢i(z®, ;)] > 0.

By weighted B-pseudomonotonicity of ¢, we have

(3.3) > Wigi(x,y:) > limsup > Wi.gi(x®, ).
i€l el
For t = 1, we have ), ; Wi.¢;(z%,y;) >0 for all & € A and therefore
(3.4) lim inf[» " Wi.¢i(z*, 2;)] > 0.
o
iel

From inclusions (3.3) and (3.4), we have ) ,.; Wi.¢;(x,y;) > 0 which implies
y ¢ T ().

Assume that, for all x € K, T(z) is nonempty. Then, all the conditions of
Theorem 2.1 are satisfied. Hence, there exists & € K such that & € T'(&), that is,

0="> Wigi(#,&) <0,
el
This is a contradiction.
Thus, there exists € K such that T'(z) = (), that is,

ZWlQSZ(:anl) > 0, Vyi c Ki, ;€ 1.
i€l
Hence, T is a solution of WEP (2.3) and so by Lemma 2.1, it is a solution of
SWEP (2.4).
If Wi € [Lier Tl_ﬁ, then z € K is a normalized solution of SVEP,, (2.2). Further,

if Wi € [[;¢;(int ']I‘li) then again by Lemma 2.2, = € K is a solution of SVEP (2.1).
This completes the proof. O

It is of further research interest to generalize and extend the concepts and the-
orems presented in this paper for the system of weighted equilibrium problems
involving set-valued bifunctions and set-valued mappings.
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