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RELAXATION AND BOLZA PROBLEM INVOLVING A SECOND
ORDER EVOLUTION INCLUSION

C. CASTAING AND T. HADDAD

ABSTRACT. We present a relaxation problem in control theory when the dynam-
ics are governed by a second order evolution inclusion with antiperiodic boundary
conditions and its application to a Bolza type problem. A related variational con-
vergence result is also investigated.

1. INTRODUCTION

This paper is devoted to a relaxation problem in control theory when the dynam-
ics are governed by a second order evolution inclusion with antiperiodic boundary
conditions and its application to a Bolza type problem. In the first order evolution
inclusions, some related results are given in [21] [12], [11], [16], [17]. In [6], [13]
the authors present some results in this framework when the dynamic is given by
a second order ordinary differential equation with two points boundary conditions.
Existence and uniqueness of antiperiodic solution appeared in a series of works [2],
3], [4], [5], [19], [26], [27], [15]. In this paper, we present some relaxation results in a
second order evolution inclusion with antiperiodic boundary conditions. Our proofs
rely on some results on existence and uniqueness of antiperiodic solution of a second
order evolution inclusion with convex compact valued upper semicontinuous pertur-
bation and the stable convergence of Young measures [12]. In section 3 we state
some existence and uniqueness results of anti-periodic solutions for these classes of
second order evolution inclusions. In section 4 we present main results in relaxation
problems for a second order evolution inclusion with antiperiodic boundary condi-
tions via Young measures and its application to a Bolza problem. A variational
convergence result in this class of evolution inclusion is also investigated.

2. PRELIMINARIES AND BACKGROUND

In this section, (€2, S, P) is a complete probability space, S and T" are two Polish
spaces and F is a separable Banach space. By L}E(Q,S , P) we denote the space
of all Lebesgue-Bochner integrable F-valued functions defined on 2. For the sake
of completeness, we summarize some useful facts concerning Young measures. Let
X be a completely regular Suslin space and let Cb(X ) be the space of all bounded
continuous functions defined on X. Let M? (X) be the set of all Borel probability
measures on X equipped with the narrow topology. A Young measure A : Q —
ML (X) is, by definition, a scalarly measurable mapping from Q into MY (X),
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that is, for every f € CP(X), the mapping w — (f,\,) = = [y flz)dro(x) is S-
measurable. A sequence (A\") in the space of Young measures Y(€2, S P s ML(X))
stably converges to a Young measure A € Y(Q, S, P; M (X)) if the following holds

hm//f ) dA™ (2)] dP(w //f ) Ao (2)] dP(w)

for every A € S and for every f € C°(X). We recall and summarize some results
for Young measures.

Proposition 2.1 ([12, Theorem 3.3.1)). Assume that S and T are Polish spaces.
Let (p™) be a sequence in Y(Q,8,P; ML(S)) and let (v") be a sequence in
Y, S, P; ML(T)). Assume that

(i) (u™) converges in probability to ™ € Y(Q,S, P; ML(S9)),
(ii) (v™) stably converges to v™ € Y(Q, S, P; ML (T)).
(u"

Then ® V") stably converges to pu®>° ® v

Proposition 2.2 ([12, Theorem 6.3.5]). Assume that X and Z are Polish spaces.
Let (u™) be sequence of S-measurable mappings from Q into X such that (u™) con-
verges in probability to a S-measurable mapping u> from § into X and (v") be a
sequence of S-measurable mappings from Q into Z such that (v™) stably converges
tov>® € Y(Q,8,P;MY(Z)). Let h: Qx X x Z — R be a Carathéodory integrand
such that the sequence (h(.,un(.),vn(.)) is uniformly integrable. Then the following
holds

lim [ hw, u (W), 0" (@) dP(w) = /Q [ /Z h(w, ™ (W), 2) dve® ()] dP(w).

n—oo O

3. SOME EXISTENCE THEOREM IN SECOND ORDER EVOLUTION INCLUSIONS

We begin with a second order evolution inclusion with upper semicontinuous
convex weakly compact valued perturbation in a separable Hilbert space. For this
purpose we need first a closure type lemma that is a particular form of a similar
result given in ([13], Lemma 4.1).

Lemma 3.1. Let H be a separable Hilbert space. Let @ be a convex lower semi-
continuous function defined on H with values in | — 0o, +00]. Let (Un)peNufoo}
be a sequence of measurable mapppings from [0,T] into H. such that u, — U
pointwisely with respect to the norm topology. Assume that p(u,(t)) is finite for
every n € NU{oo} and for everyt € [0,T] and (Cy)nen is a sequence in L ([0,T])
satisfying
Cn(t) € 0p(un(t)) a.e. te€[0,T]
for each n € N and o(L};, L3Y) converging to (oo € L([0,T]). Then we have

Coo(t) € 6@(“00@)) ae te [O’T]'

Proof. We will use Komlds techniques. See ([20] , [18]). Namely we may assume
that (¢,) Komlds converges to ( and (|¢,|) Komlds converges to poo € Lk ([0,7T1),
because the sequence ((,,) (resp. (|¢,|)) is bounded in L}, ([0,T]) (resp. L ([0,77)).



RELAXATION PROBLEM IN AN EVOLUTION INCLUSION 143

Accordingly there are a Lebesgue negligible set M in [0, 7] and subsequences ({’,,),
(¢’ ,n]) such that

tim 3 () = Guol),
m=1
tin L 1) () = pecl),
m=1

forallt € [0,7]\ M. Let € > 0 and let t € [0,T]\ M. By lower semicontinuity of ¢
and pointwise convergence of u,, t0 u, there is N. € N such that ||u, (t)—ux (t)|| <
e and that @(un,(t)) > ¢(ux(t)) — € for all m > N,. Then we have the estimate

p(2) = (oo (t)) — € + (& = uoo(t), ' (1)) — [¢""[(t)e
for all x € H, using the classical definition of subdifferential in convex analysis and
the preceding estimate. Applying the previous convergences in the last inequality
gives
P(1) 2 o(too(t)) = € + (& = Uoo(t), (oo (£)) — poo(t)e
As € is arbitrary > 0 we finally get

p() = p(uoo(t)) + (Coo(t), & — uco(t))
for all z € H. Whence we have ((t) € 0p(ux(t)) a.e.. O

Let us recall and summarize a classical closure type lemma.

Lemma 3.2. Let H be a separable Hilbert space. Let ¢ be a convex lower semicon-
tinuous function defined on H with values in | — 0o, +00]. Let (up)nen U {00} be
a sequence in L% ([0,T]) such that (up)neN strongly converges to us € L% ([0,T]).
Assume that @(u,(t)) is finite for every n € N U {oo} and for every t € [0,T] and
(Cn)neN is a sequence in L2%([0,T)) satisfying

Cn(t) € Op(un(t)) ae. tel0,T]
for each n € N and converging weakly to (s € L%([0,T]). Then we have
Coo(t) € Dp(u(t)) a.e. tel0,T).

Proof. Tt is well-known that A := 0y is an maximal monotone operator in H. Let
us denote by A its extension to L% ([0, 7]) defined by v € Au <= v(t) € Au(t) a.e
Vu,v € L%([0,77]). It is easy to see that A is monotone in L% ([0,T]). Let us check
that A is maximal monotone. Let g € L%([0,7]). It is enough to show that there
exists v € L% ([0, T such that

gev+ Av

As A is maximal monotone, the function v(t) = [I + A]~1g(t) satisfies
9(t) € [In + AJv(t) <= g € [I12 (o1 + Alv.

So it remains to check that v € L% ([0, 7). Indeed, we have v(t) = g(t) — proz,g(t),
here «y is the conjugate of ¢ and prox,, is the prox mapping associated with . Since
proxz~ is a contraction, it is easy to check that the mapping ¢ — prox,g(t) belongs
to L%([0,77). So A is maximal monotone in L% ([0, T7]). As its graph is sequentially
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strong-weak closed, (uy) strongly converges in L%([0,7] to us, and (¢,) converges
weakly in L% ([0,T] to ¢, we have ¢ € Au <= v(t) € dp(u(t)) a.e. O

Remarks. Lemma 3.2 is well-known. However, we would like to mention the
differences of techniques occuring in the two preceding results. The use of Komlds
convergence or Mazur convergence appeared first in the recent works dealing with
the proximal subdifferential of nonconvex lower semicontinuous functions [23], [13],
[24]. In particular, it can be applied to nonconvex lower semicontinuous functions
pln functions [22]. Komlds argument allows to prove the validity of Lemma 3.1
when (u,) pointwisely converges to us. An inspection of the proof of Lemma
3.1 shows that this technique is completetely independent of convex analysis and
maximal monotone operators and can be used only in the case when ¢; does not
depend on the parameter ¢ € [0,7]. Coming back to the proof of Lemma 3.2, we
see that, it can be applied to the case when ¢; depends on a parameter ¢t € [0, 7],
provided that the mapping t — proz.,x is Borel, or Lebesque mesurable for each
fixed x € H, ; being the conjugate of ¢;. See [25] for details concerning the theory
of prox mappings in Hilbert spaces. These considerations allow to extend Lemma
3.2 to the case when ; depends on a parameter, by introducing the extension of
the operator A(t) = d¢; to L% ([0,T] by v € Av < v(t) € A(t)u(t) a.e. The
details are left to the reader. At this point let us mention some results related to
Lemma 3.2, see [8] dealing of a family A(t) of m-accretive operators in a separable
reflexive Banach spaces such that its strong dual is uniformly convex and [28], [29]
dealing with A(t) := Oy, in Hilbert spaces. In view of applications, it is worthwhile
to mention that Lemma 3.2 is valid when H = R and 0y is replaced by any m-
accretive operator A : H = H. Indeed, the graph of A is closed. So A is Borel,
that is A=B := {z € H : A(x) N B # 0} is Borel for any closed subset of H so
that D(A) is Borel. It follows that = + [Ig + A] 'x is Borel, so that, for any
Lebesgue measurable mapping g : [0,7] — H the mapping ¢ — [Ig + Al 'g(t) is
Lebesgue-measurable. See [8], [9] for details.

The following deal with a convex compact valued perturbation of a second or-
der evolution governed by subdifferential operators of convex lower semicontinuous
functions with anti-periodic boundary conditions. Compare with Lemma 3.4 in [2]
dealing with single valued continuous perturbations and [5] dealing with first order
evolution inclusions. For simplicity, we will assume that H = R?.

Theorem 3.3. Let H=R% v c R, p: H —] — 00, +0cc] be a proper, convex, l.s.c
and even function. Let F :[0,T] x H = H be a convex compact valued mapping,
separately scalarly measurable on [0, T, separately scalarly upper semicontinuous on
H satisfying: there is r € L%, ([0,T]) such that F(t,x) C T'(t) := r(t)Bg(0,1) for
all (t,x) € [0,T] x H.

Then the problem

{ iW(t) + yu(t) € F(t,u(t)) + 0p(u(t)), ae. tel0,T],
w(T) = —u(0), @(T) = —u(0).

has at least an anti-periodic W?I’Z([O,T]) solution.



RELAXATION PROBLEM IN AN EVOLUTION INCLUSION 145

Proof. Recall that a WE’Q([O, T1) function w : [0,7] — H is solution of the problem
under consideration if there exists a function h € L%([0,7]) such that

iW(t) + yu(t) € h(t) + 0p(u(t)), a.e. tel[0,T7,
h(t) € F(t,u(t)) a.e. te[0,T7,
w(T) = —u(0), u(T)=—u(0).
Let us denote by S the set of all L% ([0, T])-selection of T
SE:={feL%([0,T)) : f(t) €eT(t) ae. tel0,T]}.

By virtue of ([2], Theorem 2.1) , for each f € SZ%, there is a unique W?IQ([O,T})—
solution uy of

{ iip(t) +yup(t) € f(t) + 0p(uy(t)), ae. te]0,T7,
up(T) = —up(0), up(T) = —1iys(0).

For each f € 82, let us define the multifunction
U(f):={g € L}([0,T)) : g(t) € F(t,up(t)) ae. te€l0,T]}.

Then is is clear that ¥(f) is a nonempty convex weaky compact subset of 812, here
the nonemptiness follows from ([14], Theorem VI-6). From the above consideration,
we need to prove that the convex weakly compact valued mapping ¥ : 812 = Slg
admits a fixed point. By virtue of Kakutani-Ky Fan theorem, it is enough to prove
that W is upper semicontinuous when Slg is endowed with the weak topology of
L%([0,T]). As L%([0,T]) is separable, S% is compact metrizable with respect to
the weak topology of L2%([0,7]). So it turns out to check that the graph Gr(¥)
is sequentially weakly closed in 82 x S2. Let (fy,9n) € Gr(¥) weakly converging

to (f,g) € S x S§. From the definition of ¥, that means uy, is the WI%[’Z([O,T])
solution of

{ i, (t) +vuy, (t) € fu(t) + 0p(uy,(t), ae. te[0,T],
up, (T) = —ug, (0), g, (T) = —y,(0)

with f, € S% and gn(t) € F(t,uy,(t)) ae. t € [0,7]. Taking account into the
anti-periodicity of 4, and uy, and using the estimate ([2], Lemma 2.2)

aigullzz, o,y = Wnllez oy = Wrllez , oy, Yn €N,
we may conclude that

sup ||y, |lc, (o) < +oo  and  sup|luy, ||c, (o)) < +oo-
n>1 n>1

We may assume that (iif,) converges weakly in L?([0,T]) to a function w €
L%([0,T7]) and (4y,) pointwisely converges to a function v, namely

v(t) = liénufn(t) = lirrln[ufn(O) —i—/o i, (s)ds]

t
= limy, (0) +/ w(s)ds,Vt € [0,T].
" 0
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and hence

n

t
ult) = lim g, () = limluy 0) + [ i, (5
t
=limuy, (0) +/ v(s)ds,Vt € [0,T].
n 0

We conclude that u € W?I’Q([O,T ) with @ = v and % = w and satisfies the an-
tiperiodic conditions: u(T) = —u(0);4(T) = —u(0). Furthermore, it is easy to see
that (uy,) converges pointwisely to u and (4y,) converges to v with respect to the
weak topology of L% ([0, 7). Combining these facts and applying Lemma 3.1 to the
inclusion

g, (8) + i, (8) = fat) € Op(uy, (1))
yields
U(t) +yu(t) — f(t) € 0p(u(t)) a.e.

because (iif, + vy, — fn) weakly converges to i + y& — f and (uy,) pointwisely
converges to w. By uniqueness, we have u = wuy. Further using the inclusion
gn(t) € F(t,uy,(t)) a.e. and invoking the closure type lemma in ([14], Theorem
VI-4), we have g(t) € F(t,uz(t)) a.e. The proof is therefore complete. O

A more general version of the preceding result is available by introducing some
inf-compactness assumption ([2], page 396) on the function .

Proposition 3.4. Let H be a separable Hilbert space, v € R, ¢ : H — [0, +00]
is proper, convez, l.s.c, even satisfying: ©(0) = 0 and for each M,L > 0, the
set {x € D(p) : ||z||] < M,p(z) < L} is compact. Let F' : [0,T] x H = H be
a convexr weakly compact valued mapping, separately scalarly measurable on [0,T],
separately scalarly upper semicontinuous on H satisfying: there is a L*-integrably
bounded convex weakly compact valued multfunction I' such that F(t,z) C I'(t) for
all (t,x) € [0,T] x H. Then the problem

{ w(t) +yu(t) € F(t,u(t)) + 0p(u(t)), ae. tel0,T],
w(T) = —u(0), @(T) = —i(0).

has at least an anti-periodic W?I’Z([O,T]) solution.

Proof. By our assumption, the scalar function |T'| belongs to L%([0, T]) with [T'|(¢) =
sup{||z|| : z € T'(t)} so that ['(t) C |T'|(t)Bg(0, 1). Furthermore, using the notations
of the proof of Theorem 3.3,

iy, (t) + v, () = fu(t) € Op(uy, (1))

for every f, € S2, the absolute continuity of ¢(uy,(.)) and the chain rule theorem
[7], yields

(tig, (t), t, (t) + (yiip, () = fult), g, () = %SO(Ufn (1))
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for every f, € 812 so that

T
o0 > sup / g (8), g, (8)) + (vitg, (£) — Fult), g, ()]t
n>1J0

T d
=su —p(uy, (t))|dt.
swp [t ()
Further apply the classical definition of the subdifferential to convex funtion ¢ yields
0=0(0)) = @(ug, (t) + (=ug, (@), iy, () + vig, (1) = falt))

or

Hence sup,,>1 [¢(ug, )|, (o7 < +00. Now we assert that [p(ug, (t))| < L for every
t € [0,T1], here L is a positive constant. Indeed for all ¢ € [0,T] we have

p(uf,(0)) < le(ug, (b)) — (ug, (0)] + @(ug, (1))

T
< [ Getus el + ptug, (1)

Hence

T d 1 T
o(uy,(0)) < Sup/ —p(uy, (t))]dt + Sup/ p(ug, (t))dt < +oo.
n>1Jo dt T n>1.Jo

Whence we have

M :=sup sup ||uy,(t)|] < 4oo, L =sup sup ¢(uy,(t)) < +oo
n>1te[0,T] n>1te[0,T)

so that (uy,(t)) is relatively compact with respect to the norm topology of H using
the inf-compactness assumption on . The proof can be therefore achieved as
Theorem 3.3 by invoking Ascoli theorem, Lemma 3.1 or Lemma 3.2 and a closure
type lemma ([14], Theorem VI-4). O

Here is an existence and uniqueness result related to Theorem 3.3 when the
perturbation is single-valued. For this purpose, we need a useful result.

Lemma 3.5. Let H = R®. Let w:[0,T] — RY satisfying:
t
w(t) = w(0) +/ w(s)ds, te€[0,T]; w(T)=-w(0),
0

w(t) = w(0) —l—/o w(s)ds, te0,T],

w(T) = —w(0); @ € Ly ([0,T)).
Then the following inequalities hold

VT,
(a) lwlleq o = =5 llwllLz o)

T 2 T
o) | e < [ )P
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Proof. (a) Since w( —{—fo s)ds and w(t) = w(T) — ftTw(s)ds, vt € (0,77,
by adding these equahtles we get, by anti-periodicity

t T
2w(t):/0 U'J(s)ds—/t w(s)ds, Vte[0,T].

Hence we have
t T T
wwwsouwﬂm+luwﬂm=A\M®WsWeMH

and so, by Holder inequality

\F
lwlley o,y = sup [lw(®)]| <7||w||L2(OT])
te[0,T

(b) Extend w and w by anti-periodicity by putting
w(t+T)=—w(t) and w(t+T)=—w(t) VteR.
Then w is 2T -periodic. Indeed, it is w(t+2T) = w(t+T+T) = —w(t+T) = w(t),
similarly, so is w. Now, as w is 2T -periodic, T-anti-periodic, by invoking ([1], page
10) we infer that w has the Fourier expansion
-1 2n —1
Z w,, cos( ) t) 4+ w? sin(ut)
T
for all ¢ € [0,27], here w}, w? are the (constant) Fourier coefficients. Hence we
have
s

w(t) = T Z —(2n — 1)w, sin(

neZ

(2n —1)m (2n — 1)7rt

t)+ (2n — l)w,% cos( T )

for all ¢t € [0,27]. By virtue of Parseval equality, we have

1 2T
T lw(®)|Pdt = (|[wh][* + [lwy]?)
neZ

and
1 2T

2
. T
T Hw(t)HthZﬁZ@n—1)2(|Iwi\l2+llw§\l2)-
nez
Further we have the estimate
27> " (fwp | + w2 |[?) < 27 (20 — 1*(fwp|* + [|w]]]*).

neZ nez

2T ) T2 2T )
/rwwms2/|wwm
0 ™ Jo

Let observe that ||w(t)||? and ||w(t)||?> are T-periodic because ||w(t + T)||* = || —
w(t)||? = ||w(t)||? and similarly ||w(t +T)||> = || — w(t)||> = |[w(t)||?>. Hence we
deduce that

2T T 2T T
w 2dt = w 2 an w 2dt = w 2 dt.
AH@M&2AH@Mt<1Amew2AHunﬁ

Whence
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Finally we get the required inequality
T ) T2 T )
| hetnpar< 5 [ )P
0 ™ Jo

The following is a uniqueness result.

Theorem 3.6. Let H = R?, v € R. Assume that ¢ : H —] — o0, +00] is proper,
convex, l.s.c, even and f : R x H — H is a Carathéodory mapping satisfying (Hy):
[|f(t,x)—f(t,y)|] < L||x yl| for all (t,x) € Rx H, for some positive constant L > 0
and (Hy): there is a L% integrable functzon r: R — RT such that || f(t,z)| < r(t)
forall (t,x) e Rx H. If0<T < T’ then the inclusion
i(t) +yu(t) € f(t,ut)) + 0p(u(t), ae tel0,T],
{ w(T) = —u(0), w(T)=—u(0).

admits a unique W?I’2([O, T))-anti-periodic solution.

Proof. Existence of at least an WIQJ’Q([O, T')-anti-periodic solution is ensured by The-
orem 3.3. Assume that (u;) and (u2) are two solutions of the inclusion under con-
sideration.

{ iy (t) + yu(t) € f(tui(t)) + dp(u
1(T) = —u1(0), w(T)= Uz()
tig(t )
(

{ )+ yua(t) € f(t,ua(t)) + Op(ua(t)), ae. te]0,T],
uz( ) —Uu9 0 y QQ(T) = —QQ(O).

For simplicity, let us set

/-\
._.
-~
\/
\_/
S|
™

€ (0,77,

—~

o1(8) = i (1) + vin (1) — F(tmn() Ve e [0,7],
v(t) = tig(t) + yia(t) — f(t,ua(t)) VEe€[0,T],
’wlyg(t) = ul(t) — U2(t) Vit € [O,T]

(
(

Then we have
(*) 1 a(t) + v a(t) — f(Ewa(t) + f(t,ua(t) = vi(t) —va(t) VEe€[0,T]

with wy 2(T) = —w;2(0) and w; 2(T") = —w1,2(0). Multiplying scalarly (*) by w2
and integrating on [0,7] yields

T
(™) {wi2,012) + y(wi 2,101 ,2) +/0 (w12(t), f(t,uz(t)) — f(t,ur(t)))dt
T
= (w1,2(T),11,2(T)) — (w1,2(0),1012(0) — / (1 2, 101,2)dt
T T °
[zl [ fwnale) 56 wa0) = St 0)dr

T
= /0 (V1(t) — va(t), ui(t) — ua(t))dt
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As f0T<v1 (t) — va(t), u1(t) — uz(t))dt > 0 by monotonicity and
T
<w1,2(T), 'U.)LQ(T)> — <wl,2(0), w1,2(0> =0 and / <w172, 1b172>d7f =0
0
by antiperiodiocity, (**) implies

T
le,QHZLgI([O,T]) < /0 (wi,2(t), f(t,ua(t)) — f(t,ua(t)))dt

r 2 T2 2
<L [ sl < Lglinallfy o < lin

|2
L3([0,17)

using the estimation (b) in Lemma 3.2 and the choice of T. It follows that
Hu’)LQH%Q (o) = 0. By inequality (a) in Lemma 3.2, (or by antiperiodicity), we
H )

conclude that w o(t) = ui(t) — ua(t) = 0 for all ¢ € [0, 7. O

4. RELAXATION, BOLZA PROBLEM AND VARIATIONAL CONVERGENCE

In this section we present a relaxation problem in control theory and some varia-
tional convergence results related to the second order of evolution inclusion pre-
sented in the preceding section. We need some notations and backgrounds on
Young measures in this special context. Let Y and Z two compact metric spaces,
ML(Y) and M (Z) are the spaces of all probability Radon measures on Y and
Z respectively. We will endowed M1 (Y) and M! (Z) with the vague topology
so that M}F(Y) and Mi(Z) are compact metrizable spaces. Let us denote by
Y([0,T]; ML (Z)) the space of all Young measures (alias relaxed controls) defined
on [0, 7] endowed with the stable topology so that Y([0,T]; M (Z)) is a compact
metrizable space with respect to this topology. By its definition, a sequence (¢™) in
Y([0,T]; ML (Z)) stably converges to v € Y([0,T]; M (2)) if

T T
lim [/ hi(2)dv) (2)]dt = / [/ hi(2)dvy(z)]dt
nmeeJo Jz 0 Jz

for all h € Lé(z)([O,T 1), here C(Z) denotes the space of all continuous real valued
functions defined on Z endowed with the norm of uniform convergence. Finally let
us denote by Z the set of all Lebesgue measurable mappings (alias original controls)
z:10,T] — Z and R := Y([0,T); M (Z)) the set of all relaxed controls (alias Young
measures) associated with Z.

Theorem 4.1. Let H = R%, Y and Z two compact metric spaces, v € R, and let
w: HxY — [0,+00] be a lower semicontinuous function satisfying (i) : ¢(z,.) is
continuous on'Y for each fixzed x € H, (ii) : ¢(.,y) is even on H for each fized
yeY, (i) : 0 < p(x,y) < a(l+|lz||) for all (x,y) € H XY, for some positive
constant «. Let f : R x H x Z — H be a Carathéodory mapping on R x [H x Z]
satisfying

(Hy): ||f(t,z,2) — f(t,y,2)|| < Ll|lz — yl|| for all (t,x,z) € R x H X Z, for some
positive constant L > 0 and

(Ha): there is a positive L% function r such that || f(t,z,2)|| < r(t) for all (t,z,2) €
RxHXxZ.
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Assume that 0 < T < f For each (p,v) € ML(Y) x Y([0,T); ML(2)), let u,,
be the WéQ([O,T])—antz periodic solution of

(SR){ Uy, () + Yl (t) € [ F(E U (1), 2)dve(2) + O( [y @ y)du(y)) (upw ()
wuw(T) = =y (0), Uy (T) = _“u,u(o)
and for each (u,z) € ML(Y) x Z, let uy, . be the Wéz([O,T])—antz’—periodic solution
of

(So) { i,z () 4 Y, (1) € (8 w2 (8), 2() + O(fy @( y)dpa(y)) (w2 (1))

Up,2(T) = —up,2(0), s (T) = —y,2(0)

Then the set {uy, : (u,v) € ML(Y)x Y([0,T]; ML(Z))} of all solutions of (Sg) is
compact and the set {u, . : (1,z) € ML(Y) x Z} of all solutions of (So) is dense
in the compact set {uy,, : (u,v) € ML(Y) x Y([0,T], ML(Z))} of all solutions of
(Sr)-

Proof. For each y € ML (Y), the function ¢,

oul) = /Y o(y)du(y)

is nonnegative, finite, l.s.c and even on H. For each v € y([O,T],Mi_(Z)), the
mapping fy,

() = /Z F(t, 2, 2)dvi(2)

inherits the properties of f, that is, f, is separately measurable on R, continuous
on H and satisfies the Lipschitz condition ||f,(t,z) — fu(t,y)|| < L||z — y|| for all
(t,z,y) € R x H x H. By virtue of Theorem 3.6, (Sg) admits a unique solution
uy,,, associated to (p,v) € ML(Y) x Y([0,T]; ML (Z)), respectively (Sp) admits a
unique solution u,, . associated to (u1, 2) € ML (Y)x Z. Let (u™, ™) be a sequence in
ML(Y) x Y([0,T); ML(Z)). By compactness, we may assume that (u") converges
vaguely to u>® € MY (Y) and (v™) stably converges to v>° € Y([0,T]; ML (Z)).
Since ||tiyn | |L%{ < ||| |L%{ for all n > 1, we may argue as in Theorem 3.3 by assum-
ing that (ii,n ,») weakly converging to i in L% ([0,T7]), (tiun ,n) pointwisely converg-
ing to 4, and (uyn ,n) pointwisely converges to u € WI?I’Q([O, T)) with u(T") = —u(0)
and 4(T) = —u(0).

Main fact: u coincides with the W%Q([O,T])—anti—periodic solution e o0 associ-
ated with (1>, v>) € ML(Y) x Y([0,T); ML (Z)) of the inclusion

{ Uyoo oo (t) + Ylyoo oo (t) € fl/°° (t, upoe o= (1)) + Dpyee (u/f’o,vm (t)
uuooﬂjoo (T) = _UMOO7VOO (0)7 u,uoo7yoo (T) = —uluoo’yoo (O)

Let v € L%([0,T]), by the definition of the subdifferential of a convex lower semi
continuous function and by integrating

T T
/0 [ /Y o (o(t), y)du" (y))dt > /O [ /Y oty (£), )™ ()

T
4 / (0t) — o (£), iy (£) + Yy o (8))
0
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T
—/0' (’U(t) - Uun’yn (t), /Z f(t,uun’l,n(t),Z)dVF(Z))dt.
As the fiber product
(6uy‘n,,,n ® Mn)
stably converges to (§, ® u*°), and ¢ is l.s.c on H x Y by hypothesis, applying
Lemma 3.4 in [13] yields

T T
() liminf / [ /Y g (£), 9) A" (y)]dt > / [ /Y (u(t), y)du™(y))dt.

n

As we already note that iiyn yn + Yiun n converges weakly to i + 4 in L?([0,T))
and the sequence (uyn ) converges pointwisely to u with

[[wpnwm ()]] < C:= sup |[Jupn i (1)]] < +00
te[0,7)

by dominated convergence theorem, (u,n ,») strongly converges to u in L% ([0,T]).
Whence we have

T
() lim /0 (0t) = gy () i o (£) + ity o (8))

T
—/0 (0(t) — u(t), it) + vi(t)d.

Further the fiber product (dy,,, ,» ® ") stably converges to towards (6, ®v>°). Now
observe that for every v € LH([O T)), the integrand g, (¢, x, z) : (v(t), f(t,x, 2)) is
L'-bounded , namely
|90 (t, @, 2)| = [(v(t), f(t, 2, 2))] < [[o(@)]]r(?)
with t — [[o(t)||r(t) € Lg ([0, T]), we conclude that
T

T
lim [/Z Go(t, uyn o (t), 2) vy (dz)]dt = /0 [/Z gu(t,u(t), z) v;°(dz)]dt.

n—oo 0

In other words, the sequence (w™) in L% ([0, T]) given by

_ /Z Pt upn o (8), 2) v2(d2), Vi € [0,T],

weakly converges to the function w™ € L?%([0,T]) given by

/f (t,u(t), 2) v2°(dz), Vi€ [0,T].
It follows that
(") lim / ~ (@)t = [ "), o) — u(t)) dr.
Combining (*) — —(**) we conclude that 0

imsup | g | e narwa> | | | etutrmde=

n

/0T<v<t>—u<> 0 +ilt) = [ 1(t.u),2) v @)
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As 0 < p(v(t),y) < a(l + [|v(t)]]) for all v € L%([0,T]) and for all ¢t € [0,T7, it
follows that

T T
limnsup/O [/Y e(v(t),y)du™(y)]dt < 1111111/0 [/Y p(v(t), y)du" (y)dt
T T
| it etowar = [ 1] ewo.naa.

/OT[/Y@(v(t),y)du ()}dt>/T[/ p(ult), y)dp™ (y))dt

T
[ 40t = uto) ) + o)~ [ 7t ute). ) ieas)ar
for all v € L%([0,77]). In other words,
i+t — fuee (., ul.)) € 9ly, . (u)

Here 01,,., denotes the subdifferential of the convex integral functional defined on
L3,([0,T]) by

Finally

I

Puoo

(u) :{ Jo uoo(u®)dt it [ pueo(u(t))dt s finite
+o0o otherwise.

By uniqueness of solutions we get u = w0 . This proves the first part of the
theorem, while the second part follows by continuity and density since R is dense
in Y([0,T], M1 (Z)) with respect to the stable topology ([12], Lemma 7.1.1). O

Open question. It is worthwhile to prove the validity of Theorem 4.1 when (Hs)
is replaced by the following weaker condition (HJ): there is a positive L function
r such that ||f(t, z, z)|| < r(t)(1+ ||z||) for all (¢t,z,2) e R x H x Z.

The following is an application to a Bolza type problem.

Theorem 4.2. With the hypotheses and notations of Theorem 4.1, let J : [0,T] x
RYx R x Z — R be a Carathéodory integrand such that for any sequence (u") in
ML(Y) and for any sequence ((") in Z, the sequence

(t = Tt upun o (1), tym ¢ (), (1))

is uniformly integrable, here w,n ¢ denotes the Wff([O,T])—anti—periodic solution
associated with (", (") € ML(Y) x Z of the inclusion

{ iy ¢n (1) 4 ytyn o (t) € f(tuun en(t), () + O( [y (5 y)dp™ (y)) (wpun ¢n (t))
Upn ¢n(T) = —uyn ¢n(0),  tyn (n(T) = —tyn ¢n(0)

Let Dy be a dense subset of M#(Y) and let us consider the problem

T
(Ppz)= inf / T (bt (8), e (8), C(0)

(1.Q)EDX Z

(Paisivyr) = inf / / (bt (8, i (1), =) (2)]

(pp)eML(Y)XR
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here w,, ¢ is the ijz([O,T])—anti-periodic solution associated with (p,() € Dy x Z
of the inclusion

{ el ()€ el G0+ Oy o)) )
U (T) = —upc(0), ity o(T) = =y, c(0)
and wuy,, is the W%Q([O, T))-anti-periodic solution associated with (u,v) € ML (Y) x
R of the inclusion
{ iy, (8) + Vi, (t) € fZ f(t up(t), z)dvi(z) + O( fytp y)dp(y)) (upu(t))
y(T) = —uy,,(0), 1y, (T) = _uu »(0)
Then we have
inf(Pp, z) = min(PMiL(Y),R)

Proof. Let us recall that Z is dense in R with respect to the stable topology ([12],
Lemma 7.1.1) and Dy is dense in M (Y) by hypothesis. Now let (u,v) € ML (Y) x
R. Let (1™, (™) be a sequence in Dy x Z stably converging to (u,v). Let us denote
by wyn cn (resp. uy,) the W22-antiperiodic solution associated with (u",¢") and
(1, v) respectively, namely
{ﬂww@Hﬂ%mwwef@wwyﬁ%@( )+ 0(Jy (- y)du™ (1)) (upun ¢n ()
U0 (T) = —ttyn ¢n(0), - tyn (0 (T') =~y 0 (0)
{ 'Ll,u,u(t) + 'Yau v(t) € fZ f(t y U, v(t), z)dv(2) + O( fy (- y)du(y ))(uuﬂ/(t))
upy(T) = _U’MW(O) Uu,u(T) uW,(O)
Arguing as in the proof of Theorem 4.1 we may assume that (i, cn) and (uyn cn)

pointwisely converges to 1, and u, , respectively. Using the fiber product of Young
measures, see Proposition 2.1 or ([12], Theorem 2.3.1), we conclude that

(&Lw,(n ® ipyn on @ d¢n)
stably converges to
(51%7” X 5@1’” ® I/).
By our assumption, the sequence
(t = J(t, upn ¢n (t), dyn ¢n (1), Cn (1))
is uniformly integrable, so that, in view of the preceding convergences and Propo-

sition 2.2 or Theorem 6.3.5 in [12], we get

T
lim [ (e en (£), iy oo (E), o () dt

n—oo

//Jtuu, )t (£), 2)d ()t

T
/ (st e (8), i e (£), Co(£)dt > inf(Pp,2)
0

for all n € N, it follows that

/ / J(t, upp (t), tpw(t), 2)dvy(2)]dt > inf(Pp,z).
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As (p,v) € ML(Y) x R is arbitrary given in M’ (Y) x R we get
inf(PMﬁr(Y),R) > inf(Pp z).
But
inf(Pp,z) > inf(PMj_(Y),R)
consequently
inf(Pp z) = inf(,PMi(Y),R)-
We complete the proof by observing that the set of solutions
{upy : (u,v) € ME(Y) x R}
is compact by repeating the arguments of Theorem 4.1 so that
inf(,PM}F(Y),’R) = min(PMzr(Y),R)-
O

We finish our paper by proceeding to a variational convergence result. Compare
with Theorem 2.3 in [2].

Theorem 4.3. Let H =R?, v € R, f, € L2.([0,T)), @n, ¢ : RY — [0, +00] are
proper, convex, l.s.c, even with ¢,(0) = ¢(0) = 0,Vn € N. Let u,, denote the unique
Wé’g([O,T]) anti-periodic solution of

{ iin (t) +7Un(t) € fult) + Opn(un(t)), a.e. te€l0,T],
un(T) = —un(0),  1n(T) = —1n(0).

Assume that

(H1): (fn) weakly converges to f € L%d([O,T]).

(H2): (pn) epiconverges to .

Then, up to extracted subsequences, (u,) converges pointwisely to an anti-periodic
Wé’j([O,T]) solution w of the inclusion

{ i+ yu— f € 0ly(u),
u(T) = —u(0), o(T)= —u(0).

with fOT (u(t))dt < +oo, here 01, denotes the subdifferential of the convex integral
functional 1, defined on Lg,([0,T]) by

T . T . .
I () :{ {Pmso(u(fttg)ecrl; isf_ JT o(u(t))dt s finite

Proof. Step 1 Thanks to the estimate ||in||;2 L < || frll 2 , and according to (Hy)
R R

and the anti-periodicity of (u,) and ,, we have that

sup ||’danRd([0’TD < 400 and sup HuanRd([O’TD < +00.
n>1 n>1

Further using the inclusion

i (£) + Yl (1) € fult) + Opn(un(t))
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and repeating the computations given in the proof of Proposition 3.4 involving the
chain rule formula, we get the estimate,

(*) sup sup ¢n(un(t)) < L(= constant).
n>1te[0,T]

We may assume that lim,, o u,(0) = ug € RY, lim,, o 1,(0) = vop € R? and there
is w € L,4([0,T1]) such that
T T
lim [ (R, iin)dt = / (h, w)dt
0

n—oo 0

for every h € LQRd([O,T]). Let us set v(t) := vy + fo s)ds for all t € [0,T]. Then

/O w(s)ds = lim | iin(s)ds = lim [in(t) — in(0)] = Tim dn(t) — vg

n—oo 0 n—oo n—0o0

Hence limy, o Uy (t) = fg w(s)ds+vg = v(t) for all t € [0,T]. In particular we have

T
—v(0) = —vg = lim u,(T) = /0 w(s)ds + vg = v(T).

n—oo

As up(t) = un(0) + fo Uy (s)ds for all ¢ € [0, 7], using the boundedness of (1), and
the dominated convergence theorem, we have

¢ ¢
lim wuy,(t) = lm u,(0) + lim [ d,(s)ds =up +/ v(s)ds Vte[0,T].
0

n—oo n—oo n—oo 0
Let us set u(t) = ug + [ v(s)ds for all ¢ € [0,T]. Then

T
—u(0) = —up = lim u,(T) = /0 v(s)ds + ug = u(T).

n—oo

Hence (uy) converges pointwisely to the antiperiodic lej ([0,T]) fonction u with
i =w and & = v. And we have

T T
/ o(u(t))dt < lim inf/ on(un(t))dt < LT < 400
0 " 0

taking account into (Hz) and (*).
Step 2 u is solution of

{ i+ v — f € 0L, (w),
w(T) = —u(0), @(T) = —u(0).

with fOT e(u(t))dt < LT < 400, 01, being the subdifferential of the convex integral
functional I, defined on L2 ([0, T]) by

() = fo e(u(t))dt if fo (t))dt is finite
I +00 otherw1se

For simplicity let z, := iy, + v, — fn and z := @ + v — f. Then

() (1) € on(un(t))

a.e. Further it is not difficult to show that (7,,) converges weakly to @ in L%{d([O, 7)),
hence (z,) converges weakly in L2 ,([0,7]) to z. The proof will be achieved by using
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some facts developed in ([13], Lemma 3.4 and Lemma 3.7).
Fact 1 If hy,, h are measurable mappings h,,h : [0,7] — R? such that (h,,) point-
wisely converges to h. Then

lim in /B o (B (£))dE > /B o(h(t))dt

for every measurable subset B of [0, 7], using (Ha).
Fact 2Let v € L, ([0,T]). Then there exists a bounded sequence (v,,) in LE4([0, 1)
which pointwisely converges to v and such that

lim sup / o (vm (1)t < / o(u(t)dt
n—0o0 B B
for every measurable subset B of [0, T, using (H2) and the estimate (*). From Fact

1 and the result obtained in Step 1, we have
T T
+oo > LT > liminf [ ¢, (u,(t))dt > / o(u(t))dt.
From (**) we have
en(v(t) = on(un(t)) + (v(t) = un(t), 2n(t)) ae. tel0,T]

for every v € LE,([0,T]). By integrating

T T T
/0 on(v(t))dt > /0 onlun(£))di + /0 (0(8) = un (), 20 ().

For every v € Lg,([0,7]), from Fact 2, there is a bounded sequence (v,) in
LEa([0,T]) which converges pointwisely to v and such that

n—oo

T T
lim sup /0 on(on(t))dt < /O o (u(t))dt.

Combining this with Fact 2 gives

T T
[t = [ el
0 0
As
T T
T [ (00) = un®) 20t = [ (o)~ ute), 2(0)i
0 0

because the sequence (v, —uy) is bounded in L, ([0,77) and converges pointwisely
to u — v and the sequence (z,) is uniformly integrable in Lhd([O, T]) and converges
to z with respect to the weak topology of L%d([O,T]), then a fortiori converges
U(L%{d([O, 1), LRa([0,T]) to 2. Finally by combining these facts and by passing to
the limit when n — oo in the integral subdifferential inequality

T T T
/0 on(vn(t))dt > /0 on(un(t))dt —i—/o (U (t) — un(t), 2, (t))dt
we get

T T T
| etwnde= [ etunars [ o - ut),z(0).
0 0 0
Hence we conclude that z = @i + ya € 0l,(u) with I (u) < LT < 4o00. O
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