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NEW FOUNDATIONS OF THE KKM THEORY

SEHIE PARK

ABSTRACT. A KKM space is an abstract convex space satisfying an abstract form
of the KKM theorem and its ‘open’ version. We give several characterizations
of KKM spaces as abstract convex spaces satisfying one of the properties of
matching, intersection, geometric or section, Fan-Browder type fixed point, or
existence of maximal elements. We deduce fundamental results on KKM spaces;
for example, several whole intersection properties, analytic alternatives, minimax
inequalities, variational inequalities, etc. These results are all abstract versions
of known corresponding ones for convex subsets of topological vector spaces,
convex spaces due to Lassonde, C-spaces due to Horvath, G-convex spaces due
to the author, and their variations. Some earlier applications of those results are
indicated. Moreover, it is noted that many of the results are mutually equivalent.

1. INTRODUCTION

It is well-known that the Brouwer fixed point theorem has numerous equivalent
formulations and applications in various fields of mathematics such as topology,
nonlinear analysis, various equilibria theory, mathematical economics, game theory,
and others. One of the equivalent forms is the KKM theorem due to Knaster,
Kuratowski, and Mazurkiewicz (simply, KKM) [19], which was deduced from the
Sperner lemma [48, 54]. The KKM theorem provides the foundations for many of
the modern essential results in diverse areas of mathematical sciences; see [27, 55].

The KKM theory, first called by the author [24], is the study on equivalent
formulations of the KKM theorem and their applications. At the beginning, the
theory was mainly concerned with convex subsets of topological vector spaces as in
the works of Fan [7-13]. Later, it has been extended to convex spaces by Lassonde
[20], and to spaces having certain families of contractible subsets (simply, C-spaces
or H-spaces) by Horvath [14-17]. This line of generalizations of earlier works is
followed by the author for generalized convex spaces or G-convex spaces; see [27-29,
32, 38-43]. Moreover, there have appeared several variations of such spaces; see [34].

Recently, in [30, 31, 33-36], the author introduced the concepts of abstract convex
spaces and KKM spaces, which seem to be more adequate to establish the KKM
theory for various purposes. A KKM space is an abstract convex space satisfying
an abstract form of the original KKM theorem and its “open” version. In fact, our
new concept of KKM spaces is a common generalization of many of known abstract
convexities without any linear structure developed in connection mainly with the
fixed point theory and the KKM theory.
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In the present paper, we introduce several characterizations of KKM spaces as
abstract convex spaces satisfying one of the properties of KKM, matching, inter-
section, geometric or section, Fan-Browder type fixed point, maximal element, and
others. We also introduce fundamental results in the KKM theory for KKM spaces.
Some of them characterize abstract convex spaces satisfying an abstract form of the
KKM theorem, and some of their particular forms are equivalent to the Brouwer
theorem, the Sperner lemma, and the KKM theorem. Our new results are all ab-
stract versions of known corresponding ones for convex subsets of topological vector
spaces mainly due to Fan, convex spaces due to Lassonde, C-spaces due to Horvath,
G-convex spaces due to the author, and their variations. Some earlier applications
of such characterizations are indicated in each section. It is also noted that many
of the results are mutually equivalent.

In Sections 3-7, we obtain several characterizations of KKM spaces as abstract
convex spaces satisfying one of the properties of matching, intersection, geometric or
section, Fan-Browder type fixed point, or existence of maximal elements. Sections
8-11 deal with fundamental results on abstract convex spaces satisfying an abstract
form of the KKM theorem, for example, the KKM type whole intersection proper-
ties, analytic alternatives, minimax inequalities, variational inequalities, etc. These
results are all abstract versions of known corresponding ones for various particular
types of abstract convex spaces.

2. THE KKM SPACES

In this paper, multimaps are simply called maps.
Let (D) denote the set of all nonempty finite subsets of a set D.

Definition 2.1. An abstract convexr space (E,D;T") consists of nonempty sets E,
D, and a map I' : (D) — E with nonempty values I'y :=T'(A) for A € (D).

Let (E, D;T) be an abstract convex space. For any D' C D, the I'-convex hull of
D’ is denoted and defined by

corD’ = U{FA | Ae (D)} C E.

A subset X of F is called a I'-convexr subset of (E, D;T') relative to D' if for any
N € (D'), we have I'y C X, that is, corD" C X. This means that (X, D";T|pn)
itself is an abstract convex space called a subspace of (E, D;T).

When D C E, the space is denoted by (E D D;I'). In such case, a subset X of
E is said to be I'-convez if copr(X N D) C X; in other words, X is I'-convex relative
to D':= X ND. Incase E =D, let (E;T") := (E, E;T).

Many examples of abstract convex spaces were given in [30,33,34]. One of the
typical examples is the following:

Definition 2.2. A generalized convex space or a G-convez space (X, D;T') consists
of a topological space X, a nonempty set D, and a map I': (D) — X such that for
each A € (D) with the cardinality |A| = n + 1, there exists a continuous function
¢4 Ay, — I'(A) such that J € (A) implies pa(Ay) C I'(J).

Here, A, is the standard n-simplex with vertices {e;}]",, and A, the face
of A, corresponding to J € (A); that is, if A = {ag,a1,...,a,} and J =
{aiy, aiy,...,a; } C A, then Ay = cofei,, €ir, ..., €}
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We have established a large number of literature on G-convex spaces; see [27-29,
32, 38-43] and references therein.

Example 2.3. The following are typical examples of G-convex spaces:

1. Any nonempty convex subset of a t.v.s.

2. A convex space due to Lassonde [20].

3. A C-space (or an H-space) due to Horvath [14-17]. Hyperconvex metric
spaces are particular C-spaces.

4. Hyperbolic spaces due to Reich and Shafrir [44].

5. An L-space due to Ben-El-Mechaiekh et al. The so-called F'C-spaces are
L-spaces; see [34].

6. Other major examples of G-convex spaces can be seen in [32, 38, 41].

7. A ¢a-space (X,D;{¢a}ac(p)) consisting of a topological space X, a
nonempty set D, and a family of continuous functions ¢4 : A, — X for
A € (D) with |[A| =n+ 1 and n € NU {0}, can be made into a G-convex
space [34].

Example 2.4. The following are typical examples of abstract convex spaces:

1. A convexity space (F,C) in the classical sense; see [47], where the bibliog-
raphy lists 283 papers.

2. A generalized convex space.

3. According to Horvath [18], a convexity on a set X is an algebraic closure
operator A — [[A]] from P(X) to P(X) such that [[{z}]] = {z} for all
x € X, or equivalently, a family C of subsets of X, the convex sets, which
contains the whole space and the empty set as well as singletons and which
is closed under arbitrary intersections and updirected unions.

Definition 2.5. Let (E, D;I") be an abstract convex space and Z a set. For a map
F: E — Z with nonempty values, if a map G : D — Z satisfies

F(T4) CG(A):=|]G(y) for all Ae (D),
yeA

then G is called a KKM map with respect to F. A KKM map G : D — F is a
KKM map with respect to the identity map 1g.

There are a large number of examples of KKM maps. The following is a new one:
Example 2.6. For a ¢4-space (X, D;{¢a}ae(p)), any map T : D —o X satisfying
pa(Ay) CT(J) for each A€ (D) and J € (A)

is a KKM map on a G-convex space (X, D;T).

The following KKM theorem for GG-convex spaces and its proof are just simple
modification of the one in [28, 29]:

Theorem 2.7. Let (X, D;T") be a G-convex space and G : D — X a multimap such
that

(2.7.1) G has closed [resp., open| values; and
(2.7.2) G is a KKM map.
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Then {G(z)},ep has the finite intersection property. (More precisely, for each N €
(D) with |[N| =n+1, we have ¢n(A,) N(),eny G(2) #0.)
Further, if

(2.7.3) N.en G(2) is compact for some M € (D),

then we have (,cp G(2) # 0.

Proof. Let N = {29, 21,...,2n}. Since G is a KKM map, for each vertex e; of A,
we have ¢y (e;) € T({2}) C G(2) for 0 < i < n. Then e; — @5 G(2) is a closed
[resp., open| valued map such that Ay = co{e;,, €iy,..., €, } C U?:o qﬁj_\,lG(zi].) for
each face Ay of A,. Therefore, by the original KKM theorem and its ‘open’ version
[45], we have A, D Ny o5 G(z) # 0 and hence ¢n(A,) N,en G(2) # 0.

The second part is clear. O

Remarks. (1) Instead of (2.7.1), we may assume that, for each a € D and N € (D),
G(a)Non(Ay) is closed [resp., open] in ¢n(A,,). This is said by some authors that
G has finitely closed [resp., open] values. This generalizes nothing; see [28].

(2) For X = A,,, if D is the set of vertices of A,, and I' = co, the convex hull
operation, Theorem 2.7 reduces to the celebrated KKM theorem [19] and its open
version [37, 45]. The theorem was first used in [19] to obtain one of the most direct
proofs of the Brouwer fixed point theorem, and later applied to topological results
on Euclidean spaces in [1,2]; see [37].

(3) If D is a nonempty subset of a topological vector space X (not necessar-
ily Hausdorff), Theorem 2.7 extends Fan’s KKM lemma [7]. Fan applied it to
coincidence theorems generalizing the Tychonoff fixed point theorem and a result
concerning two continuous maps from a compact convex set into a uniform space.
Later, Fan [8] also applied his lemma to an intersection theorem (concerning sets
with convex sections) which implies the Sion minimax theorem and the Tychonoff
fixed point theorem.

(4) For another forms of the KKM theorem for various G-convex spaces and their
applications, see [21-30, 38-43, 46, 48-50, 54].

Definition 2.8. Let (F, D;I') be an abstract convex space and Z a set. A map
F: E — 7 is said to have the KKM property and called a K-map if, for any KKM
map G : D —o Z with respect to F, the family {G(y)}yep has the finite intersection
property. We denote

R(E,Z):={F:F —Z|Fis a Rmap}.

Similarly, when Z is a topological space, a R€-map is defined for closed-valued
maps G, and a RO-map for open-valued maps G. In this case, we have

R(E,Z) c R¢(E, Z) N 8O(E, 7).

Note that if Z is discrete then three classes K, K€, and RO are identical. Some
authors use the notation KKM(FE, Z) instead of RE(E, Z).

Definition 2.9. The partial KKM principle for an abstract convex topological
space (F, D;T) is the statement that, for any closed-valued KKM map G : D — F,
the family {G(y)}yep has the finite intersection property; that is, 1z € RE(E, E).



NEW FOUNDATIONS OF THE KKM THEORY 335

The KKM principle is the statement that the same property also holds for any
open-valued KKM maps.

An abstract convex topological space (E, D;T) is called a KKM space if it satisfies
the KKM principle 15 € RE(E, E) N RO (E, E).

In our recent work [33], we studied elements or foundations of the KKM theory
on abstract convex spaces and noticed there that many important results therein
are related to KKM spaces.

Example 2.10. We give examples of KKM spaces:

1. Every G-convex space is a KKM space; see Theorem 2.7.

2. A connected linearly ordered space (X, <) can be made into an abstract
convex topological space (X D D;T') for any nonempty D C X by defining
I'4 ;= [min A, max A] := {z € X | min A <z <max A} for each A € (D).
Further, it is a KKM space; see [31, Theorem 5(i)].

3. The extended long line L* can be made into a KKM space (L* D D;T'); see
[31]. In fact, L* is constructed from the ordinal space D := [0, )] consisting
of all ordinal numbers less than or equal to the first uncountable ordinal
), together with the order topology. Recall that L* is a generalized arc
obtained from [0, 2] by placing a copy of the interval (0,1) between each
ordinal o and its successor a + 1 and we give L* the order topology. Now
let ' : (D) —o L* be the one as in 2.

But L* is not a G-convex space. In fact, since I'{0,Q} = L* is not path
connected, for A := {0,Q} € (L*) and A; := [0, 1], there does not exist a
continuous function ¢4 : [0,1] — I'4 such that ¢4{0} C I'{0} = {0} and
pa{l} c T'{Q} = {Q}. Therefore (L* D D;TI") is not G-convex.

4. For Horvath’s convex space (X,C) with the weak Van de Vel property,
the corresponding abstract convex space (X;I') is a KKM space, where
'y :=[A]] =N{C € C | A C C} is metrizable for each A € (X); see [18,
Proposition 5.1].

Example 2.11. We give examples of abstract convex spaces satisfying the partial
KKM principle:

1. All KKM spaces.

2. For Horvath’s convex space (X,C) with the weak Van de Vel property, the
(X;T) is a partial KKM space, where I'4 := [[A]] for each A € (X); see [18,
Theorem 5.1].

Now we have the following diagram for triples (E, D;T'):

Simplex = Convex subset of a t.v.s. = Lassonde type convex space
—> H-space = (GG-convex space <= ¢ 4-space —> KKM space
= Space satisfying the partial KKM principle = Abstract convex space.
It is not known yet whether there is a space satisfying the partial KKM principle
which is not a KKM space.

3. MATCHING PROPERTY

From now on, a triple (X, D;T") denotes an abstract convex space such that X
is a topological space unless explicitly stated otherwise. Recall that (X, D;T) is
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a KKM space iff for any KKM map G : D — X with closed [resp., open]| values,
{G(2)}.ep has the finite intersection property.
The (partial) KKM principle is equivalent to the Fan type matching property:

Theorem 3.1. An abstract convex space (X, D;T') satisfies the partial KKM prin-
ciple iff for any map S : D — X satisfying

(3.1.1) S(2) is open for each z € D; and

(3.1.2) X =,cps S(2) for some M € (D),
there exists an N € (D) such that

Tnn () S(z) #90.

zeN

An abstract conver space (X, D;T) is a KKM space iff the above condition also
holds for closed-valued map S.

Proof. (Necessity) Let G : D — X be a map given by G(z) := X \ S(z) for z € D.
Then G has closed [resp., open] values. Suppose, on the contrary to the conclusion,
that for any N € (D), we have I'nN(,cy S(2) = 0; that is, Iy € X \(,en S(2) =
U.en(X'\ S(2)) = G(N). Therefore G is a KKM map. Since (X, D;I") satisfies the
(partial) KKM principle, there exists a J € (,cn G(2) = (,en(X \ S(2)). Hence
y ¢ S(z) for all z € N. This violates condition (3.1.2).

(Sufficiency) Let G : D — X be a KKM map with closed [resp., open] values.
Suppose (,cps G(2) = 0 for some M € (D). Then |, G°(2) = ULep (X\G(2)) =
X. Therefore, by the sufficiency assumption, there exists an N € (D) such that
Iy NNeny G9(2) # 0. Since G is a KKM map, I'y € G(N). Therefore, we have a
contradiction G(N) N (G(N))© # 0.

This completes our proof. ]

Corollary 3.2. Let (X, D;T') satisfy the partial KKM principle and S : D — X be
a map such that

(1) S(z) is open for each z € D;
(2) S~ (y) is nonempty for each y € X (that is, S is surjective); and
(3) X\S(z0) is compact for some zy € X.
Then there exists an N € (D) such that
Tnn () S(z) # 0.
z€N
Proof. Note that (2) and (3) imply (3.1.2). O

Remark. The origin of Corollary 3.2 goes back to Fan [12, 13] for a convex set
X = D. For applications, see also [21-23].

4. ANOTHER INTERSECTION PROPERTY
The (partial) KKM principle is equivalent to another intersection property:

Theorem 4.1. An abstract convex space (X, D;T') satisfies the partial KKM prin-
ciple iff for any maps S : D — X, T : X —o X satisfying
(4.1.1) S has closed values;
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(4.1.2) for each x € X, cop(D\ S~ (z)) C X \ T (x); and

(4.1.3) v € T(x) for each x € X,
{S(2)}.ep has the finite intersection property.

An abstract convex space (X, D;T") is a KKM space iff the above condition also
holds for any open-valued map S.

Proof. (Necessity) By the definition of the partial KKM principle, it suffices to
show that S is a KKM map. Otherwise, there exists a subset N € (D) such that
I'n ¢ S(N); that is, there exists an € I'y such that @ ¢ S(z) for all z € N.
Hence, N € (D \ S~ (z)) and, by (4.1.2), we have I'y € X \ T~ (z). Therefore,
x € X\T () or x ¢ T~ (x), which contradicts (4.1.3).

(Sufficiency) For any KKM map S : D — X with closed [resp., open] values, we
have to show {S(z)}.ecp has the finite intersection property. Consider the particular
case where I'y := coprN for all N € (D). Let T': X — X be defined by

X\T (z) :==cor(D\ S (z)) forzeX.

Then clearly (4.1.2) holds. We claim that (4.1.3) holds. Suppose, on the contrary,
that ¢ T'(x) for some x € X. Then = ¢ T (x) and hence x € X \ T~ (z). This
implies € I'y for some N € (D \ S™(z)) by the definition of 7. Then, for all
z € N, we have z € D\ S7 () < 2z ¢ S (x) <= =z ¢ S(z) and hence
x ¢ S(N). Therefore I'y ¢ S(INV), which contradicts that S is a KKM map. Now
all of the requirements of Theorem 4.1 are satisfied, and hence {S(z)}.ep has the
finite intersection property. O

From Theorem 4.1 or Corollary 3.2, we immediately have another whole inter-
section property:

Corollary 4.2. Let (X, D;I') satisfy the partial KKM principle and S : D —o
X, T :X — X be maps such that

(1) S has closed values;
(2) for each xz € X, cor(D\ S™(z)) C X\ T (x);
(3) =z € T(x) for each x € X ; and
(4) Nuenr S(2) is compact for some M € (D).
Then
) 5(z) #90.
z€D
Remark. The first particular form of Corollary 4.2 is due to Tarafdar [52] for a
convex space X = D. Another forms of Corollary 2.1 also appear in [14, 25] and
others.

5. GEOMETRIC OR SECTION PROPERTIES

In this section, we show that the (partial) KKM principle is equivalent to two
geometric forms. The following is usually called the section property:

Theorem 5.1. An abstract convex space (X, D;T') satisfies the partial KKM prin-
ciple iff for any sets A C D x X, B C X x X satisfying
(5.1.1) {y € X | (2,y) € A} is closed for each z € D;



338 SEHIE PARK

(5.1.2) for eachy € X, cop{z € D | (z,y) ¢ A} C{x € X | (x,y) ¢ B}; and
(5.1.3) (z,z) € B for each x € X,
and for each N € (D), there exists an xo € X such that N x {xo} C A.
An abstract convex space (X, D;T") is a KKM space iff the above condition also
holds for any set A C D x X satisfying

(56.1.1) {y € X | (z,y) € A} is open for each z € D
instead of (5.1.1).

Proof of Theorem 5.1 using Theorem 4.1. For each z € D, let S(z) := {y €
X | (z,y) € A}. Then (5.1.1) = (4.1.1). Moreover, for each z € X, let
T(x) == {y € X | (z,y) € B}. Then (5.1.2) = (4.1.2). Further (5.1.3) =
(4.1.3). Therefore, by Theorem 4.1, for each N € (D), we have

() S() = [{yveX|(zy) €A} #0.

zeEN z€EN
Hence there exists an zp € X such that (z,zg) € A for all z € N; that is, N x {xg} C
A. O

Proof of Theorem 4.1 using Theorem 5.1. Let A :=Gr(S) and B :=Gr(T"). Then
(4.1.1)-(4.1.3) = (5.1.1)-(5.1.3). Therefore, by Theorem 5.1, for each N € (D),
there exists an g € X such that N x {z¢o} C A. Hence {S(z)}.cp has the finite
intersection property. [l

Corollary 5.2. Let (X, D;I') satisfy the partial KKM principle and A C D X

X, BC X x X be two sets satisfying (5.1.1), (5.1.2), and (5.1.3). Further if
(5.1.4) {y € X | (20,y) € A} is compact for some zy € D,

then there exists an xo € X such that D x {zo} C A.

Proof of Corollary 5.2 using Corollary 4.2. As in the proof of Theorem 6.1, define
maps S and 7. Then (5.1.1)-(5.1.4) imply (1)-(4) in Corollary 4.2. Therefore, by
Corollary 4.2, we have

() 5()=({yeX|(zy) € A} #0.

zeD z€D
Hence there exists an xy € X such that (z,z9) € A for all z € D; that is, D x {xg} C
A. O

Remark. If X = D is a convex subset of a topological vector space and if A =
B, Corollary 5.2 reduces to Fan’s 1961 Lemma [7, Lemma 4]. He obtained his
result from his own generalization of the KKM theorem and applied it to a direct
proof of the Tychonoff fixed point theorem. Other interesting applications of his
useful lemma to fixed points, minimax theorems, equilibrium points, extension of
monotone sets, potential theory, etc. have been made by Fan [9] and others; see
[27].

The following shows that some geometric property is equivalent to the (partial)
KKM principle:

Theorem 5.3. An abstract convex space (X, D;T") satisfies the partial KKM prin-
ciple iff for any sets A C D x X, B C X x X satisfying
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(5.3.1) {y € X | (z,y) € A} is open for each z € D;
(5.3.2) for eachy € X, cor{z€ D | (z,y) € A}y C{r e X | (z,y) € B}; and
(5.3.3) there exists an M € (D) such that for any x € X, (z,2) € A for some
z €M,
there exists an xo € X such that (zo,x9) € A.
An abstract convex space (X, D;T') is a KKM space iff the above condition also
holds when the set in (5.3.1) is closed.

Proof of Theorem 5.3 using Theorem 5.1. Consider Theorem 5.1 replacing (A, B)
by their respective complements (A¢, B€). Then (5.1.1) and (5.1.2) are satisfied by
(5.3.1) and (5.3.2). Since (5.3.3) is the negation of the conclusion of Theorem 5.1,
we should have the negation of (5.1.3). Therefore, the conclusion follows. O

Proof of Theorem 5.1 using Theorem 5.3. Similar. 0

Corollary 5.4. Let (X, D;T') satisfy the partial KKM principle and A C D X
X, BC X x X be two sets satisfying (5.3.1) and (5.3.2). Further if

(1) for each y € X, there exists a z € D such that (z,y) € A; and

(2) {y € X | (20,y) & A} is compact for some zy € D,
then there exists an xy € X such that (xg,x0) € B.

Proof of Corollary 5.4 using Corollary 5.2. Consider Corollary 5.2 replacing (A, B)
by their respective complements (A¢, B€). Then (5.1.1) and (5.1.2) are satisfied by
(5.3.1) and (5.3.2). Moreover, (2) implies (5.1.4). Since (1) is the negation of the
conclusion of Corollary 5.2, we should have the negation of (5.1.3). Therefore, the
conclusion follows. O

Proof of Corollary 5.2 using Corollary 5.4. Similar. O

Remark. If X = D is a convex subset of a topological vector space and if A = B,
Corollary 5.4 reduces to Fan [11, Theorem 2|. In this case, (5.3.2) merely tells that
{r € X | (z,y) € A} is convex.

6. THE FAN-BROWDER TYPE FIXED POINT THEOREMS

The (partial) KKM principle is equivalent to the Fan-Browder type fixed point
theorem:

Theorem 6.1. An abstract convex space (X, D;T) satisfies the partial KKM prin-
ciple iff for any maps S : D — X, T : X — X satisfying

(6.1.1) S(z) is open for each z € D;

(6.1.2) for each y € X, corS™(y) C T (y); and

(6.1.3) X = J,cpr S(2) for some M € (D),
T has a fized point xo € X ; that is z¢ € T(x¢).

An abstract conver space (X, D;T') is a KKM space iff the above condition also
holds for any map S : D — X satisfying

(6.1.1)" S(z) is closed for each z € D
instead of (6.1.1).
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Proof of Theorem 6.1 using Theorem 5.3. Let A and B be the graphs of S and T,
respectively. Then (6.1.1) - (6.1.3) imply (5.3.1) - (5.3.3). Therefore, by Theorem
5.3, there exists an zyp € X such that (zg,z9) € B, that is, T has a fixed point

xo € X. O
Proof of Theorem 5.3 using Theorem 6.1. Define S(z) :=={y € X | (z,y) € A} and
T(x):={y € X | (xz,y) € B}. Apply Theorem 6.1. O

Corollary 6.2. Let (X, D;T') satisfy the partial KKM principle and S : D —o
X, T: X — X be two maps satisfying (6.1.1) and (6.1.2). If
(1) for eachy € X, S~ (y) # 0; and
(2) X\ S(z0) is compact for some zy € D,
then T' has a fized point o € X ; that is zg € T'(x0).
Proof of Corollary 6.2 using Corollary 5.4. Let A and B be the graphs of S and T,

respectively. Then (6.1.1), (6.1.2) and (1), (2) imply (5.3.1) - (5.3.4). Then, by
Corollary 5.4, there exists an xg € X such that (xg,z¢) € B, that is, T has a fixed

point zg € X. [l
Proof of Corollary 5.4 using Corollary 6.2. Define S(z) = {y € X | (z,y) € A}
and T'(z) :={y € X | (z,y) € B}. Apply Theorem 6.1. O

Corollary 6.3. Let (X, D;T") satisfy the partial KKM principle, X be compact, and
S:X —oD, T:X — X two maps satisfying

(1) for each x € X, coprS(x) C T(x); and

(2) X =U{Int S~ (2) | z € D}.
Then T has a fized point xg € X.

Proof. Replacing S and 7" in Theorem 6.1 by Int S~ and 7, respectively, observe
the following:
(i) Int S~(z) is open for each z € D;
(ii) for each y € X, N € ((Int S7)"(y)) C (S(y)) implies 'y C T'(y) by (1);
(iii) for each y € X, by (2), there exists a z € D such that y € Int S™(z), and
hence (Int S7)~(y) # 0; and
(iv) since X itself is compact, X'\ Int S~ (zp) is compact for any zo € D.

Therefore, by Corollary 6.2, T~ has a fixed point z¢ € X; that is, xg € T~ (xq) or
xo € T(x0). O
Corollary 6.4. Let (X, D;T') satisfy the partial KKM principle, X be compact, and
S : X — D a map satisfying

(1) for each z € X, S(x) is nonempty; and

(2) for each z € D, S™(2) is open.
Then there exists an © € X such that T € cor S().

The following simplified form of Corollary 6.3 or 6.4 is also a Fan-Browder type
fixed point theorem:

Corollary 6.5. Let (X;T') satisfy the partial KKM principle, X be compact, and
T:X — X amap satisfying
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(1) for each z € X, T(x) is I'-convex; and
(2) X =U{Int T (y) | y € X}
Then T has a fixed point.

Proof. Replacing (S, cor S) in Corollary 6.4 by (Int 7—, T'), we have the conclusion
immediately. O

Remarks. (1) For a convex subset X of a topological vector space F, if T~ (y) itself
is open, then Corollary 6.5 reduces to Browder’s result [6]. Condition (2) was first
considered by Tarafdar [51].

(2) Note that Browder’s result is a reformulation of Fan’s geometric lemma [7]
in the form of a fixed point theorem and its proof was based on the Brouwer fixed
point theorem and the partition of unity argument. Since then it is known as the
Fan-Browder fixed point theorem.

(3) Browder [6] applied his theorem to a systematic treatment of the intercon-
nections between multi-valued fixed point theorems, minimax theorems, variational
inequalities, and monotone extension theorems. For further developments on gen-
eralizations and applications of the Fan-Browder theorem, we refer to [21, 25, 27].

7. THE EXISTENCE THEOREMS OF MAXIMAL ELEMENTS

Any binary relation R in a set X can be regarded as a map T : X — X and
conversely by the following obvious way:

y € T(x) if and only if (x,y) € R.

Therefore, a point g € X is called a mazimal element of a map T if T'(zg) = 0.
In this section, we give another equivalent form of the (partial) KKM principle:

Theorem 7.1. An abstract convex space (X, D;T") satisfies the partial KKM prin-
ciple iff for any maps S : X — D, T : X — X satisfying

(7.1.1) S~ () is open for each z € D;

(7.1.2) for each x € X, corS(x) C T(x); and

(7.1.3) for each x € X, x ¢ T(x),
X can not be covered by a finite number of ST(z)’s, z € D.

An abstract convez space (X, D;T') is a KKM space iff the above condition also
holds for any map S : X —o D satisfying

(7.1.1) S~ (2) is closed for each z € D
instead of (7.1.1).

Proof of Theorem 7.1 using Theorem 6.1. Suppose that X is covered by a finite
number of S7(z)’s, z € D. Consider Theorem 6.1 replacing S,T7 by S—,T~, re-
spectively. Then all of the requirements of Theorem 6.1 are satisfied. Therefore,
there exists an zp € X such that o € T (xg) or ¢ € T(zp). But this violates
(7.1.3). O

Proof of Theorem 6.1 using Theorem 7.1. Replacing S, T in Theorem 6.1 by S™, 7T,
respectively, follow the above proof. O
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Remark. Theorems 3.1, 4.1, 5.1, 5.3, 6.1, and 7.1 are all characterizations of the
KKM spaces. This means that there are no spaces other than KKM spaces satisfying
any of the properties of matching, intersection, geometric or section, Fan-Browder
type fixed point, or maximal element. Similarly the theorems and their Corollaries
also characterizes abstract convex spaces satisfying the partial KKM principle.

From Theorem 7.1, we can deduce some results on maximal elements as follows:
Corollary 7.2. Let (X,D;T') satisfy the partial KKM principle and S : X —o
D, T: X — X be two maps satisfying (7.1.1)—(7.1.3). If

(7.1.4) X \ S™(20) is compact for some zp € D,
then there exists an T € X such that S(z) = 0.

Proof of Corollary 7.2 using Corollary 6.2. Suppose that S(z) # ) for each x € X.

Consider Corollary 6.2 replacing S,T by S—,T~, respectively. Then all of the
requirements of Corollary 6.2 are satisfied. Therefore, there exists an x¢y € X such

that o € T (z9) or xy € T(xp). But this violates (7.1.3). O
Proof of Corollary 6.2 using Corollary 7.2. Replacing S,T in Corollary 6.2 by S,
T, respectively, follow the above proof. O

Corollary 6.4 is equivalent to the following simple consequence of Corollary 7.2:
Corollary 7.3. Let (X, D;T') satisfy the partial KKM principle, X be compact, and
S: X — D a map satisfying

(1) z ¢ corS(z) for each x € X; and
(2) S7(z) is open for each z € D.
Then there exists an T € X such that S(Z) = 0.

Corollary 7.3 is used by Borglin and Keiding [5] and Yannelis and Prabhakar [53]
to the existence of maximal elements in mathematical economics.

Until recently, all conditions of Theorems 3.1, 4.1, 5.1, 5.3, 6.1, 7.1 and their
Corollaries are known for G-convex spaces only. Now those Theorems characterizes
the KKM spaces and all of Corollaries hold for any abstract convex spaces satisfying
the partial KKM principle.

8. THE KKM TYPE THEOREMS

From the partial KKM principle we have a whole intersection property:
Theorem 8.1. Let (X, D;T') satisfy the partial KKM principle and G : D — X be
a closed-valued KKM map. If

(8.1.1) N,ear G(2) is compact for some M € (D),
then we have

() G(z) # 0.
zeD

Note that Theorem 8.1 properly generalizes the second part of Theorem 2.7.
Corollary 3.2 can be stated in its contrapositive form and in terms of the complement
G(z) of S(z) in X. Then we obtain Theorem 8.1 with M = {zp}. Conversely, we
can deduce Corollary 3.2 from Theorem 8.1.

The following can be deduced from Theorem 8.1, as in [28, Theorem 5:
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Theorem 8.2. Let (X, D;T") satisfy the partial KKM principle, K be a nonempty
compact subset of X, and G : D — X a map such that

(8.2.1) N,ep G(2) = N.ep G(2) [that is, G is transfer closed-valued];
(8.2.2) G is a KKM map; and
(8.2.3) either
(i) ({G(2) | z€ M} C K for some M € (D); or
(ii) for each N € (D), there exists a compact I'-convex subset Ly of X
relative to some D' C D such that N C D' and

Lyn({G() | ze D'} CK.
Then KN({G(z2) | z€ D} # 0.
Proof. Suppose that K N ({G(z) | z € D} = KN({G(2) | z € D} = 0; that is,

K c U{X \ G(2) | z€ N} for some N € (D).

Case (i): By Theorem 8.1, we have an 2 € (({G(z) | z € D} ¢ N{G(2) | z €
M} C K by (i). But, we have x € K C |J{X \ G(2) | z € D}, a contradiction.

Case (ii): Let Ly be the compact I'-convex subspace of X in (ii). Define G’ :
D' — Ly by G'(z) == G(2) N Ly for z € D'. Then A € (D’) implies I, :=
FaNLy C G(A)N Ly = G'(A) by (8.2.2); and hence G’ : D' — Ly is a KKM
map on (Ly,D’;T") with closed values. Since (X, D;T) is a KKM space, so is
(Ln,D’;T’). Hence, {G'(z) | z € D'} has the finite intersection property and
N{G'(z) | z € D'} # 0, by Theorem 8.1. For any y € (\{G'(z) | z € D'}, we have
y € K by (ii). However, since y € K C |[J{X \G(2) | z € N}, we have y ¢ G(z)
for some z € N C D’. This is a contradiction.

Therefore, we must have K N({G(z) | z € D} # 0. O

Remarks. (1) The reader might prefer to assume that each G(z) is “compactly”
closed, but this does not generalize anything; see [28].

(2) Conditions (8.1.1) or (8.2.3) are usually called the “compactness” or “coer-
civity” conditions. A large number of such requirements appeared in the literature
to generalize known results and condition (ii) is one of them. As we have seen that
Theorem 8.1 implies Theorem 8.2 as above, such general conditions are not essen-
tial. Therefore, for the simplicity, we adopt only (8.1.1) or a more simple form for
a singleton M = {zp}; see Corollaries 3.2, 4.2, 5.2, 5.4, 6.2, 7.2 and Theorems 9.1,
9.2, 10.1, 10.2.

(3) From now on, in many cases, we consider the case M = {zp} for simplicity.

9. ANALYTIC ALTERNATIVES

From Theorem 8.1, we deduced Theorem 8.2 and Corollaries 3.2, 4.2, 5.2, 5.4,
6.2, 7.2, from any of which the following analytic alternative follows:

Theorem 9.1. Let (X, D;T") satisfy the partial KKM principle and A, B C C be
sets. Let f: Dx X — C and g: X x X — C be functions satisfying
(9.1.1) {y € X | f(z,y) € A} is open for each z € D;
(9.1.2) for eachy € X, cor{z€ D | f(z,y) € A} C{zx € X | g(x,y) € B}, and
(9.1.3) {y € X | f(z0,y) ¢ A} is compact for some zy € D.
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Then either

(a) there exists a y € X such that f(z,y) ¢ A for all z € D; or

(b) there exists a ¥ € X such that g(z,%) € B.
Proof. 1t is immediate that Theorem 9.1 follows from Corollary 5.4 by replacing
A, B by

A'={(z,y) eDx X | f(z,y) € A}, B ={(z,y) € X x X | g(z,y) € B},

respectively. Similarly, we can obtain the converse. O

Remark. The first form of Theorem 9.1 is due to Lassonde [20]. For another form,
see [25, 41].

From Theorem 9.1, we obtain the following analytic alternative which is a basis
of various equilibrium problems:

Theorem 9.2. Let (X, D;I") satisfy the partial KKM principle, f : D x X — R
and g : X x X — R be two extended real valued functions, and o, 8 € R. Suppose
that

(9.2.1) {y € X | f(z,y) > a} is open for each z € D;
(9.2.2) for eachy € X, cor{z€ D | f(z,y) >a} C{zxe X | g(z,y) > B}; and
(9.2.3) {y € X | f(z0,y) < a} is compact for some zy € D.

Then either
(a) there exists a y € X such that f(z,y) < « for all z € D; or
(b) there exists a T € X such that g(Z,7) > 3.
Proof. Put C =R, A= (a, 0], and B = (3, 00] in Theorem 9.1. O

Remark. If X = D is a compact convex space, Theorem 9.2 reduces to the principal
result of Ben-El-Mechaiekh et al. [3, 4], where this result is applied to variational
inequalities of Hartman-Stampacchia and Browder, and a generalization of the Fan
minimax inequality.

10. MINIMAX INEQUALITIES

From Theorem 9.2, we immediately have the following generalized form of the
Fan minimax inequality [11]:

Theorem 10.1. Under the hypothesis of Theorem 9.2, if « = 3 = sup{g(x,z) | z €
X}, then

(c) there exists a y € X such that
f(z,9) <supg(xz,z) forall z€ D; and
zeX

(d) we have the minimazx inequality

inf sup f(z,y) < sup g(z,z).
yeX 2eD zeX

In order to show Theorem 10.1 is equivalent to any of Corollaries 3.2, 4.2, 5.2,
5.4, 6.2, 7.2, and Theorems 8.1, 8.2, 9.1, 9.2, we give the following:
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Proof of Corollary 4.2 using Theorem 10.1. Define functions f : D x X — R and

g: X xX —Rby
_J0 ify e S(z)
zy) = {1 otherwise

for (z,y) € D x X and

(z.y) = 0 ifyeT(x)
FEY =11 otherwise
for (z,y) € X x X. Then a = = 0 by (3). Note that, for each z € D, since

{yGX | f(z, y)>0}—{y€X|y¢S(z)}—X\S( ) is open by (1), we have
(9.2.1). And, since S(z0) = {y € X | f(20,y) < 0} is compact for some zp € D, we
have (9.2.3). Moreover, (2) implies (9.2.2). Therefore, by Theorem 10.1(c), there
exists a ¥ € X such that

f(2,9) <supg(z,z) =0 forall z € D;
zeX

whence y € S(z) for all z € D. This completes our proof of Corollary 4.2. O
Until now, we observe the following:

Proposition 1. (1) Theorems 3.1, 4.1, 5.1, 5.8, 6.1, and 7.1 are mutually equiv-
alent and characterize the KKM spaces and abstract convexr spaces satisfying the
partial KKM principle.

(2) Corollaries 3.2, 4.2, 5.2, 5.4, 6.2, 7.2 and Theorems 8.1, 8.2, 9.1, 9.2, 10.1
are mutually equivalent.

For an abstract convex space (X D D;I') satisfying the partial KKM princi-
ple, the KKM Theorem 8.1 can be reformulated to another minimax inequality as
follows:

Theorem 10.2. Let (X D D;T) satisfy the partial KKM principle, ¢ : D x X — R
be an extended real valued function, and v € R such that
(10.2.1) {y € X | ¢(z,y) < v} is closed for each z € D;
(10.2.2) for each N € (D) and for each y € Ty, we have min,cy ¢(z,y) < v, and
(10.2.3) {y € X | ¢(20,y) <~} is compact for some zy € D.
Then
(a) there exists a y € X such that

$(2.9) <~ forall z € D;

and
(b) if v = sup,ep ¢(z, ), then we have the minimaz inequality:

min sup ¢(z,y) < sup o(z,x).

y€X zeD
Proof of Theorem 10.2 using Theorem 8.1. Let G(z) := {y € X | ¢(z,y) < ~} for
z € D. Then, by (10.2.1) and (10.2.3), G : D — X has closed values and G(z) is
compact for some zg € D. Moreover, by (10.2.2), G is a KKM map: Indeed, suppose
that there exists an N € (D) such that 'y ¢ G(N). Choose a y € I'y such that
y ¢ G(N); that is, y ¢ G(z) or ¢(z,y) > v for all z € N. Then min,ey ¢(z,y) >,
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contradicting (10.2.2). Therefore, by Theorem 8.1, there exists a § € X such that
U € N.ep G(2) # 0; that is, ¢(2,7) < for all z € D. This completes the proof of
(a). Note that (b) immediately follows from (a). O

Proof of Theorem 8.1 for (X D D;T") using Theorem 10.2. Define ¢ : D x X — R

by
(5y) = {O if y € G(z)

1 otherwise

for (z,y) € D x X and put v = 0 in Theorem 10.2. Since {y € X | ¢(z,y) <0} =
G(z) is closed, (10.2.1) follows. Moreover, condition (8.1.1) for M = {z} implies
(10.2.3). [Note that we are still working on the particular case of (8.1.1) for a sin-
gleton M.] Furthermore, since G is a KKM map, condition (10.2.2) follows: Indeed,
suppose that there exist an N € (D) and a y € I'y such that min ey ¢(2,y) > 0.
Then y ¢ G(z) for all z € N; that is, y € I'v ¢ G(N), a contradiction. Therefore,
by Theorem 10.2, there exists a ¥ € X such that ¢(z,y) = 0 for all z € D; that is,
Y € ,ep F(2). This completes our proof of Theorem 8.1. O

Remark. The first particular form of Theorem 10.2 is due to Zhou and Chen [56],
who applied it to a variation of the Fan minimax inequality, a saddle point theorem,
and a quasi-variational inequality.

Proposition 2. For an abstract convex space (X D D;T') satisfying the partial
KKM principle, Corollaries 8.2, 4.2, 5.2, 5.4, 6.2, 7.2 and Theorems 8.1, 8.2, 9.1,
9.2, 10.1, 10.2 are mutually equivalent.

Recall that an extended real valued function f : X — R, where X is a topological
space, is lower [resp., upper] semicontinuous (1.s.c.) [resp., u.s.c.] if {x € X | f(x) >
r} [resp., {z € X | f(x) < r}] is open for each r € R.

For an abstract convex space (X;T), a real function f : X — R is said to be
quasiconcave [resp., quasiconvex] if {x € X | f(z) > r} [resp., {x € X | f(z) < r}]
is I'-convex for each r € R.

From now on, we mainly consider abstract convex compact spaces (X;I") satis-

fying the partial KKM principle for simplicity.

Theorem 10.3. Let (X;T) satisfy the partial KKM principle, X be compact, and
frg: X xX = RU{+00} functions satisfying

(10.3.1) f(z,y) < g(x,y) for each (z,y) € X x X;

(10.3.2) for each x € X, g(x,-) is quasiconcave on X ; and

(10.3.3) for each y € X, f(-,y) is l.s.c. on X.

Then we have

min sup f(z,y) < sup g(z,x).

yeX zeXx zeX
Proof. Observe that sup,cy f(z,y) is by (10.3.3) a L.s.c. function of y on the com-
pact space X, and therefore its minimum exists. If sup,cx g(x, ) = 400, then the
inequality in the conclusion holds automatically. If & = § = sup,cx g(z, z) < 400,
then by Theorem 10.1, we have the conclusion. O
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Remarks. (1) For f = g, Theorem 10.3 reduces to Fan’s minimax inequality [11].
Fan obtained his inequality from his own generalization of the original KKM theo-
rem, and applied it to deduce fixed point theorems, theorems on sets with convex
sections, a fundamental existence theorem in potential theory, and so on.

(2) Later, the inequality has been an important tool in nonlinear analysis, game
theory, and economic theory; see [27].

In particular, we have the following:

Corollary 10.4. Under the hypothesis of Theorem 10.3, if g(x,x) < 0 for allz € X,
then there exists a yo € X such that f(x,y0) <0 for all x € X. Thus in particular

min sup f(z,y) < 0.
yeX zeXx

11. VARIATIONAL INEQUALITIES

Theorem 10.3 can be applied to the existence of solutions of certain variational
inequalities:
Theorem 11.1. Let (X;T) satisfy the partial KKM principle, X be compact, and
p,q: X XX =R and h: X — R functions satisfying

(11.1.1) p(z,y) < q(x,y) for each (x,y) € X x X, and q(z,x) <0 for all x € X;
(11.1.2) for each v € X, q(x,-) + h() is quasiconcave on X ; and
(11.1.3) for eachy € X, p(-,y) — h(:) is l.s.c. on X.

Then there exists a yg € X such that
p(z,y0) + h(yo) < h(z) for all z € X.
Proof. Let

f(z,y) = p(z,y) + h(y) — h(z), g(x,y) = q(z,y) + h(y) — h(x)

for (x,y) € X xY. Then f and g satisfy the requirements of Theorem 10.3.
Furthermore, g(z,z) = g(x,z) <0 for all z € X. Therefore, by Corollary 10.4, the
conclusion follows. O

Remarks. (1) Putting h = 0, Theorem 11.1 reduces to Corollary 10.4.
(2) Theorem 11.1 is a basis of existence theorems of many results concerning
variational inequalities; see [25] and references therein.

Theorem 11.2. Let (X;T') satisfy the partial KKM principle, X be compact, and
p,q: X x X — R functions satisfying
(11.2.1) p < q on the diagonal A :={(z,x) | r € X} and ¢ <p on (X x X)\ A;
(11.2.2) for each x € X, y+ q(y,y) — q(z,y) is quasiconcave on X; and
(11.2.3) for each y € X, x +— p(x,y) is u.s.c. on X.

Then there exists a yg € X such that

p(v0,%0) < p(w,y0) for all x € X.
Proof. Define f,g: X x X — R by

f(z,y) :==p(y,y) —p(x,y), 9(x,y):=qy,y) —q(z,y)
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Then f and g satisfy the hypothesis of Theorem 10.3. Since g(z,z) = 0 for all
x € X, Corollary 10.4 implies that f(z,yp) < 0 for all € X. This implies the
conclusion. O

Remark. For a convex space X and p = ¢, Theorem 11.2 reduces to a result of Fan
[11], which was shown to be very useful in nonlinear functional analysis. In fact,
the Tychonoff (and hence, the Brouwer) fixed point theorem, Browder’s variational
inequality, and many other applications follow from his result.

Since Theorem 11.2 implies the Brouwer fixed point theorem, in view of Theorem
2.7, we have the following;:

Proposition 3. For an abstract convex compact space (X;1I') satisfying the partial
KKM principle, Theorems 10.3, 11.1, 11.2 follow from any of Theorems 3.1, 4.1,
5.1, 5.8, 6.1, 7.1, 8.1, 8.2, 9.1, 9.2, 10.1, and 10.2. For a compact G-convex space
(X;T), each of Theorems in this paper and Corollaries is equivalent to the original
KKM theorem.

12. FURTHER APPLICATIONS

Note that Theorems 10.3, 11.1, and 11.2 are repeated in our previous work [35],
where further applications of our theory on the partial KKM principle in the present
paper are given as follows:

The von Neumann type intersection theorem [35, Theorem 9.1];
The Nash type equilibrium theorem [35, Theorem 9.2];
) The Himmelberg fixed point theorem for KKM spaces [35, Theorem 10.1].

Moreover, in our forthcoming work [36] on fixed point theory, we will generalize
the results on G-convex spaces in [32] and others to the ones on the KKM spaces
or abstract convex spaces.

Recall that there are several hundred published works on the KKM theory, most
of results in them are consequences of the ones given in this paper, where we cover
only an essential part of the theory. For the more historical background, the reader
can consult with [27]. For more involved or generalized versions of the results in this
paper, see [25] for convex spaces, [39] for H-spaces, [29, 32, 38, 40-43] for G-convex
spaces, and [30, 31, 33-35] for abstract convex spaces and references therein.

)
)
) The von Neumann type minimax theorem [35, Theorem 8.2];
)
)
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