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STRONG CONVERGENCE THEOREMS OF BLOCK ITERATIVE
METHODS FOR A FINITE FAMILY OF RELATIVELY
NONEXPANSIVE MAPPINGS IN BANACH SPACES

SOMYOT PLUBTIENG* AND KASAMSUK UNGCHITTRAKOOL**

ABSTRACT. In this paper, we establish strong convergence theorems of block-
iterative methods for a finite family of relatively nonexpansive mappings in a
Banach space by using the hybrid method in mathematical programming. Our
results extend and improve the recent ones announced by Matsushita and Taka-
hashi [S. Matsushita, W. Takahashi, A strong convergence theorem for relatively
nonexpansive mappings in a Banach space, J. Approx. Theory 134 (2005) 257-
266.], Matinez-Yanes and Xu [C. Martinez-Yanes, H.K. Xu, Strong convergence
of the CQ method for fixed point iteration processes, Nonlinear Anal. 64 (2006)
2400-2411.], and many others.

1. INTRODUCTION

Let H be a Hilbert space and let {€2;}; be a family of closed convex subsets of H
with F := (", Q; # @. Then the problem of image recovery is to find an element
of F' by using the metric projection P; from H onto §2; for each i = 1,2,...,m,
where

P — ; _
i(2) = arg min [ly — x|

for all z € H. This problem is connected with the convex feasibility problem. In
fact, if {f;};", is a family of continuous convex functions from H into R, then the
convex feasibility problem is to find an element of the feasible set

m

({z € H: filz) <0}

i=1
We know that each P; is a nonexpansive retraction from H onto Cj, that is

[Pz — Pyl < ||z —yl|

for all z,y € H and P? = P;. Further, it holds that F = "%, F(P;), where F(P)
denotes the set of all fixed points of P;, i = 1,2,...,m. Thus the problem of image
recovery in the setting of Hilbert spaces is a common fixed point problem for a
family of nonexpansive mappings.

Two classical iteration processes are often used to approximate a fixed point of
a nonexpansive mapping. The first one is introduced in 1953 by Mann [17] which
is well-known as Mann’s iteration process and is defined as follows:
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(1.1) { Zo € (C chosen arbitrarily,

Tnt1 = uxpn+ (1—ap)Tx,, n=0,

where the sequence {ay,} is chosen in [0,1]. Fourteen years later, Halpern [13]
proposed the new innovation of iteration process which resemble in Mann’s iteration
(L.1). It is defined by

{ U € C chosen arbitrarily,

(1.2)
Tny1 = apu+ (1 —ay)Te,, n>0.

For finding a solution of the image recovery problem, block-iterative projection
algorithm is the one well-known method which was proposed by Aharoni and Censor
[1] in finite-dimensional spaces; see also [5, 6, 9, 11] and the references therein. This
is an iterative procedure, which generates a sequence {z,,} by the rule x1 =x € H
and

i=1

where {£}™, € [0,1] (n € N) with 327", & =1 (n € N) and {a;}™, C (=1,1).
In particular, Butnariu and Censor [6] studied the strong convergence of the process
(1.3) to an element of F.

In general not much has been known regarding the convergence of the iteration
processes (1.1) and (1.2) unless the underlying space E has elegant properties which
we briefly mention here.

Reich [22] proved that if E is a uniformly convex Banach space with a Fréchet
differentiable norm and if {c,} is chosen such that »°>° oy (1 — ;) = oo, then
the sequence {z,,} defined by (1.1) converges weakly to a fixed point of 7. However
we note that Mann’s iteration process (1.1) has only weak convergence even in a
Hilbert space [12].

In both Hilbert spaces [13| [16, 29] and uniformly smooth Banach spaces [23|
20, 131] the iteration process (1.2) has been proved to be strongly convergent if the
sequence {ay, } satisfies the following conditions:

(i)  ap—0;

o0
(ii) Z oy, = 00 and;
n=0
oo

iii either Qp — Qpat| < oo or lim An_ _ 1.
(iii) +

n—00 On41

n=0
By the restriction of condition (ii), it is widely believed that the Halpern’s iteration
process (1.2) to have slow convergence though the rate of convergence has not be
determined. Halpern [13] proved that conditions (i) and (ii) are necessary in the
strong convergence of (1.2) for a nonexpansive mapping 7" on a closed convex subset
C' of a Hilbert space H. Moreover, Wittmann [29] showed that (L.2) converges
strongly to Ppryu when {oy,} satisfies (i), (ii) and Y 2oy — ant1| < oo where
Pp(7)(+) is the metric projection onto F'(T').
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Some attempts to modify the Mann iteration method so that strong convergence
is guaranteed have recently been made. Nakajo and Takahashi [21] proposed the
following modification of the Mann iteration method for a single nonexpansive map-
ping 71" in a Hilbert space H:

(

g = ze€C,
Yn = antn+ (1 —ap)Tx,,

(1.4) Cn = {zeC:|z—unl <llz—aall},
Q. = {z€C:{(xy—2z,x—x,) >0},
Tnt1 = FPeo,ng.x, n=0,1,2,..,

where Pg denotes the metric projection from H onto a closed convex subset K of
H. They proved that if the sequence {c,} is bounded away from one, then {xz,}
defined by (1.4) converges strongly to Ppp)z.

Recently, Martinez-Yanes and Xu [18] has adapted Nakajo and Takahashi’s [21]
idea to modify the process (1.2) for a single nonexpansive mapping 7" in a Hilbert
space H:

(1.5)
( o = ze(C,
Yn = anxo+ (1 —ap)Txy,,
Crn = {vel:|yn—2l? <llzn —vl? + anlllzoll* + 2 (2 — z0,v))},
Qn = {vel:(x,—v,x0—2y) >0},
Tnt1 = Feo,n@.To-

where Pg denotes the metric projection from H onto a closed convex subset K of
H. They proved that if {c,} C (0,1) and lim,,—, ay, = 0, then the sequence {z,}
generated by (L.5) converges strongly to Pp(r)z.

As we all know that if C is a nonempty closed convex subset of a Hilbert space
H and = € H is an arbitrary point, there exists a unique z € C such that

|z —z|| = min |z —yl|.

This idea leads to the definition of the metric projection Po from H onto C'. Tt is well
known that Pg is also nonexpansive. This fact actually characterizes Hilbert spaces.
It is not available in more general Banach space. Some attempts to generalize
the metric projection from Hilbert spaces to Banach spaces appear in 1996, Alber
[2] introduced another generalization of the metric projection operator in Hilbert
spaces to that in Banach spaces, which is called the generalized projection; see
also Kamimura and Takahashi [15]. This projection is known to be the Bregman
projection with respect to the Bregman function || - [|2.

The ideas to generalize the process (1.4) from Hilbert spaces to Banach spaces
have recently been made. By using available properties on uniformly convex and
uniformly smooth Banach space, Matsushita and Takahashi [20] presented their
ideas as the following method for a single relatively nonexpansive mapping 7" in a



434 S. PLUBTIENG AND K. UNGCHITTRAKOOL

Banach space E:

xo = zeC

Yn = J YapJon + (1 — ay)JTy,),
(1.6) H, = {z€C:¢(z,yn) < (z,2p)},

W, = {ze€C:(x,—2Jz—Jx,) >0},

Tnt1 = Ug,w,z, n=0,1,2,..

\

where J is the duality mapping on E, and Hp(7)(-) is the generalized projection
from C onto F(T).

On the other hand, Censor and Reich [7] introduced a convex combination which
is based on Bregman distance [4] and studied some iterative schemes for finding a
common asymptotic fixed point of a family of operators in finite dimensional spaces.
Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space E, let J be the duality mapping from E into E*, and let {T;}", be
a finite family of relatively nonexpansive mappings from C' into itself such that the
set of all common fixed points of {T;}!", is nonempty. Motivated by the convex
combination based on Bregman distances [4] due to Censor and Reich [7], we define
an operator Gy, : C — E (n € N) by

(ZE BT+ (1 ﬂ,(f))m))

where {5,(11)},{6 } C [0,1] with >, QR (n € N). Such a mapping G, is
called a block mapping defined by 11,75, ..., T, {57(3)} and {ﬁ,(f)}.

Inspired and motivated by these facts, we purpose for the paper to improve and
generalize the processes (1.5) and (1.6) to the new general processes by using the
block iterative methods for a finite family of relatively nonexpansive mappings in
Banach spaces. Let C be a closed convex subset of a Banach space E and {T;}!", be
a finite family of relatively nonexpansive mappings such that ' := (2, F(T;) # @.
Define {x,} in the two following ways:

o = zeC
Yn = J YapJrn, + (1 — an)JGpzy),
(1.7) H, = {z€C:¢(z,yn) <o(z,2p)},
W, = {z€C:{(xy,—2zJx— Ja,) >0},
Tn+1 = Ug,w,z, n=0,1,2,..,
and
(1.8)
o = ze(C
Yn = J YanJro+ (1 — an)JGray),
Hy = {2€C:0(zpm) < 6z, n) +an(lwol> +2 (2, Jn — Ja))}.
W, = {zeC:{(xy,—2zJax— Jx,) >0},
Tpy1 = Ug,rw,z, n=0,1,2 .
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where {ay,}, {&(f)}?;l, and {57(11)}?;1 are sequences in [0,1] with > ", 57(11) =1 for
all n e NU{0}.

We shall prove that both iterations (1.7) and (1.8) converge strongly to a common
fixed point of a finite family of relatively nonexpansive mappings 75,7 =1,2,...,m
provided that {a,}, {ﬁ,(f)}, and {ﬁﬁf)} satisfy some appropriate conditions. Our
results extend and improve the corresponding ones announced by Nakajo and Taka-
hashi [21], Martinez-Yanes and Xu [18] and Matsushita and Takahashi [20].

Throughout the paper, we will use the notation:

(1) — for strong convergence and — for weak convergence.

(2) wy(xy) ={z: Iz, — x} denotes the weak w-limit set of {z,}.

2. PRELIMINARIES

Let E be a real Banach space with norm ||- || and let E* be the dual of E. Denote
by (-,-) the duality product. The normalized duality mapping J from F to E* is
defined by

Ju={2" € B : (z,a") = ||z|* = [|2"|*}

for x € E.

A Banach space E is said to be strictly convex if | 25| < 1 for all z,y € E with
lz|| = |lyll = 1 and = # y. It is also said to be uniformly convex if lim,, o ||z, —
yn|| = 0 for any two sequences {x,},{yn} in F such that ||z,| = |ly.|| = 1 and
limy, oo [|22522 || = 1. Let U = {z € E : ||| = 1} be the unit sphere of E. Then
the Banach space F is said to be smooth provided

ety = ]
t—0 t

exists for each x,y € U. It is also said to be uniformly smooth if the limit is attained
uniformly for z,y € U. It is well known that /F and LP (1 < p < oo) are uniformly
convex and uniformly smooth; see Cioranescu [§] or Diestel [10]. We know that if
E is smooth, then the duality mapping J is single valued. It is also known that
if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E. Some properties of the duality mapping have been given in
[8, 24, 27, 28]. A Banach space FE is said to have the Kadec-Klee property if a
sequence {z,} of E satisfying that z,, = = € E and ||z,| — |z, then z, — z.
It is known that if F is uniformly convex, then E has the Kadec-Klee property;
see [8, 27, 28] for more details. Let E be a smooth Banach space. The function
¢: F x E — R is defined by

oy, @) = Iyl — 2 (y, J2) + [l
for all x,y € E. It is obvious from the definition of the function ¢ that
@) Uyl = llzD? < oy z) < (llyll + ll[)?,
(2) ¢(z,y) = oz, 2) + ¢(z,y) + 2(x — 2, Jz = Jy),
(3) o(z,y) = (x, Jo — Jy) + (y —z, Jy) < ||lz|||Jz = Jyll + [ly — =yl
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for all z,y,z € E. Following Alber [2], we define the generalized projection from E
onto C' by

- _ .
c(z) = arg mig Py, )

for all = € E; see also Kamimura and Takahashi [15]. If F is a Hilbert space, then
#(y,x) = ||y —z||? for all 7,y € E, and hence Il is reduced to the metric projection
Po. Tt should be noted that the mapping ¢ is known to be the Bregman distance
[4] corresponding to the Bregman function | - ||2, and hence the projection Il¢ is
the Bregman projection corresponding to ¢.

This section collects some definitions and lemmas which will be used in the proofs
for the main results in the next section. Some of them are known; others are not
hard to derive.

Remark 2.1. If F is a strictly convex and smooth Banach space, then for z,y € F,
¢(y,x) = 0 if and only if z = y. It is sufficient to show that if ¢(y,z) = 0 then
x = y. From (1), we have ||z|| = ||y||. This implies (y, Jz) = |ly||*> = ||J=|*. From
the definition of J, we have Jxr = Jy. Since J is one-to-one, we have z = y; see
[8, 27, 28] for more details.

Lemma 2.2 (Kamimura and Takahashi [15]). Let E be a uniformly conver and
smooth Banach space and let {yn}, {zn} be two sequences of E. If ¢(yn,zn) — 0
and either {yn} or {z,} is bounded, then y, — z, — 0.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and
reflexive Banach space E, let T' be a mapping from C' into itself, and let F(T) be
the set of all fixed points of T. Then a point p € C' is said to be an asymptotic fized
point of T' (see Reich [25]) if there exists a sequence {z,} in C' converging weakly to
p and limy, o |2, — T'zy|| = 0. We denote the set of all asymptotic fixed points of
T by F (T') and we say that T is a relatively nonexpansive mapping if the following
conditions are satisfied:

(R1) F(T) is nonempty;
(R2) ¢(u,Tx) < ¢(u,x) for all w € F(T) and x € C;
(R3) F(T) = F(T).

Some examples of relatively nonexpansive mappings are listed below; see Reich [25]
and Matsushita and Takahashi [19] for more details.

(1) If © is a nonempty closed convex subset of a Hilbert space H and 7T is
nonexpansive mapping from (2 into itself such that F(7') is nonempty, then
T is a relatively nonexpansive mapping from €2 into itself.

(2) If E is a uniformly smooth and strictly convex Banach space and A C Ex E*
is a maximal monotone operator such that A=1(0) is nonempty, then the
resolvent J, = (J +rA)~LJ (r > 0) is a relatively nonexpansive mapping
from E onto D(A) and F(J,) = A71(0).

(3) If Il is the generalized projection from a smooth, strictly convex, and
reflexive Banach space E onto a nonempty closed convex subset C of E, then
Il is a relatively nonexpansive mapping from E onto Q and F(Ilg) = Q.
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(4) If {2}, is a finite family of closed convex subset of a uniformly convex
and uniformly smooth Banach space E such that ()", €; is nonempty and
T = Ilg,Ilg, - - -Ilg,, is the composition of the generalized projections Ilg,
from FE onto €;,¢=1,2,...,m, then T is a relatively nonexpansive mapping
from F into itself and F(T) = %, Q.

Lemma 2.3 (Alber [2], Alber and Reich [3], Kamimura and Takahashi [15]). Let
C' be a nonempty closed convex subset of a smooth Banach space E, let x € E, and
let xy € C. Then, xy = Hex if and only if (xg —y, Jx — Jxo) = 0 for ally € C.

Lemma 2.4 (Alber [2], Alber and Reich [3], Kamimura and Takahashi [15]). Let E
be a reflexive, strictly convex and smooth Banach space, let C be a nonempty closed
convex subset of E and let x € E. Then ¢(y,Hex) + ¢(llox,x) < ¢(y,x) for all
yeC.

Lemma 2.5. Let X be a uniformly convex Banach space and B,(0) = {z € E :
|lz|| < 7} be a closed ball of X. Then there exists a continuous strictly increasing
convex function g :[0,00) — [0,00) with g(0) =0 such that

Z Zﬁ ||'1"l||2 )é(k)g(H‘T] - xk”)v for any j,k € {1a2a oo am}v
1=1 i=1

where {2}, © Bo(0) and {€0m, < [0,1] with S, €0 =1
Proof. It sufficient to show that

i Wy
i=1

It is obvious that (2.1) holds for m = 1,2 (see [30] for more details.). Next, assume
that (2.1) is true for m — 1. It remains to show that (2.1) holds for m. We observe

that
2 m—1 .
(i)
_ |l eom) _ p(m) £ ,
- |§ T + (1= &) <§1 1_£(m)azl>

2 m
(2.1) <D W) = €WePg(||lar — aal)).
i=1

2

f: @y
i=1

m—1 ; 2
. . €@
< €M lanlP 4 (1 =€) |1 37 1
=1
m—1 () (1) g(2)
< M o+ (1- €M) (Z e el — gyl - lel))
=1

G (1) ¢(2)
. ;f(l)H%’HQ - (f_f_(yn))g(uxl )

< Y ENa)? = €WePg(llay — o).
i=1

This completes the proof. O
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Lemma 2.6. Let E be a uniformly convex and uniformly smooth Banach space.
Let C be a closed convex subset of E and let w,x,y,z € E. Let a € R. Then the
set K:={veC:¢y) <ovx)+ (v,Jz— Jw) + a} is closed and conver.

Proof. As a matter of fact, the defining inequality in K is equivalent to the inequality
(v,2(Jx = Jy) = (Jz = Jw)) < [l«]* = [ly]* + a.

This inequality is affine in v and hence the set K is closed and convex. O

3. MAIN RESULT

In this section, we prove strong convergence theorems for finding a common fixed
point of a finite family of relatively nonexpansive mappings in Banach spaces by
using the hybrid method in mathematical programming.

Let E be a smooth, strictly convex, and reflexive Banach space and let C' be a
nonempty closed convex subset of E. Let {T;}, be a finite family of relatively
nonexpansive mappings from C' into itself such that (2, F(T;) is nonempty and
define G : C' — E by

(3.1) <Z§ DT+ (1 - ﬁ<i>)Jﬂ)>

where {€®}m  {3@01m . [0,1] with S €0 = 1. The mapping G is called a
block mapping defined by {T;},, {¢®}m | and {B0}m,.

Lemma 3.1. Let E be a smooth, strictly conver, and reflexive Banach space and
let C' be a nonempty closed convex subset of E. Let {T;}", be a finite family of
relatively nonezpansive mappings from C into itself such that F := ﬂz 1 F(ﬂ) 18
nonempty and let G be the block mapping defined by (3.1), where {£W}m ™ {p®
[0,1] with >>7 €9 = 1. Then

¢(u, Gz) < ¢(u, )
forallu € F and x € C.
Proof. Let u € F. By the convexity of || - ||?, we observe that

é(u, Gx) = ||u||2 —2(u, JGz) + ||Gz|?

= lul? - 2< Z D+ (1 - ﬁ“))mx>>

2
+

Zg (8D Jz + (1 — DY JTix)
i=1

N

ig@) <||u||2— 2 (u, 80z + (1= B9)I T ) + Hﬁ(i)Jx +(1— BT D
=1

< Y& (899(u,2) + (1 = BD)é(u, Tir) ) < d(u, )
i=1

for all z € C. O
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Applying (3.1), we can define a sequence of mappings G,, : C — E by

(3:2) Gni=J" (Zf - Y )JT))

for any n € NU {0}, where {fnz A {ﬂn m, C[0,1] with >, Q) For any

n € NU{0} the mapping G,, is called a block mapping defined by {T;}7,, {fn ™
(i)ym

and {4’}

Theorem 3.2. Let E be a uniformly convex and uniformly smooth Banach space,
and let C' be a nonempty closed convex subset of E. Let {T;}™ be a finite family
of relatively nonexpansive mappings from C into itself such that F = (-, F(T;) is
nonempty. Let {x,} be a sequence defined by

,

o = ze€(,

Yn = J HanJzn + (1 — an)JGray),
(3.3) H, = {z€C:¢(z,yn) < P(z,2p)},

W, = {z€C:(x,—2Jx—Jz,) >0},

Tpyl = HHnan{L‘, n=20,1,2,..,

where {ay} C [0,1], {ﬂ,(f)} C [0,1] and {5,@} C [0,1] satisfy the following condi-
tions:
(i) 0 < ap <1 foralln e NU{0} and limsup,, ., ap < 1,
(ii) liminfu_oo B (1 = B) > 0 for alli =1,2,...,m,
(iii) liminf, . §nZ >0 foralli=1,2,3,...,m and Z,L 1 QR for alln €
Nu{0}.

Then the sequence {x,} converges strongly to llpx, where g is the generalized
projection from C onto F.

Proof. From the definitions of H,, and W,,, it is obvious H,, and W, are closed and
convex for each n € NU {0}.

Next, we show that F' C H, N W, for each n € NU {0}. Let u € F and let
n € NU{0}. Then, by Lemma 3.1, we have

(3'4) ¢(u7 ann) < ¢(u7xn)

for all n € NU {0}, and then

Qb(u’yn) = ¢(u7 J_l(ant]13n + (1 - O‘n)JGnl‘n))

u|? = 2 (u, anJzn + (1 — ) JGpayn) + lanJxn + (1 — an) JGran||?

HUH2 — 20 (u, Jn) — 2(1 — an) (u, JGpzn) + O‘n”xn||2 +(1— an)HGn$nH2
an(”uH2 —2(u, Jry) + ||$n||2) + (1 — O‘n)(”qu —2(u, JGpay) + ||annH2)
(U, zn) + (1 = an)p(u, Gnan) < and(u, zn) + (1 — an)p(u, )
¢(U,In)

Thus, we have u € H,,. Therefore we obtain F' C H,, for each n € NU{0}. We note
by [20, Proposion 2.4] that each F(T;) is closed and convex and so is F. Using the

A
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same argument presented in the proof of [20, Theorem 3.1; pp. 261-262] we have
that F* C H, N W, for each n € NU {0}, {x,,} is well defined and bounded, and

lim ||Zp+1 — ynl| = Um ||zp41 — 2,]] = 0.
n—oo n—oo

Since J is uniformly norm-to-norm continuous on bounded sets, we have

(3.5) lim [|[Jxpt1 — Jyn|| = lim ||Jzpi1 — Jxn| = 0.
n—oo n—oo
Since ||[Jxpi1 — Jynl| = ||J2ns1 — andxn — (1 — an) JGpzy|| = (1 — ap)||Jxng1 —

JGrxy|| — an||Jxn — Jxpsa]| for each n € NU {0}, we get that

[J2ns1 — JGrap|| < (Iznt1 = Jynll + anl|Jzn — Jonpl))

1—qo,
1
ST o Izt = Jynll + | J2n — J2p11))-
n
From (3.5) and limsup,,_, @, < 1, we have lim, ., || Jzp+1 — JGpzy| = 0. Since

J~1is also uniformly norm-to-norm continuous on bounded sets, we obtain
lim ||2p01 — Gpapll = lim || J N (Jzpe1) — T HIGran)|| = 0.
n—oo n—oo

From ||z, —Gnzy|| < [|[zn—2Tnt1]|+]|Tns1—Gran|| we have limy, oo || —Gran| = 0.

Next, we show that ||, —T;z,|| — 0 foralli = 1,2,...,m. Since {x,} is bounded
and ¢(p, T;x,) < ¢(p,zp) for all i = 1,2,...,m, where p € F. We also obtain that
{Jz,} and {JT;x,} are bounded for all i+ = 1,2,...,m. Then there exists r > 0
such that {Jz,},{JTix,} C B-(0) for all ¢ = 1,2,...,m. Therefore Lemma 2.5 is
applicable and we observe that

d(p, Gprn) = Hp||2—2<p,2§(f)(ﬁff)hn+(1—ﬁ£i))Ji/}xn)>
=1

2
+

> DB T + (1= D) I Tin)
=1

< ol -2yl (p.BO T+ (1= B Tz
i=1
ST EDIA T+ (1 = )T P
i=1
S (Pl = 2 (p. B0 T + (1 = B) I Tian )
i=1
8 T+ (1= B0) I T2
< SCED(I - 280 o, ) — 201~ BD) (p, ITir)
i=1

B anll? + (1= B Tiwal® = 657 (1 = B)g(| Jwn — I Tial)))
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< Zf (806 (p,xa) + (1= BD)o(p, T

—ﬂf;)(l — )9 - Jnxnn))

$(p, Tn) Z — BN g(| Tz = JTiza]),

that is
(3.6) D &80 - BN g(|Jzn — JTiwnl|) < ¢(p,zn) — ¢(p, Gnzn),
=1

where g : [0,00) — [0,00) is a continuous strictly increasing convex function with
9(0) = 0 in Lemma [2.5.

Let {||zn, —Tizn, ||} be any subsequence of {||z, —Tjzy||}. Since {zy,} is bounded,
there exists a subsequence {xy, } of {z,,} such that

hm &(p, Ty, ) = limsup ¢(p, zp,) == a,

l—o0

where p € F. By (2), we have
¢ xn,) = (P, Gn,xn,) + Gn,Tn,, Tn,) +2(p — Gy, Tn,, JGn, Tn, — JTn,)
< O(p, Gu, o) + O(Gn, T, T, ) + M| TGy, n, — Jan, |,
where M = sup,, 2|[p — Gpzy||. Since
lim ¢(Gp,Tn,, Tn,) = 0= lim [|JG,, zp,, — Jxn, |,
r—00 r—00

it follows that
a = liminf ¢(p, x,, ) < liminf ¢(p, Gy, Tp,.).

r—o00
By (3.4), we have
limsup ¢(p, Gn, Zn,) < limsup ¢(p,z,,) = a

r—00 r—00

and hence lim, o ¢(p, zp,) = a = lim, o0 ¢(p, Gp, xp,.). By (3.6), we observe that
Zfﬁf}ﬁ,(fr)(l - 67(:3)9(HJ.T7—LT — JTizy, ) < ¢(p, 2n,) — (P, Gy n,) — 0

as 1 — o0o. Since liminf,_0 £ > 0 and liminf, e B (1 — ) > 0 for all i €
{1,2,...,m}, it follows that lim, . g(||Jzpn, —JTixn, ||) = 0foralli € {1,2,...,m}.
By the properties of the mapping g, we have lim, ., ||Jzp, — JTix,,. || = 0 for all
i€{1,2,...,m}. Since J~! is also uniformly norm-to-norm continuous on bounded

sets, we obtain
r—00 r—00

and then lim, . ||zn, — Tiz,|| = 0 for all ¢ € {1,2,...,m}. Then wy(z,) C

Ny F(T) = N7 F(T) = F.
Finally, we show that z,, — Ilpz. Using the same argument as in the proof of
[20, Theorem 3.1; pp. 262-263|, we have {x,} converges strongly to IIpz. O
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In the following theorem we deal with the strong convergence of the sequence
{z,} by changing the conditions of {&(f) ™, and {ﬁq(f)}?ll.

Theorem 3.3. Let E be a uniformly convex and uniformly smooth Banach space,
and let C' be a nonempty closed convex subset of E. Let {T;}™ be a finite family
of relatively nonexpansive mappings from C into itself such that F = (2, F(T;) is
nonempty. Let a sequence {x,} defined by

(

g = zeC,

Yn = J YapJrn, + (1 — an)JGuay),
(3.7) H, = {ze€C:¢(z,yn) < o(z,2p)},

W, = {ze€C:{(xy—2zJx—Jx,) >0},

Tn+1 = Ug,w,z, n=0,1,2, ..

where {ay} C [0,1], {ﬁ,(f)} C [0,1] and {f,(f)} C [0,1] satisfy the following condi-
tions:

(i) 0 < ap <1 foralln e NU{0} and limsup,, ., o, < 1,
(it) B = B, for alli=1,2,...,m and lim,_cc Bn = 0,

(ifi) liminf, oo €67 > 0 for alli # j, i,j = 1,2,3,...,m and Y7, &) =1
for alln € NU{0}.

Then the sequence {xn} converges strongly to Illpx, where Il is the generalized
projection from C onto F.

Proof. From the definition of H, and W), it is obvious H,, and W,, are closed and
convex for each n € NU {0}.

Next, we show that FF C H, N W, for each n € NU {0}. Let u € F and let
n € NU{0}. Then, as in the proof of Theorem [3.2, we have

(3'8) ¢(u7 ann) < Qs(u?xn)

for all n € NU{0}, and then ¢(u, yn) < ¢(u, z,). Thus, we have u € H,,. Therefore
we obtain F' C H, for each n € NU {0}. We note by [20, Proposion 2.4] that each
F(T;) is closed and convex and so is F. Using the same argument presented in the
proof of [20, Theorem 3.1; pp. 261-262] we have F' C H,, "W, for each n € NU{0},
{z,} is well defined and bounded, and

lim (|zn41 = ypll = lim [[zn1 — 2p) = 0.
n—oo n—oo
Since J is uniformly norm-to-norm continuous on bounded sets, we have
(3.9) lim ||Jzp41 — Jyn| = lim [|Jxpy1 — Jxy,|| = 0.
n—oo n—oo

As in the proof of Theorem 3.2, we also have that

[Jzni1 — JGnap|l < (Izni1 = Jynll + anllJ2p — Jznial])

1—ao,
1
1—ao,

X

([Jznr1 = Jynll + | Tz — Jpia|])-
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From (3.9) and limsup,,_,, @, < 1, we have lim, . || Jzn+1 — JGpzy| = 0. Since
J~1is also uniformly norm-to-norm continuous on bounded sets, we obtain

lim || 2,41 — Gpapll = lim ||J Y (Jzni1) — T HIGrzy)|| = 0.

From ||z, —Gnay| < ||2n—2nt1||+]|2n+1—Gnan|| we have lim,, .o ||z —Gray| = 0.

Next, we show that ||z, —T;z,|| — 0 foralli =1,2,...,m. Since {x,} is bounded
and ¢(p, Tixy) < ¢(p,xp) for all i = 1,2,...,m, where p € F. We also obtain that
{Jzp} and {JT;z,} are bounded for all ¢ = 1,2,...,m. So, there exists r > 0
such that {Jzp}, {JT;x,} C B,(0) for all i = 1,2,..., m. Therefore Lemma 2.5 is
applicable and we observe that

$(p, Gnrn) = pr—2<p,Z§S><ﬁann+(1—ﬁn>mxn>>

i=1
2

O (BpJan + (1 — Bn)JTiazn)

”pH2 - 2257(11) <paﬁn=]$n + (1 - Bn)Jszn>
=1

N

+Zm:§§?\\ﬂann + (1= o) I Ty |
—sz;)ls(’“) (1= o) [T Tz — T T

- Zé (1Pl =2 (p. Bu Tz + (1 = B)I Tia)
+Hﬂann+-U=—ﬁ%%ﬂEwMV)
~6E00((1 = B Ty — Tz

5 €0 (b 20) + (1~ )6, T
i=1

N

D)W g((1 = Bl Tywn — ITyaal)))
(b, x0) = EPEN g((1 = BT Tjn — T T,

N

that is

(3.10) De® (1 = B | TTjan — JTiwn|) < ¢(p, 20) — (D, Gnn),

where g : [0,00) — [0,00) is a continuous strictly increasing convex function with
9(0) = 0 in Lemma 2.5

Let {||Tjxn, — Tixy,||} be any subsequence of {||Tjz, — Trxy|l}. Since {xy,} is
bounded, there exists {zy, } a subsequence of {x,,} such that

hm d(p, Tp,.) = limsup ¢(p, zp,) = a

l—o0
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where p € F. Asin the proof of Theorem 3.2, lim ¢(p,zy,.) = a = lim ¢(p, Gp, 2y, ).
T—00 T—00
By (3.10), we observe that

as r — 00. Since liminf,, f,(lj)&(f) > 0, it follows that lim, oo g((1—5p,)||JTjxn, —
JTxy,||) = 0. By the properties of the mapping g, we have lim, o (1—5p,)||JTjzp,
—J T}y, || = 0 and then lim, o || JTjzn, — J Ty, || = 0. Since J ! is also uniformly
norm-to-norm continuous on bounded sets, we obtain

lim ([T, — Tyn, || = lin I} (I Tyn,) = T~} (I Tit, )| = 0

r—00

and then lim,, . ||Tjz, — Tiay,|| = 0 for all j # k. Next, we observe from 3, — 0
and (3) that

¢(Tjwn, Gnin) = llTjwnIP—2<zjn,§jfﬁ><ﬁmn+<1—ﬂn)Jnxn>>

i=1

m 2
=1
< 257(;) (HTanHQ -2 <Tj$n7ﬁnt]l‘n + (1 - Bn)Jszn>

i=1

+18u T + (1= B) I Tl )

=1

as n — oo.

By Lemma 2.2, we have lim, . [|Tjzn, — Gpay| = 0 for all j = 1,2,...,m and

hence
||zjn =zl < Hzjn — Gpap|| + [|Gpan — 20| = 0 as n — oo,

for all j =1,2,...,m. Then wy(z,) C N, F(T}) =N/, F(T;) = F.
Finally, we show that z,, — Ilpz. Using the same argument as in the proof of
[20, Theorem 3.1; pp. 262-263], we have {x,,} converges strongly to IIpz. O

Ifp,=0and Ty =Ty, =... =T, = T for all n € NU {0}, then Theorem 3.3
reduces to the following corollary.

Corollary 3.4 (Matsushita and Takahashi [20, Theorem 4.1]). Let E be a uniformly
conver and uniformly smooth Banach space, let C' be a nonempty closed convex
subset of E, let T be a relatively nonexpansive mapping from C into itself, and let
{an} be sequence of real numbers such that 0 < o, < 1 and limsup,,_, . @, < 1. If



STRONG CONVERGENCE THEOREMS OF BLOCK ITERATIVE METHODS 445

F(T) is nonempty, then the sequence {x,} generated by

g = zeC

Yn = J NapJz, + (1 — ap)JTzy),

Hy, = {2€C:9¢(z,yn) < d(z,20)},

W, = {z€C:{(xy—2zJx— Jx,) >0},
Tpr1 = Ug,rw,z, n=0,1,2,..,

converges strongly to )z, where Ilp(y is the generalized projection from C onto
F(T).

If £ in Theorem 3.3 is a Hilbert space, then we have the following corollary.
Corollary 3.5. Let C' be a nonempty closed convex subset of a Hilbert space H,

and let {T;}", be a finite family of nonexpansive mappings from C into itself such
that F = (i“y F(T;) is nonempty. Suppose that {z,} is given by

g = zxze(C,

Un = apxn+ (1 — an)zn,

o= L&) (Bawn + (1— B Tian),
Cn = {zeC:|lz—unl <z =},

Qn = {z€C:(xy—2z,2—x,) >0},

Tpyl = PCanna:, n=20,1,2,...,

where {a,} C [0,1], {Bn} C [0,1] and {g}f')} C [0,1] satisfy the following conditions:

(i) 0 < ap <1 for alln e NU{0} and limsup,,_,, o, < 1,
(ii) limy oo Bn = 0,
(iii) liminf, oo €769 > 0 for alli # 5, i,j = 1,2,3,...,m and 7, €9 =1
for alln € NU{0}.

where Pc,nq, 1s the metric projection from C' onto Cp, N Q. Then {x,} converges
strongly to Prpx, where Pp is the metric projection from C onto F.

Proof. By the proof of [20, Theorem 4.1], we have each T; is relatively nonexpansive
for all t = 1,2,...,m. Using Theorem 3.3, we obtain the desired result. [

In the case that 5, = 0and T4 = To = ... = T,,, =: T for all n € NU {0},
Corollary (3.5 reduces to the following corollary.

Corollary 3.6 (Nakajo and Takahashi [21]). Let C' be a nonempty closed convex
subset of a Hilbert space H and let T : C — C be a nonexpansive mapping such
that F(T) is not empty. Assume that {on,} C [0,a] for some a € [0,1). Then the
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sequence {x,} generated by

o = ze(,

Un = antn+ (1 —ap)Tx,,

Cn = {z€C:|z—ul <llz—aall},
Qn = {z€C:(xy,—2z0—1z,) >0}
Tptl = PcanniL‘, n=20,1,2,...,

\

converges in norm to the fized point Pp(r) (o), where Pr 7y is the metric projection
from C onto F(T).

Finally, we prove two strong convergence theorems of Halpern’s type for a finite
family of relatively nonexpansive mappings by using the hybrid method in mathe-
matical programming.

Theorem 3.7. Let E be a uniformly conver and uniformly smooth Banach space,
and let C' be a nonempty closed convex subset of E. Let {T;}7", be a finite family
of relatively nonexpansive mappings from C' into itself such that F := (-, F(T;) is
nonempty. Let a sequence {x,} defined by

(3.11)
X0 = zxze(C,
Yn = J YapJro+ (1 — an)JGray),
H, = {2€C:¢(z,yn) < o(z,70) + an(||zo||* +2(z, Jx,, — J2))},
W, = {z€C:{xy—zJr—Jx,) >0},
Tp+1 = Ug,w,z, n=0,1,2,..,

where {ay,} C [0,1], {ﬂ,(f)} C [0,1] and {{,(f)} C [0,1] satisfy the following condi-
tions:

(i) limp—00 o =0,
(i) Hminf, oo B (1 — BY) > 0 for alli =1,2,...,m,
(iii) liminf, s §T(Li) > 0 for all i = 1,2,3,...,m and >, 5,@ = 1 for all
n € NU{0}.
Then the sequence {x,} converges strongly to Ilpx, where g is the generalized

projection from C onto F.

Proof. We first show that H,, and W,, are closed and convex for each n € NU {0}.
From the definition of W, it is obvious that W, is closed and convex for each
n € NU{0}. By Lemma 2.6, H,, is also closed and convex for each n € NU{0}.

We claim that F' C H), for all n € NU{0}. Let p € F. By the same argument as
in the proof of Theorem 3.3, we have ¢(p, Gpxyn) < ¢(p, zy). Then, by the convexity
of || - ||, we have

o, yn) = |plI? =2 p,andzo + (1 — an)JGnay) + landzo + (1 — o) JGran||?
< lpll? = 2an {p, Jzo) — 2(1 — ) (p, JGrn)
+an|lzo? + (1 — an)[|Grwnl?
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= and(p, o) + (1 — an)d(p, Gnn) < and(p, o) + (1 — )P (p, 25)

= ¢(p,xn) + an(o(p, o) — ¢(p, zn))

= ¢(p,zn) + an(llzoll* = 2l + 2 (p, J2 — Jx0))

< b, n) + anlllzoll? + 2 (p, Jn — Jao)).
This implies that p € H, and hence F' C H, for all n € NU {0}. By the same
argument as in the proof of [20, Theorem 3.1, pp. 261-262], we obtain F' C H, "W,
for all n € NU {0}, {z,} is well defined and bounded, and ||z,+1 — || — 0. Since
Tn+1 = g, aw,x € Hy, we have

H(Tnt1,Yn) < ¢(Tn+1,Tn) + O‘n(HxO“z + 2(xpt1, Jon — J)) = 0 asn — oo.

By Lemma 2.2, we have ||z,4+1 — yn| — 0 and then

[yn — @nll < [lyn — Tns1ll + |Znt1 — 20l — 0.

We observe that

H(Gnzn,zn) = O(GnTn,Yn) + O(Yn, Tn) + 2(GnTn — Yn, Jyn — J2n)

< A(GnZny Yn) + (Yns Tn) + 2/|Grn — Yn||[|[Jyn — S0

Further, from «,, — 0, we have that

H(CnZnsyn) = ||Gnzn|? = 2(Gpen, andzo + (1 — an)JGray)

+lanTzo + (1 — an)J Gy

|Gnnll® — 20 (Grn, Jxo) — 2(1 — an) (G, JGrn)

+aon0”2 +(1— an)||annH2

= and(Gpep, ) + (1 — an) oGy, Gpxy)

= and(Gpy, ) — 0.

Since limy o0 @(Yn, n) = 0 = limp— o0 |Grzn — Ynlll|Jyn — Jxy||, it follows that
limy, 0o #(Gpp,xy) = 0. Using Lemma 2.2/ we have that |Gz, — z,|| — 0. By

N

the same argument as in the proof of Theorem 3.2, we have lim,, o |2y, —Tizy| =0
for all i« = {1,2,...,m}. Using the same argument as in the last part of proof of
Theorem 3.2, we have {x,} converges strongly to IIpx. O

In the following theorem we deal W;th the strong convergence of the sequence
{z,,} by changing the conditions of {E,(f ™ and {ﬂn)}

Theorem 3.8. Let E be a uniformly conver and uniformly smooth Banach space,
and let C' be a nonempty closed convex subset of E. Let {T;}7" be a finite family
of relatively nonexpansive mappings from C' into itself such that F := ([, F(T;) is
nonempty. Let a sequence {x,} defined by

(3.12)
X0 = zxze(C,
Yn = J YanJro+ (1 — an)JGray),
Hy = {2€C:0(2pm) < 6(z,n) + an(lwol +2 (2, Jan — J2))},
Wy, = {z€C:{(xy—2zJr—Jx,) >0},
In+l1 = HHannI, n = 0,1,2,...,
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where {ay,} C [0,1], {ﬂ,(f)} C [0,1] and {{,(f)} C [0,1] satisfy the following condi-
tions:

(i) limy 00 vy =0,
(ii) ﬂ,(f) =: 08, foralli=1,2,...,m and lim,_.o, B, =0,
(i) lim infy oo €5 > 0 for all i # j, i, =1,2,3,...,m and Y7 &7 = 1
for all n € NU {0}.

Then the sequence {x,} converges strongly to Ilpx, where g is the generalized
projection from C onto F.

Proof. As in the proofs of Theorem 3.3l and Theorem 3.7, we have the desired
result. O

If 8, =0and Ty =1y, = ... =T, =: T, then Theorem 3.8 reduces to the
following result.

Corollary 3.9. Let E be a uniformly convex and uniformly smooth Banach space,
let C' be a nonempty closed convex subset of E, let T be a relatively nonexrpansive
mapping from C into itself, and {a,} C [0,1] is such that lim, o o, = 0. Suppose
that {x,} is given by

o) = ze(C

Yn = J NanJzo+ (1 — ay)JTy),

H, = {2€C:9¢(z,yn) < o(z,20) + an(||zol|* +2(z, Jx,, — J2))},
W, = {z€C:{xy,—2zJr—Jx,) >0},

Tnt1 = Ug,nw,z, n=0,1,2, ..,

where J is the duality mapping on E. If F(T) is nonempty, then {x,} converges
strongly to llppyx, where g7y is the generalized projection from C onto F(T).

If F in Corollary [3.9is a Hilbert space, we have the following result.

Corollary 3.10 (Martinez-Yanes and Xu [18, Theorem 3.1]). Let H be a real Hilbert
space, C' a closed convex subset of H and T : C' — C a nonexpansive mapping.
Assume that {an} C (0,1) is such that limy,_oc op, = 0. If F(T) # &, then the
sequence {x,} generated by

;

o = ze(C,

Yn = apxo+ (1 —ap)Tx,,

Crn = {veC:|yn—2l? <llzn —vl? + anlllzoll* + 2 (xn — 20, v))},
Qn = {veC:(x,—v,29—x,) =0},

Tnt1 = FPo,nQ.%o

\

converges strongly to PF(T)a:.
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