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STRONG CONVERGENCE OF AVERAGED APPROXIMANTS
FOR ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPPINGS
IN BANACH SPACES

JEN-CHIH YAO* AND LU-CHUAN ZENG™*

ABSTRACT. Let D be a nonempty closed convex subset of a real Banach space
E which is both uniformly convex and g-uniformly smooth. Let T': D — D be a
uniformly L-Lipschitzian, asymptotically nonexpansive-type and asymptotically
pseudocontractive mapping with a sequence {kn} C [1,00),lim,—cc kn = 1. As-
sume that the set F(T") of fixed points of T is nonempty. Then F(T') is a sunny
nonexpansive retract of D. If U is the sunny nonexpansive retraction of D onto
F(T), w is any given point of D and {a,} is a real sequence in (0, 1] satisfying
some restrictions, then the sequence {z,} in D defined by

1 < ;
xn:anw—l—(l—an)m;[(l—aj)l—i—ajTﬂ]a:m Vn >0

converges strongly to Uw. No boundedness assumption is made on the set D.

1. INTRODUCTION

Let E be a real Banach space with dual E*. Given a gauge function @ : [0, 00) —
[0, 00), the mapping Jg : E — 2F" defined by

Jo(z) = {27 € E* : (z,27) = [lz[|[|«"]], "] = @(l«])}

is said to be the generalized duality mapping with gauge fuction ®. In particular,
if ®(t) =t, Vt > 0, the duality mapping J = Jg is called the normalized duality
mapping. For ¢ > 1, let ®(t) = t7~! be a gauge function. We define the generalized
duality mapping J, : £ — 2F" by

Jo(x) = {z* € B+ (z,2%) = ||z]| "]}, ll="[| = [l=]|""}

and observe that for ¢ = 2,Jo = J (the normalized duality mapping). It is well
known that if F is smooth, then Jg is single-valued. In the sequel, we shall denote
the single-valued generalized duality mapping and single-valued normalized duality
mapping by J, and J, respectively.

Let D be a nonempty subset of £. A mapping T : D — D is said to be nonexpan-
sive if for all z,y € D we have [Tz —Ty|| < |z —y]||. It is said to be asymptotically
nonexpansive if there exists a sequence {k,} with k, > 1 and lim k,, = 1 such that
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| T"x —T"y|| < ky|lx—y|| for all integers n > 0 and all x,y € K. Clearly every non-
expansive mapping is asymptotically nonexpansive with a sequence k, =1 Vn > 0.
Conversely, Gobel and Kirk [5] gave an example that asymptotically nonexpan-
sive mappings are not nonexpansive and proved that if D is a nonempty bounded
closed convex subset of a uniformly convex Banach space, then every asymptotically
nonexpansive selfmapping of D has a fixed point.

An important class of nonlinear mappings generalizing the class of asymptotically
nonexpansive mappings has been introduced by Schu [13] in 1991. Let D be a
nonempty subset of a real Banach space E. A mapping T : D — Dis said to be
asymptotically pseudocontracitve if there is a sequence {k, } C (0, 00) with lim k,, =
1 and for any x,y € D there exists j(z —y) € J(z — y) such that

(T"z — Ty, j(z — ) < knllz — yl|?

for all integers n > 0. T is called uniformly L-Lipschitzian if there is L > 0 such
that
|77 = Ty < Lijz —y]
for all x,y € D and for each integer n > 1. Also recall ([6]; see also [19]) that a
mapping T : D — D is said to be asymptotically nonexpansive-type if
limsup,, oo {sup([|T"z — T"y|| — [lz —y[})} <0
yeD

for each x € D. It is clear that every asymptotically nonexpansive selfmapping of
D is both asymptotically pseudocontractive and asymptotically nonexpansive-type.

The iterative approximation problems for nonexpansive mappings, asymptotically
nonexpansive (-type) mappings and asymptotically pseudocontracitive mappings
were studied extensively by many authors; for example, Gobel and Kirk [5], Kirk
[6], Rhoads [12], Liu [7], Schu [13], Xu [18], [19], Xu and Roach [20], Chang [4],
Shimizu and Takahashi [14], Shioji and Takahasi [15], Moore and Nnoli [§] and
Zeng [22], [23] in the setting of Hilbert spaces or uniformly convex Banach spaces.

In 2000, Chang [4] proved the following strong convergence theorem of modi-
fied Ishikawa iterative sequences with errors for asymptotically pseudocontractive
mappings.

Theorem 1.1 ([4]). Let E be a real uniformly smooth Banach space, D be a
nonempty bounded closed convexr subset of E, T : D — D be an asymptotically
pseudocontractive mapping with a sequence {ky} C (0,00) with lim, o ky, =1 and
let F(T) # 0. Let {an}, {Bn}, {m}and {6,} be four sequences in [0, 1] satisfying the

following conditions:
() an+9m <18, +0, < 1

(ii) ap — 0,8, — 0,6, — 0(n — o0);
(iii) > ap =00, > v <O0.
n=0 n=0

Let xo € D be any given point and let {xy}, {yn} be the modified Ishikawa iterative
sequence with errors defined by

{ Tnt1 = (1 = an = 1) Tn + 0 T"Yn + Yntin for all n > 0.

Yn = (1 - ﬁn - 5n)$n + ﬁnTnxn + 5nvn
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(1) If {xp} converges strongly to a fixed point q of T in D, then there exists a
nondecreasing function ¢ : [0,00) — [0,00),¢(0) = 0 such that for alln > 0,

(1.1) (T — a4, T (yn — @) < Enllyn — a|l* — (lyn — ql))-

(2) Conwversely, if there is a strictly increasing function ¢ : [0,00) — [0, 00),
¢(0) = 0 satisfying condition (1.1), then x,, — q € F(T).

On the other hand, a mapping T : D — D is called pseudocontractive if for each
z,y € D there exists j(z —y) € J(x —y) such that (T'z — Ty, j(z —y)) < ||z —yl?,
where I denotes the identity operator.

Recently using an idea of Browder [2], Shimizu and Takahashi [14] proved that
in Hilbert spaces,the approximation sequence

I~
xn:anw—i-(l—an)EZijn for n=1,2,3,..
j=1

for an asymptotically nonexpansive mapping 7' with a sequence {k,} converges
strongly to the element of F(T') nearest to w (where a,, = bnbj%ia,O <a<lb, =
%2?21(1 + |1 — k;| + e77)). Shioji and Takahashi [15] extended this result to
uniformly convex Banach spaces with uniformly Gateaux differentiable norms.

In 2001 by the techniques of [14] and [15], Moore and Nnoli [8] established the
following strong convergence theorem of averaged approximants for Lipschitzian

pseudocontractive self-mappings.

Theorem 1.2 ([8]). Let D be a nonempty bounded closed convex subset of a real
Banach space which is both uniformly convex and g-uniformly smooth. Let T be
pseudocontractive and Lipschitzian and let U be the sunny nonexpansive retraction
from D onto F(T).Let {an} be a real sequence satisfying the conditions:

(i) 0<ay, <1

(ii) lim a, = 0;

n—oo

(iii) lim b’&—*l =0 where b, =
n— o0 n

s 1
Lo STk and by = [1+ al(1+ L)% 7,0 > 0.
§=0
Let w be an element of D and let x,, be the unique point of D which conforms to

n

1
Ty = apw + (1 — an)m ;[(1 —a;)I + a;T)x,
for n > Ny (where Ny is a sufficiently large natural number). Then {x,} converges
strongly to Uw.

Let D be a nonempty closed convex subset of a real Banach space F which is
both uniformly convex and g-uniformly smooth. In this paper the techniques of
Shimizu and Takahashi [14], Shioji and Takahashi [15] and Moore and Nnoli [§]
are extended to develop the iteration proecss for finding fixed points of uniformly
L-Lipschitzian, asymptotically nonexpansive-type and asymptotically pseudocon-
tractive selfmappings of D. Our theorems improve several important known results
in [4, 5, 6, [7, 8, 12 13, 14, 15 18, 19, 20} 22| 23].
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2. PRELIMINARIES

Let E be areal Banach space. The modulus of smoothness of F is the functionpg :
[0,00) — [0,00) defined by

1
pi(r) =sup {5+ ol + o =yl = 1+ ol < LIl < 7.

E is uniformly smooth if and only if lim, _o(pg(7)/7) = 0. Let ¢ > 1. E is called
g-uniformly smooth (or to have a modulus of smoothness of power type ¢ > 1) if
there exists a constant ¢ > 0 such that pg(r) < cr?. Hilbert spaces, L, (or )
spaces, 1 < p < oo and the Sobolev spaces Wk, 1 < p < oo are g-uniformly smooth.
Hilbert spaces are 2-uniformly smooth while

p — uniformly smooth if 1 <p <2,

b
Ly (or Ip) or Wy, IS{ 2 — uniformly smooth if p > 2.

Theorem 2.1 ([18], p. 1130). Let ¢ > 1 and let E be a real smooth Banach space.
Then the following are equivalent:

(1) E is g-uniformly smooth;
(2) There exists a constant ¢, > 0 such that for all x,y € E
(2.1) lz +yll* < [zl + gy, Jo()) + cqllyll%;
(3) There ezists a constant dy such that for all x,y € E and t € [0,1]
1A =)z +tyl|* = (1= t)[|z]|* + tlyl|* — wy()dyllx —y[|*
where wg(t) =t9(1 —t) +t(1 — )%

Recall that F is said to be uniformly convex if for each € > 0 there exists § > 0
such that ||(x +y)/2|| < 1—§ for each z,y € By with ||z — y|| > ¢ where B; = {x €
E: |zl <1}

In the sequel we shall also need the following definitions and results. Let p be
a continuous linear functional on [, and let (ag,a1,...) € loo. We write p,(ay)
instead of u((ap,a1,...)). We call p a Banach limit (see e.g., [1]) when u satisfies

llpell = pn(1) = 1 and pp(an+1) = pn(an) for each n > 0. For a Banach limit ,we
know (see e.g., [15]) that

(2.2) liminf,, . coay < pn(ay) <limsup,,_,an Y(ag,ai,...) € lo-

Lemma 2.2 (Reich [10], [11]; see also Takahashi and Jeong [16]). Let D be a
nonempty closed convex subset of a uniformly convex Banach space E. Let {x,} be
a bounded sequence in E. Let p be a Banach limit and let g be a real-valued function

on D defined by
9(y) = pn(lzn —y[?) for each yeD.

Then g is continuous, conver and lim,) g(y) = oco. Moreover, for each R > 0
and € > 0 there exists § > 0 such that

o (157 < 50 + gl -0

for all y,z e KNBpr with ||y — z|| > e.
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Lemma 2.3 (Takahashi and Ueda [17]). Let D be a nonempty convex subset of
a Banach spaceE whose norm is uniformly Gateaux differentiable. Let {x,} be a
bounded sequence of D. Let z be a point of D and let p be a Banach limit. Then

pn(llzn — 2[|*) = min fin ([l n — ylI?) = un((y = 2, Jo(wn — 2))) <0, VyeD.

Lemma 2.4 (Bruck [3]; see also Reich [9]). Let D be a nonempty convex subset of
a smooth Banach space. Let K be a nonempty subset of D and let U be a retraction
from D into K. Then U is sunny nonexpansive if and only if Vx € D and y € K,
(x = Ux,J(y—Ux)) <0.
Lemma 2.5. Let D be a nonempty subset of a qg-uniformly smooth Banach space E.
Let T : D — D be uniformly L-Lipschitzian and asymptotically pseudocontractive
with a sequence {k,} C [1,00), limy,—oc kyn = 1,and let {a,} be a real sequence in
(0,1] with lim,_,~ a, = 0.For each n > 1, define S, = (1 — ap)I + a,T". Then for
eachn > 1,
|1Shx — Spyl| < Knllz —y|| Vz,y € D,
where kp = [1 4 afcg(L 4 sup, > kn)q]é + an(ky, —1)Vn > 1 and ¢4 is the constant
appearing in (2.1).
Proof. Define
Ap=1—-ap(k, I —T") Vn>1.
Since T': D — D is asymptotically pseudocontractive, for each z,y € D,
(T"x =Ty, Jo(x = y)) < knllz —y||*
that is,
((knd —=T")x — (kpl —T")y, Jg(xz —y)) = 0.
Utilizing Theorem 2.1(2), we deduce that for each z,y € D
[Anz — Apyl? = |z —y — an[(knd = T")z — (knl —T")y]|?
< = yll? = qan{(knl = T")x — (knd —T")y, Jo(z — y))
tcqad||(knl — Tz — (knd — T™)y||?
< Al = yll? + cqan(kallz =yl + |77z — T y|)?
< lz =yl + afieq(kn + L) ||z — yl|?
< [+ aneg(L + supy> ka)?|lz — yl|9.
This implies that
1
(2.3) 14n2 = Anyll < [L+ agieg(L + sup k)] 2 = y]].
nz
Observe that
Sp =1—-a)l+a,T"=1—-a,(I-T")
=1 —an(kpl =T") + an(ky, — 1)1
= A, +ap(ky, —1)1.
Hence, it follows from (2.3) that for each n > 1
[Sna — Snyl| [Anz — Any + an(kn — 1)(z = y)||
1Ane = Anyll + an(kn — 1)lz —y]
[1+ ancg(L + supp>1 kn)qw |2 = yll + an(kn — 1)z — y||
fonllz =yl

AN IA
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where k, = [1+ aficq(L + sup,>; k:n)q]% + ap(kn, — 1). O

3. MAIN RESULTS

In order to prove the main results in this paper, we also need the following
lemmas.

Lemma 3.1. Let D be a nonempty closed convex subset of a real Banach space
E which is both uniformly conver and q-uniformly smooth. Let T : D — D be
a uniformly L-Lipschitzian, asymptotically nonexpansive-type and asymptotically
pseudocontractive mapping with a sequence {ky} C [1,00) ,nli_{go kn,=1.

Assume that F(T) # (0. Let {a,} be a real sequence in (0,1] satisfying the fol-
lowing conditions:

(i) nh_)ngo an = 0;
n
(i) nh_)n;o b’a—;l = 0 where b, = %H ];) rj for eachn > 0 and {k,} is the sequence

appearing i Lemma |[2.5.

Let w be any given point in D. Then the following hold;

(1) For each n > Ny (where Ny is a sufficiently large nonegative integer) there
exists exactly one xn € D such that

1 n

where S, = (1 — ap)I + a, ™ for each n > 0.

(2) If u is a Banach limit and {xy,} is a bounded sequence such that | Tz, —x,| —
0 as n — oo, then for each subsequence {xy,,} of {xzy}, there exists a unique element
x* € D satisfying

(32) pil|zn, — 2*[[*) = min g ([|lzn, —y[?)
yeD

and the point x* is a fixed point of T.

Proof. (1) For each n > 0, we define T, : D — D by

1 n
7=0
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Observe that for each u,v € D

n n
1
| Thu — Thol| = |lapw + (1 — an)niJrl g Siju— apw — (1 — an)n 1 ]EZO Siv

j=0
n n
= (1—an)igs D Sju—Y_ S
j=0 j=0

n
< (1= an) gl Y gllu— ol
j=0
= (1 — ap)by||u — v|.
Condition (ii) implies that

lim b"_1:0<1: lim b,
n—oo

n—oo an
and hence there exist nonnegative integers N, No > 0 such that

b, — 1 1 1
o <§ Vn > Ny and§<ann2n2.

Gnp

Put Ny = max{Nj, No}. Then we get bz—:l < b, Yn > Np; ie., (1 —ap)b, <1Vn >
Ny. Thus for each n > Ny, T,, : D — D is contractive. By the Banach Contraction
Principle, for each n > Ny there exists a unique z,, € D such that T,x,, = x,. This
establishes (3.1).

(2) Next we set x, = w for n = 0,1,....;, Ngo — 1. From Lemma 2.2, it is easy
to see that there exists a unique element z* € D satisfying (3.2). Now we claim
that lim, o T"z* = x*. Indeed suppose that lim, .., T"x* # x*. Then there is
e > 0 such that for each m > 1, there exists [ > m such that ||T'2* — z*|| > e.
Since F(T') # () and {z,,} is bounded, it follows from the uniformly L-Lipschitzian
continuity of T' that both {T™z*} and {T™z,, : m,n > 0} are bounded. Putting

sup{||T™z*|| : m >0} = R > 0,

then T'z*, 2* € DN Bg. By Lemma 2.2, we conclude that there exists 6 > 0 such
that

Tla* + z*
pilllzn, — — T |?)
3.3 <1' _Tl*2 . _*2_6
(3:3) < gluilllzn, = T2™%) + pilllan; —27(%)]
1
< 5 [Hi(llzn, — Ty, | + T 0, = T'2*|))? + mau(||zn, — )] = 0.

Again set M = sup{||T™z, — T"z*|| + ||zn, — 2*|| : m,n > 0}. Note that |7z, —
Zn|| — 0(n — oo) implies that
Hxnz - Tll'm” < Hxnz - T'TTLZH + ||T$m - T2xni|| +oet ||Tl_1$m - Tl:Em”
< Hxnz - T'TTLZH + L||$m - T$m” +ot LHxni - Tx”z”
<l-max{l,L} ||z, — Tz, = 0 (i — o0).
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Hence, it follows from (2.2) that
(3-4) pilllen, = T'an,|) = pilllzn, — Tzn,|?) = 0.

Since T': D — D is asymptotically nonexpansive-type, we have

1imSUPz—>oo{S.gg(HTlxm = T'a*|| = [|za, — 2*|)}
12

< limsuplﬁoo{sug(Hle = T'a™| —[ly — =*[)}
ye

<0< 20
- M+1
Thus there exists lp > 1 such that for all [ > [
Tz, — Tla*|| — ||@n, — 2% < M1 for i1=0,1,2,...

This implies that for all [ > [
| T 2y, — Tla*||? — ||@p, — 2¥]|? < 20
and hence
T w0, = T'a|* = (| T 0, = T'a"|* = [z, — 2*|* + ||2n, — 2|
< 20 4 || @y, — z*|?
for i =0,1,2,.... So for the above § > 0, we deduce that for sufficiently large [
(3.5) pil T e, = T (%) < |, — 2*[|?) + 26.
It follows from (3.4) and (3.5) that
pilllan; = Than, || + | T e, — T'a*)?
= pi(l|lzn, = T'an,|?) + 2pill@n; = T'wn,|| - 1T 20, — T'2*|))
(3.6) + pi([| T, — T2 )1?)
< iz, = Than,|?) +2M - pi(llwn; — T'anll) + (| T zp, — T'a*|?)
< pi(|n, — 2*)?) + 20.
Substituting (3.6) into (3.3), we get
Mn%
2
< é[m(ll% = Tlag, || + 1T w0, = T'2*)? + pa(l|n, — 2*(*)] = 6

1 i .
< g lni(llzn; — = 1) + 26 + pi(|lzn, — 2*|*)] — 6

pillln, —

= pi|n, — 2*[*)
for sufficiently large [, which is a contradiction to the uniqueness of z*. O
Lemma 3.2. Let D,T,{rn}, {an}, {bn},w and {z,} be as in Lemmal3.1. Let z,, =
w forn=0,1,....Ng — 1. Then for all n > Ny and z* € F(T)

* bn*l *
(50 =T =27 < (22 L = 7|1,

n
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Proof. Let n > Ny and let z* € F(T). Then we derive for all n > 0
Spx* = (1 —ap)z™ + a,T"x" = z*.

From (3.1) we get

1 n
an(Ty, —w) = (1— an)n 1 Z Sijzy, — (1 — an)zy.
=0

Observe that

. l-a 1 < .
(mn—w,Jq(xn—x))—< " n) <n+1 ijn—xn,Jq(xn—x)>
n =0
1—an 1 - 1 - * *
:< an ><n+125ﬂ"—n+125ﬂ’Jq(f’”"“’”>
Jj=0 j=0
1—a " *
(20 6 = - 27)
n
1 an> J—
S( > killzn — 2| = an — 20
an, n—i—lj:O
b 1
< ———|lzn — 2|

O

Lemma 3.3. Let D, T{ry},{an},{bn},w and {z,} be as in Lemma!3.1. Let z,, =
w forn = 0,1,2,...,No — 1. Then each subsequence {x,,} of {zn} contains a
subsequence converging strongly to an element of F(T).

Proof. Let {x,,} be a subsequence of {x,,} and let u be a Banach limit. By Lemma
3.1, there exists z* € F(T) satisfying (3.2). By Lemma [3.2, we obtain
b, — 1 .
== o, = o).
U

(3.7) m«%fw%%@m—$””§< -

Subtracting p;(||xn, — x*||9) from both sides of (3.7), we get

* 1 * *
pi([|en, —2*|9) < T ST pil(w — 2%, Jg(zp, — 2%))) | <0

=)

by Lemma 2.3. From (1.2) it follows that liminf; . ||xn, —2* |9 < p;i(||xn, —2*[|9) <
0. This implies that there exists a subsequence of {z,,} converging strongly to
x*. 0

Theorem 3.4. Let D be a nonempty closed convex subset of a real Banach space E
which is both uniformly convex and q-uniformly smooth. Let T : D — D be a uni-
formly L-Lipschitzian, asymptotically nonexpansive-type and asymptotically pseu-
docontarctive mapping with a sequence {k,} C [1,00),lim, o0 kyn = 1. Assume that
F(T) # 0. Let {a,} be a real sequence in (0,1] satisfying the following conditions:
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(i) lim a, =0;
n—oo

n
(ii) lim 2=l =0 where b, = n%rl > kj for eachn > 0 and {k,} is the sequence
n—oo n =0

appearing in Lemma [2.5.

Let w be any given point in D. For each n > Ny (where Ny is a sufficiently
large nonnegative integer), z,, is the unique point in D satisfying (3.1). For n =
0,1,....,No — 1, let 2, = w. Then {z,,} converges strongly to an element of F(T) if
and only if {x,} is a bounded sequence such that || Tz, — z,|| — 0 as n — oo.

Proof. “Necessity”. Let z, — x* € F(T). Then {z,} is bounded. Moreover it is
easy to see that * = limy,_, o x,, = limy,_ oo Tx,, = Tx™.

“Sufficiency”. Suppose that {z,} is a bounded sequence such that || Tz, — x| —
0 as n — oo. Then by Lemma [3.3, each subsequence {z,,} of {z,} contains a
subsequence which converges strongly to an element of F(T). Let {z,,} and {xpm,}
be two subsequences of {z,} converging strongly to the elements y and z of F(T),
respectively. Now we claim that y = z. Indeed from Lemma 3.2 we have

by, — 1
R s [

uz

Passing to the limit and using condition (iii), we conclude that (y—w, J4(y—=2)) <
0. Similarly we also get (z — w, J,(z —y)) < 0. Thus, it follows immediately that
ly — z]|9 <0, i.e., y = z. This shows that {z, } converges strongly to an element of
F(T). O
Theorem 3.5. Assume that all conditions in Theorem 3.4| are satisfied. If for each

w € D, {x,} is the bounded sequence defined by (3.2) and satisfying || Tz, —x,| — 0
as n — oo, then F(T) is a sunny nonexpansive retract of D.

Proof. In view of Theorem 3.4} for each w € D the sequence {x,,} converges strongly
to an element of F/(T'). Now we define a mapping U from D into F(T') by

Uw= lim x,, Yw € D.

n—oo

By Lemma 3.2, we have

(o — w, Jyn — 2)) < (

Letting n — oo, we obtain (w — Uw, J;(z — Uw)) < 0, Yw € D and z € F(T).
Therefore, by Lemma 2.4, U is a sunny nonexpansive retraction of D. O

Theorem 3.6. Assume that all conditions in Theorem 3.4 are satisfied. Let U be
the sunny nonexpansive retraction from D onto F(T). If for any given w € D,{x,}
is the bounded sequence defined by (3.2) and satisfying || Tz, — xp| — 0 as n — oo,
then {x,} converges strongly to Uw.

b, — 1

n

> |z — 2|9, VYn>Ny and ze€ F(T).

Proof. By Theorem 3.4, for any given w € D, the sequence {x, } converges strongly
to an element y of F'(T). Now,we claim that y = Uw. Indeed, by Lemma [3.2] we
have

by, — 1

n

(xn —w, Jy(xy, — Uw)) < < > |zr, — Uw|?, ¥ n> Ny.
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Letting n — 0o, we obtain (y — w, J4(y — Uw)) < 0. Therefore, we have

(y = Uw, Jy(y — Uw)) + (Uw — w, Jy(y — Uw)) = (y = w, Jo(y — Uw)) <0

and thus by Lemma 2.4

ly = Uwl|? < (w = Uw, Jy(y = Uw)) < 0.

This implies that y = Uw. g
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